
Hochschild cohomology of Fano 3-feeds land maybe generalised franmaaaiam)

fink , field of characteristic 0 , algebraically closed

n
. Hochschild cohomology
A- associative k - algebra

History a) roger : Hochschild
,

titi (A) :-. Futa night A) iso

(not really original definition )

2) 1963 : lgeutenhaba , 3- rich algebraic structure or HH
•

(A)

graded - commutative of degree 0

+ compatibility
graded lie algebra of degree -1

3) v96" feuteuhoebh deformation theory of algebras

titch = find - order deformations [ as associative algebra]

= { A ' kltkty - algebras / A' ☒ k = A }
kltkty

+ b- ✗ c- titi (A) : 4 ;D C- titi (A) in obituaries class

+ titi (A) : infinitesimal automorphism



4) ng 62 : Hochschild - kostant - Rosenberg
,

a geometrid description

A commutative + smooth ask - algebra

Hti (A) = É Dasht) = ÑTquAlk
anterior

cups product
+ compatibility with algebraic structure :

Schouten- Nijenhainhacket

Remark : Hochschild homology ÷ Tor!→A•(A.A) = riAlk
HKR

Now let ✗ be a smooth and fquaiipiojeetiwe reaeictg

let's redo steps n to 4 :

a) definition : 3- many approaches
FM of diagonal in identity

+ companions

/
quest : titi ÷ Ent

✗✗
(Aff , 4×0×1

↳ algebraic structure : depends on the approach µ Geutenhobnalgeho
+ compatibilities rbmctun



3) deformation theory : nots deformation theory of ✗ as aaouiety
= Kodaira - Spencer

ticx.rs = lie Aat ✗

| H'⇐ it,j = find - order olefin

thrift tire , Tx) = olutuibia gone
lower- Vonda Beryl

ooh ✗ as abelian category
rather deformations of [ Der ☒ as stalk a category
X

'

defomabitefx m ooh ✗ defo . of adx

neutepoint clarifies relation F
"

easy
"

( naive)

I
4) Hochschild- kostaat- Rosenberg : Hticxj = ① tic , ÑT×)

ptq=i

2 Geutenhaber algebra structures
/
""

•

⑦

\ polpceha fields

+ isomorphism of vector paces

→ need a fancy isomorphism ,

= beautiful bit complicated story



let's reinterpret 3) wings)
it

a
✗ B J

titi☒ = tf @ if) ④ H^(✗ Tx) ④ tie# Rts)

Kodaira - Spencer Poisson

= gerly = geometric = noncommutative

Toda front ) gave concrete deréphiaof deformation of ☒ for 4. B. 2)
^) deform ✗ min P to ✗

I

4 deform Oy ,
to sheafofuonaanmuhahloealgeharn.be y

3) taint the couple condition forbears via ✗

1-11-1^4) = lie Aut @x) = lie Autobus

= Lie Pick) ④ Lie Ant #

= 4^4,0×1 to tie Tx)
fondly

abelian inteiuhycxrburtur
↳ algebra

Remark : Hochschild homology gives HHi④ = ④ 494,52¥)
g-p=i
↳
-

,ntfhtbdpdeconpoubttiyx.ru
QUESTION : carve compute I

µaµ , pg ,✗,
foray given ✗ ?



Your intoningHochschild homology Hi # G) = ④ till ,r¥ )
ptq=i

dimensions hM9 collected in Hedge diamond

+ symmetries

hold fed
did.hn#d.,d.nshd-nd tied- n

a

o

^

↳

e

.

had tiedhd.io ••e•

'

.

g

0

✓

eii
h"

ti

hao
h" "

ti

Http Ht!
, two HH

,
tttld

= familiar , for classification purposes

+ couchant in families

+ 3- many tools and results



Hochschild cohomology g"9 = dim tin# Atx)

☒ symmetries

↳ are asymmetric shape : polyvuha parallelogram
•
✗ Tx Atx wi

titi gee → con jump infirmities
""" ✗ gig?iÉ.?÷%

.

titi gii. not countout infamilies ?
Htt ga ga got

711-13 gone g2r g^R ga3
Kodaira - Spencer Poisson

: "

C
,

Htin got . god
-

.

.

'

:

tail gold

If ✗ in Calabi-Yau then :

a) HH . # = HH.li/Ld]

2) Geutenhabaluahct --0 ,

Bouauaikoerkoutsaid

3) if strict CY , dim ✗ =3 : § noncommutative deformations



2. Fano 3- folds and their Hochschild cohomology
✗ a Fano vanity → Hodge numbers as first classificationstep

by Kodaira - Nakano vanishing :

"

half
"

of diamond / parallelogram Zero

* ted ,0×)=o ⇒ no gaily deformations

☒ HEX ,T×)=o ⇒ no geometric dutuutionr

Def : a Poisson structure on ✗ is J E tix , ÑT×) I Poin (X)

sad that [ z, g)g- 0
in H° ( X , ÑT×)

thin in a highlynon-trivial cautreaint in din ✗ > 3

⇒ quadratic cone ,

Sso components often ↳ see euampler of Fano 3-folds

classification of Fono routhier : finitely money deformable families
dread dan

.

ohh ✗ =n : P
'

din ✗ =2 : no families of del Petito surfaces
# of defamation
i.g- fam

a

din ✗ =3 : clarification due to Irkomkild fr Dr ✗ =3

+ Mori-9ukoei rule MMP 105-17

din Xx: ?



Classification of Poisson structures

dim ✗ =^ : $ ÑTS
"

dim Hz : 5 nA
. tics, wj) to : Boutooci - Ravi

= VB
,
abelian

,
or binational to certain C- P

'

→ NC del Potito

nufaar
dim Xza : wide open , already P

" in really really head → Pym- Sheila
^

(ihatchiuk )

dim ✗=3 : classification of Poisson structures on Fano 3. falls rank 1

= 14 familiar by Leroy - Pereira -Tanit

dim family h°☒
,
ÑT× ) f- components

" X
' '

n - n GO.li x) -htixlo -

n - 2 4T 0 /

n -3 34 0 /

^- mlhb 27 ° /

n - T intently 22 0 /

1-6 18 0 /

1-7 15 O l

n -8 12 O l

n - 9 no 1 0

A- no 3- ✗Mu 6 3 D. ✗ rite g-to
a- ^^ 3h 3 7
n - n ng 6 I

n - n} ✗
,

no ro n

n-14 Q
- nQz 3 AT r

n - ni O 21 2 deuiyht
^-16 Q3 0 35 3 of weapon
rat I} 0 45 G → Pym

,
tfamily



Whatabout other Fano 3-folds ?murmur

Roni
- orukai : birational description , ria blowup
⇒ requires and hoc analysis

→ doesnt scale to

{ higher
rank

higher dimension

Alternative descriptions of Fano 3- folds

Mukai : e=n classification using vector turtle method
-

a) looks - Conti - Goelkk . karputgk :

☒ not- ^5 families as complete intersection in tonic

☒ others as zero loan of vector turtle on Grassmeauuian

2) de Biase - Fatiqhenbi - Tantwui :

* 102 / not rule zero locus or IT Gr 's

* 3 via weighted

Thin netting oeelonn for computer methods ?



theorem :(B- Fatiqhenti - Tantwui )
her ¢, MTA b- ✗ Fano 3- folds

via serious computer algebra y a bit of case - ly - care

tonic vector bulbs
I see GitHub
' Borel - Weil - Bott

e- ^ e%2

hi ☒ itx) : lturhetroo
.

Prokhorov. Guaimar and Qeltnoo- Pneyjalkomdi-SluoumorAut@fhifi0xtriiial.hiH , WI) fun imoeeianln ⇒ focus on hill, Atx)
is big tables : FANOGRAPHY.INFO Corollary hi NTH

iomtantinfaailk

Corollary ezz without possible Poisson ntrnekner :
G⇒ He#⇒ =D

☒ primitive : 2.2
,
2.6

,

3.1

* imprimatur : 2h
,
2.7

,
3.3

deyiite love of blowup hourly Poisson structures

for NOT - it - 6 = 82 remaining families : classification missing
↳ partially work - in - progress by PID student ?

+ interacting Geuteahoeba structures : to be done

with link to deceived categories and Kuznetsov components



3. Partial flag varieties

simple
Setup G reductive algebraic group An

U

"1¥)P parabolic subgroup wk ( o *
U

B Borel subgroup upper triangular
GIB projective

⇒ GIP imaofhfugective Fano vanity

Idea_ : me representation theory of Gaud P to describe imouiautis of GIP

focus on singletons = inanimate parabolic

classification of GIPS Generalised Grassmann
'm

| Glp \ ← Dynkin diagrams + helmets of vertices

000-0-0
- . . O_O

e.g. 1PM
"

via o_O-0
. . .
o→• An Bn •-0-0 .

. -05=0 gives
Q""

k

↳ givesQzn-zlpfe.nluh o_O-• . . . o_O An Dm •-0-0 -
. - o
}

Hochschild homology Hodge numbers via Borel - timeline
,
rosso

= start of my ref theorymain
y h
""

= o if p±q to do geometryÑMMd|
4hAM = via elements ofleyk p in WIWP

runs no urology



Hochschild affineHochschild cohomology Ii

* folklore : H"( X , ÑT×)=o Up> 1
(we 2019)

* evidence : Ok for Gr@e.n ) ,

Qm

* pouallel : Hhc , §m9T×)=o b-
pan ,

b-
q > o

equiv. wubaluulbes

Problem :

-
Tx , ÑTX is not nee . qarpletelynedna.lk

m completely reducible
Borel - Weil - Bott : ti (G) p , Ed) r

for d highest weight of L C P

Lai

gag g, p z up
p ng www.yyJzgg.gggy

0

Not NECESSARILY repel scueimbupk
APPLICABLE §

Vanishing theorem ( implicit in Konno 's 1)

If Glp cominuscule or @adjoint
tha HH

.

@ IP) Hochschild affine

Description ( B - Smirnov) for cominusule or adjoint
Htli @ IP) = H°( Gip , ÑTg,p ) as Htp @P) - representation

Eg liealgelue YG



alfuhbeefa GID

conium wee adjoint coodjoint ⇒ good aurelia
( the name for ADE)

• 0
• 0



For coadjoint : no good deseiphie yet

Non - nourishing = folklore was wrong !

in fact , mean'mally money (7)
NOT

Conjecture if P mauimal
,
Glp cominmade / (co) adjoint

then titi @iPad Hochschild dffau = 7. hyla cohomology

globs of computational evidence :

up
to real no

, enccpt Eg

enplicit care : Cn / p
,

b- us
, 4


