THE UNIVERSAL METHOD TO SUM SERIES
FURTHER PROMOTED *

Leonhard Euler

§1 The universal Method to sum series, which I explained at the end of the
last year, certainly extends very far, since from the given general term of the
series alone it exhibits a formula equal to the sum of the series.; nevertheless
it is difficult to accommodate it to series of such a kind, whose general terms
cannot be expressed algebraically, but involve either exponential or even
transcendental quantities. For, since having put the term, whose index is x, X
the sum of the series from the first term until to X is equal to

/ Xdx + X + ax - X

1-2 1-2-3-2dx 1-2-3-4-5-6dx3
it is easily clear, if X involves at least quantities of this kind ¥, that so the
expression [ Xdx as the differentials of X are led to logarithms, whence a
very large inconvenience arises in assigning the sum in question at least
approximately.

+ etc.,

§2 Furthermore, even if X was an algebraic quantity, nevertheless in many
cases the differentials, which must be summed to obtain the sum, become so
complicated that they can not only be exhibited in a difficult manner, but also
yield a slowly converging series, as it happens in the series

! + L + L + et
= - — etc.
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containing the quadrature of the circle. The main reason for this difficulty
is that I assumed indices of the terms to grow by one unit; if I would have
assumed them to grow by another number, a more tractable general term X
might would have been arisen. Finally, if the general term X cannot even be
exhibited, as it happens in most series, then the given formula exhibiting the
sum cannot even have any use.

§3 I have thought about this a long time how I could overcome these dif-
ficulties and observed that from the same principle, by means of which I
had found that formula, also other formulas suitable to sum series can be
found; having exhibited these for every series the formula is to be chosen,
which is the most convenient. But from each class of formulas of this kind it
seems to be convenient that two formulas are given, the one of which is apt to
sum series from the first term up to a given term, of which kind the formula
already mentioned was, but the other is apt to sum series from a given term
to infinity. For, although this last summation follows from the first, it will
nevertheless be useful to have given a peculiar formula for this case.

§4 Therefore, I will start from series, whose general term can be exhibited
algebraically, for what also the method given in the preceding paper serves; but
I will assume the indices to proceed in an arbitrary arithmetic progression, that
the found formula extends further and will more often provide a convenient
calculation. Therefore, let the series to be summed from the beginning to a
given term with indices be the following

aa+b a+2b X
A+B +C + - +X=5,

where the indices grow by the quantity b and the index of the first term A is
a. Put the sum of this series = S; if in this expression for x one substitutes
x — b, it is perspicuous that it will exhibit the same sum having taken away X
or that it will be equal to S — X. But if in S instead of x one puts x — b, then it
will arise

bdS n b*dds B b3S
ldx = 1-2dx? 1-2-3dx3
whence one will have the following equation

S —

+ etc.,



X_wi_ b2dds N b3d3s B b*d4s ©ete
T ldx 1-2dx2 0 1-2-3dx3 1-2-3-4dx? ’

But from this equation one finds this formula

5 de+ X n bdX B bd®X n b d®X
N b 1.2 1-2-3-2dx 1-2-3-4-5-6dx3 1-2-3---7-6dx>

3b7d’ X 5b°d° X 691b"d' X
T1.23.9.10d¢ 12311642 1-2-3---12210dx"1
35613413 X 3617b1541°X 43867b'7d'7 X
+1-2-3---15-2dx13_1-2-3---17---30dx15+1-2-3---19-42dx17_
to which expression such a large constant is to be added that for x = a it is
S=Aorhavingputx =a—bitis S =0.

etc,,

§5 If one puts X = x" or if the sum of this series is to be found

a'+ (a+b)"+ (a+2b)"+-- -+ x",

it will be
x"dx X
Xdx = —— 22—yl 22 —1)(n—2)x"3 .
/dx e VA ok L R o nn—1)(n—2)x etc
Hence the sum in question will be
A N x" N nbx" 1 n(n—1)(n—2)bx" 3
(m+1)b 1-2 1-2-3-2 1-2-3-4-5-6
_ — _ _ 5,1n—5 n+1 n n—1
+n(n 1)(n—2)(n—3)(n—4)b°x Cete 1 L2 nba
1-2:3-4-5-6-7-6 (n+1)b 1.2 1.2-3-2
—1 -2 3 n-3 -1 ) . _4 5 n—5
+n(n J(n=2)b°a"> n(n—-1)(n—2)(n—3)(n—4)b’a 4 ete.
1-2.3-4-5-6 1-2.3-4.5-6-7-6

having added the corresponding constant. Therefore, the sum of the series

a+(a+b)+(a+2b)+- - +x
will be



_x:+§+£_ﬁ+g_£_x2—a2+bx+ab
2 2 12 26 2 12 2b

and the sum of the series

@+ (a+b)?+(a+20)P°+ =+ o ——

2x% — 243 + 3bx? + 3a%b + b%x — ab?

6b '
These expressions are similar to those, which I gave for the sum of powers
of natural numbers in the superior dissertation, and from them they are also
easily formed.

§6 Now to find the other formula of this class let a series to be summed
from the first term X, whose index shall be x, to infinity, namely this one

X x+b x+2b
X +Y +Z +etc toinfinity = S.

Therefore, if in the sum S for x one writes x + b, S — X will arise; hence it will
be

bdS  b*ddS b3d3S

T T ldx 1242 1.2.3d0 S
whence as above it will be found
G _ Xdx n X n bdX B 505D B pdc X
N b 1-2 1.2:3-2dx 1:-2-3-4-5-6dx3 1.-2-3...7-6dx>
3v7d’X B 50°d°X N 69101141 X
1-2-3-9-10dx” 1-2-3---11-6dx°  1-2-3---12-210dx11
35p13413 % 361701545 X 438670174V X

— — tc.
1.2.3.15.24x8 " 1.2.3...17-.-30dx5 1.2.3...19.42dx17 T €

To this formula such a large constant is to be added that it is S = 0, if one puts
x = oo; for, if X already was the infinitesimal term or the last in the series, the
sum must be vanishing, if the series has a finite sum, of course, to which case
this formula is accommodated.



§7 That the use of this formula becomes clear, let X = % or this series

1 n 1 n 1
(x+Db)2  (x+2b)

to be summed to infinity; therefore, because of

— + etc.
X2 2

ol 2 A 234
o x’ dx o x87 dx® x5 )
it will be
1 1 b b3 b° 4 5b° 691p11
S=—+

bx 22 T 63 30300 42 30x° | 66x11  2730x13

7b3  3617b"  43867b"7
Tox T B10x7 | 3591040
which expression does not require a constant, since it vanishes per se having
put x = co. But the series will converge the more the greater x was with
respect to b. Hence, if several initial terms of the given series are actually
added, the sum of the remaining ones found by this method added to that
aggregate will give the sum of the propounded series continued to infinity.

etc.,

§8 But having mentioned all these things, which only render the first rule
more convenient, I proceed to the summation of series for which that formula
does not suffice. For, let a series to be summed in which the signs of the terms
alternate as

aat+ba+2b a+3b x x+b
A+B +C —-D +---+X —-Y =5,

since in this series Y is such a function of x + b as X is one of x, it will be

Y = X+ bdX n b2ddX n d*X
N ldx  1-2dx2  1-2-3dx3
Further, if in S instead of x one puts x —2b, S — X + Y will arise; therefore, it
will be

+ etc.

2bdS  4b*ddS 8b3d3S 16b*d*S 326°d°S

X = T2 T2 3d0 123440 1123 4500

etc.




D S S > S
T T ldx  1-2dx2 1-2-3dx3  1-2-3-4dxt ¢

Put

ds _ adX N Bd*X N vd3X N sd*X + ete
dx  dx dx2 dx3 dx* ’

and by comparing the homologous terms it will arise

s_c_ X 3bdX b2ddX B 3p3d3X B brdtX B I X B
o 2 4dx 2dx? 16dx3  24dx*  1440dx°

etc.

and by introducing Y it will be

5 _ C—Y+§+ bdX B S0ED'¢ L 30°d° X = ot
o 2 1-2-2dx 1-2-3-4-2dx8 1-2-3.4.5.6-2dx° '
And hence it will be
A—-B+C—-D+E—-F+---+X
_ Const. + § n bdX B B3ddX L 3V°d°X = ote
o 2 1-2-2dx 1-2-3-4-2dx8 1-2-3.-4.5.6-2dx° v

where the constant as before must be of such a nature that this sum becomes
= A having put x = a.

§9 But having continued the terms of this formula further and having put
the sum of this series

aa+ba+2ba+3b x
A -B +C —-D + .---+X=85;

it will arise

X " bdX d®X + 3b°d°X
1.2 1-2-2dx 1-2-3-4-2dx3  1-2-3-4-5.6-2dx°

17b7d’ X 155b°d°X 2073b'1d1 X

S = Const. +

12345678 1d7 1.2.3.4.56.7-8.9.10.2d¢° 1.2.3-.-12.2dx11



38227p"%dBX
1-2-3---14-2dx13
Therefore, if the value of this progression is to be found

etc.

a> — (a+b)%+ (a+2b)*— (a+3b)>+ -+ 12,
which shall be S, because of

it will be

x2  bx
S = Const. + > + >

But the constant C on the other will be found by putting x = a and it will be

B a?> —ab + x> + bx

° 2

For the sake of an example, it will be

1-4+4+9-16+25—---+121 = 66.

§10 Now let us consider infinite series of this kind, namely

x x+b x+2b
S=X —-Y 4+ Z - etc toinfinity

Therefore, it will be

2bdS  4b2ddS 8BS
St Tax TT 22 T T2 3ae TEO =S XAY

or

| 2bdS  4b%ddS

XY =90y " T2d2

etc.

whence, because it is

Y_X+bdX+b2ddX+ 33X et
- ldx  1-2dx?  1-2-3dx3 et

it will be found



X bdX bd®X 3v°d>X 1767d’ X

S

1556°d° X 2073bM 4t X 38227b13413X
T12:3.-1024¢° (1.2:3---12.2dx11  1-2-3--14-2dxD
This constant must be of such a nature that it is S = 0 for x = co. Therefore,
by means of this formula many other slowly converging series, in which the
sings of the terms alternate, can be summed approximately.

§11 Let X = % such that the sum of this series must be found

1 1 1

1
X x+b+x+2b_x+3b

+ etc. to infinity
Therefore, because it is X = %, it will be

X -1 X  -2.3 d4X  -2:3-45

——— , te.
dx x2 dx3 x4 dx5 x6 ete
and hence it will be
1 b b3 3b° 1767 155b° 2031t 38227p13

S

T 222 4ot 6226 8.2 10260 12202 ' 14218
where the addition of the constant is not necessary. For the sake of an example

let b = 2 and x = 25; the sum of the series

11 1 1.1
25 27 "29 31 "33 °F

will be

2 8 256 8-4° 17-8-4% 31.128-49 691256 - 412

~ 700 T 1002 100° T 100° ~  100° 1000 1002
461 - 2048 - 414
54612048 —etc. = 0.020797471915 approximately;
10014
but if to the sum of the preceding terms 1 — 1 + 1 — 1 4 ... — L the found

sum is actually added, the fourth part of the circumference of this circle will
arise, while the diameter of that circle is = 1.

12 122dx 1234240 123456240 1.2.3-.-8 247

+ etc. 4+ Const.

—etc,,



§12 Now, the formulas given until now require, that the calculation can be
performed easily, that X is an algebraic function of x, whose differentials
of each degree can be exhibited in a convenient matter. For, these formulas
could hardy or not even hardly be used, if an exponential quantity of this
kind n* would be in the general term of the progression. Therefore, it will be
convenient to find peculiar summation formulas for progressions contained
in this general term Xn*, where X as before denotes an algebraic function of
x. Therefore, let this series

a a+b a+2b X
An? +Bna+b+cna+2b 4+ 4+ Xn¥ = S,‘

be propounded to be summed and the sum be put = Sn*. But this formula
having put x — b instead of x will go over into this one

n*b S—bd—s+ v — A + etc
ldx  1-2dx2  1-2-3dx3 )

which must be equal to the first sum Sn* having taken away the last term Xn*.
Therefore, one will have this equation

272 313 4 74
ot xyb—g_ bAS ., VS b bid*s

— — etc.
Tdx " 12422 1.2-3d0 " 1.2.3 4dd

From this equation the value of S must be found.

§13 Therefore, put n® = m and it will be

g _ mX abdX n Bb?ddXx _ Yh3d®X
S om—1 1(m—1)2dx  1-2(m—1)3%dx3 1-2-3(m —1)%dx3

. Sh*d4X - ebPd5X
1-2-3-4(m—1)5dx*  1-2-3-4-5(m—1)6dx>

Hence by comparing the homologous terms having for the sake of brevity put
m — 1 = p it will be as follows

—+ etc.



a=m,
B =2+ mp,

v=38+ 3ap+ mp?

§=4y+ 6Bp + 4dap*+ mp?,

¢ =56 + 10yp + 108p* + 5ap® + mp*

whence for the letters a, 8, 7y, J etc. the following values are obtained

x= m,
p= 2m+ mp,

Y= 6m+ 6mp+ mp?

6= 24m+ 36mp + ldmp* + mp?,

e = 120m + 240mp + 150mp? + 30mp® + mp*

etc.

Here, each number is a multiple of the one written above combined with the
preceding one, as

30 =2( 1+ 11),
150 = 3(14 + 36),
240 = 4(36 + 24),
120 =5(24 + 0),

or having resubstituted m — 1 instead of p it is as follows

a=m,
B=m+ m?
y=m+ 4m>+ m?,
= m+ 11m? + 11m® + m?,

e= m+26m>+ 66m° + 26m* + m?,

= m+ 57m? + 302m3 + 302m* + 57m® + m®,

SANS L A e

etc.,

which values proceed in such a way that the coefficient ¢, whose index is k, is

10



:m—|—<2k—k+1>m2+<3k—k+12k+<k+1)k)m3

1 1 1-2
k+1 (k+ 1)k (k+1k(k—1)
k k k_ 44 ... k
+<4 2 3 m*+ -+ mk

§14 Therefore, from these the sum of the propounded series

a a+b a-+2b X
An® + Bn®tt 4 Cnt2b 4 ... 4 X

is calculated

n’X  n'bdX N (n® +n?)?0?ddX  (n® 4 4n* + n")PdPX
x)nb—1 1(n?—1)dx 1-2(nb—1)3dx2 1-2-3(nb —1)%dx3
(n% +111% + 1102 4+ n®)b*d* X

1-2-3-4(nb —1)%dx*

=n + Const.,

— etc. + Const,,

which constant must be of such a nature that having put x = a the sum is
= An". If one puts n” = —1, the series will go over into a pure algebraic one,
in which the signs alternate, and hence by putting —1 instead of n? the same
formula we found for the same case already above in § g results. But the sum
of the series running to infinity

x x+b x+2b
An* 4+ Yn*tb 4 Zn¥ 20 4 etc. to infinity

is

-X n nbbdX B (n? +nP)p2ddX  (n% + 4n? + n?)P3dPX
x)nt—1 1(nt—1)2dx 1-2(nb—1)3dx2 1-2-3(nb —1)4dx3
(% + 1113 + 1110?04+ nb)b*d* X

B 1-2-3-4(nb — 1)5dx + etc. + Const.,

=n + Const.,

which constant must be of such a nature that having put x = co the sum
becomes = 0; this always happens per se such that a constant is not necessary,
if the series converges and has a finite sum, of course.

11



§15 From the formula for summing series of this kind up to a given term
it is understood, if X was such an algebraic function of x, that finally its
higher differentials vanish, then the summatory term can indeed be exhibited.
Therefore, if the series, whose general term is X, was summable, then also the
series, whose general term is Xn*, will be summable. So having propounded
the series

aznu%_(a%_b)nu+b%_(a%_zb)na+2b%_".+_x2nx

its sum will be

_ nPx? 2nPx N (n20 +n®)p?
B nt—1 (nb—1)2 (nb —1)3

which constant having put x = a and the sum = a?n? it will arise as

> + Const.,

(2 nba? N 2nfab  (n® 4+ n")p?
nb—1  (nb—1)2 (nb —1)3

§16 Furthermore, the other formula has an immense use in the summation
of infinite series; that this becomes more clear, let this series be propounded
nx nx+2 nx+4 nx+6

— tc.,
X +x+2+x+4:+x+6+eC

whose sum shall be = S. Therefore, it willbe b = 2 and X = %, whence the
sum will become

-1 o2 4(n*4+n?)  8(n® +4n* +n?)
G (2 —1)x (P22 (12 _1)3x3 (02 —1)4xt
_16(n® +11n° +11n* +1%) et
(2 —15x5 .

Now let x = 25 and #n? = —% orn = \/%—3; it will be

! ! - L + ! - L + etc
/—3\25.312 27.315 ' 29.314 31.315 :

1 3+3—3—3+15+etc
- 312,/ 3\4-25 8.252 8.253 16-25% @ 8.255 )

12



Therefore, because in the circle with radius = 1 the arc of thirty degree is

1 1— ! + LI + L etc
V3 3.3 5.32 7.3 9.3 '
if 12 of these terms are actually added, the following remaining ones will be

EOVAES S W U
J3\25.312 27.35 ' 9.31  ©F
1

V3 1 1 1 55
— + — — + +etc. | .
312 \4.25  8.252 8.253 16-25% ' 8.25°

§17 If the terms of the series to be summed were composed of factors such
that the series has a form of this kind

a a+b a+2b X
A+ AB + ABC + --- + ABC---VX,

put the sum

=S5-ABC---VX.

Therefore, this sum having put x — b instead of x will go over into this one

2 313
ABC_”V<S_de b2dds B3d3S +etc.>,

Tdx "1 2d2  1-2-3d°

which must be equal to the first term having taken away the last term, this
means the quantity

AB-V(SX — X).

Therefore, one will have this equation

bdS  b*ddS b3S b*d*s

X X =S T T 2dx? T 2300 123 ddxt

etc.

From this equation the found value of S will be this

X

13



which terms proceed in such a way that having put

X
it is

bdD
E=- (X —1)dx’

bdE b*ddD
F=—rr— + o,

(X —1)dx 1-2(X —1)dx?

G DbdF b*ddE v*d®D

X - Ddx "1 2(X—Dd?  1-2-3(X—1)ds3
and so forth, that hence the sum of the propounded series is

= ABC---VX(D+E+F+G +etc.).

But the sum of the series continued to infinity

X x+0b
ABC---VX + ABCD --- VXY + etc.

will be

ABC---VX(1—D—E—F — G — etc.) + Const.

As if the sum of this series is in question

1 1
to infini
1'2'3"'x+1-2-3---x(x+1)+etC to infinity,
it will be
1
b:1, X=- and D = ,
X 1—x
but then
—X x(2+x)
E=——"__ F=2->—-_"2/ .
(1—x)% 1= )5 etc.;

therefore, the sum of the propounded series because of the vanishing constant
will be

14



B 1 1 X x(x+2)
123 x <1+x—1_ CESERN RS _etc'>'

From these things given it is indeed easily understood, a form of what kind
of the sum must be assumed in each case that the sum is found by minimal
work.
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