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Rational curves onK3 surfaces are finite in number and the number of rational curves of a given
degree is given by the coefficients of the generating function

q/∆(q) =
∞∏

m=1

(1− qm)−24

where∆ is a well-known modular form of weight 12.
This remarkable formula was discovered by S.-T. Yau and E. Zaslow [Nuclear Phys. B471

(1996), no. 3, 503–512;MR1398633 (97e:14066)] using ideas from physics. In their paper, they
outlined a mathematical strategy for counting rational curves and deriving the above formula. This
strategy was carried out by A. Beauville [Duke Math. J.97 (1999), no. 1, 99–108MR1682284
(2000c:14073)].

Intrinsic in the method of Yau-Zaslow (carried out by Beauville) is that one must count rational
curves with multiplicities. The multiplicity of a rational curveC is defined to be the Euler charac-
teristic of the compactified JacobianJC whose points parameterize rank-one torsion-free sheaves
of degree zero onC. Note that this multiplicity is 1 if the singularities ofC are nodal.

The paper under review relates the multiplicities of rational curves defined above to multiplicities
that arise naturally in Gromov-Witten theory and stable maps. The normalization mapC̃→ C can
be regarded as a stable map to theK3 surfaceX by composition with the inclusionC ⊂X, and
it defines a 0-dimensional subscheme of the moduli space of genus-zero stable maps toX. In this
paper the authors prove that the length of this subscheme coincides with the multiplicity defined
by the compactified Jacobian ofC.

The length of the normalization map in the moduli space of stable maps occurs as the contribution
of C to a modified Gromov-Witten invariant. Modifying the usual Gromov-Witten invariants and
using them to count curves onK3 surfaces was done by the reviewer and N. C. Leung [“The
enumeration geometry ofK3 surfaces and modular forms”, Preprint, http://xxx.lanl.gov/abs/alg-
geom/9711031]. The modified Gromov-Witten invariant methods apply to counting curves of
arbitrary genus in aK3, and we prove that the corresponding generating function for genusg is
(DG2)g/∆, as was conjectured by L. G̈ottsche [Comm. Math. Phys.196(1998), no. 3, 523–533
MR1645204 (2000f:14085)].

The result of the paper under review is actually more general than the application to rational
curves inK3 surfaces discussed above. The authors prove that for any rational curve with locally
planar singularities, the Euler characteristic of the compactified Jacobian is equal to the multiplicity
of theδ = constant stratum in the base of a semi-universal deformation ofC.

Reviewed byJim A. Bryan
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Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.
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