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Abstract

We present an explicit parametrization of the families of lines of the Dwork pencil of quintic

threefolds. This gives rise to isomorphic curves C̃±ϕ which parametrize the lines. These curves are

125:1 covers of genus six curves C±ϕ. The C±ϕ are first presented as curves in P1×P1 that have

three nodes. It is natural to blow up P1×P1 in the three points corresponding to the nodes in order

to produce smooth curves. The result of blowing up P1×P1 in three points is the quintic del Pezzo

surface dP5, whose automorphism group is the permutation group S5, which is also a symmetry

of the pair of curves C±ϕ. The subgroup A5, of even permutations, is an automorphism of each

curve, while the odd permutations interchange Cϕ with C−ϕ. The ten exceptional curves of dP5

each intersect the Cϕ in two points corresponding to van Geemen lines. We find, in this way, what

should have anticipated from the outset, that the curves Cϕ are the curves of the Wiman pencil.

We consider the family of lines also for the cases that the manifolds of the Dwork pencil become

singular. For the conifold the curve Cϕ develops six nodes and may be resolved to a P1. The group

A5 acts on this P1 and we describe this action.
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הוּא חָד´שׁ זªה ר�אֵה שׁ¬יּ¸אמַר דּ´בָר י¦שׁ
מִלְּפָנ¦נוּ; הָי³ה אֲשׁ¬ר Mלְעֹלָמִי הָי³ה כְּבָר

Is there any thing whereof it may be said, See, this is new?

it hath been already of old time, which was before us.

Ecclesiastes 1:10

1. Introduction

1.1. Lines on the cubic surface and quintic threefold

This article concerns the lines contained in the Dwork pencil of quintic threefolds. These

manifolds, which we denote by Mψ, are realised as hypersurfaces in P4 by the quintics

5∑
j=1

x5j − 5ψ x1x2x3x4x5 = 0 . (1.1)

The study of the lines on quintic threefolds has a history going back to Schubert in the

19th century, who calculated that the generic quintic contains 2875 lines, in fact Schubert

performed the calculation twice, using different methods [1, 2]. The quintics of the Dwork

pencil are, however, far from being generic and are known to contain continuous families of

lines.

Before summarizing the history of our understanding of lines on the quintic it might be

useful to recall that this study began as a natural extension of the classical study of lines

on cubic surfaces. These lines were discovered by Cayley and Salmon. The story is famous:

Cayley remarked in a letter that counting constants suggested a finite number, and Salmon

gave immediately the number 27 in response to the letter. The results of this correspondence

were published in 1849 [3, 4]. The configuration of the lines and their intricate symmetries

have been of topic of fascination to algebraic geometers ever since. A classical source of

information is the book of Henderson [5].

There are differences between the cubic and the quintic; in order to appreciate these let us

recall the most elementary facts. The Fermat cubic in P3 is given by the equation

4∑
r=1

y3r = 0 . (1.2)

This surface contains the lines yr = (u,−ωju, v,−ωkv), where ω denotes a nontrivial cube

root of unity and 1 ≤ j, k ≤ 3. By permuting the coordinates we find 27 lines that lie in the

cubic and this is the total number. The beautiful and surprising fact is that if we deform

1



the cubic, the lines deform with the surface so that there are always 27 lines. For a generic

cubic it will be hard to see the lines explicitly. In fact C. Jordan [6] showed that the Galois

group on which the determination of the lines depends is in general a simple group of order

25,920 which can be identified with the Weyl group of the lattice E6 modulo its center. A

modern reference for these results is [7].

For the Dwork pencil (1.1) the situation is already more complicated, even for the case of

the Fermat quintic with ψ = 0. For this case we may write down analogues of the lines that

exist for the Fermat cubic

xj = (u,−ζku, v,−ζ`v, 0) ,

with ζ a nontrivial fifth root of unity and 1 ≤ k, ` ≤ 5. By permuting coordinates and taking

all values of k and ` we find 375 such lines, which we will refer to here as the isolated lines1.

Note that, since one of the coordinates vanishes identically, these lines lie in Mψ for all ψ.

There are other lines also. Consider those of the form

xj = (u,−ζku, av, bv, cv) with a5 + b5 + c5 = 0 .

For given k, these give rise to a cone of lines, that all pass through the point (1,−ζk, 0, 0, 0),

and are parametrized by the curve a5 + b5 + c5 = 0 in P2. By counting the different values

of k and the inequivalent permutations of the coordinates we see that there are 50 cones of

lines. The cones contain the isolated lines. In fact, the isolated lines are the lines in which

the cones meet. For example the cones (u,−u, av, bv, cv) and (ãu, b̃u, v,−v, c̃u) meet in the

isolated line (u,−u, v,−v, 0). Each cone contains 15 isolated lines and meets 15 other cones

in these lines. If two cones intersect, they do so in precisely one of the isolated lines.

In [8] it is shown that there are no further lines in M0 beyond the cones and the isolated

lines and, furthermore, that, under a sufficiently general deformation, each isolated line

splits into 5 lines and each cone breaks up into 20 discrete lines, yielding the correct total of

50×20 + 5×375 = 2875 discrete lines.

A quintic threefold deforms with 101 parameters, and for generic values of these parameters

there are, as has been observed, 2875 discrete lines. It is known, however, that there are

families of quintic threefolds that deform with 100 parameters, for which the configuration

of lines is degenerate [9].

Let us return now to the one parameter family Mψ for ψ 6= 0. The manifolds of the Dwork

pencil have a large group of automorphisms isomorphic to S5oG, where S5 is the permutation

group acting on the five coordinates and G ∼= (Z/5Z)3 has the action

(x1, x2, x3, x4, x5) −→ (ζn1 x1, ζ
n2 x2, ζ

n3 x3, ζ
n4 x4, ζ

n5 x5) with
5∑
j=1

nj = 0 mod 5 .

1These lines are often known as the exceptional lines, however, to refer to them as such here would invite

confusion with the exceptional lines of the del Pezzo surface dP5, to which we shall make frequent reference.

These lines are indeed isolated for ψ 6= 0, but, as we shall see, they lie in continuous families of lines for ψ = 0.
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In the 1980’s one of the present authors (BvG) found special lines that lie in theMψ. These

eponymous lines are important in what follows so we shall pause, presently, to review their

properties. For the moment we simply note that there are 5,000 such lines, so since this

number exceeds 2875, there must be, possibly in addition to discrete lines, a continuous

family [10]. It was subsequently proved by Anca Mustaţă [11], using sophisticated methods,

that, for ψ 6= 0, Mψ contains two continuous families of lines, parametrized by isomorphic

curves, C̃±, of genus 626, and the 375 isolated lines as the only lines that do not lie in the

continuous families. The genus 626 curves have Euler number χ = 2 − 2×626 = −1250. It

follows from the theory of the Abel-Jacobi mapping (see some further remarks in §1.5) that

under a generic deformation, each of these curves gives rise to 1250 discrete lines, so that,

all together, there are again 375 + 2×1250 = 2875 lines.

One of our aims here is to parametrize the two families of lines, C̃±, explicitly. The surprise

is that the explicit parametrization is not as complicated as might have been anticipated.

1.2. The van Geemen lines

If the Mψ were to contain 2875 lines ‘as expected’ we would want to find the 2875− 375 =

2500 lines that are missing (assuming that the special lines are to be counted with multi-

plicity one). Now S5 has subgroups of order three, for example the subgroup that permutes

(x2, x4, x5) cyclically (the reason for choosing this particular subgroup is to conform with a

choice of parametrisation that will come later). The number of missing lines is not divisi-

ble by three so some would have to be fixed (as lines but not necessarily pointwise) by the

subgroup. This motivates seeking lines that are invariant under the proposed subgroup.

The points that are invariant under the subgroup are of the form

(a, d, b, d, d) , (0, 1, 0, ω, ω2) , (0, 1, 0, ω2, ω) .

It is immediate that the plane (a, d, b, d, d) does not contain a line of Mψ and that the line

passing through (0, 1, 0, ω, ω2) and (0, 1, 0, ω2, ω) does not lie in Mψ. Consider however the

line

u
(
1, d, b, d, d

)
+ (v − du)

(
0, 1, 0, ω, ω2

)
=
(
u, v, bu, cu+ ωv,−ω2(cu− v)

)
, (1.3)

where c = (1− ω)d. This line lies in Mψ provided

b =
3

2
ψγ2 , c =

1

2
(1− ω)ψ γ , (1.4)

with γ a solution of the tenth order equation

γ10 − 1

9
γ5 +

(
2

3ψ

)5

= 0 . (1.5)
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Given that the lines (1.3), subject to (1.4) and (1.5) lie in Mψ it is clear that so do lines of

the form (
u, v, ζ−k−` bu, ζk(cu+ ωv), −ζ`ω2(cu− v)

)
, (1.6)

with ζ is a nontrivial fifth root of unity, 1 ≤ k, ` ≤ 5, since these are images of the previous

line under the action of G. The van Geemen lines are the lines that are equivalent to this

more general form, up to permutation of coordinates. These, more general, lines are no

longer invariant under the cyclic permutation of (x2, x4, x5). However, since they are in the

S5oG orbit of (1.3), which has an S5 stabilizer of order three, the more general lines each

have a stabilizer of order three.

There are changes of coordinates that preserve the general form of a van Geemen line. Setting

u = ζk+`ũ/b effectively interchanges the u and bu terms by bringing the line (1.6) to the

form (
ζ−k−` b̃ũ, v, ũ, ζk(c̃ũ+ ωv), −ζ`ω2(c̃ũ− v)

)
where

b̃ =
ζ2(k+`)

b
=

3

2
ψ γ̃2 and c̃ = ζk+`

c

b
=

1

2
(1− ω)ψ γ̃ with γ̃ = ζk+`

2

3ψγ
,

and in these relations γ̃ is another root of equation (1.5).

If we return to (1.6) and write

v1 = v , v2 = cu+ ωv , v3 = −ω2(cu− ωv)

and change coordinates and parameters by setting

ṽ = ζkv2 , b̃ = ζ2kb , c̃ = ζkc

then we have

ṽ1
def
= ṽ = ζkv2 , ṽ2

def
= c̃u+ ωṽ = ζkv3 , ṽ3

def
= −ω2(c̃u− ṽ) = ζkv1

and the effect of the coordinate transformation is

(u, v1, ζ
−k−`bu, ζkv2, ζ

`v3) = (u, ζ−kṽ3, ζ
2k−`b̃u, ṽ1, ζ

`−kṽ2) .

Note that the change in b and c is consistent with γ → γ̃ = ζkγ and γ̃ is another root

of (1.5). In this way one may, in effect, rotate the quantities vj cyclically, however we are

left with two orderings of the vj that cannot be transformed into each other.

The counting is that, up to coordinate redefinitions, there are 10 ways to choose two positions

for the components u and bu and a further two choices in the placing of the components vj.

There are two choices for ω, five for γ, given γ5, and 25 ways to choose k and `. Thus there

are, in total, 10×2×2×5×25 = 5, 000 van Geemen lines. In this accounting we consider

4



(1.5) to be a quadratic equation for γ5 and we do not count the two roots separately since

these are interchanged by the coordinate transformation that interchanges u and bu. The

fact that there are 5,000 van Geemen lines while #(S5oG) = 5!×53 = 15, 000 again implies

(though one can also check this directly) that each of these lines has a stabilizer of order

exactly three.

Since the number of lines, if discrete, must be 2875, counted with multiplicity, the fact that

5000 lines have been identified implies that, while there may be discrete lines, there must

also be a continuous family of lines.

If we pick a particular value for γ and act with an element of G as above on the line(
u, v, bu, cu+ ωv, −ω2(cu− v)

)
and then set u = ζ−n1ũ, v = ζ−n2 ṽ, γ = ζn1−n2 γ̃ and make the corresponding changes

b = ζ2(n1−n2)b̃ and c = ζn1−n2 c̃ then we obtain the line

(ũ, ṽ, ζn1−2n2+n3 b̃ũ, ζn4−n2(c̃ũ+ ωṽ), −ζn5−n2ω2(c̃ũ− ṽ)) .

In this way we obtain 125 copies of a van Geemen line by acting with G on a particular line,

provided that we understand G to act on γ as indicated.

1.3. The Wiman pencil

In 1897 Wiman [12] noted the existence of a remarkable plane sextic curve C0, with four

nodes, that is invariant under the permutation group S5. These automorphisms appeared

the more mysterious owing to the fact that, of the 120 automorphisms, 96 are realised

nonlinearly. The story was taken up by Edge [13] after some eighty years, who noted that

C0 is “only one, though admittedly the most interesting” of a one parameter family of four-

nodal sextics Cϕ on which the group S5 acts. The action is such that the subgroup A5, of

even permutations, preserves each Cϕ while the odd permutations interchange Cϕ with C−ϕ.

The curve C0 is known as the Wiman curve and the one parameter family Cϕ is known as

the Wiman pencil. Edge notes also that it is natural to blow up the plane in the four nodes

of the curves. One obtains, in this way, smooth curves which, in this introduction, we will

also denote by Cϕ. These smooth curves live in the quintic del Pezzo surface2 dP5.

With our explicit parametrization of the families of lines C̃±, and benefit of hindsight, we

find what should have been suspected from the outset: the curves C̃± are 125:1 covers of the

curves C±ϕ of the Wiman pencil. Where the parameter ϕ is related to the parameter of the

2There is difference in convention between mathematicians and physicists in writing dPn. A physicist

tends to mean P2 blown up in n points, in general position, while a mathematician often means the del Pezzo

surface of degree n. In the ‘mathematician’s’ convention, which we use here, the surface which results from

blowing up P2 in n ≤ 8 points, in general position, is dP9−n.
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quintic by

ϕ2 =
32

ψ5
− 3

4
.

The remarkable action of S5 on the curves of the Wiman pencil is seen to correspond to the

symmetry of the configuration of the lines of the Dwork quintics.

1.4. Layout of this paper

In §2 we present the explicit parametrization of the families of lines. This gives rise to curves

C0
±ϕ whose resolutions have 125:1 covers C̃ϕ which parametrize the lines. The curves C0

±ϕ are

first presented as curves in P1×P1 that have three nodes. It is noted that the two curves C0
ϕ

and C0
−ϕ intersect in the three nodes and in 14 other points. Resolution of the nodes replaces

each of the nodes by two points which continue to be points of intersection of the two curves.

Thus there are 20 points of intersection and it is noted that each of these correspond to van

Geemen lines. It is natural to blow up P1×P1 in the three points corresponding to the nodes

in order to produce smooth curves C±ϕ. While it is not the case that P1×P1 is P2 blown up

in a point, it is the case that P1×P1 blown up in three points is the same as P2 blown up in

four points, which is the del Pezzo surface dP5. We review the geometry of dP5 in §3. The

first fact to note is that the automorphism group of dP5 is the permutation group S5. There

is also an embedding dP5 ↪→ P5 which is useful owing to the fact that the S5 transformations

become linear, as automorphisms of P5, in this presentation of the surface. The surface dP5

has 10 exceptional curves. These are the blow ups of the four points of P2 together with the

six lines that pass through the six pairs of points. Three of these exceptional curves resolve

the nodes of C0
ϕ and so intersect the resolved curve in two points. These points correspond,

as noted previously, to van Geemen lines. The S5 automorphisms permute the 10 exceptional

curves so we expect that each of the 10 exceptional curves of dP5 will intersect Cϕ in two

points corresponding to van Geemen lines. Checking that this is indeed so is the subject

of §4. In order to properly understand the intersections of the exceptional curves with the Cϕ
we consider the Plücker coordinates of the lines of the quintic and the embedding dP5 ↪→ P9.

We give also, in this section, a detailed discussion of the 125:1 cover C̃ϕ → Cϕ.

In §5 we turn to the form of the curves Cϕ for the cases ψ5 = 0, 1,∞ that the manifoldMψ

either requires special consideration, for the case ψ = 0, or is singular. For the conifold there

are two values ϕ = ±5
√

5/2 which correspond to ψ5 = 1. For these, we find that the curve

Cϕ develops six nodes and may be resolved to a P1. Thus C̃ϕ is the union of 125 P1’s. The

group A5 acts on each of these and we describe this action.

A number of technical points are relegated to appendices.
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1.5. The zeta function and the A and B curves

It is of interest to study the manifolds Mψ of the Dwork pencil over the finite field Fp.
The central object of interest, in this situation, is the ζ-function. For general ψ, that is

ψ5 6= 0, 1,∞, this takes the form [14]

ζM(T, ψ) =
R1(T, ψ)RA(pρT ρ, ψ)

20
ρ RB(pρT ρ, ψ)

30
ρ

(1− T )(1− pT )(1− p2T )(1− p3T )
.

In this expression the R’s are quartic polynomials in their first argument and, here, ρ

(= 1, 2 or 4) is the least integer such that pρ−1 is divisible by 5. The quartic R1, for example,

has the structure

R1(T, ψ) = 1 + a1(ψ)T + b1(ψ) pT 2 + a1(ψ) p3T 3 + p6 T 4

with a1 and b1 integers that vary with ψ ∈ Fp. The other factors RA and RB have a similar

structure. The numerator of the ζ-function corresponds to the Frobenius action on H3(Mψ).

It is intriguing that these factors are related to certain genus 4 Riemann curves A and B.

What is meant by this is that there is a genus 4 curve A, that varies with ψ, with ζ-function

satisfying

ζA(T, ψ) =
RA(T, ψ)2

(1− T )(1− pT )
,

and there is an analogous relation for another curve B. The intriguing aspect is that the

curves A and B are not directly visible in Mψ.

The theory of the Abel-Jacobi mapping provides a context of explaining this phenomenon.

More precisely, a loop γ ∈ H1(C̃±ϕ) determines a 3-cycle T (γ) ∈ Mψ which is the union of

the lines corresponding to the points of γ. By duality one obtains a map a : H3(Mψ) →
H1(C̃±ϕ), whose kernel should have dimension 4 and giving rise to the factor R1, whereas

its image should correspond to the other factors of the numerator of the ζ-function. How

exactly the geometry of the A and B curves are related to C̃ϕ will be described elsewhere

and will not be pursued in this paper.

We remark further that the map a has as Hodge-component a map

α : H1(Ω2
Mψ

) −→ H0
(
Ω1
C̃±ϕ

)
.

Now the first space can be interpreted as the 101 dimensional space of infinitesimal deforma-

tions of quinticMψ, thought of as the space of degree 5 polynomials P modulo the Jacobian

ideal. It follows from the work of H. Clemens that zeros of the holomorphic 1-form α(P )

on C̃±ϕ correspond precisely to the lines that can be infinitesimally lifted over the deforma-

tion of Mψ determined by P . As the curves C̃±ϕ both have genus 626, a differential form

has 2×626 − 2 = 1250 zeros. Thus we see that 2×1250 = 2500 lines will emerge from the

C̃ϕ, which together with the 375 isolated lines gives a total of 2875 lines that we find on a

generic quintic.

7



2. The families of lines

2.1. Explicit parametrization

Suppose now that, for a line, no coordinate is identically zero. Each xi is a linear combination

of coordinates (u, v) on the line. At least two of the coordinates must be linearly independent

as functions of u and v. Let us take these independent coordinates to be x1 and x2 then we

may take the line to be of the form

x = (u, v, bu+ rv, cu+ sv, du+ tv) . (2.1)

The condition that such a line lies in the quintic imposes the following conditions on the six

coefficients:

b5 + c5 + d5 + 1 = 0

b4r + c4s+ d4t− bcd ψ = 0

2 (b3r2 + c3s2 + d3t2)− (cdr + bds+ bct)ψ = 0

2 (b2r3 + c2s3 + d2t3)− (drs+ bst+ crt)ψ = 0

br4 + cs4 + dt4 − rst ψ = 0

r5 + s5 + t5 + 1 = 0 .

(2.2)

Although there are six equations, we will see that there is a one dimensional family of

solutions for the coefficients. However, before coming to this, consider the special case that

the coordinates xj are not all linearly independent as functions of u and v. Such a case is

equivalent to taking take r = 0, say, in (2.2). With this simplification it is straightforward to

solve the equations and we find that this case corresponds precisely to the van Geemen lines.

If we now seek lines that are neither the isolated lines nor the van Geemen lines then we can

take all the parameters b, c, d, r, s, t to be nonzero and we also know that all the coordinates

are linearly independent as functions of u and v. It follows that for a general line, one that

is not a isolated line or a van Geemen line, that (2.1) is, in fact, a general form. The first

two coordinates of a general line are linearly independent so we choose coordinates so that

x1 = u and x2 = v and then the remaining coordinates are linear forms as indicated. Note

that we do not have to take separate account of permutations.

In order to simplify (2.2) it is useful to start by scaling the coefficients and the parameter

b = cb′ , d = cd′ , r = sr′ , t = st′ , ψ = csψ′ .

This removes c and s from the four central relations. Further scalings lead to additional

simplification. This process leads to the following transformation of the variables and pa-

rameter

r = sκ , b = cκτ , d = cκτδ , t = sκτδσ , ψ =
cs

δκ2τ
ψ̃ .
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This has the advantage that, after cancellation, the equations become

1 + c5
[
1 + κ5τ 5(1 + δ5)

]
= 0

1 + κ5τ 4 (1 + δ5 στ ) = ψ̃ τ

1 + κ5τ 3(1 + δ5σ2τ 2) =
1

2
ψ̃ (1 + τ + στ)

1 + κ5τ 2(1 + δ5σ3τ 3) =
1

2
ψ̃ (1 + σ + στ)

1 + κ5τ (1 + δ5 σ4τ 4) = ψ̃ σ

1 + s5
[
1 + κ5(1 + δ5σ5τ 5)

]
= 0 .

(2.3)

and depend on δ and κ only through δ5 and κ5. Combining the second, third, fourth and

fifth relations with multiples (1,−2, 2,−1) results in the cancellation of both the constant

and ψ̃ dependent terms. In this way we find

δ5 =
(1− τ)(1− τ + τ 2)

στ 4(1− σ)(1− σ + σ2)
. (2.4)

Solving the central four relations also for κ5 and ψ̃, we find

κ5 = − (1− σ)(1− σ + σ2)

τ(1− στ)(1− στ + σ2τ 2)
and ψ̃ = 2

(1− σ)(1− τ)

1− στ + σ2τ 2
. (2.5)

Moreover the three relations in (2.4) and (2.5) exhaust the content of the four central equa-

tions in (2.3).

The first and last relations in (2.3) now give c and s in terms of σ and τ . Finally, on

substituting what we know into the relation

ψ5 =
c5s5

δ5κ10τ 5
ψ̃5 ,

we obtain a constraint F (σ, τ) = 0 where

F (σ, τ) = 32σ2τ 2 (1−σ)2(1−τ)2(1−στ)2−

(1−σ+σ2)(1−τ+τ 2)(1−στ+σ2τ 2)
[
1−τ(1+σ)+τ 2(1−σ+σ2)

][
1−σ(1+τ)+σ2(1−τ+τ 2)

]
ψ5.

(2.6)

We are now able to give the lines in terms of σ and τ . Let α(σ, τ) and β(σ) be given by

the relations

α(σ, τ)5 = σ4 (1− σ)(1− τ)(1− στ)
[
1− τ(1 + σ) + τ 2(1− σ + σ2)

]
β(σ)5 = (1− σ)(1− σ + σ2) .
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Then we have

x1 = α(σ, τ)u

x2 = α(τ, σ) v

x3 = −τ
4
5 β(σ) (σ u+ v)

x4 = β(στ) (σ u+ τ v)

x5 = −σ
4
5 β(τ) (u+ τ v) .

(2.7)

Mustaţă has show that the family of lines has two irreducible components that are isomor-

phic. This requires F to factorise and this is indeed the case. Setting

ϕ2 =
32

ψ5
− 3

4
(2.8)

and

G = 3σ2τ 2 − 1

2
στ(1+σ)(1+τ)(1+στ) + (1−σ+σ2)(1−τ+τ 2)(1−στ+σ2τ 2)

H = στ(1−σ)(1−τ)(1−στ)

(2.9)

we have

F = −ψ5 F+F− with F± = G± ϕH .

The curves defined by the vanishing of F±(σ, τ) are smooth, apart from singularities at the

point (σ, τ) = (1, 1). Near (1, 1) we have the asymptotic form

F±(1 + ε1, 1 + ε2, ψ) ∼ ε21 + ε1ε2 + ε22 = (ε1 − ωε2)(ε1 − ω2ε2) , (2.10)

so these singularities are ordinary double points. The finite singularities of F are therefore

(1, 1) together with the solutions of G = H = 0.

The statement that (2.7) describes all general lines has the following consequence. Clearly if

a line can be expressed in the form (2.7) then any permutation of the coordinates xk yields

another line so if the parametrization is general then there must be a reparametrization of

(σ, τ) and (u, v) that yields this same effect. This is indeed so and the following table gives

four such transformations that suffice to generate the permutation group on the xk.

The table gives the action of the S5 generators on G and H. We see that the odd elements of

the group interchange F+ with F−. So each of F± is preserved by the alternating subgroupA5.

Since the odd group elements exchange F+ with F− we see that the lines are parametrised

by isomorphic curves.

Among the permutations of the xk there is a cyclic permutation of three coordinates which

is of importance. The composition of the exchanges x3 ↔ x5 and x4 ↔ x5 generates a cyclic

10



permutation of (x3, x4, x5). As an action on (σ, τ) we have

g3(σ, τ) =

(
τ,

1

στ

)
.

The action of g3 is expressed most symmetrically by setting ρ = 1/στ , so that ρστ = 1, then

g3 permutes (σ, τ, ρ) cyclically. We may rewrite the polynomials G and H so as to make the

symmetry under g3 manifest. We have

G

(στ)2
= 3− 1

2
(1 + σ)(1 + τ)(1 + ρ) + (1− σ + σ2)(1− τ + τ 2)(1− ρ+ ρ2)

H

(στ)2
= − (1− σ)(1− τ)(1− ρ) .

(2.11)

2.2. The curves in P1×P1 defined by F±

We have found curves in C2 defined by F± = 0 whose coverings parametrize lines on Mψ,

with parameters related by (2.8). Let us denote the locus F+=0 by C0
ϕ, the locus F−=0 is

then C0
−ϕ.

Compactifying C2 to P1×P1, we obtain a (singular) projective curve of bidegree (4, 4). To

be explicit, this singular curve is the subset{(
(σ1 : σ2), (τ1 : τ2)

)
∈ P1 × P1 : σ4

2τ
4
2 F±

(
σ1
σ2
,
τ1
τ2

)
= 0

}
.

The points at infinity are on the lines {∞}×P1 and P1×{∞} (we write ∞ for (1 : 0) ∈ P1):

(∞,−ω) , (∞,−ω2) , (∞, 0) ,

(−ω,∞) , (−ω2,∞) , (0,∞) .

By means of a Gröbner basis calculation, one finds that, for the case that Mψ is smooth,

that is ψ5 6= 1,∞, the curves each have three singular points, (σ, τ) = (1, 1), (0,∞), (∞, 0).

The genus of a smooth bidegree (d, d′) curve is (d− 1)(d′ − 1), so if the curve were smooth

it would have genus 3×3 = 9. Owing to the singular points, its desingularization has genus

at most 6. The singular points are all related by the operations of Table 1 and (2.10) shows

the singular points to be ordinary double points, hence the genus of the desingularization

is 9−3 = 6. Consider now the following list of the 17 points in which the curves C0
±ϕ intersect

(we abuse notation by not distinguishing between the curve in C2 and its compactification

in P1×P1).

(0,∞) , (∞, 0) , (1, 1) ,

(0,−ω) , (0,−ω2) , (1,−ω) , (1,−ω2) , (−ω,−ω2) , (−ω,∞) , (−ω2,∞) ,

(−ω, 0) , (−ω2, 0) , (−ω, 1) , (−ω2, 1) , (−ω2,−ω) , (∞,−ω) , (∞,−ω2) .
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S5 generators

(σ, τ) transf. (u, v) transf.
effect on

coords.
effect on (G,H)

(τ, σ) (v, u)
x1 ↔ x2
x3 ↔ x5

(G,H)

(
1

σ
,

1

τ

)
(−1)

1
5 (στ)

8
5 (v, u) x1 ↔ x2

1

σ4τ 4
(G,−H)

(
1

σ
, στ

)
(−σ

9
5 u, −σ−

1
5 v) x4 ↔ x5

1

σ2
(G,−H)

(
1− στ
1− τ

, 1− τ
) (

(1− τ) (σu+ v)

(στ)
1
5 (1− στ)

4
5

, −(1− στ)
1
5 v

(στ)
1
5

)
x1 ↔ x3

(
τ

1− τ

)2

(G,−H)

Table 1: The action of four operations, on the coordinates and on the F±, that generate S5.

Van Geemen Lines

(σ∗, τ∗) τ for σ = σ∗ + ε (u, v) Line

(0, −ω) −ω+9γ5ε

(
cũ

ε
,−ṽ

) (
ũ, ṽ,−ω2(cũ−ṽ), cũ+ωṽ, bũ

)
(1, −ω) −ω+9ωγ5ε

(
−ω

2ṽ

ε
1
5

,−cũ+ωṽ

ε
1
5

) (
ṽ, cũ+ωṽ,−ω2(cũ−ṽ), bũ, ũ

)
(−ω,−ω2)−ω2+ω

(
2

3ψ

)5
ε

γ10

(
cũ+ωṽ

(1−ω2)
1
5 ε

1
5

,− ω2(cũ−ṽ)

(1−ω2)
1
5 ε

1
5

) (
cũ+ωṽ,−ω2(cũ−ṽ), bũ, ṽ, ũ

)
1+ω2ε+(ω+9γ5)ε2

(
ωcũ

ε
6
5

−(ωcũ−ṽ)

2ε
1
5

,−ωcũ
ε

6
5

−(ωcũ−ṽ)

2ε
1
5

) (
bũ, ũ, ṽ,−ω2(cũ−ṽ), cũ+ωṽ

)
(1, 1)

1+ωε−(ω+9γ5)ε2
(
−ωcũ
ε

6
5

+
(ωcũ+ṽ)

2ε
1
5

,
ωcũ

ε
6
5

+
(ωcũ+ṽ)

2ε
1
5

) (
ũ, bũ, ṽ, cũ+ωṽ,−ω2(cũ−ṽ)

)
Table 2: The limiting process that gives rise to the van Geemen lines.
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∞ 0 1
∞

0

1

∞ 0 1
∞

0

1

∞ 0 1
∞

0

1

∞ 0 1
∞

0

1

Figure 1: These are plots of the curves F+ = 0, in red, and F− = 0, in blue, for real (σ, τ) as ψ5

ranges from 0 to 1. The diagram is misleading with respect to the points (1, 1), (0,∞) and (∞, 0)
which lie on the curve for all ψ but for ψ 6= 0 the neighborhoods of the curve on which they lie
intersect the plane on which (σ, τ) are both real only in points. The figures show also the images
of the 10 exceptional curves of dP5. These are the 3 points (1, 1), (0,∞) and (∞, 0) together
with the 7 lines σ = 0, 1,∞, τ = 0, 1,∞ and στ = 1. After resolution, the exceptional curves
corresponding to the points (1, 1), (0,∞) and (∞, 0) intersect each of the curves F± = 0 in two
points. So too do the other exceptional curves, though the intersections are in complex points
not visible in the figure. The resolved curves are smooth apart from the cases ψ5 = 0, 1,∞. As
ψ → 0 the curves tend to the exceptional lines of dP5 and, as ψ → 1, the curves F± = 0 each
develop 6 nodes corresponding to the limiting points shown in the final figure.
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The list of the points of intersection includes the three points, just discussed, in which the

curves are both singular. Note that these points do not depend on ϕ.

We know that at least some of the van Geemen lines must lie in the continuous families.

Indeed, Mustaţă has shown that they all lie in the continuous families, since the only isolated

lines are the 375 lines that we have identified as such. The van Geemen lines are, however,

not easy to see from the parametrisation (2.7). It is a surprising fact that these lines appear

precisely as limits, as we approach the points in which the curves C0
±ϕ intersect. For the

points (0,−ω), (1,−ω), (−ω,−ω2) and the singular point (1, 1), this resolution is given

in Table 2. All the other resolutions may be obtained from these by acting with the S5
operations of Table 1. Each of the nonsingular points of intersection (σ∗, τ∗) gives rise to two

van Geemen lines, one in each of the families. The two possible values

γ5 =
1

9

(
1

2
∓ iϕ√

3

)
correspond, respectively, to the two curves C0

±ϕ. For the three singular points each curve has

self intersection so the resolution produces two lines for each curve, again the two choices

for γ5, as above, correspond, respectively, to the two curves C0
±ϕ. In this way we find

14×2+3×4 = 40 lines which become 40×125 = 5000 lines under the action of G. Thus we

have found all the van Geemen lines as resolutions of intersection of the curves C0
±ϕ.

The appearance of fifth roots in (2.7) indicates that we have to allow for different branches

and the effect of fifth roots of unity. In (2.7) we have to choose a fifth root of unity for each

of σ, τ , α(σ, τ) and β(σ). This might suggest a Z4
5 covering, however multiplying all the

coordinates xj by a common factor is of no consequence, so there is in fact a Z3
5 covering

and we can allow for different branches of solutions by acting with G on a given branch.

Somewhat surprisingly monodromy around the singularities of F± does not generate G.

Instead the monodromy simply multiplies all the components xj of a line by a common

factor of ζk for some k. Thus there is no local ramification of the solution. We will give a

better description of the 125:1 cover in §4.2.

2.3. A partial resolution of the singularities of C0
ϕ

We have seen that the curves C0
ϕ have three singular points. We wish to resolve these

singularities. It is interesting to note that two of these singularities can be resolved very

naturally. It was remarked previously that by introducing a new parameter ρ, subject to the

constraint ρστ = 1, the equations F± = 0 can be written, as in (2.11), so as to be manifestly

symmetric under an S3 subgroup of the permutation symmetry. Once we introduce ρ, we are

dealing with the nonsingular surface ρστ = 1 embedded in (P1)3. If written in homogeneous

coordinates, this surface is given by the trilinear equation

σ1τ1ρ1 = σ2τ2ρ2 . (2.12)
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The vanishing locus of a nonsingular trilinear polynomial in (P1)3 is isomorphic to the

del Pezzo surface dP6, which we may think of as P2 blown up in three points. Two of

these blow ups resolve the singularities at (σ, τ) = (0,∞) and (σ, τ) = (∞, 0). Consider the

first of these singularities. In homogeneous coordinates the location of the singularity is(
(σ1, σ2), (τ1, τ2)

)
=
(

(0, 1), (1, 0)
)
.

For these values (2.12) is satisfied for all values of (ρ1, ρ2), so the singular point has been

replaced by an entire P1. A Gröbner basis calculation shows that the curves defined by

F± = 0 are now only singular at the point (σ, τ, ρ) = (1, 1, 1).

The surfaces dP6, P1×P1 and P2 are all toric and it is clear from their respective fans that

dP6 is obtained from P2 by blowing up three points and may also be obtained from P1×P1

by blowing up two points (for the relation between the blow ups of P2 and P1×P1 see §6.3).

Since we wish to resolve the remaining singularity of the curves F± = 0, it is natural to blow

up one further point. This brings us to a consideration of dP5.
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3. The quintic del Pezzo surface dP5

3.1. Blowing up three points in P1×P1

The curves C0
ϕ in C2 define singular curves of bidegree (4, 4) in P1×P1 which in general have

three ordinary double points in (σ, τ) = (1, 1), (0,∞), (∞, 0). The blow up of P1×P1 in these

three points is the quintic del Pezzo surface dP5.

The blow up is given by the polynomials of bidegree (2, 2) which are zero in these three

points (see Section 6.1). The polynomials of bidegree (2, 2) are a 9 = 32-dimensional vector

space with basis σa1σ
b
2τ

c
1τ

d
2 , a+ b = 2 = c+ d. The blow up map can thus be given by

Ψ : P1 × P1 99K dP5 (⊂ P5) , (σ, τ) 7−→ (z0, . . . , z5) ,

with the 6 functions (written inhomogeneously for simplicity):

z0 := σ2τ 2 − 1, z1 := στ 2 − 1, z2 := σ2τ − 1, z3 := στ − 1, z4 := τ − 1, z5 := σ− 1.

The image of P1×P1 is dP5, in its anti-canonical embedding into P5. To find the inverse,

notice that (z3 − z5, z4) = (στ − σ, τ − 1) = (σ, 1) in P1. Thus the inverse map Φ, which is

everywhere defined, is given by

Φ : dP5 −→ P1 × P1 , z := (z0, . . . , z5) 7−→
(

(z3 − z5, z4), (z3 − z4, z5)
)

(one should notice however that this formula for Φ only works on an open subset of dP5,

using certain quadratic relations between the zi which are satisfied on dP5, one can extend

Φ to all of dP5).

The surface dP5 ⊂ P5 is defined by 5 quadratic equations. An example of such an equation

is

q0 = 0 , with q0 := (z1 − z3)z5 − (z2 − z3)z4 ,

in fact
(

(στ 2 − 1)− (στ − 1)
)

(σ − 1) =
(

(σ2τ − 1)− (στ − 1)
)

(τ − 1).

The image of the curve C0
ϕ is defined by an additional quadratic equation, which we will

discuss in section 3.4.

3.2. Automorphisms of dP5

As we will recall below, the group of automorphisms of the algebraic surface dP5 is S5. The

action of S5 on P1×P1, given by the birational transformations given in the previous section,

induces these automorphisms on dP5. The automorphisms of dP5 act linearly on the zi’s

(since they are the sections of the anti-canonical bundle of dP5). Thus we get a much simpler

description of the S5 action.
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We will now determine the matrices of the four elements in S5 given in Table 1. One should

notice that, for example, (z0, . . . , z5) and (−z0, . . . ,−z5) define the same point in P5, but

they are distinct as points in C6. To obtain a linear representation of S5 on C6 one has to

make the choices we give below.

The element (12)(35) acts as (σ, τ) 7→ (τ, σ) on P1×P1 and as

(12)(35) : z 7−→ (−z0, −z2, −z1, −z3, −z5, −z4)

on C6. Notice that the trace of (12)(35) on C6 is −2. The second permutation is (12) which

acts as (σ, τ) 7→ (σ−1, τ−1), so as
(
(σ1, σ2), (τ1, τ2)

)
7→
(
(σ2, σ1), (τ2, τ1)

)
in homogeneous

coordinates. This gives the map, with trace zero,

(12) : z 7−→ (−z0, −z0 + z5, −z0 + z4, −z0 + z3, −z0 + z2, −z0 + z1) .

The permutation (45) acts non-linearly, (σ, τ) 7→ (σ−1, στ), substituting this in the polyno-

mials zi and multiplying by −σ gives the action on C6:

(45) : z 7−→ (−z1 + z5, −z0 + z5, −z4 + z5, −z3 + z5, −z2 + z5, z5) .

Finally we have (13) acting as (σ, τ) 7→
(
(1−στ)(1−τ), 1−τ

)
, substituting and multiplying

by (1− τ)/τ gives the linear map:

(13) : z 7−→ (−z0 + z2 + 2z3 − 2z5, −z1 + 2z3 + z4 − z5, z2 − 2z5, z3 − z5, z4,−z5) .

We have verified that this gives indeed a linear representation of S5 on C6. Computing

the traces and comparing with a character table of S5 (see section 3.4), we find that this

representation is the unique irreducible 6-dimensional representation of S6.

3.3. Exceptional curves in dP5

We obtained dP5 as the blow up of P1×P1 in the three points (1, 1), (0,∞), (∞, 0). Thus on

dP5 we have three P1’s, the exceptional curves over these points. These are lines in P5 lying

on dP5. To find them, it suffices to find just one and then apply suitable elements of S5 to

find the others. The points (a : b) on the exceptional curve over (1, 1) are the limit points of

the image of (σ, τ) = (1 + εa, 1 + εb) for ε→ 0 under the blow up map. One finds the line

E12 : (2a+ 2b, a+ 2b, 2a+ b, a+ b, b, a), (a, b) ∈ P1 .

In fact, Ψ(E12) =
(
(a + b − a, b), (a + b − b, a)

)
=
(
(b, b), (a, a)

)
=
(
(1, 1), (1, 1)

)
which is

indeed (1, 1) in inhomogeneous coordinates. From equation (2.10) we infer that the (strict

transforms of the) curves C0
ϕ intersect E12 in two points, independent of ϕ, which correspond

to (a : b) =
(
(ω, 1), (ω2, 1)

)
. In the following we shall give parametrisations of the other
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Exceptional curves in dP5

Name Parametrization Image in P1 × P1 Special points

E12 (2a+ 2b, a+ 2b, 2a+ b, a+ b, b, a) (1, 1) singular point

E13 (a, b, 0, 0, 0, 0) τ = ∞ (−ω,∞), (−ω2,∞)

E14 (0, 0, a, 0, 0, b) (∞, 0) singular point

E15 (a, a, a, a, b, a) σ = 0 (0,−ω), (0,−ω2)

E23 (a, a, a, a, a, b) τ = 0 (−ω, 0), (−ω2, 0)

E24 (0, a, 0, 0, b, 0) (0,∞) singular point

E25 (a, 0, b, 0, 0, 0) σ = ∞ (∞,−ω), (∞,−ω2)

E34 (a, b, a, b, 0, b) τ − 1 = 0 (−ω, 1), (−ω2, 1)

E35 (0, b, a, 0, b, a) στ − 1 = 0 (−ω,−ω2), (−ω2,−ω)

E45 (a, a, b, b, b, 0) σ − 1 = 0 (1,−ω), (1,−ω2)

Table 3: The ten exceptional curves in dP5, showing their images in P5 and in P1×P1.
The table also gives the points in which the divisors meet the curve C0

ϕ.

exceptional curves. In each case, the parameters (a, b) will be understood as the coordinates

of a P1.

One verifies that this line is mapped into itself under the action of (12), (34), (45) ∈ S5, which

generate a subgroup of order 2×6 = 12 in S5. Acting with elements of S5 on E12 produces

9 other lines, which are denoted by Eij = Eji, 1 ≤ i, j ≤ 5 and i 6= j, compatible with the

action of S5.

We now discuss some of these lines in dP5 and their source in P1×P1. The line in dP5 which

is the exceptional curve over (0,∞) can be found with a limit as above and it is

E24 : (0, a, 0, 0, b, 0) ,

again one verifies easily that Φ(E24) =
(
(0−0, b)), (0−b, 0)

)
=
(
(0, 1), (1, 0)

)
which is (0,∞).

As (12)(35) permutes σ and τ , and thus (0,∞) and (∞, 0), the exceptional curve over

(∞, 0) is

E14 : (0, 0, a, 0, 0, 0, b) .
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The rulings (1, 1)×P1 and P1×(1, 1) passing through (1, 1) are also mapped to lines, for

example, in inhomogeneous coordinates:

Ψ(1, a) = (a2 − 1, a2 − 1, a− 1, a− 1, a− 1, 0) = (a+ 1, a+ 1, 1, 1, 1, 0) ,

which shows that the curve defined by σ = 1 maps to a line, which is E45, on dP5:

E45 : (a+ b, a+ b, b, b, b, 0) .

Similarly, the curve τ = 1 (obtained from the first by (12)(35) ∈ S5) maps to the line

E34 : (a+ b, b, a+ b, b, 0, b) .

In this way each of the three points (1, 1), (0,∞), (∞, 0) provides us with three lines on dP5,

so we already have 9 lines. For example, the curve τ =∞ maps to the line

E13 : (a, b, 0, 0, 0, 0) .

A final 10th line is given by the image of the unique curve of bidegree (1, 1) passing through

these three points. Its equation is σ1τ1 − σ2τ2 = 0, i.e. στ = 1, so it can be parametrized by

(a, a−1) and its image under Ψ is

Ψ(a, a−1) = (0, a−1 − 1, a− 1, 0, a−1 − 1, a− 1) = (0, 1, −a, 0, 1, −a) .

Thus we have found the line

E35 : (0, b, −a, 0, b, −a) .

3.4. The curves Cϕ and the Wiman pencil

We will use representation theory of S5 to find the equations of the curves Cϕ.

The coordinates on P5 are z0, . . . , z5 and the action of S5 on these coordinates was given in

section 3.2. Comparing the traces with Table 4, we find that the linear functions are in the

unique 6-dimensional irreducible representation of S5. The 21-dimensional representation S2

of S5 on the quadratic functions zizj has character χ2 given by χ2(g) = (χ(g)2 + χ(g))/2,

where χ is the character of S5 on the linear functions. Decomposing it into irreducible

characters one finds:

S2 = 1⊕ 1b ⊕ 4⊕ 2 · 5⊕ 5b .

Let Gz, Hz ∈ I2 be polynomials which span 1 and 1b respectively. Thus Gz is S5-invariant

and hence Gz = 0 defines a S5 curve in P5. Similarly, as gHz = ε(g)Hz, where ε(g) is the sign
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Characters of S5

e (12) (12)(34) (123) (1234) (12345) (123)(45)

1 1 1 1 1 1 1 1

1b 1 -1 1 1 -1 1 -1

4 4 2 0 1 0 -1 -1

4b 4 -2 0 1 0 -1 1

5 5 1 1 -1 -1 0 1

5b 5 -1 1 -1 1 0 -1

6 6 0 -2 0 0 1 0

Table 4: The character table of S5. This proves useful in identifying
the image of Cϕ in P5.

of the permutation g, the curve Hz = 0 is S5-invariant. Such polynomials can be found as∑
g g(z0z1) and

∑
g ε(g)g(z0z1), where the sum is over all g ∈ S5. To relate these polynomials

in the zi to those in σ, τ , recall that the zi correspond to a basis of the polynomials of bidegree

(2, 2) which vanish in (1, 1), (0,∞), (∞, 0). More precisely, using the map Ψ, we have

Ψ∗(z0) = σ2τ 2 − 1, . . . , Ψ∗(z5) = σ − 1 .

The unique S5 invariant quadratic polynomial Gz is:

Gz := 2z20 − 2z0z1 − 2z0z2 − 2z0z3 + z0z4 + z0z5 + 2z21 + z1z2 − 2z1z3

− 2z1z4 + 2z22 − 2z2z3 − 2z2z5 + 6z23 − 2z3z4 − 2z3z5 + 2z24 + z4z5 + 2z25 ,

and we have verified that

Ψ∗Gz := Gz(σ
2τ 2 − 1, . . . , σ − 1) = G(σ, τ) .

Similarly, the unique quadratic polynomial Hz invariant under S5, up to a sign, is

Hz :=
1

3
(−2z0z3 + z0z4 + z0z5 − z1z2 + 2z1z3 + 2z2z3 − 2z3z4 − 2z3z5 + z4z5) ,

and one finds that

Ψ∗Gz = H(σ, τ) ,

where, in the above, G(σ, τ) and H(σ, τ) are the polynomials (2.9).

The curves C0
ϕ in P1×P1 which have equation F+ = G+ϕH = 0 are thus the images under

the blow down Φ : dP5 → P1 × P1 of the curves Cϕ in dP5 defined by Gz + ϕHz = 0. This
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pencil of curves {Cϕ}ϕ∈P1 is known as the Wiman pencil. The curve C0, defined by Gz = 0,

is smooth and has automorphism group S5, and is known as the Wiman curve.

The curves Cϕ have a 125:1 cover C̃ϕ which parametrizes lines on the quintic threefold Mψ

Dwork pencil, where ϕ and ψ are related as in Section 2.1. We will turn to this covering in

section 4.2.

We conclude with one final remark on the curve C∞ defined by Hz = 0 in dP5. The

homogeneous polynomial defined by H of must be of bidegree (4, 4), so besides the 5 factors

in the dehomogenized equation, we should take into account two more:

H(σ1, σ2, τ1, τ2) = σ1τ1(τ2 − σ1)(s2 − τ1)(σ2τ2 − σ1τ1)σ2τ2

Thus the curve H = 0 actually has 7 irreducible components which all map to lines in dP5

as we observed earlier. Moreover, H = 0 passes through the three points which get blown

up. In fact one can check (see also §6.1) that the curve Hz = 0 in dP5 has 10 irreducible

components, which are the 10 lines in dP5, each with multiplicity one.

On each of the 10 lines in dP5 there are two points which correspond to van Geemen lines.

Each line is invariant under a subgroup of order 12 of S5 and these two points are the fixed

point set of any of the two elements of order three in the subgroup.

21



4. A second look at the curves parametrizing the lines

4.1. The Plücker map

The explicit parametrization of the lines in the Dwork pencil was given in Eq (2.7). We will

now study their Plücker coordinates, which will be the key to understanding the 125:1 cover

C̃ϕ → Cϕ.

Given a line l in P4 spanned by two points x = (x1, . . . , x5) and y = (y1, . . . , y5), its Plücker

coordinates πij(l) = −πji(l) are defined as:

πij(l) := xiyj − xjyi, l = 〈x, y〉 ⊂ P4.

The 10 Plücker coordinates πij(l) with 1 ≤ i < j ≤ 5, viewed as projective coordinates on

P9, determine l uniquely.

The van Geemen lines given in equation (1.6) are spanned by the rows of the matrix (the

first corresponding to the point with (u, v) = (1, 0) and the second to (u, v) = (0, 1))(
1 0 ζ−k−lb ζkc −ζ lω2c

0 1 0 ζkω ζ lω2

)
.

One notices that π13 = 0, and that the other πij are non-zero. Recall that these lines are

invariant under the cyclic permutation of (x2, x4, x5). As the other van Geemen lines are

obtained from this one by the action of the group S5oG, we conclude that a van Geemen

line has exactly one Plücker coordinate πij which is zero, the indices ij are such that the

stabilizer of the line is conjugated in S5oG to the cyclic subgroup generated by (klm) ∈ S5
where {i, j, k, l,m} = {1, . . . , 5}.

These indices i, j can also be obtained as follows. The point on Cϕ determined by such a

line lies on the intersection of this curve with the line Epq on dP5 and the sets of indices

{i, j} and {p, q} are the same. We will now see that, conversely, a line in the Dwork pencil

for which one of the πij is zero are is a van Geemen line.

The elements of the group G acts by multiplying the coordinates x1, . . . , x5 of P4 by fifth roots

of unity. Hence the induced action of G on the Plücker coordinates is also by multiplication

by fifths roots of unity. The fifth powers π5
ij of the Plücker coordinates are thus invariant

under G and hence functions on Cϕ, more precisely, the quotients π5
ij/π

5
pq define meromorphic

functions on Cϕ. These functions are easy to find.

The Plücker coordinates of the lines parametrized by the 125:1 cover of Cϕ in (2.7) are the

determinants of the 2× 2 minors of the following matrix: α(σ, τ) 0 −τ 4/5β(σ)σ β(στ)σ −σ4/5β(τ)

0 α(τ, σ) −τ 4/5β(σ) β(στ)τ −σ4/5β(τ)τ


.
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From this we compute for example, with β(σ)5 = (1− σ)(1− σ + σ2):

π5
35 =

(
τ 4/5β(σ)σ·σ4/5β(τ)τ − σ4/5β(τ)·τ 4/5β(σ)

)5
= σ4τ 4β(σ)5β(τ)5(στ − 1)5 .

In this way we get 10 polynomials in σ, τ of rather high degree, but they do have a common

factor, which is:

pc := σ4τ 4(σ − 1)(τ − 1)(στ − 1) .

The quotients π5
ij/pc can be homogenized to polynomials of bidegree (6, 6) in σ1, σ2 and τ1, τ2:

pij(σ1, σ2, τ1, τ2) := (σ2τ2)
6(π5

ij/pc)(σ1/σ2, τ1/τ2) .

These pij are reducible. Their irreducible components can be used to define meromorphic

functions on Cϕ with quite interesting zeroes and poles as we will see in the next sections

and in the Appendix.

We introduce some notation for the irreducible components of the pij. The polynomial

defining the curve in P1×P1 which maps to the line Eij on dP5 is denoted by mij, and we

give them in Table 5. We have two polynomials, of bidegree (2, 0) and (0, 2) respectively,

l1 := σ2
1 − σ1σ2 + σ2

2, l2 := τ 21 − τ1τ2 + τ 22

which are reducible ( l1 = (σ1+ωσ2)(σ1+ω2σ2) ) and li = 0 intersects the curve C0
ϕ in special

points corresponding to van Geemen lines.

The intersection of Cϕ with another curve is written as a divisor
∑

P npP , which is a formal

finite sum with P ∈ Cϕ and np ∈ Z the intersection multiplicity. We write Dij = Pij + Qij

for the divisor given by the pair of special points on Cϕ which correspond to the van Geemen

lines indexed by ij. Thus if ij = 45, we can take Pij = (1,−ω) and Qij = (1,−ω2), viewed

as points on the smooth model Cϕ of C0
ϕ. In case ij = 12 we take the two points of Cϕ which

map to the singular point (1, 1) of C0
ϕ. On dP5, these divisors are the intersection divisors

of Cϕ and the lines Eij:

Dij := Cϕ ∩ Eij .

However, pulling back the divisors mij = 0, we do not get the divisors Eij, but we also get

contributions from the singular points. In Table 5 we give the precise results.

With this notation, table 3 shows that

(l1 = 0) ∩ Cϕ = D13 + D23 + D34 + D35 ,

applying (12)(35) ∈ S5 one obtains (l2 = 0) ∩ Cϕ.

Finally there are three polynomials, of bidegree (2, 2), which turn out to be reducible. The

first is

k14 := σ2
1τ

2
1 − σ2

1τ1τ2 + σ2
1τ

2
2 − σ1σ2τ1τ2 − σ1σ2τ 22 + σ2

2τ
2
2

= (σ1τ1 + ω2σ1τ2 + ωσ2τ2)(σ1τ1 + ωσ1τ2 + ω2σ2τ2) .
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Curves and intersection divisors with Cϕ

Name Defining polynomial Intersection with Cϕ

k12 σ2
1τ

2
1 − σ1σ2τ1τ2 + σ2

2τ
2
2 D34 + D45 + 3D14 + 3D24

m13 τ2 D13 + D24

k14 (σ1τ1 + ω2σ1τ2 + ωσ2τ2)(σ1τ1 + ωσ1τ2 + ω2σ2τ2) D23 + D25 + 3D12 + 3D24

m15 σ1 D15 + D24

m23 τ1 D23 + D14

k24 (σ1τ1 + ω2σ2τ1 + ωσ2τ2)(σ1τ1 + ωσ2τ1 + ω2σ2τ2) D13 + D15 + 3D12 + 3D14

m25 σ2 D14 + D25

m34 τ1 − τ2 D12 + D34

m35 σ1τ1 − σ2τ2 D12 + D14 + D24 + D35

m45 σ1 − σ2 D12 + D45

l1 σ2
1 − σ1σ2 + σ2

2 D13 + D23 + D34 + D35

l2 τ 21 − τ1τ2 + τ 22 D15 + D25 + D35 + D45

Table 5: The meromorphic functions on Cϕ that arise as
irreducible factors of the quantities π5ij/pc discussed in §4.1.

The first factor defines a curve in P1×P1 which can be parametrized by

(s, t) 7−→
(

(σ1, σ2), (τ1, τ2)
)

=
(

(−ωt, ω2t+ s), (s, t)
)
, (s, t) ∈ P1 .

The intersection of this curve with C0
ϕ, which is defined by F+ = 0, is obtained from

F+

(
(−ωt, ω2t+ s), (s, t)

)
= (2ϕ− 2ω − 1)st3(s− t)3(s+ ω2t) .

One finds the points (−ω2, 0), (∞,−ω2), which are in the divisors D23 and D25 respectively

with multiplicity one and the singular points (0,∞) and (1, 1) with multiplicity three. So

the curve must be tangent to one branch of C0
ϕ in these points. The equation of the other

factor is the complex conjugate, so we conclude that

(k14 = 0) ∩ Cϕ = D23 + D25 + 3D24 + 3D12 .
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Factorization of the pij := π5
ij/pc

Name Factorization Name Factorization

p12 m34m35m45 k14 k24 p24 m13m15m35 k12 k14

p13 m4
13m25m45 k24 l1 p25 m13m34m

4
35 k14 l2

p14 m23m25m35 k12 k24 p34 m15m25m
4
34 k12 l1

p15 m4
15m23m34 k24 l2 p35 m4

35 l1 l2

p23 m15m
4
23m45 k14 l1 p45 m13m23m

4
45 k12 l2

Table 6: Factorizations of the pij in terms of the functions of the previous table.

The other two polynomials are

k24 := σ2
1τ

2
1 − σ1σ2τ 21 + σ2

2τ
2
1 − σ1σ2τ1τ2 − σ1σ2τ 21 + σ2

1τ
2
1

which is obtained from k14 by (σ1, σ2)↔ (τ1, τ2), i.e. by applying (12)(35) in S5, and

k12 := σ2
1τ

2
1 − σ1σ2τ1τ2 + σ2

2τ
2
2 = (σ1τ1 + ωσ2τ2)(σ1τ1 + ω2σ2τ2) .

A computation, similar to the one above, shows that

(k12 = 0) ∩ Cϕ = D34 + D45 + 3D14 + 3D24 .

Table 5 gives the zero divisors of these 12 polynomials. In Table 6 we list the factorizations

of the bidegree (6, 6) polynomials pij = π5
ij/pc on P1×P1. Using Table 5 one can compute

the divisors (pij = 0) ∩ C0
ϕ. For example, one finds that

π5
35

pc
=

(στ)4(1− σ)(1− σ + σ2)(1− τ)(1− τ + τ 2)(στ − 1)5

σ4τ 4(σ − 1)(τ − 1)(στ − 1)

= (στ − 1)4(1− σ + σ2)(1− τ + τ 2) ,

so, after homogenizing and using the notation from Table 5, we get:

p35 = m4
35l1l2 .

Thus we get:

(p35 = 0) ∩ Cϕ = 4(D12 +D14 +D24 +D35) +D13 +D15 +D23 +D25 +D34 + 2D35 +D45 .
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In this way one can determine the divisor (pij = 0)∩Cϕ for all ij. One finds, quite remarkably,

that they can be written as:

(pij = 0) ∩ Cϕ = Db + 5Dij ,

where the divisor Db does not depend on ij and is given by:

Db = 4(D12 +D14 +D24) +D13 +D15 +D23 +D25 +D34 +D35 +D45 ,

so it is the sum of the 10 divisors Dij, but the ones corresponding to the singular points of

C0
ϕ have multiplicity four.

Given l ∈ C̃ϕ, at least one of the πij(l) is obviously non-zero. Thus the zeroes of the common

factor pc as well as the contribution coming from the common zeroes of all pij’s are artefacts

of the parametrization. These common zeroes are the 10 · 2 = 20 points in Db and these

correspond to van Geemen lines. To find the fifth powers of the Plücker coordinates of

these points, one must take a limit on the curve Cϕ (alternatively, one can use the explicit

parametrizations of these lines given in equation (1.6)). The surface parametrizing the

families of lines in all Mψ is thus a (Z/5Z)3-covering of the blow up of dP5 in the 20

points of Db.

An important consequence of our computations is that the meromorphic functions π5
ij/π

5
pq

have zeroes of order 5 in the two points in Dij and have poles of order five in the two points in

Dpq since the (apparent) common zeroes of both cancel. These poles and zeroes correspond

to van Geemen lines.

To be precise, if l is a line which has πij(l) = 0, then it also has πpq(l) 6= 0 for some pq and

thus π5
ij(l)/π

5
pq(l) = 0, which shows that l corresponds to a point in Dij on Cϕ, hence l is a

van Geemen line.

4.2. The 125:1 cover C̃ϕ of Cϕ

We will now describe the Riemann surface C̃ϕ more precisely. We will use the construction

of Riemann surfaces by means of polynomials gnT
n + gn−1T

n−1 + . . . + g0 where the gi are

meromorphic functions on a given Riemann surface. For example, the Fermat curve defined

by Xn + Y n + Zn = 0 in P2 is the Riemann surface of the polynomial T n + (xn + 1) where

x is the meromorphic function on P1 which gives the projective coordinate.

As we showed in section 4.1, the meromorphic function π5
ij/π

5
pq, viewed as function on Cϕ,

has zeroes of order 5 in the two points in Dij and it has poles of order five in the two

points in Dpq and is holomorphic, with no zeroes, on the rest of Cϕ. We define the following

meromorphic functions on C̃ϕ and Cϕ respectively:

fij := πij/π45, gij := (πij/π45)
5 = pij/p45 .
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Notice that fij/fpq = πij/πpq, so we get all quotients of the Plücker coordinates from these

fij. Obviously, fij is a root of the polynomial T 5 − gij. The other roots of the polynomial

are the ζafij with a = 1, . . . , 4.

The Riemann surface of this polynomial can be described as follows. Choose a coordinate

neighbourhood Ux which biholomorphic to a disc ∆ ⊂ C, with 0 ∈ ∆ and local complex

chart zx : Ux → ∆ with zx(x) = 0. If x ∈ Cϕ and gij has no poles or zeroes on Ux, this

Riemann surface is locally the disjoint union of 5 copies of Ux. If x is a zero of gij, we can

write

gij = z5x(1 + a1zx + a2z
2
x + . . .) .

Restricting the open subset, we may assume that 1+a1zx+. . . = h5 for a holomorphic function

h on Ux without zeroes and poles. On Ux the polynomial is T 5 − (zxh)5 =
∏

a(T − ζazxh),

showing that the Riemann surface is still a disjoint union of 5 copies of Ux. Another way to

argue is that the subset {(z, t) ∈ ∆2 : t5 = z5} is a local model of the Riemann surface. This

local model must be blown up in (0, 0) in order to get a smooth model. For the poles of gij,

which also have multiplicity five, one finds similarly that the Riemann surface is a disjoint

union of 5 copies of Ux. We refer to [15] for these constructions of Riemann surfaces.

Thus the fact that each zero and pole of gij has multiplicity five guarantees that the Riemann

surface Xij of the polynomial T 5 − gij is an unramified covering of Cϕ. Since the fij are

meromorphic on C̃ϕ, there must exist holomorphic maps

C̃ϕ −→ Xij −→ Cϕ

with the first map of degree 25. The second map, of degree 5, is obtained from the polyno-

mial T 5 − gij. By Mustaţă’s results, C̃ϕ is a connected Riemann surface, hence also Xij is

connected. (Another way to see this is to notice that otherwise the polynomial T 5−gij would

be reducible. As its roots are the ζafij, this would imply that there would be a meromorphic

function hij on Cϕ with h5ij = gij. Then hij would have poles, with multiplicity one, in only

two points. Thus Cϕ would be hyperelliptic. This is not the case, as the map to P5 induced

by Φ is the canonical embedding of Cϕ.)

This construction can be iterated by considering the polynomial T 5−gpq on Xij, for example,

or by considering the fiber product of the Riemann surfaces Xij and Xpq over Cϕ. The main

result is that C̃ϕ can be obtained with this construction from three suitably choosen gij, for

example, the gi5, i = 1, 2, 3. We have already remarked that the covering is unramified over

points in the Dij. Over each such point, we have found 125 van Geemen lines.

Unramified covers with group G ∼= (Z/5Z)3 correspond to normal subgroups K ⊂ π1(Cϕ)

of the fundamental group of Cϕ with quotient π1(Cϕ)/K ∼= G. We will discuss an algebro-

geometric approach to the covers with line bundles in §6.4.
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5. Special members of the Dwork pencil

5.1. The case ψ = 0, ϕ =∞

Due to the relation defining ϕ2 in terms of ψ, the case ψ = 0 corresponds to ϕ = ∞.

The quintic threefold Mψ is the Fermat quintic, and we already discussed the lines on this

threefold in the introduction. The curve C∞ is the union of the 10 lines on dP5. Now we

would like to describe C̃∞ in more detail, using the description of the general C̃ϕ as a 125:1

covering of Cϕ defined by the polynomials T 5 − gij, with gij = pij/p45.

First of all, we restrict our attention to the line E15 ⊂ C∞, which corresponds to the curve

σ = 0 in P1×P1. Putting σ = 0 in all pij, we notice first of all that as m15 = σ, we get:

p15 = p23 = p24 = p34 = 0 on E15 .

The restrictions of the other pij are easy to compute, one finds:

p12 = p25 = (τ−1)(τ 2−τ+1), p23 = p35 = τ 2−τ+1, p45 = −p14 = (τ+1)(τ 2−τ+1) .

Thus we get a 25:1 covering of E15
∼= P1, with coordinate τ , given by the two polynomials

T 5 + τ − 1, U5 + τ + 1 .

The first polynomial has a zero, of order one, in τ = 1 and a pole, of order one, in τ = ∞.

The Riemann surface we get is the 5:1 cyclic cover of P1 totally branched over these points.

In particular it is a P1 with coordinate t satisfying t5 = τ − 1. Substituting this in the other

polynomial, we get the polynomial U5 + t5 + 2, which defines (up to rescaling) the degree

5 Fermat curve. Using the S5 action, we find that C̃∞ is the union of 10 Fermat curves of

degree 5, as expected.

Now we consider the lines parametrized by the component of C̃∞ lying over E15. We already

observed that for a line l in this component we have πij(l) = 0 for ij = 23, 24, 34 since

these pij are zero. So if l is spanned by x, y then (x2, x3, x4) and (y2, y3, y4) are linearly

dependent, hence we may assume that y = (y1, 0, 0, 0, y5). As l ⊂M0 we get y51 + y55 = 0, so

we can put y1 = 1, y5 = ζa. As also p15 = 0, the vectors (x1, x5) and (y1, y5) are dependent

and substracting a suitable multiple of y from x we see that x = (0, x2, x3, x4, 0), and still

l = 〈x, y〉. As l ⊂ M0 we get x52 + x53 + x54 = 0, which, after permuting the coordinates 2

and 5, gives the family of lines parametrized by the quintic Fermat curve described in the

introduction. Thus we succeeded in recovering the lines on the Fermat quintic threefold with

our description of C̃ϕ.

5.2. The cases ψ5 = 1, ϕ2 = 125/4

In case ψ5 = 1, the threefold Mψ has 125 ordinary double points and has been studied

extensively in [16]. For convenience, we will take ψ = 1, ϕ = 5
√

5/2, the other cases are
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similar. A computation shows that the corresponding curves C0
ϕ acquire 6 more ordinary

double points. Since each double point lowers the genus by one, the desingularizations,

which we denote by Ĉϕ to distinguish them from the (singular) curves Cϕ in dP5, are thus

isomorphic to P1.

The π5
ij, which are functions on C0

ϕ, are now fifth-powers of functions on C0
ϕ. Hence the

125:1 cover C̃ϕ of Cϕ, given by the polynomials T 5− (πij/π45)
5, is the union of 125 copies of

Ĉϕ ∼= P1.

This corresponds to the fact that M1 contains 125 quadrics, each isomorphic to P1×P1.

Each quadric has two families of lines, given by the {x} × P1 and P1 × {x} where x runs

over P1. Thus we get 2 · 125 families of lines parametrized by P1 in M1. These correspond

to the components of the coverings C̃ϕ of the Cϕ with ϕ2 = 125/4.

We will first discuss the lines on one of the quadrics, denoted by Z, in M1. We also give

explicitly a (complicated) map from P1 to C0
ϕ which is a birational isomorphism. One can

then check that the fifth powers of the Plücker coordinates are now indeed fifth powers on

C0
ϕ, hence the cover C̃ϕ → Cϕ becomes reducible.

The threefold M1 has 125 ordinary double points, they are the orbit of the point q :=

(1, 1, 1, 1, 1) under the action of G. In the paper [16] it is shown that there are 125 hyperplanes

(i.e. linear subspaces P3 ⊂ P4), which form one G-orbit, each of which cuts M1 in a smooth

quadratic surface and a cubic surface. To see such a hyperplane, one writes the equation

(1.1) for M1 as a polynomial in the elementary symmetric functions in x1, . . . , x5:

s1 :=
5∑
i=1

xi , s2 :=
∑
i<j

xixj , . . . , s5 := x1x2x3x4x5 .

The equation is then

M1 : s2s3 + s1

(
s4 − s22 − s1s3 + s21s2 −

1

5
s41

)
= 0 .

Thus the hyperplane H defined by s1 = 0 cuts M1 in the surface defined by s2s3 = 0. One

verifies that the quadric Z ⊂ M1 defined by s1 = s2 = 0 is a smooth quadric in H ∼= P3.

In H we have x5 = −(x1 + . . .+ x4), hence 2s2 = (
∑
xi)

2 −
∑
x2i restricts to −2

∑
i≤j xixj.

Hence

Z ∼=

{
(x1, . . . , x4) ∈ P3 :

∑
i≤j

xixj = 0

}
.

First of all, we are going to find the van Geemen lines in Z. Recall that these are the lines

which are fixed under an element of order three in S5. Taking this element to be (123), we

thus try to find a constant b such that the line, in H, parametrized by

u
(
1, ω, ω2, 0, 0

)
+ v

(
1, 1, 1, b,−(b+ 3)

)
=
(
u+ v, ωu+ v, ω2u+ v, bv,−(b+ 3)v

)
,
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lies in Z ⊂ X. Next we impose s2 = 0 and we find the condition:

b2 + 3b + 6 = 0, hence b± =
−3±

√
−15

2
,

and we get two lines l± in Z which meet in the point (1, ω, ω2, 0, 0). From this one easily

finds the other van Geemen lines on Z.

The surface Z is a nonsingular quadric in P3 hence is isomorphic to P1×P1. We wish to

parametrize Z and this parametrization is simplified by making an appropriate choice of

coordinate on the first P1, which we regard as the curve Cϕ that parametrizes the lines. The

group A5, which is isomorphic to the icosahedral group, acts on Cϕ and it is convenient to

choose a coordinate z adapted to this action. In the standard discussions of the automorphic

functions of the icosahedral group [17, 18] one considers the projection of an icosahedron on

to the circumscribing sphere and then the further projection of the image onto the equatorial

plane, taking the south pole as the point of projection. There are thus two natural choices

of coordinates, depending on whether the orientation of the icosahedon is chosen such that

the south pole coincides with a vertex or the image of the center of a face. The standard

treatments place a vertex at the south pole. We shall refer to this choice of coordinate,

w, as the icosahedral coordinate. It can be checked that the 10 van Geemen lines of Cϕ
correspond to projection onto the circumscribing sphere of the centers of the faces of the

icosahedron, or equivalently, to the vertices of the dual dodecahedron. For our purposes, it is

therefore natural to work with a ‘dodecahedral coordinate’ z that corresponds to aligning the

icosahedron such that the south pole of the circumscribing sphere corresponds to a vertex of

the dual dodecahedron. The two coordinates may be chosen such that the relation between

them is

ωz =
w∞w + 1

w − w∞
,

where w∞ denotes the w-coordinate of the dodecahedral vertex at the north pole of the

circumscribing sphere. This can be chosen to be

w∞ =
1

4

(
3 +
√

5 +

√
6(5 +

√
5)

)
.

It is convenient to fix a primitive 15-th root of unity η = e2πi/15. Then we also have a fifth

and a third root of unity, ζ, ω respectively, and expressions for
√

5 and w∞:

ζ := η3, ω := η5,
√

5 = 1 + ζ + ζ−1, w∞ = −2η7 + η5 − η4 + η3 − η + 2 .

Using the van Geemen lines, it is easy to find the following parametrization Υ : P×P1 → Z,
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where we reinstate the x5 coordinate for symmetry reasons,

Υ : (z, u) 7−→



x1

x2

x3

x4

x5


=



−(b+ 3) cuz + 5b

cuz + 5u +ωdz + 5

cuz + 5ωu + dz + 5

b cuz − 5(b+ 3)

cuz + 5ω2u +ω2dz + 5


,

where we make use of the following coefficients:

b := −η7 + η5 − 2η4 + η3 − η2 − 2η ,

c := −2η7 + η5 − 2η4 + 2η3 − 2η2 − 2η + 2 ,

d := −10η7 + 10η3 − 10η2 + 5 ,

in particular, b2 + 3b + 6 = 0. For fixed z, we have a map P1 → Z whose image is a line lz
in Z parametrized by u. One can check that the action of A5, which has generators of order

2, 3 and 5, on the coordinates x1, . . . , x5 corresponds to the action of the following Möbius

transformations:

M2(z) := −1/z, M3(z) := ωz, M5(z) :=
(ζw2

∞ + 1) z + (ζ − 1)ω2w∞
(ζ − 1)ω w∞ z + (ζ + w2

∞)
,

where the order 5 transformation M5 is simply the transformation w → ζw, when written

in terms of the icosahedral coordinate.

The polynomial whose roots, together with z = 0 and z =∞, correspond to the dodecahedral

vertices is

8 z18 − 57
√

5 z15 − 228 z12 − 494
√

5 z9 + 228 z6 − 57
√

5 z3 − 8 .

The van Geemen lines correspond to the nine pairs of roots {z∗,−1/z∗} together with {0,∞}.

For the Möbius transformation Mk one has

lMk(z) = gk(lz) , with lz := {Υ(z, u) ∈ P4 : u ∈ P1} ,

where, in this context,

gk = (14)(25), (253), (54321) for k = 2, 3, 5 .

The orbit of the line lz, with z = 0, which is a van Geemen line fixed by (253), consists of

20 van Geemen lines.

On M1 there are also lines fixed by an element of order five in A5. These are the lines that

cause the extra double points on Cϕ. The element of order five (12345) ∈ A5 has five isolated
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fixed points in P4, four of which lie on Z = H ∩M1, in fact they are singular points ofM1.

They are, for i = 1, . . . , 4:

qi := ( ζji )1≤j≤5 ,
(
{q1, q2, q3, q4} ⊂ Sing(M1)

)
.

One easily checks that λq1 + µq2 + νq3 lies on Z only if µ = 0 or ν = 0 and thus the lines

λq1 + µq2 and λq1 + νq3 do lie in Z. So the intersection of the P2 spanned by q1, q2, q3 with

the quadric Z consists of two lines, each of which is spanned by two nodes:

〈q1, q2, q3 〉 ∩ Z = 〈q1, q2〉 ∪ 〈q1, q3〉 .

Both of these lines are invariant under the 5-cycle (12345) ∈ S5, and similarly we get lines

〈q2, q4〉 and 〈q3, q4〉. The two lines 〈q1, q2〉, 〈q3, q4〉 on Z are fixed by the 5-cycle and they do

not intersect, hence they are from the same ruling. Applying A5, we get 12 lines, actually six

pairs, with a stabilizer of order five in each ruling. These create the 6 double points in Cϕ.

We now briefly discuss the curve C0
ϕ and a parametrization. The curve C0

ϕ has 6 more

ordinary double points where (σ, τ) take the values(
±1

2
(1 +

√
5), ±1

2
(1 +

√
5)
)
,
(
±1

2
(1 +

√
5),

1

2
(3−

√
5)
)

and
(

1

2
(3−

√
5), ±1

2
(1 +

√
5)
)
,

where, in the first expression, the same sign is chosen for each component.

A parametrization of C0
ϕ is given by

P1 −→ C0
ϕ, z −→ (σ, τ) =

(
R1(z), R2(z)

)
with rational functions

R1(z, ϕ) =
20z4 + (15− 2ϕ)z3 + 3(5 + 2ϕ)z2 − (15− 2ϕ)z + 20

6z(5z2 + 2ϕz − 5)
,

R2(z, ϕ) =
1

R1(−ω2z,−ϕ)
.

In particular, one has F+

(
R1(z), R2(z)

)
= 0 for all z.

The A5-action on C0
ϕ lifts to an action of A5 by Möbius transformations on P1. Generating

transformations are the same mk as given earlier and one has(
R1

(
mk(z)

)
, R2

(
mk(z)

))
= gk

(
R1(z), R2(z)

)
,

where again,

gk = (14)(25), (253), (54321) for k = 2, 3, 5 .

This parametrization can be found using the A5-action. The coordinate function σ is known

to be the quotient map by the subgroup generated by (12)(34) and (13)(24). Since we require
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the map to be equivariant, the points in z ∈ P1 which are zeroes/poles of R1 must correspond

to van Geemen lines and these are fixed points of order three. As also the fiber over R−1i (1)

must consist of such fixed points, the Ri are easily found.

The points z = 0, z =∞ in P1 are both mapped to the singular point (∞, 0) ∈ C0
ϕ ⊂ P1×P1.

Using Table 3 we find that these two points correspond to the divisor D14. The Möbius

transformations m2 and m3 on P1 fix the set {0,∞} and this is indeed consistent with the

fact that the permutations (14)(25) and (253) fix the index set {1, 4} and thus fix the divisor

D14 on Cϕ. As A5 acts transitively on the set of 20 points which are in ∪Dij, the A5-orbit

of 0 ∈ P1 consists of the 20 points which map bijectively to this set.

The two fixed points of m5 in P1 map to the singular point
(
− 1

2
(1 +
√

5), 1
2
(3−
√

5)
)

in C0
ϕ.

The A5-orbit of any of these points is a set of 12 points, each a fixed point of an order 5

element in A5, which maps to one of the other six ‘extra’ singular points of C0
ϕ.

Finally we consider the fifth powers of Plücker coordinates of the lines parametrized by Cϕ.

These functions are given by the polynomials pij(σ1, σ2, τ1, τ2) listed in Table 6. We pull

them back to P1 along the parametrization, so we take homogeneous coordinates (z, w) on

P1 and we consider the 10 polynomials

p̃ij(z, w) := pij(R1,n(z, w), R2,n(z, w), R1,d(z, w), R2,d(z, w))

where we introduced

Ri(z, w) := w4Ri(z/w) = Ri,n(z, w)/Ri,d(z, w)

and the Ri,n(z, w), Ri,d(z, w) are homogeneous polynomials of degree four. As pij is homo-

geneous of bidegree (6, 6), the polynomials p̃ij are homogeneous of degree 6 · 4 + 6 · 4 = 48.

Using the results from Section 4.1 and the fact that we are now on a P1, the divisor Db,

which has degree 38, is now defined by a homogeneous polynomial p̃b(z, w) of degree 38.

Each of the p̃ij is divisible by p̃b with quotient q̃ij which is homogeneous of degree 10. We

know that each q̃ij has two zeroes, with multiplicity 5, in the two points of Dij. We checked

that this is indeed the case.

In fact, we verified that the point (. . . , qij(z), . . .) ∈ P9 is the point (. . . , πij(lz)
5, . . .), the

point whose coordinates are the fifth powers of the Plücker coordinates of the line lz ⊂M1.

Each πij(lz) is easily seen to be a quadratic polynomial in z.

Thus the parametrizations of Z and C0
ϕ are compatible and the 2 · 125 families of lines on

the 125 quadrics in M1 are the limits of the two families of lines on the general Mψ.

In particular, the curve C̃ϕ is now reducible, having 125 components, the desingularization

of each component is a P1. Moreover, the Plücker map from C̃ϕ to the Grassmannian in P9

is given by 10 degree two polynomials on each of the components, the fifth power of these

polynomials are the q̃ij.
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We checked that the 125 components of C̃ϕ intersect as follows. On each component there

are the 12 fixed points of certain elements of order five in S5oG. In each such point, exactly

two components meet and moreover, distinct components only meet in such fixed points.

Thus C̃ϕ has (125 · 12)/2 = 750 ordinary double points.

This allows us to compute the arithmetic genus pa(C̃ϕ) of the curve C̃ϕ, since 1− pa(C̃ϕ) is

the Euler characteristic of the intersection graph of the components of Cϕ. This graph has

125 vertices and 750 edges, hence it has Euler characteristic 125− 750 = −625. Thus indeed

pa(C̃ϕ) = 626, as expected.

5.3. The case ψ =∞, ϕ2 = −3/4

In case ψ =∞ the threefoldMψ is defined by x1 · · ·x5 = 0, so it is the union of 5 hyperplanes.

The corresponding curves C0
ϕ become reducible, in fact the polynomial F+ has 5 factors for

these values of ϕ:

F+ = (σ + ω2)(τ + ω2)(στ + ω)(στ + ωσ + ω2)(στ + ωτ + ω2) ,

and F− is obtained by ω ↔ ω2. These factors are also factors of l1, l2, k12, k14 and k24
respectively (see Table 5). The components of these Cϕ, and their classes in Pic(dP5), are

discussed at the end of Section 6.1. Each component of Cϕ parametrizes lines in one of the

hyperplane xi = 0 inMψ, these xi are x3, x5, x4, x2 and x1 respectively. The cover C̃ϕ → Cϕ
is non-trivial in this case and we will not analyze it any further here.

For example, assume that we are on the component where σ = −ω2. Recall that the

pij(−ω2, τ) are, upto a common factor, the π5
ij(−ω2, τ). These polynomials are listed in

Table 6 and one finds that

pij(−ω2, τ) = 0 for ij ∈ {13, 23, 34, 35} .

Thus this component of Cϕ parametrizes lines l which have πi3(l) = 0 for all i. Such a line

l lies in the hyperplane x3 = 0, because else we may assume that l = 〈x, y〉 with x3 6= 0, in

which case we may assume that y3 = 0 and moreover one yj, j 6= 0 must also be non-zero,

but then πj3 6= 0.

Moreover, after dividing the six non-zero polynomials pij(−ω2, τ) by a common factor of

degree 3, the quotients qij(τ) are degree two polynomials in τ . Define

n1 := τ + (ω − 1)/3, n2 := τ + ω − 1, n4 := τ + ω + 1, n5 := τ − ω − 1 .

Then we have, for i, j ∈ {1, 2, 4, 5} and qij = 0 else, that for certain cij ∈ C,

qij = cijninj, and (. . . , pij(−ω2, τ), . . .) = (. . . , qij(τ), . . .) (⊂ P9) .
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6. Appendix

6.1. The Picard group of dP5

We recall the basic facts on the geometry of the quintic del Pezzo surface dP5. We will use

some more advanced algebraic geometry in this section to put the results we found in a more

general perspective.

It is most convenient to view dP5 as the blow up of P2 in four distinct points, no three on a

line. One can then choose coordinates such that these four points are

p1 = (1, 0, 0), p2 = (0, 1, 0), p3 := (0, 0, 1), p4 := (1, 1, 1) .

The blow up map P2 99K dP5 is given by the cubic polynomials which are zero in the pi.

There is an obvious action of S3 by automorphisms of dP5 induced by permutation of the

coordinates. The action of S3 extends to a linear action of S4, the subgroup of PGL(3,C) =

Aut(P2) which permutes the four points. In fact, the map

σ34 : P2 −→ P2, (x : y : z) 7−→ (x− z, y − z,−z)

fixes the first two points and exchanges the last two. Finally the standard (birational)

Cremona transformation

σ45 : P2 −→ P2, (x, y, z) 7−→ (x−1, y−1, z−1) = (yz, xz, xy)

induces another automorphism of dP5, which together with the S4 generates a group iso-

morphic to S5 and S5 = Aut(dP5).

The quintic Del Pezzo surface dP5 has 10 exceptional divisors, which we denote by Eij = Eji
with 1 ≤ i < j ≤ 5. The divisors Ei5 are the exceptional divisors over the points pi and

the Eij, with 1 ≤ i < j ≤ 4 are (somewhat perversely, but this helps in understanding

the intersection numbers) is the strict transform of the line lij spanned by pk and pl, with

{i, j, k, l} = {1, 2, 3, 4}. So the pull-back of the line lij in P2 to dP5 has divisor Eij+Ek5+El5
and, for example, l12 is defined by x− y = 0, l24 is defined by y = 0. In particular we have

Eij = l − Ek5 − El5 (∈ Pic(dP5)) .

With these conventions, the intersection numbers are

E2
ij = 0 , EijEik = 0 if ]{i, j, k} = 3 , EijEkl = 1 if ]{i, j, k, l} = 4 .

The intersection graph of the Eij has 10 vertices and 15 edges, each vertex is on three edges.

This graph is known as the Petersen graph and is presented in Figure 2.
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Figure 2: The Petersen graph, which summarizes the combinatorics of the inter-
sections of the exceptional divisors Eij. In the figure, the exceptional divisors cor-
respond to vertices and their intersections correspond to the edges.

Let l ∈ Pic(dP5) be the class of the pull-back of a line in P2. One has l2 = +1. Then the

canonical class KdP5
of dP5 is determined by

−KdP5
= 3l − E15 − E25 − E35 − E45 (∈ Pic(dP5)) ,

we have (−KdP5
)2 = 9− 4 · 1 = 5. In particular, the anti-canonical map of dP5 is induced

by the cubics on the four nodes of Cϕ. One also has

Pic(dP5) = Zl ⊕ ZE15 ⊕ ZE25 ⊕ ZE35 ⊕ ZE45 .

The action of S5 on Pic(dP5) is as follows. The permutations which fix 5 are induced by

linear maps on P2 and thus act by fixing l and permuting the indices of the Eij. The

transposition (45) is induced by the Cremona transformation. The pull-back of a line is a

conic on p1, p2, p3, thus σ∗45l = 2l−E15 −E25 −E35 and the image of the line on pi, pj is the

point pk, with {i, j, k} = {1, 2, 3} so σ∗45Ek5 = l−Ei−Ej. The point p4 = (1, 1, 1) is mapped

to itself, so σ∗E45 = E45.

The Picard group of P1×P1 is generated by the classes of the divisors σ = 0 and τ = 0. The

holomorphic map Φ : dP5 → P1×P1 induces the pull-back homomorphism

Φ∗ : Pic(P1×P1) −→ Pic(dP5) ,

{
(σ = 0) 7−→ E15 + E24 ,

(τ = 0) 7−→ E23 + E14 .

Notice that the curve E15 maps to σ = 0 under Φ, but the point (0,∞) on σ = 0 is blown

up, so its exceptional divisor E24 contributes to Φ∗(s = 0). In the standard basis of Pic(dP5)

we have
(σ = 0) 7−→ E15 + E24 = l − E35 ,

(τ = 0) 7−→ E23 + E14 = 2l − E15 − E25 − E35 − E45 ,
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showing that σ, τ are related to lines through the point p3 and conics on the four points

p1, . . . , p4 in P2.

The curves of bidegree (n,m) in P1×P1 pull-back along Φ∗ to curves with class n(l−E35) +

m(2l−
∑

iEi5) in Pic(dP5). In case a point p which gets blown up is a point with multiplicity

r on a curve, its pull-back to dP5 is reducible. One component is the exceptional divisor

over p, which has multiplicity r, and the other is called the strict transform of the curve. In

particular, a curve of type (2, 2) which passes through all three points which get blown up

with multiplicity one thus has four components, and its strict transform has class

2(l − E35) + 2(2l −
∑
i

Ei5) − E12 − E14 − E24 .

Using that Eij = l − Ek5 − El5 we find this class is equal to:

3l − E15 − E25 − E35 − E45 = −KdP5
.

Thus we see that the rational map Ψ from Section 3 induces the anti-canonical map on dP5

and it is known that this map embeds dP5 in P5.

The curves C0
ϕ have bidegree (4, 4) and they have multiplicity 2 in each of the three points

which get blown up, hence their strict transform Cϕ in dP5 has class −2KdP5
. It is easy to

verify that the sum of the 10 exceptional divisors also has this class:∑
i<j

Eij = 6l − 2E15 − 2E25 − 2E35 − 2E45 = −2KdP5
.

As the (reducible, singular) curve ∪Eij is also A5-invariant, it should be in the Wiman pencil,

and in fact it is C∞.

As each Cϕ has class −2KdP5
, the intersection number of two such curves is (−2KdP5

)2 =

4 · 5 = 20. Thus the Wiman pencil has 20 basepoints. We already found 2 · 10 = 20 points

in the divisors Dij in the base locus, so the base locus is the union of the ten Dij.

6.2. The case ψ =∞, ϕ2 = −3/4 again

We now give a more intrinsic description of the curves Cϕ with ϕ2 = −3/4 from Section 5.3.

In Section 5.3 we found that the curves Cϕ with ϕ2 = −3/4 have 5 irreducible components,

the first two of bidegree (1, 0), (0, 1) respectively, the last three of bidegree (1, 1). Only the

last three curves pass through the base points (1, 1), (0,∞) and (∞, 0): each contains two

base points and each base point is on exactly two components. The class of the component

of bidegree (1, 1) passing through (1, 1) and (0,∞) is

(l − E35) + (2l − E15 − E25 − E35 − E45) − E12 − E24 = l − E25 ,
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and similarly, the components passing through (∞, 0), (0,∞) and (1, 1), (∞, 0) are l − E45

and l − E15 respectively. Thus the classes of the strict transforms of these components are:

l − E15, l − E25, l − E35, l − E45, 2l − (E15 + . . .+ E45) .

These five classes are in one orbit under A5 (in fact under S5), and they correspond to the

5 coordinates on P4, as we also found in Section 5.3.

The 5 components are not uniquely determined by their classes. In fact, each class determines

a pencil of curves. The first four correspond to the pencil of lines through the point pi and

the last to the pencil of conics on p1, . . . , p4. We will now use the action of S5 on dP5 to find

two specific curves in these pencils.

Each pencil is fixed by the subgroup, isomorphic to S4, in S5 which fixes the class. Thus

an element g of the S4 corresponding to the pencil maps a curve in the pencil to another

curve in the pencil. For example, the pencil of conics on p1, . . . , p4 is fixed by the standard

S4 ⊂ S5. A conic C(λ,µ), with (x, y) ∈ P1, from this pencil has equation

λ(x− z)y + µ(y − x)z = 0 .

There are three reducible conics in the pencil, (x − z)y = 0, (y − x)z = 0 and (z − y)x =

−(x− z)y − (y − x)z, these consist of pairs of exceptional curves. If g ∈ S4 lies in the Klein

subgroup K := 〈(12)(34), (13)(24)〉, then one verifies easily that g maps C(λ,µ) into itself.

Thus the action of S4 on P1 factors over quotient S4/K ∼= S3. The element (123) ∈ S5 maps

onto a generator of the subgroup A3 of the quotient group S3. It acts on the pencil as

λ(x− z)y + µ(y − x)z 7−→ λ(y − x)z + µ(z − y)x = −µ(x− z)y + (λ− µ)(y − x)z,

in particular, it has two fixed points (λ, µ) = (1,−ω), (1,−ω2).

Thus the 5 classes above give 2·5 = 10 curves in dP5 which we denote byDia, Dib, i = 1, . . . , 5.

Upto permutations of a, b, the two curves ∪iCia and ∪iCib are invariant under the action of

A5 and they are the Cϕ, for ϕ2 = −3/4.

It is interesting to notice that the action of S4 on the five pencils shows that the five maps

from Cϕ to P1 they define are actually (Z/2Z)2-quotient maps. For example, from Table 1

one finds that (12)(45), (14)(25) ∈ S5 act as

(σ, τ) 7−→
(
σ,

1

στ

)
, (σ, τ) 7−→

(
σ,

στ − 1

σ(τ − 1)

)
on P1×P1. Thus they fix σ, hence they act on the fibers of the projection map (σ, τ) 7→ σ.

So this projection map is invariant under the Klein subgroup 〈(12)(34), (13)(24)〉 of S5. As

the map has degree four, it follows that the quotient of C0
ϕ by this Klein subgroup is P1,

with quotient map σ.
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6.3. From P2 to P1 × P1 and back

In Section 3 we obtained dP5 as the blow up of P1×P1 in three points. Blowing down the

four exceptional curves E15, . . ., E45 on dP5, we get P2. The composition of these maps is a

birational map between P1×P1 and P2. To find it, we observe that Φ∗ acts on the following

divisors as:

(σ = 0) 7−→ E15 + E24 , (τ = 0) 7−→ E23 + E14 ,

(σ =∞) 7−→ E14 + E25 , (τ =∞) 7−→ E13 + E24 ,

(σ = 1) 7−→ E12 + E45 , (τ = 1) 7−→ E12 + E34 .

Thus the function σ on P1×P1 corresponds to the pencil of lines in P2 passing through the

point p3 = (0, 0, 1) and in fact the meromorphic function y/x on P2 gives the same divisors

on dP5. Similarly τ corresponds to the pencil of conics in P2 passing through all four pi and

its divisors match those of the meromorphic function x(y− z)/y(x− z) on P2. Therefore the

birational map from P2 to P1×P1 is given by

σ =
y

x
, τ =

x(y − z)

y(x− z)
.

As then y = σx, one finds upon substitution in τ = x(y−z)/y(x−z) and some manipulations

that

x := στ − 1 , y := σ(στ − 1) , z := σ(τ − 1) .

gives the inverse birational map. These three polynomials are linear combinations of the

polynomials z0, . . . , z5 from Section 3, thus this map factors indeed over dP5.

It is amusing to verify that this works as advertised: take for example the curve defined by

σ = 0 on P1×P1, it maps to the exceptional divisor E15 in dP5 according to Table 3, and thus

it should map to the point p1 = (1, 0, 0) ∈ P2, which it does: (x, y, z) = (−1, 0, 0) = (1, 0, 0).

Conversely, the line l24 spanned by p1, p3 maps to E24 in dP5 and next E24 is mapped,

according to the same table, to the point (0,∞) in P1×P1. Indeed, l24 is parametrized by

(a : 0 : b) and thus σ = y/x = 0 and τ = x(y − z)/y(x− z) = −ab/0 =∞.

The curve C0
ϕ in P1×P1 is defined by F+ = 0. We found polynomials fe, fo in x, y, z such

that

(xy(x− z))4F+

(
y

x
,
x(y − z)

y(x− z)

)
=
(
xy(x− y)

)2(
fe(x, y, z) − ϕfo(x, y, z)

)
.

Thus the equation for the image of C0
ϕ in P2 is:

fe(x, y, z) − ϕfo(x, y, z) = 0 .

This equation is homogeneous of degree six, it has an even and an odd part (under the action

of S3 which permutes the variables), where

fe = 2s21s
2
2 − 6s31s3 − 6s32 + 19s1s2s3 − 9s23 ,

39



and the si are the elementary symmetric function in x, y, z:

s1 := x + y + z , s2 := xy + xz + yz , s3 := xyz .

The odd part is

fo := 2xyz(x− y)(x− z)(y − z) .

In particular, any odd element in S5 maps Cϕ to C−ϕ, as we have already seen. The singular

locus of the curve defined by fe − ϕfo = 0 in P2 consists of four ordinary double points in

p1, . . . , p4. We refer to [19] and [20] for more on the intimate relations between dP5 and

genus six curves.

6.4. The restriction map Pic(dP5)→ Pic(Cϕ)

Let C be compact Riemann surface of genus g, and let Div(C) be the group of divisors

on C. The Picard group of compact Riemann surface C is the group of divisors on the

surface modulo linear equivalence. So if P (C) denotes the group of divisors of meromorphic

functions, then

Pic(C) = Div(C)/P (C) .

Since a divisor D is a finite sum of points, with multiplicities, it has a well defined degree:

deg : Div(C) −→ Z , D =
∑
p

npp 7−→
∑
p

np .

As a meromorphic function has the same number of poles as zeroes (counted with multiplic-

ity), one can define a subgroup Pic0(C) of Pic(C) by:

Pic0(C) := Div0(C)/P (C) .

By Abel’s theorem, Pic0(C) = Jac(C), the Jacobian of C, which is the g-dimensional com-

plex torus defined as the quotient of Cg by the period lattice, that is, fixing a basis ω1, . . . , ωg
of the vector space of holomorphic 1-forms on C, the period lattice consists of the vectors

(
∫
γ
ω1, . . . ,

∫
γ
ωg) where γ runs over all closed loops on C. These groups fit together in an

exact sequence:

0 −→ Pic0(C) −→ Pic(C)
deg−→ Z −→ 0 .

As we have seen in section 4.2, a divisor D, whose class has order n in Pic0(C), so nD is the

divisor of a meromorphic function f will define an unramified n:1 cover of C. As Pic0(C)

is a complex torus, it is isomorphic, as a group, to (R/Z)2g. The classes D with nD = 0

are thus a subgroup isomorphic to (Z/nZ)2g. In particular, if C = Cϕ and thus g = 6, and

n = 5 we get a subgroup (Z/5Z)12 of five-torsion classes, whereas the subgroup of Pic0(Cϕ)

generated by the Dij −Dkl is a (Z/5Z)3, since the covering defined by the 5
√
gij is C̃ϕ → Cϕ,

has degree 125 (here gij has divisor 5(Dij −D45) as in Section 4.2).
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We will now identify the specific (Z/5Z)3 ⊂ Pic0(C) which creates the covering C̃ϕ → Cϕ. It

turns that there is a quite naturally defined subgroup of Pic(Cϕ), which is a priori unrelated

to the Dwork pencil, but which arises as a consequence of the special position of the curves

Cϕ in dP5.

The inclusion of Cϕ in the del Pezzo surface dP5 induces the restriction map (a homomor-

phism of groups)

i∗ : Pic(dP5) −→ Pic(Cϕ) , with i : Cϕ ↪→ dP5 .

Applying the adjunction formula, we find the canonical class on Cϕ:

KCϕ = i∗
(
Cϕ + KdP5

)
= i∗

(
−KdP5

)
where we used that the curve Cϕ in dP5 has class −2KdP5

. In particular, the composition

Cϕ ↪→ dP5 ↪→ P5 is the canonical map. As it is an isomorphism on its image (by definition

of Cϕ), the curves Cϕ are not hyperelliptic.

The degree two divisor Dij was defined as the intersection divisor of the line Eij ⊂ dP5 with

the curve Cϕ ⊂ dP5, hence

Dij = i∗(Eij) .

The group Pic(dP5) ∼= Z5 has Z-basis l, E15, . . . , E45. As l = Eij + Ek5 + El5, where

{i, j, k, l} = {1, . . . , 4}, we see that the divisor i∗l has degree 6 and the i∗Epq = Dpq have de-

gree two. Thus the image of the composition of i∗ with deg : Pic(C)→ Z is the subgroup 2Z
and the kernel of this composition is isomorphic to Z4. We denote this kernel by Pic(dP5)

0:

Pic(dP5)
0 := ker(deg ◦ i∗) = ⊕4

i=1Zαi ,

where the Z-basis αi of Pic(dP5)
0 is defined by

α1 = E15 − E25, α2 = E25 − E35, α3 = E35 − E45, α4 = l − E15 − E25 − E35 .

As we have Cϕ = −2KdP5
in Pic(dP5), the divisors on dP5 which intersect Cϕ in a divisor

of degree 0 form the subgroup K⊥dP5
, so

Pic(dP5)
0 = K⊥dP5

= {D ∈ Pic(dP5) : D ·KdP5
= 0 } .

We recall the well-known fact that the intersection matrix of the αi is the Cartan matrix of

the root system A4, up to sign:

(αi, αj) =


−2 if i = j ,

1 if |i− j| = 1 ,

0 else .
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We now have a homomorphism, induced by i∗, but denoted by the same symbol,

i∗ : Pic(dP5)
0 −→ Pic0(C) .

As the αi, i = 1, 2, 3, are of the form Eij −Epq, their images i∗(αi) are of the form Dij −Dpq

which are elements of order five in Pic0(C). Finally, using that l = E34 + E15 + E25, we see

that

α4 = l − E15 − E25 − E35 = E34 + E15 + E25 − (E15 + E25 + E35) = E34 − E35 ,

hence i∗(α4) = D34−D45 is also 5-torsion. The image of i∗ is generated by the classes i∗(αj):

im(i∗) = 〈D15 − D25, D25 − D35, D35 −D45, D34 − D35 〉

= 〈D15 − D45, D25 − D45, D35 −D45, D34 − D45 〉 .

Thus im(i∗) ∼= (Z/5Z)n for some n ≤ 4. There is a further relation between these classes,

given by the divisor of the function k14/l1l2 (notice that we take the quotient of two polyno-

mials of bidegree (2, 2), so this quotient is a well-defined meromorphic function on C0
ϕ). We

use Table 5 to find the divisor (k14) of k14 in Div(Cϕ) (and we simply write l for i∗(l)):

(k14) := D23 +D25 + 3D24 + 3D12

= (l −D15 −D45) +D25 + 3(l −D15 −D35) + 3(l −D35 −D45)

= 7l − 4D15 +D25 − 6D35 − 4D45

= 7(D34 +D15 +D25)− 4D15 +D25 − 6D35 − 4D45

= 7D34 + 3D15 + 8D25 − 6D35 − 4D45 .

Similarly, the divisor of l1 is:

(l1) = D13 +D23 +D34 +D35

= (l −D25 −D45) + (l −D15 −D45) +D34 +D35

= 2l −D15 −D25 +D35 − 2D45 +D34

= 2(D34 +D15 +D25)−D15 −D25 +D35 − 2D45 +D34

= 3D34 +D15 +D25 +D35 − 2D45 .

As (l2) = D15 +D25 +D35 +D45, the linear equivalence (k14) = (l1)+(l2) gives the following

relation in Pic(Cϕ):

7D34 + 3D15 + 8D25 − 6D35 − 4D45 = 3D34 + 2D15 + 2D25 + 2D35 −D45 .
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Using 5D25 = 5D35 in Pic(Cϕ) we get:

4D34 = −D15 − 6D25 + 8D35 + 3D45 = −D15 −D25 + 3D35 + 3D45 (∈ Pic(Cϕ)) .

Now we write 4D34 = −D34 + 5D45 and use 5D34 = 5D45 in Pic(Cϕ) to obtain

D34 = D15 +D25 − 3D35 + 2D45 (∈ Pic(Cϕ)) .

This gives the following relation in Pic0(Cϕ):

D34 −D45 = (D15 −D45) + (D25 −D45) + 2(D35 −D45) .

Therefore im(i∗) ⊂ Pic0(Cϕ) can be generated by three elements and thus n ≤ 3.

We give a table which gives the(a1, a2, a3) ∈ (Z/5Z)3 such that the classes eij := Dij−D45 =

i∗(Eij − E45) can be written as a1e15 + a2e25 + a3e35.

e15 7→ (1, 0, 0), e25 7→ (0, 1, 0), e35 7→ (0, 0, 1),

e12 7→ (2, 2, 1), e13 7→ (2, 1, 2), e23 7→ (1, 2, 2),

e14 7→ (2, 1, 1), e24 7→ (1, 2, 1), e34 7→ (1, 1, 2) .

As we have seen, 5Dij = 5Dpq for any indices. Thus we have a rather peculiar divisor class

of degree 5 · 2 = 10 in Pic(Cϕ). This is actually the canonical class on Cϕ. In fact,

KCϕ = i∗(−KdP5
)

= i∗(3l − E15 − E25 − E35 − E45)

= 3(D34 +D15 +D25)−D15 −D25 −D35 −D45

= 3(2D15 + 2D25 − 3D35 + 2D45)−D15 −D25 −D35 −D45

= 5D15 + 5D25 − 10D35 + 5D45

= 5D15

where in the last step we used that 5Dij = 5D15.

To show that n ≥ 3 and thus n = 3, we use the A5-action on the subgroup im(i∗) ∼= (Z/5Z)n

of Pic0(Cϕ). As A5 is a simple group, the image of A5 in Aut(im(i∗)) is either the identity or

isomorphic to A5. In the first case, by applying (23)(45) ∈ A5 to D12−D45 we would get that

D12−D45 = D13−D45 in Pic0(Cϕ) and hence that D12−D45 is the divisor of a meromorphic

function, which is not the case as Cϕ is not hyperelliptic. Thus we obtain an injective

homomorphism A5 → GL(n,Z/5Z). If n = 1, this is impossible as ]A5 > ]GL(1,Z/5Z) = 4.

If n = 2, we consider the action of the subgroup {e, (12)(34), (13)(24), (14)(23)}, which is

isomorphic to (Z/2Z)2. The eigenvalues of (12)(34) on (Z/5Z)2 are 1, 1; 1,−1 or −1,−1.

The first case is impossible since the homomorphism is injective and an automorphism with
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eigenvalues 1, 1 which is not the identity has order 5. The last case is also impossible since

then either (12)(34) should commute with all other elements of A5 or the element would have

order five again. Thus the eigenvalues are 1,−1 and we can diagonalize the automorphism.

The same is true for the other two non-trivial elements in the subgroup. Since the subgroup

is commutative, these three automorphisms can be diagonalized on the same basis. But

then one of the automorphisms must be −I, which commutes with any other automorphism,

again a contradiction. Therefore n ≥ 3.

We conclude that im(i∗) ⊂ Pic0(Cϕ) consists of the divisor classes which create the unram-

ified 125:1 covering C̃ϕ → Cϕ. So for any non-zero D ∈ im(i∗) there is a meromorphic

function fD on Cϕ with divisor 5D and the Riemann surface CD defined by the polynomial

T 5 − fD is a 5:1 unramified cover of Cϕ which fits in a diagram C̃ϕ → CD → Cϕ. The fiber

product over Cϕ of three suitably choosen CD will be isomorphic to C̃ϕ. Since the image of

the curve Cϕ in the canonical embedding lies in a unique del Pezzo surface of degree 5 (see

[20]), we have the remarkable fact that the curves C̃ϕ which parametrize the lines in Dwork

pencil are intrinsically determined by the curves Cϕ in the Wiman pencil.

In this section we have shown that i∗ maps Pic(dP5)
0 ∼= Q(A5) onto (Z/5Z)3. In terms of

root systems, this map is well-known. The root lattice Q(A5) is a sublattice, of index 5,

of the weight lattice P (A5). Thus 5P (A5) is a sublattice, of index 125, of Q(A5) and thus

Q(A5)/5P (A5) ∼= (Z/5Z)3. The map i∗ can be identified with the quotient map Q(A5) →
Q(A5)/5P (A5).
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