ON THE DETERMINATION OF SERIES OR A
NEW METHOD TO FIND THE GENERAL
TERMS OF SERIES®

Leonhard Euler

§1 Since the law of progression, which the terms of a series follow, can vary
to infinity, it seems that not only all different species of series, but not even all
classes, no matter how far they extend, can actually be enumerated. Hence
two or more series are given, which, even though they have as many common
terms as one wants, nevertheless differ and are contained in very different
laws. Who has inspected the very broad field of series even only for a short
time, will easily understand that the nature of a series is not determined, no
matter how many of its terms are exhibited. So if it is in question, what the
series is, which starts with these terms

1, 3, 5 7,9 11, 13, 15,

the question is most undetermined; and except for the series of the odd
natural numbers proceeding in natural order innumerable other series can be
assigned, which start with the same terms; and this defect of determination is
not restricted to a certain number of given terms, but, no matter how large
that number was, can be common to all infinite series.
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§2 But this will be seen more clearly, if we transfer the nature of series to
Geometry. For, each arbitrary series can be represented by means of a curved
line, whose ordinate is expressed by suitable terms of the series itself, while
the abscissas denote their indices or numbers, which represent the order of
each term. This way any arbitrary term of the series defines a point on the
curved line, which corresponds to the given abscissa. Hence, if a series is
required, which has arbitrary many given terms, the question reduces to this,
that a curved line is found, which goes through as many given points. But it is
perspicuous that always innumerable curved lines can be assigned which go
through the single points at the same time. Although Newton showed this only
for parabolic curves, if not only all algebraic curves but also transcendental
ones are admitted, there is no doubt that the number of satisfying curves
additionally becomes infinitely larger.

§3 It will seem more remarkable, if I say that the series is not even deter-
mined, even though innumerable of its terms are given. So if I define this
series

1+24+3+4+5+6+etc

in such a way that I say that in it all integer numbers in natural order are
contained, who will then not believe that this series is completely determined,
since for each place in the series its term was assigned? For, in the place,
which is x units away from the beginning, the term will be = the number x
itself, or the term, whose index is = x, will also be = x. But how that series,
as it was done, is described, there is not more known than that to the index x,
if x was an integer number, corresponds the term x; but if for the index x a
fractional number is assumed, there is now reason, by which it would be clear
that the term corresponding to that index x is = x. But I will show, if for this
series the term corresponding to the index x is put = y, that it can happen
in infinitely many ways that, as often as x is an integer number, so often it
always is y = x, even though by taking fractional numbers for x the value of y
differs from x. Hence, even though all terms of the series, which correspond to
integer indices, are determined, the intermediate ones, which have fractional
indices, can nevertheless be determined in infinitely many ways, such that the
interpolation of this series remains undetermined.



§4 That this is seen more clearly, one has to recur to circular arcs; for, since
having put the semicircumference of the circle, whose radius is = 1, = 7 the
sine of the arc nt is = 0, as often as 7 is an integer, it is manifest, if one puts
y = x + Psin tx while P denotes either a constant quantity or an arbitrary
function of x and for x one successively puts the integer numbers 1, 2, 3, 4, 5
etc., that then the values of y willbe =1, 2, 3, 4, 5, etc,, as if it was P = 0. And
nevertheless the intermediate values, which correspond to fractional indices,
will not be equal to these indices. For, for the sake of an example let P = xx
and put x = % ; because of sin %n = 1 the term corresponding to the index %
will become

1 1 3

2T lTy
But one can think of infinitely many other expressions of this kind, which
satisfy equally, of which kind are

y = x + Psintx 4+ Qsin27wx 4+ Rsin37wx 4 Ssindmtx + etc.,

by which the interpolation is rendered much more undetermined.

§5 I already exhibited a similar example of a series, which could seem
determined, some time ago; for, I had found an expression or a function of x,
which, if for x any power of 10 is substituted, becomes equal to this power, if
this exponent is a positive integer, of course. That function of x, which I will
indicate by the letter y, was of such a nature that having put x = 1 it becomes
y = 0 and, if one puts x = 10" while n is a positive integer number, always
becomes y = n; hence it seemed to follow that the function y will always
be the common logarithm of x. Nevertheless, I showed, if for x not a certain
power of ten is substituted, that the value of y often differs a lot from the
logarithm of ten. Therefore, having set up the series, for which we have

Indices 1, 10, 102, 10%, 10% 10°, 10° etc.
and
Terms 0, 1, 2, 3, 4, 5, 6 eftc.

for the description of logarithms it does not suffice, if someone says that the
logarithms are the middle terms, which correspond to the indices assumed in
the superior series, of the inferior series.



§6 Therefore, since the nature of a series is not determined from some
of its terms, even though their number is infinite, since the interpolation
nevertheless remains undetermined and can be done in infinitely many ways,
it is easily seen, how uncertain all these interpolation methods are, which
teach to complete the task from the terms having integer indices alone. For,
the interpolation can only be considered as certain, if the nature of the series is
taken into account in the operation. But the nature of a series is seen perfectly,
if its general term or a formula, which for each index x, whether integer or
fractional or even surdic, exhibits the corresponding terms, was known. For,
this way not only all terms of the series, which correspond to integer indices,
are determined, but also the terms, which correspond to arbitrary non-integer
indices, are defined without any ambiguity; and so the task of interpolation is
no longer impeded by any uncertainty.

§7 But except for the general term one has innumerable other ways to form
series; nevertheless all these ways can be conveniently reduced to three classes.
To the first class I count these ways of forming series, in which each term
of the series is only determined by the corresponding index; since this is
caused by certain operations to be done for this aim, the formula containing
these operations in general will be the general term of the series itself, that by
which the series is perfectly and absolutely determined I already noted. To
the second class all these ways of forming series extend, in which the general
term of the series is determined by some of the preceding terms according
to a certain rule, which way is usually especially applied in recurring series.
But whenever to find a certain term of a series not only the preceding terms
are to be taken into account, but also the index itself must be used, I hence
constitute the third class of determination.

§8 If an arbitrary term of the series is determined from the index alone,
then, whether an integer or a fractional number is assumed for the index,
the corresponding term is equally defined and so the interpolation of the
series will have neither any difficulty nor uncertainty. But if, as we put in
the second class, an arbitrary term is determined from the preceding one or
several preceding ones, then having assumed the first or some first terms
ad libitum the single terms, which correspond to integer indices, will be
found, but it is not possible to define the intermediate terms corresponding
to fractional terms from this, which is also be said about the third class. But



although this way in the second and third class not only all terms, which
correspond to integer indices, are assigned, but also the law between the
terms and its preceding ones is prescribed, which equally extends to terms
of fractional indices, nevertheless not even this way the series is completely
determined, but for any arbitrary series of this class infinitely many general
terms can be exhibited, which, while they yield the same terms for integer
indices, nevertheless deviate for the fractional ones.

§9 Since this justly seems to be paradoxical, it will be worth one’s while
to consider this defect of determination in the series, in which each term is
determined from the preceding ones, more diligently. Therefore, let us take
the simplest case and assume that the series is defined in such a way, that each
term is equal to the preceding one itself. If now the first term of the series is
set = 1, the second will also be = 1 and all following ones, which correspond
to integer indices, will become equal to the unity and this series will arise:

Indices: 1, 2, 3, 4, 5 6, 7, 8 9, 10 etc.
Terms: 1, 1, 1, 1, 1, 1, 1, 1, 1, 1 etc

and it is manifest that to each integer index x corresponds the term = 1. But
how the terms corresponding to fractional indices will behave, is hence not
defined; only this is known, if the term corresponding to the index % was = 4,
that also all terms, which correspond to the indices

3 5 7 9
27 27 27 2
will also be = a. For, all terms, whose indices differ by one unit or several

units, must be equal by the prescribed law, since each preceding term is
understood as the one, whose index is the one smaller by one unit.

etc.

§10 Therefore, this series is defined in such a way that, if the term corre-
sponding to the index x is put = y, the following term corresponding to the
index x + 1 is = i/, one has iy’ = y; but then furthermore it is assumed, if it
was x = 1, that it will also be y = 1. Hence, if for this series the general term
is desired, it must be a function of x of such a kind, which shall be = y, that,
if instead of x one puts x + 1, the resulting value i’ of the function y will be
equal to y itself, and that having put x = 1 it also is y = 1. But it is manifest,
if in general one puts y = 1, that this condition is satisfied and in this case



not only the terms, which correspond to integer indices, but also those, which
correspond to fractional ones, will be smaller than unity. But on the other
hand these conditions can also be satisfied in infinitely many other ways; for,
if one puts

y=1+asin2mnx,

while 7t denotes the half of the circumference of the circle, whose radius is
=1, it will be
vy =1+ asin2mx;

but it is
sin2m(x + 1) = sin27mx

and hence y' = y, but then for x = 1 it will also be y = 1. In this case the
intermediate terms or the ones, corresponding to fractional indices, are not
longer equal to the unity; for, having put x = 1 it willbe y = 1 +a.

§11 Since here not only a can be assumed ad libitum, but one can also
think of innumerable other formulas of this kind, which fulfill the prescribed
conditions, of which kind these are

y =1+ asin27x + Bsin4rx + -y sin 67rx + etc.,

it is perspicuous that the interpolation even of this most simple series 1 +
1+ 1+ etc,, if it is only defined in such a way that each term is equal to the
preceding one, but the first is said to be expressed by the unity, is highly
undetermined, since the intermediate terms having fractional indices can be
equal to any numbers. Nevertheless, even though innumerable general terms
can be exhibited for this series, they are all contained in the same general law
and without any deviation can be found by means of Analysis. Of course,
a very far extending method can be given, by means of which it is possible
to define the general terms of all series, whose terms are determined by
the preceding ones, whether without the index or with the index, in most
universal manner; this method since it does not only lead to a more complete
understanding of series, but also contains augmentations not to be contemned
for whole Analysis, I constituted to develop here more diligently; for this aim
I will consider the following problems.



PROBLEM 1

§12 o find the general term of the series, any arbitrary term of which is equal to
the preceding one, but whose first term = 1.

SOLUTION

Let the general term or the one which corresponds to the index x be = y and
put the following term (whose index is = x + 1) = i’ and it must be y' = y;
and having put x = 1 is must be y = 1. Since now y is a certain function of x,
by the nature of differential calculus, if instead of x one puts x + 1, it will be

dy ddy

a3y dty
/I __
V=Yt T2 e

1-2-3-dx3 1-2‘3-4'dx4+

having assumed the differential dx to be constant. Therefore, it must be

+ + etc.,

ddy A3y dty
1-2-dx?  1-2-3-dx3  1-2-3-4.-dx*

And this equation contains completely all satisfying values of y, as long as
the integration is tempered in such a way that having put x = 1itisy =1 or,
what reduces to the same, that having put x = 0 it is y = 1. Therefore, the
question was reduced to the resolution of this differential equation, which not
only consists of an infinite number of terms, but also contains all orders of
differentials. But since the variable y everywhere does not have more than
one dimension and of the other variable x only the differential dx, which
is assumed to be constant, occurs, this equation can be treated in the same

way which I explained in M1SCELLANEA BEROLOLIN. Volume 7. Therefore, by
2 d'y
dxn

0= Y

_1-dx+

+ + + etC./

form

putting z instead of %' z~ instead of % and in general z" instead of

the algebraic equation

2 3 4

0=+ 4= 5 et
1712123 "1.2.3.4 "%

which having taken e for the number, whose hyperbolic logarithm is = 1, goes
over into this finite form 0 = ¢* — 1. Now one has to investigate all roots of
this equation, whose number is infinite, or one has to assign all factors of the

formula ¢* — 1. But it is ;
ez = <1 + Z) ’
n




having put 7 to be an infinite number; if this value is substituted, one will
have to resolve this equation
z n
(42)
n

of which certainly one simple factor is = Z or z, which the infinite equation
immediately reveals. To find the remaining ones one has to recall the theorem,
in which it is demonstrated that a factor of the binomial form 4" — b" is

2k
aa — 2ab cos 7” + bb,
while k denotes an integer number. Therefore, in the present case it is
z
a:1+ﬁ and b=1,

whence all factors of the propounded formula ¢* — 1 are contained in this
general form

2 2%k
1+Z+ZZ—2<1+Z>cos”+1
n nn n n

or
z . 2km zz

211+ — |versin — + —;

n n nn

hence by dividing this factor by the constant quantity 2 versin = the general

factor will be
z zz
=1+-+ s 2kt
n - 2nn versin=*
Since now 7 is an infinite number, it will be

2k 1 2kkmtrt

2kt 2kkmmw
CcOSs 7 — — .

und versin— ;
nn n nn

having substituted this value the general factor of the formula e* — 1 will be

P2
- n  4kknn’
and by successively putting the integer numbers 1, 2, 3, 4 etc. instead of k

completely all factors of the formula e¢* — 1 will arise. But the first factor z



gives the constant part of the integral, which shall be = C; but if the remaining
factors, which are reduced to this form

sk + R

z+zz,

are compared to the form of the factors, which I expanded in the dissertation
mentioned before,

ff—2fzcos ¢ + zz,

it will be .

f=2km and cos¢@ = —77[
and sin ¢ = 1 because of the infinite number 7, in which case it is cos ¢ = 0.
Therefore, the part of the integral to arise from this will be

—2kkmt —2kkrt

. 7T
ae— n “sin2kmmx +RAe” n *cos2kmx

or because of n = o
a sin 2k7tx 4+ 2A cos 2krx,

Therefore, having successively substituted all integer numbers 1, 2, 3, 4 etc.
for k the integral of the found equation will arise
0— dy ddy a3y L dty
o l-dx 1-2-dx2 0 1-2-3-dx® 0 1-2-3-4-x*
will arise expressed in the following form

+ + + etc.

y = C+asin27tx+2A cos27mx
+ Bsin4rx+B cos4mx
+ ysin67tx+€ cos 67Tx + etc.

Now define the constant C in such a way that having put x = 0itisy =1,
and one will find the general term of the propounded series

y=1+asin2rx+2A (cos2mx — 1)
+ Bsindrix+B(cosdmx — 1)
+ ysin67x+C€ (cosb6rx — 1) + etc.

Therefore, whatever values are substituted for «, B, v, 6 etc., 2, B, €, D etc,,
always a formula will arise, which exhibits the general term of the propounded
series. Q. E. I.



COROLLARY 1

§13 If the first term, to which all remaining ones having integer exponents
are equal, must not be the unity but an arbitrary quantity, the general term of
the series y or the term, which corresponds to the index x, is found as

y=a+asin2mx + B sindmwx + ysin67x + 6 sin8mx + etc.
+ A cos2tx + B cosdmx + € cosb6rx + D cos8rx + etc.

and an arbitrary term having in integer number index will be

=a+A+B+E+ D +etc.

COROLLARY 2

§14 Since sines and cosines of the arcs 47rx, 671x, 87Tx etc. can be expressed by
means of powers of sin27tx and cos 27tx and vice versa all rational functions,
or which do not have the ambiguity of the sign, can be exhibited by series of
this kind we found for y, we will be able to define the general term y in such
a way that we say that y is an arbitrary function of sin277x and cos 27x, as
long as no formulas of this kind

V14 cos2mx

and other similar ones occur, which involve the sines and cosines of submulti-
ple angles of 27x.

COROLLARY 3

§15 Therefore, having excluded these cases, if we put sin2 pix = p and
cos2mtx = q, y will be equal to an arbitrary function of p and g; hence this
differential infinite equation

_dy ddy 43y dty
0= Tdx 1242 "1.2:3-d0  1.2.3-4-do?
will be integrated in general in such a way that y is an arbitrary function of p
and g.

—+ etc.

_|_

10



COROLLARY 4

§16 But if we call sin 7tx = r and cos tx = s, it willbe p = 2s and g = ss —rr
and functions of p and g will be functions of even dimensions of r and s.
Hence from the infinite differential equation the value of y will in general
become equal to an arbitrary function of even dimensions of » and s, where it
is to be noted that because of the whole sine = 1 itis 77 +ss = 1.

COROLLARY 5
§17 Put 7 instead of x that one has this equation

0— ady a’ddy . ady n a*dty
Cl-dx 1-2-dx2 0 1-2-3-dx® 0 1-2-3-4-dx?

If we now put

+ etc.

. TIX X
sin— =r and cos— =s.
a a
the integral of this equation will be described in such a way that y = an
arbitrary function of even dimensions of 7 and s.
COROLLARY 6

§18 Therefore, two formulas for the value of this integral can be exhibited,
the one of which is

_ A+Br?+Crs+Ds*+Er*+Fris+Gr’s®+ Hrs+ Is*+etc.
T +Br2+yrs+ 65 +ert +-{r3s+nr2s® 4 0rs® + st +etc.

The other form will be

B Ar+Bs+Crd+Dr2s+Ers®+Fs®+Gr°+etc.
ar +Bs+yr3+ 61°s + ers® + s+ nr° +etc.

COROLLARY 7

§19 Therefore, whatever value of this kind is substituted for y in the equation

a*dty
1-2-3-4-dx*

0= Wy a’ddy a’d®y

- 1-dx 1-2-dx2+1-2-3-dx3’+

+ etc.,

11



the identical equation will arise or an infinite series will result, whose sum
will be = 0. But for the continued differentiations it is to be noted that it is

dr TS ds r
— and —=-——
dx a

dx 4
and hence by means of the substitution the differentials dx will cancel each
other everywhere.

SCHOLIUM 1

§20 But the factors deserve it to be mentioned, into which this infinite
algebraic expression
z2 z3 z* z°

Z
112 123 1234 1.2.3.4.5 "¢t

was resolved above. For, since the first simple factor is = z and the remaining
trinomial ones are contained in this general form
zz

1424 =
n  4kkr’

if we successively the numbers 1, 2, 3, 4 etc. are substituted for k, let us for
the sake of brevity put
2 3 A

Z= 4 4 = 4
“171.2"123 1234

+ etc.,
and by means of infinitely many factors it will be

e (1070 E) (1070 Y (1424 E) (1424 2 e
- n 4nrw n lé6nwr n 367w n o 64mr N

1
M.

the number of which factors having excluded the first is infinite and =
Therefore, let 31 = m or n = 2m and put z = 2v;

2£+2202+ 2393 n 24p*
1 1-2 1-2-3 1-2-3-4

v () v Vv v () v vU
=2(l1+—-+—)|1+—+—)(1+—+— |1+ —4+—— |etc.
m I m 4nm m  9nm m lénmw

+ etc.

12



and hence the following product of infinitely many factors, whose number is
= m, will be

v (70 v (9] v Vv v vv
1+—+—)(1+—+—-(1+—+— {14+ —+ etc.
m T m 4nmn m 9 m lénm

’ 8 3 16
12° 123" "12.3.4° T1.2.3.45
If now this product is actually expanded, since the number of factors is = m
while m is an infinite number, it will arise

=1+ v° + etc.

m
1+U+ﬁ%+ﬁ 1+1+§+E+£+etc.

1-2-3 m3 M 4 9 16 25 '

(m—1) oo vv( 1 1 1 1 >

+

etc,,

which terms compared to the series already found will give

2 1 1 1 1 1 4
=", — +—(14+>+-+=tetc.] =
TUTT

1-27 1.2 4 9 16 1-2.37
#_FL 1+1+1+i+etc —L
1-2-3 71w 4 9 16 ") 1-2-3-4
Hence in each of both one has
SOV VR SV I S
4 9 16 25 36 6

which is the same summation, I first had found already many years before and
have confirmed it with several proofs. Furthermore, hence it is perspicuous,
even though in these factors the number m is infinite, that it is nevertheless not
possible to omit the other term 7, since in the expansion because of the infinite
repetition from the infinitely small terms 7 finite terms arise. But whenever
an arbitrary term is considered separately, as we did it in the formation of the
integral, then it is possible to omit these infinitely small terms without error.

13



SCHOLIUM 2

But it is also possible to sum higher powers of the terms of the series

1+ L + L + et
1T gtete
from this source and the same progressions will arise, which I had found once.
But that this calculation does not become too long, it can be done easily in the
following manner. Put

vo1p 2 e 20 PO
- 1-2 1-2-3 1-2-3-4 1-2-3-4-5 v
it will be 5
e? —1
V =
20
and

av 220 1

Vdv e —1 o

which is reduced to this more convenient form

v 20 1 1+ﬂ+%+%+—1;§4+eto 1

U _ p—0 v ’
Vdo  ¢”—e v +123*’12345"‘12 7 tete. U

such that it is

av 1+%+1234+12 6+etC 1
A i 5 1
Vo %+1?23+12%45+12 7etc.
or
dl_lz 123+142v5+142{]7+1 gtete. 1
2 4 8 .
Vdv 1 + ‘lvﬁ + 1-;]-“5 + 1.2...7 + +1.2...9 -+ etc. (4
Put
av , .
Vdo =1+ Av — B’ + €0° — D/ + €0’ —etc,;
it will be

14



N

=12
2A 4

=123 125

c - 3 A N 6

T 1.2.3 1-2...5 1.2...7

o ¢ B N 2A 8

- 1.-2-.3 1.-2.-.5 1-2---7 1-2--.9
etc.

Having found these values consider this other form of the quantity V expres-
sed by means of factors

v vv v vv v vv
V=l1l+—-+— {1+ -+ — |1+ =+ 5 |etc,
m lnn m  4nm m  9nm
from which one finds by means of differentiation
1, 2 1, 2
Vo it w i
e e

m 9
But in general it is
iz 1 2 30, 4
1+2 452 m + A’ mAmm’ + AT, etc.

1 1 1

- mm m3 Comt

2

Yy

But since m is an infinite number and is equal to the number of factors, having
excluded the first terms one will be able to omit the remaining ones divided
by m without any error

1 2 1 20 20° 20° 207
_m A Ty - + — + etc.;
1+2+ 2 m Amm A2mt 0 ASme A4S

therefore, having successively substituted the square numbers 1, 4, 9, 16 etc.
and having combined these series, whose number is m, into one single sum
one will find

15



V2 (1+1 2 +— +— +etc>
Vo T am\ 2 '9
2 (1+1+1+ +etc>
Tt 162 2%
L <1+ + g5 18+ a3 et )
T 163 253
27 <1+ + Ll e )
sl 164 254

etc.

If now this series is compared to the one found first, one will have

1+411 +9 +E +etc. :%91 n? = % 2,

1+— L +912+122 +etc. :%‘37'[4 91—0 7'[4,

1+ 1 +913+123+etc. :%@ n® = % 6,

1+414+914+124+etc. :%97'(8 = 94% 8
etc.

And this way all summations exhibited already once by me will be confirmed
more, since the principle, which I had used then, could seem erroneous to
some people.

PROBLEM 2

§22 To find the general term of the series, whose arbitrary term exceeds the preceding
one by a given quantity and whose first term is given.

SOLUTION

Let the first term be = a and the excess of each term over the preceding shall
be = g; the terms corresponding to the integer indices will of course be these

16



1 2 3 4 5 6 7
a, a+g, a+2g, a-+3g, a+4g a+5g, a-+6g etc,

such that to the integer index x corresponds the term y = a + (x — 1)g. But
while x is an arbitrary number infinitely many other formulas take the place
of y. For let ' be the term corresponding to the index x + 1; it will be

dy ddy a3y

Y =y+ + + 4y
1-dx  1-2-dx?2  1-2-3-dx3

1-2-3-4-dx*

+ + etc.

Since now by assumption it must be y’ = y + g, it will be

ddy
1-2-dx?

d3y
1-2-3-dx3

d4y
1-2-3-4-dx4

_dy
g_l-dx+

+ + + etc.

Although I gave the resolution of equations of this kind, where except for
the terms, which contain the differentials of y, a either a constant term or an
arbitrary function is present, some time ago, it will nevertheless be helpful to
get rid of this term g by means of the substitution y = gx + u; for, it will be

dy = gdx +du, ddy=ddu, d&y=d°u etc,
because of the constant dx. Therefore, it will be

du ddu dBu d*u

0= * 1 23.43 7 1.2.3.4. a8

Tdr " 1.2.d¢ +ete.

Since this equation agrees with the one which we found in the preceding
problem, if we put sin tx = r and cos tx = s, u will be an arbitrary function
of even dimensions of r and s, of which kind we exhibited one in § 18; and
having found this the general term in question will be y = A 4 gx +u, as
long as the constant A is defined in such a way, that having put x = 1 it is

y=a. QEL

PROBLEM 3

8§23 To find the general term of the series, whose arbitrary term arises, if the preceding
is multiplied by a given number m, and whose first term shall be = a.

17



SOLUTION

Therefore, the terms of this series, which have integer indices, will constitute
the following geometric progression

1 2 3 4 5 6

5

a, ma, m2s, ma, m*a, m°a etc,

such that to the integer index x the term am*~1 corresponds. Therefore,
let in general be y the term corresponding to the index x and y’ the term
corresponding to the index x + 1 and it will be y’ = my. But it is

dy ddy a3y dty

!/
Y=YV T T2 T 1 23.408 T1.2.3.4. a8

+ etc. = my.

To resolve this equation according to the prescriptions put 1 for y, z for Z—Z, z?

for % etc. that the following algebraic equation arises
metsie By 2, 7

B 1 1.2 1.2.3 1-2-3-4

whose single roots must be investigated. But it will be m = ¢7; but let the

hyperbolic logarithm of m be = A, that it is m = ¢! and hence e* — ¢ = 0.

But since having taken an infinite number for 7 it is

A\ z\"
eA:<1+> and eZ:<1+>,
n n

one will have this equation, whose roots are to be investigated

(1+)‘> —<1+Z> =0,
n n

of which the one root z — A = 0 is certainly known immediately, whence
the part y = ae* = am® of the integral because of ¢* = m is obtained. The
remaining roots are imaginary and are contained in this trinomial factor

2 2
(1+A> —2<1+)‘> <1+Z)cos2k”+<1+z) ,
n n n n n

while k is an arbitrary integer number; this form goes over into this one

2A A 2kt AN 2z 2z A 2kt zz
24+ ——-211+—-)cos—+—————(1+—-)cos— + —.
n n n nm n on n n nn

+ etc.,
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But because of the infinite number # it is

2k 2kkmtrt
cos— =1-— .
n nn

Therefore, having multiplied that form by nn the general factor will be
=2n(n+A) <1 — oS 2’;”) +AA +2nz<1 — Cos 21:17T> — 2Az cos Zan +zz

dkkrttz

= AA + dkkmtr + —2Az + zz,

dkkrtmz

having neglected the vanishing terms; with respect to this even the term ==

can be omitted, such that the general factor is
AA +dkkmtr — 2Az + 2z,

and the number of these factors, if for k successively the numbers 1, 2, 3, 4 etc.
are substituted, will be = % But this compared to the general form given in
my dissertation printed in Volume 7 of the Miscellanea Berolin.

ff—2fzcosp+zz

will give
f=VAA+4dkknr and cos¢ = S
VAA + dkkmt
and hence

2k
VAA + dkktr

Hence this part of the integral y arises

sing =

y = e (asin 2k7tx + A cos 2kmrx).

Therefore, having successively substituted the values for k because of ¢* one
will find

. ) Ctasin2mx + Bsindrtx +1y sin 67tx +etc.
y=m

+2l cos 271x+B cos 471x+& cos 67Tx+etc.
Therefore, since having put x = 1 it must be y = 4, it will be
a=m(C+2A+B+C+D+etc.),

whence the constant C is defined. Or if having put sin 77x = r and cos Tx = s
Q was an arbitrary function of even dimension of r and s, the general term in
question will be y = m*. Q.E.L
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COROLLARY 1

§24 Therefore, in the geometric progression, insofar it is only described in
such a way, that each term is said to have a constant ratio to the preceding
one, the interpolation is not determined, since the intermediate terms can be
expressed in infinitely many different ways, they can even receive any value.

COROLLARY 2

§25 Therefore, the complete integral of this infinite differential equation can
be expressed in general

_dy ddy
=y = i2aet

&y N d*y
1-2-3.dx3  1-2-3-4-dx

+ etc.

For, having put sin tx = r and cos 7tx = s, if Q denotes an even function of
r and s, it will be y = m*Q and hence m~*y becomes equal to an arbitrary
function of even dimension of r and s.

COROLLARY 3
§26 If for x one writes 7, this equation will arise

a‘dty
1-2-3-4-dx*

_ady aaddy ady
o=y = T T T2 a2 123400

+ + etc.
To integrate this put
. TIX %4
sin— =r and cos— =s
a a
and let Q denote an arbitrary function of even dimensions of r and s, such
that Q retains the same value, even though for  and s one writes —r and —s.

Having done this it will be y = m**Q.

COROLLARY 4

§27 And the solution of this problem could even be reduced to the solution of
the first problem. For, since it must be y' = my, it will be logy’ = logy + log m.
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Putlogy = v, thatitislogy’ = v/, and letitbelogm = A; it mustbe v’ = v+ A,
whence because of

o =ot + ddv do + etc
N l-dx 1-2-dx*>  1-2-3-dx3 '
it is
N o N ddv N d>v N d*v © ete
S l-dx 1-2-dx2 0 1-2-3-dx® 0 1-2-3-4-dx* )
and having put v = u + Ax one will have
0= N ddu N d>u N d*u + ete
Cledx  1-2-dx2 0 1-2-3-dx® 0 1-2-3-4-dx* 7

which is the equation, to which we got in the first problem. Therefore, if one
puts sin 7tx = r and cos 7tx = s and Q denotes a function of even dimensions
of r and s, it will be u = Q and hence

v=Ax+Q =logy = xlogm + Q.

Therefore, by taking numbers one has y = m*e?; since there e? also is a
function of even dimensions of r and s, if for it one writes Q, it will be, as we
found before, be y = m*Q.

SCHOLIUM

§28 Since we found all roots of the algebraic equation

m—1+5—|— ZZ—|— z + Z + etc
- 1 1-2 1-2:3 1-2-3-4 v

we will hence be able to exhibit all factors of this infinite expression

3 4

z zzZ z

Mo P T -m T2 s m

4

23—

+ etc.

Z

For, having put logm = A the first simple factor will be 1 — % and the
remaining trinomial factors will be contained in this general form

4dkkmr 2Az — zz

1+ n(AA + dkkrim)  AA 4 dkkm’
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which is transformed into this one

14 z AAZ _ 2Az — zz
n  n(AA+4kkrer)  AA + 4dkkre’
if instead of k successively the numbers 1, 2, 3, 4 etc. are substituted and 7 is

an infinitely large number, whose half 5 exhibits the number of factors itself.
For the sake of brevity let it be

AN +dkktr = ©

z z  AAz  2Az  zz
Z_<1_A>(1+n_nq>_<l>+cb)’

where the second factors holds the place of all infinitely many factors, which
arise from the variation of the quantity ®. Therefore, having taken logarithms
and differentiated them one will obtain

dZ _ -1 . s-w-sts

Zdz_)\—z+1+£_&_22»z 2z °

and it will be

az 1 z zz z3 z4 z°
7 -2y W VAR t B T S R T
1 40?2z 8A3zz  16A%Z3  32A%z% 64070
T on P2 Pt 5 o
AA 2z 6Azz 16A2z3  40A3z*  96A%2°
" T e T TTe Tt T
2) —273 10Az*  36A2%Z°
) IR T
put
dZ 2 3 4 5
ZdZ:A+Bz+Cz + Dz + Ez* + Fz° + etc,,

and because it is ® = AA + 4kkrtr, where it is to be understood that suc-

cessively for k all numbers 1, 2, 3, 4 etc. up to %n are substituted, it will
be

A—l—l—Z/\ ! + ! + ! + etc
2 A AN +4rm AN+ 16T AN+ 3671 ’
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If for the sake of brevity one sets

1 1 1
tc. = A,
(A +dnm) T A+ 16nm) (At 36mm) €
1 1 1
tc. =5,
At amn? T At 16mn)? T A+ senme T
1 1 1
tc. = ¢,
A+ ann)? T QA+ 16mr) T (A 36mm)p T T ¢
1 1 1
tc. =
(AA + 474 + (AA 4+ 167Tm)4 + (AA 4 367T7T)* ete. =D
etc.,
it will be
1 1
A= - —— 2\
2 A 2,
1
B = +2 — 478
1
C = —33 +6A8 —8A3¢,
1
D= Sbvie 2B +16A%¢ — 1604D,
1
E = —35 10A€ + 401D — 32A°¢,
1
F = 36 T 2¢  —36A%D +96M4E — 64NF
etc.
Since now it is
Z=14-—_> 4+ 22 4 z T etc
B 1(1-m) 1-201—m) 1-2-3(1—m) 7
it will be N
ec—m eZ—e az e
Z 1—-m 1—er und dz 1—e%
hence
az ¢ 1 1
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and from this

az 1

Zdz 1 _ _mzz | mz _ mzt ’
I—m+mz— 55+ 155 — 1352 T etc.

Now because of

dz
E:A+Bz+Cz2+Dz3+Ez4+Fz5+etc.

it will become

1=01—-m)A+ (1-m)Bz+ (1-m)Cz* + (1-m)Dz> + (1—m)E z* + etc,,
+ mA + m B + mC + m D

1 1 1
— ij — ij — sz

1 1

1

whence the following determinations will arise

- 1
S 1-m’
B _ —mA _—m ’
1—-m (1—m)?
C:—mB—F%mA: mm 4 m ,
1—m (1—m)3  2(1—m)?
_ —mC+ 3mB — tmA - mm m
1—m C (1-m4 (1-m)3  6(1—m)?’
_ —mD+ ImC — tmB + AmA - omt N 3m3 N 7mm N m
- 1—m T A—m)p 20— m)f T 12(1—m)® ' 24(1— m)?
etc.

Therefore, the following summations of the series 2, B, B, © etc. will arise:

1 1 1
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or

9o — i B 1 B 1 )
AN 2AA 2A(1—m)’
—m 1 1 2 1
whence it is
wo 1l 11 om
- 8A3 2M4 4A3(1 —m) — 4AA(1 —m)?’
mm m 1 3. 3 4 3
= (1—m)3 * 21-m)2 A3 TOAB — 81 = 4AN A3 202(1 —m)
3m
+ 2A(1—m)2 8AL,
therefore
3 1 3 3m m mm

=3 e 16A5(1 — m) + 16A4(1—m)2  16A3(1—m)2  8A3(1—m)3

And so the following sums of the propounded series ©, € etc. will be found.

COROLLARY 1

§29 Therefore, because it is m = e, it will be

1 1 1 1 1 1

M A ANl AN 36 ST I 24 2A(1—eb)

let A = 27%; it will be

bb + bb + bb + etc
4(aa+bb)®>  4(aa+ 4bb)m>  4(aa + 9bb) 72 ’
bbb b
8ma  8mmaa  4ma(1l — e2mb)
and hence by multiplying by 27 one will have
LI SR S SN
aa+bb  aa+4bb  aa+9bb " 2ab  2aa = ab(e?mb — 1)’

which sum I exhibited already elsewhere deduced from another source.
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COROLLARY 2

§30 Therefore, if one sets b = 1, one has this sum

LI SN S S R
aa+1 aa+4 aa+9 " 22 2aa  a(e?m—1)
and if furthermore one sets 4 = 0 that this series arises
(RO VR
4 9 16 v

the sum of this series because of the terms growing to infinity will be derived
this way from the formula: Assume a to be infinitely small; it will be

4
¥ =1+ 27a + 27wwaa + §7T3LZ3

and hence the sum will be

7T 1 1

T 20 2aa ' 2aa 4+ 27ad + %7‘(%14

na+ naa + 300 — 1 —ma — 3nfaa+1 1,

_ = 7,
2aa (1 + mta + %nmﬂ) 6
which, as it is known, is the sum of the series
1+ ! + 1 + e + etc
4 9 16 ’
COROLLARY 3
§31 If in the series found before
LI I S 7S SN S
aa+bb  aa+4bb  aa+9bb " 2ab  2aa = ab(e?b —1)

the quantity a is considered as a variable and a differentiation is done, the sum
of the series B will arise; and so forth by means of continued differentiation
from the series 2 one will find the sums of the following series B, €, ©, € etc.

26



COROLLARY 4

§32 The sum of this series can be expressed more conveniently this way

LSS S S I Gl 20
aa+bb  aa+4bb  aa+ 9bb " 2aa  2ab(e?mb — 1)

;1 7.L.(emz:b _’_efmz:b)

2aa  2ab(em®b — e~7ab)’
From this form the value of the series, if b is imaginary, is easily calculated;
for, let b = —=; it will be

V-1’
1 1 1 ~1 ”(emcfl +eimﬁ)ﬁ
te. = —
aa—cc aa—dec " aa—9cc T T 20t Zac(emfﬁ—eﬁ>
But it is
may/—1 —may/=1 7ta
e ¢ H4+e ¢ =2cos—
c
s V=1 —may/=1 7Ta
e ¢ —e ¢ =2¢—-1-sin —
whence it is
1 1 1 +etc—_—1+ JTCOS 7Ta : C
aa —cc aa—4cc  aa—9cc " 2aa  2acsinma:c’
COROLLARY 5
§33 Since it is cos (Zkzl)” = 0, in the cases, in which it is 4 = 2k + 1 and
¢ = 2, the sum of the series is
-1 1
- 2aa 2(2k+1)%
while k is an arbitrary integer number. Hence it will be
1 n 1 n 1 L 1 et -1
etc. = —————,
(2k+1)2—-4  (2k+1)2—-16 (2k+1)2—-36 (2k+1)? —64 2(2k +1)?

which summation I demonstrated elsewhere. For, if the single fractions are
resolved into partial fractions, it arises
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mENE R R I "
2k+1 2k—1 23 2k-5 2k-7 2k-9
1 1 1 1

tTorstakgs Tk Tokro T

COROLLARY 6

§34 Having brought the term ﬁ to the other side and having collected
each two terms a new series will arise, whose sum is = 0. Of course, having
divided the single terms by 4k it will be

1 1 1 1 1

T akk—1 T akk—9 " akk—25 " akk—49 T akk—s1 T &%

whose truth will easily reveal itself in the single cases.

0

PROBLEM 4

8§35 To find the general term of the series, whose arbitrary term arises, if the preceding
is multiplied by a given number m and to that product a given number c is added,
and the first term of which series is equally given as = a.

SOLUTION

Therefore, the terms, which corresponds to integer indices, will behave this
way

1 2 3 4
a, ma-+c, m2a +mc +c, m3a + m?c + mc +c etc,;
hence, if the index x is an integer number, the corresponding term will be

-1
_ m*~t —1
=m a4+ — "¢
m—1

But if x is not an integer, infinitely many other formulas except for this one
will equally satisfy; to find them let y be the term corresponding to the index
x and y' the following or the one corresponding to x + 1; it will be

Y =my+ec,
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whence it will be

my+c=y+ 4y + ddy + 4y + dy + etc
Yo=Y T ax "1 2-dx2 " 1-2-3-dx° ' 1-2-3-4-dx? '
Put c
y:U_m—l
and it will be
dov ddv v
mov =70+ + etc,;

1-dx+1-2-dx2+1-2-3-dx3

since this equation agrees with the one, which we found in the preceding
problem, if one puts sin 7rx = r and cos tx = s and Q is taken for an arbitrary
function of even dimensions of r and s, it will be

v=m"Q
and hence c
X)L
y=mQ 1
Put x = 1, in which case itis r = 0 and s = —1, and let Q go over into C; it
must be c
= mC —
a=m p——
and hence it will be
m  m(m-—1)

Hence, if for Q the constant quantity C itself is taken, it will be

(m*1 —1)c

o ox—1
y=m""a+ 1

for the simplest case. And if P is such a function of even dimensions of r and
s, which vanishes for x = 1, one will be able to put Q = C 4 P and the form
of the general term in question will be this one extending very far

(m*1—1)c

X
P.
m—1 tm

y=m""ta+

QEL
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PROBLEM 5

§36 To find the general term of recurring series of second order, in which each term
becomes equal to the agqregate of the two preceding terms multiplied by any arbitrary
numbers.

SOLUTION
Let
the term to which the index x corresponds =y,
the term to which the index x —1 corresponds ="y,
\% x —2 corresponds ="y,

and let this law of the recurring series be propounded that it is

y _ D(/y _|_ ‘Bl/y.
Therefore, since it is
dy ddy &y By

'y= - — —

=Y 1-dx+1-2-dx2 1-2-3-dx3+1.2.3.4.dx4 etc.,

no_ . 2dy 4ddy 8d%y 16d*y _

Y=Y iy T2 d 12.3.d 1.2.3-4-dcd
having substituted these formulas it will be

_ dy ddy &y &y
]/—+06<y 1-dx+1-2'dx2 12.3.40 +1-2'3~4-dx4 etc.

2dy 4ddy 8d%y 16d*y
+'B(y_l-dx 1-2-dx2_1-2-3-dx3+1.2.3.4.dx4_etc'

To resolve this equation according to the general prescription put 1 for y, z for

dy _2 ddy . .
7, 2 for - ete. and it will be
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1=+« 1—E+Zz— z + 2 —etc
B 1 1-2 1-2-3 1-2-3-4 '

l=ta 1_2724_422_ 823 N 16z* " ete
- 1 1.2 1-2:3 1-2-3-4 ")’

which equation is reduced to this finite form
1=ae*+ Be %,

whose factors must be investigated. Therefore, having put e** = u resolve this
equation
uu = au + B,

of which either both roots are real or both are imaginary or finally both are
equal to each other. These three cases must be expanded separately.

1. Therefore, first let the two roots be real and different to each other, or let
uu —oau—p=(u—A)(u—B)

and hence by putting e* for u we will have the two general factors e* — A and
e* — B. But we saw above that the formula ¢* — m gave this integral

LA C + asin2mx + Bsindnx + ysin6mrx + etc.
y g
+ 2Acos27tx + Bcosdrtx + €cosb6TXx + etc.

Therefore, both factors ¢ — A and e¢* — B taken together will give this value
for the general term y

LA C + asin27tx + Bsindmx + ysin6rx + etc.
y o
+ Acos27tx + Bceosdmx + €cosb6rx + etc.

LB C+ a’'sin2mtx + p'sindnx + 9'sin6mx + etc.
+ A'cos2x + B'cosdmx + ¢ cos6rx + etc.

Or put sintx = r and cos tx = s and let P and Q be arbitrary functions of
even dimensions of » and s and, if it was
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uu—ou—p=(u—A)(u—B)

or if A and B are the roots of the equation uu — au — = 0, in this case it will
be

y = A*P + B*Q.

IL. If both roots were imaginary, then certainly the same formula already
found can be used, since in each case the imaginary quantities cancel each
other; nevertheless, one can exhibit a formula for y free from all imaginary
quantities. For, in this case the equation uu — au — B = 0 will obtain a form of
such a kind

uu —2fucosw + ff =0,

whose roots are

u=fcosw=+ f/—1-sinw,
such that it is
A= fcosw+ fV/~1-sinw und B= fcosw — fv/—1-sinw.
But hence it will be

AY = ffcoswx + f*V—1-sinwx

and
B* = f*coswx — f*v/—1-sinwx.

Therefore, if these values are substituted for A* and B¥, it will be
y=(P+Q)f*coswx+ (P—Q)vV—1- f'sinwnx.

Since now P and Q are arbitrary functions of r and s, as long as they have
even dimensions, instead of P + Q write P and instead of (P — Q)v/—1 put Q
and from the equation

uu —oau — B =uu—2fucosw+ ff =0
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the general term in question will be

y = f*Pcoswx + f*Qsinwx.

III. If both roots A and B of the equation uu — au — p = 0 were equal, say
A = B = m, one will have the equation

(e —m)* =0.

As in § 23 put m = e*; the first factor of the formula (¢ — e*)? will be the
square = (z — A)2, whence the this part of the integral arises

(A + Bx)e™ = (A + Bx)m™ = (A4 Bx)A*.

All remaining ones will equally be quadratic and will be contained in this
general form
(AA + dkkrtr — 2Az + zz)?,

from which according to the prescriptions given by me once this part of the
integral arises

AY (A + Bx) sin 2ktx + A* (€ + Dx) cos 2krrx.
By collecting all these if follows, if it was
uu —oau— B = (u—A)?=uu—2Au+ AA,
that the general term in question will be
Y= A7 {21 + Bx(€ + Dx)sin27rx + (S + ﬁx)sin47‘tx—|—etc.} ‘
(€ + Fx)cos 2mmx (T + Rx) cos 4rtx+etc.

Put sintx = r and costx = s again and let P and Q be arbitrary even
functions of r and s and one will be able to express the general term in such a
way, that it is

y=A*(P+ Qx).

QEL
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COROLLARY 1

§37 Therefore, if in a recurring series the arbitrary term y is determined
by the two preceding ones 'y and "y in such a way that it is y = &'y + 8y,
or if according to de Moivre +a, +p was the scale of relation, and if x was
the index of the term y, y will be a highly undetermined function of x, since
innumerable formulas can be exhibited, which yield satisfying values for y.

COROLLARY 2

§38 But to find all expressions for y from the scale of relation +«, 4+ form
this equation uu — au — B = 0, from whose resolution the form of the general
term y will be found in the following manner.

COROLLARY 3

§39 Let the roots of the equation

uu —au — =

be A and B such that it is

1 /1 1 1
A_sz—i— 1““+ﬁ and B—Ea— sz—i—ﬁ,

and having put sin 7x = r and cos tx = s take any arbitrary functions of r
and s, which shall be P and Q; it will be

1 1 (1 1 *
y:A"P+B"Q:<2o¢+ 4owc+ﬁ> —|—<2uc— 4¢m+,8> Q.

COROLLARY 4

§40 But if both roots of the equation uu = au + p were equal, that formula
because of  + %mx = 0 is useless. But in this case, since both roots are %uc, if
one puts sa = A, the general term will be

y=A*(P+ Qx).
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COROLLARY 5

§41 But if Jan + B is a negative quantity, the parts found before will be
imaginary. Therefore, to find the imaginary form compare the equation

uu—au—p=0

to this one
uu —2fucosw + ff =0;
it will be
f=+—-p und a=2/—p cosw
or

o i /A o
cosw—ﬁ and smw—z\/jﬁ—m,

whence the angle w will be found, from which it will be

y = f*(Pcoswx + Qsinwx).

COROLLARY 6

§42 If for P and Q constant quantities are assumed, the same form of the
general term arises, which is usually exhibited and is considered as the
only one, which satisfies the condition. But having propounded an arbitrary
determined series one has to define these two constant quantities from the
first two terms, which are assumed to be given. But in general, since the two
arbitrary functions P and Q enter, which, as often as x is an integer number,
will obtain the same constant values, it is plain that two terms of the series
corresponding to integer indices can be assumed ad libitum.

SCHOLIUM

§43 This method to find the general terms of recurring series is mainly
remarkable for that reason that it not only exhibits all possible forms but
also proceeds a priori and completes the task from analytical principles alone,
whereas others, which treated those series, all got to the special form of the
general term on an indirect way. For, it is the principal property and quasi a
criterion of a direct method, that it not only from the principles of the subject
themselves finds its nature, but also contains all ways of determinations at
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the same time. But an indirect method, even though they often yield short
and elegant solutions of problems, nevertheless very rarely exhaust the nature
of the question in consideration. An extraordinary example of this difference
is seen in the preceding problem, but will even occur more clearly in the
following problem, where in general the general terms of all recurring series
will be investigated.

PROBLEM 6

§44 To find the general term of recurring series of arbitrary order, whose arbitrary
term becomes equal to an aggregate of several of the preceding terms multiplied by
arbitrary numbers.

SOLUTION

Let the term corresponding to the index x be = y, but denote the preceding
terms, which correspond to the indices x —1, x —2, x — 3, x —4 etc., by 'y, "y,
"y, Vy and let this law of the series be propounded that one everywhere has

"

y=a'y+B"y+7"y+Vy+etc

Since now from the nature of differentials it is

dy ddy a3y

[PPEESTE _

VY T 1242 123 4 S
wo . 2dy 22ddy B 23d%y

Y=Y T T2 d 1.2-3-dx3 ot
m. . 3dy 32ddy B 33d%y

V=Y T T 242 1.2.3.40 %

etc.,

if these values are substituted there, an equation will arise, in whose single
terms one dimension of the variable y occurs, but of the other variable x
only the differential dx, which is assumed to be constant, enters. Hence, if
everywhere 1 is set instead of y, z instead of Z—Z and generally z™ instead of

Z;—],Z, having done the reduction this equation will emerge

1=ae *+ e % + ye ¥ + e ¥ +etc.
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Now let ¢* = u, and having got rid of the fractions an algebraic equation of
this kind will arise
u" = au 1+ ﬁu”_z +qu" 3 4 Su 4 + ete,,

which will be of so many dimensions as preceding terms are required for the
determination of the term y or of what order the recurring series itself was.
Now the form of the general term y will be concluded from the roots of this
equation or from the factors of this formula

u —au" "t — Bu" 2 —qu" 3 —su"t —ete. = U

in the same way we did it in the solutions of the problems propounded until
now: Of course, if itis sin 7tx = r and cos tx = s and P, Q, R, S, T etc. denote
arbitrary functions of even dimensions of r and s, further, investigate all real
so simple as trinomial factors of the formula U and, if some of them were
equal, express them combined by means of powers. But these single factors
will yield as many parts of the general terms y, which parts will be formed by
means of the following rules:

I. If one factor is u — A, the part of the integral will be
y=A*P.

IL. If the factor is (u — A)?, the part of the integral will be

y = A*(P + Qx).

IIL. If the factor is (u — A)3, the part of the integral will be

y = A*(P + Qx + Rx?).

IV. If the factor is (u — A)*, the part of the integral will be

y = A*(P + Qx + Rx? 4 Sx°).
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etc.

1. If the factors is u — 2Au cosw + AA, it will be

y = A*(Pcoswx + Qsinwx).

2. If the factor is (1 — 2Aucosw + AA)?, it will be

y = A%(P + Qx) coswx + A*(R + Sx) sinwx

3. If the factor is (4 — 2Aucosw + AA)?3, the part will be

y =+ AY(P+Qx+Rxx) cos wx
+ A*(S+T x+Vaxx) sinwx
etc.

Therefore, if for the single factors of the formula U hence the parts of the
integral are found and the are combined into one sum, one will have the
complete value for the general term in question. Q.E.L

COROLLARY 1

§45 Therefore, this way one obtains the complete integral of the following
infinite differential equation
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y= y (a+ B+ 7+ J+etc)

d
B ﬁ (a+2B+37+405+etc)
+ 1?% (a+2°+3%y + 45 +etc)
d3y 3 3 5
T3 3.a0 AT2R+Fy+adetc)
d4y . . A
i s TS+ tete)

etc.

or the value of y will be expressed by means of a function of x.

COROLLARY 2

§46 Therefore, the complete difficulty is reduced to the resolution of the
algebraic equation

u' = au" 4 Bu R 4 U3 Su T - ete

For having found its roots or factors it is easy to determine the value of y
by means of the rules given before.

COROLLARY 3

§47 Since by integration so many arbitrary quantities P, Q, R, S etc. are
introduced as the exponent 7 contains unities or as preceding terms enter into
the determination of the following, it is manifest that as many terms can be
taken ad libitum, from which all remaining ones, whose indices are integer
numbers, are determined. This is nevertheless no obstruction that the terms
of the non integer indices stay most undetermined, as it was already noted in
the preceding problems.

PROBLEM 7

§48 If any arbitrary term of the series becomes equal to a certain constant quantity
c together with an aggregate of several preceding terms multiplied by given numbers
(as in the preceding problem), to find the general term of this series.
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SOLUTION

Having as before put the term corresponding to the undetermined index x
= y let the preceding ones corresponding to the indices y — 1, x — 2, x — 3 etc.
be 'y, "y, "'y etc. and let this law of progression be propounded

y:c+zx’y+[3”y++7”’y+5lvy+etc.;

therefore, having propounded the values exhibited above for 'y, "y, "'y, Vy
etc. it will be

y=c+ ¥y (a+ B+ 7+ dtetc)
- % (@+2p+37+40+etc)
+ T?%E'W+fﬁ+§7+¥5+md
a3y 3 3 s
“1 33 g @ TRy + 4% +etc)
etc.

Now, to get rid of the constant term ¢ from the equation put y = v + ¢ and let
g=c+gla+p+7+05+etc)

and hence c

T 1-ax—B—7y—6b—etc
Having done this because of dy = dv, ddy = ddv etc. one will have this
equation:

8

v= v (a+ B+ g+ J+etc)
dv

T (a+2 B+3 y+46+etc)
ddv

Tiiﬁﬂ“+fﬁ+§7+¥5+“”

etc.
Since this equation is similar to the one we resolved in the preceding problem,
the value of v will be found by means of the rules given there. Having found
this one will have the general term in question
c
l—a—B—v—05—etc’

y=v+
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whence the nature of the propounded series will become known. Q.E.I.

COROLLARY 1
§49 Therefore, the constant quantity ¢, which is added to the formula

"

Oé,y—i—ﬁ//y—f—’)’

does only affect the general term y in that regard that it adds a constant to it.
Therefore, find the general term for the pure recurring series, whose relation
scale is +a, +p, +7, +0 etc., and to it add the number m

y +etc,,

COROLLARY 2

§50 But this constant quantity to be added m becomes infinite and

hence uncertain, if the denominator vanishes or if it is

l-a—B—7—6—etc. =0.
But in this case the equation

1

u" —au"t — Bu"? — qu" 3 —etc. = 0

will have the root u — 1 = 0, whence the part y = P of the integral arises; this
quantity P, that not all terms become infinite, must be infinite in such a way
that it together with that infinite constant yields a finite quantity, which will
be = P + Qx.

SCHOLIUM 1

That this becomes more clear, it is to be observed that series of this kind, as
we considered here, can always be reduced to pure recurring series higher by
one degree. For, if it is

yZC+vc/y+ﬁ/’y+’y”/y+5Wy,
it will be
/yzC+oc”y+[3’”}/+’ywy+5vy,

whose difference gives

y=@+1)'y+B-a)"y+(r—B) "y+ -7 Vy—5"y,
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which is the law for a pure recurring series, whose general term will be formed
from the resolution of this equation:

" — (w+1)u" — (B —a)u" — (y — B)u" 2 —etc. = 0.
But one factor of this is already known, namely u — 1, because it is
(u—1)(u" —au"' — Bu" 2 — yu"3 —etc.) = 0.

But the factor u — 1 gives the part 1*P of the integral only then, whenever not
at the same time it is a factors of the other form u" — au”~! — etc.; but if this
also has the factor u — 1 or its power as a factor, the exponent of this must
be augmented by the unity and hence the corresponding part of the integral
must be investigated. But having found the general term y this way, because
in it the quantity c is not contained, it will be too general; therefore, it must
be restricted to the propounded case. Of course, from the value of y find the
values of the preceding terms 'y, "'y, "'y etc. by putting x — 1, x — 2, x — 3 etc.
instead of x etc., where it is to be noted that the functions P, Q, R etc. retain
the same values and hence experience no change. Further, substitute these
values in the equation

y:c+uc’y+/3”y+'y”’y+(5wy+etc.

and this way one of the those functions P, Q, R etc. will be determined. So, if
this law of the series is propounded

y=c+3y-2",
hence this equation will arise
(u—1)(u*>—3u—2)) =0,

whose factors are
(u—1)*(u—2) =0,

from which this general term is concluded
y=P+ Qx+2'R;

therefore, it will be
'y=P+Qx—Q+2"'R
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and
"y = P4 Qx —2Q + 2" 2R,

which substituted will give this equality
P+Qx+4-22R=c+Qx+Q+4-2"72R,

whence one finds Q = —c; and so the general term corresponding to the
propounded law will be
y=P—cx+2'R,

where for P and R one can assume arbitrary functions of even dimensions of
r and s.

SCHOLIUM 2

§52 Therefore, since we gave a universal method to find the general term of
series, each term of which is determined by means of the preceding ones, if no
powers of the preceding terms occur, let us accommodate this same method to
series, each term of which is not only determined from the preceding ones but
also the index itself, in which we constituted the third class of the formation
of series. But if squares or higher powers enter into the determination of the
following term, as if it was

v =yy+ay,

that the infinite differential equation, by which the general term is found, is
certainly easily exhibited, which in this case will be

fay—y Yy A Dy
Yy =Yy T 1242 " 1-2-3-dx°

+ etc,;

but since until now no artifice is known to resolve equations of this kind, we
are forced to omit the treatment of this class of series here.

PROBLEM 8

§53 To find the general term of the series, whose arbitrary term corresponding to the
index x becomes equal to an multiple of the preceding together with a multiple of the
index and a certain constant quantity.
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SOLUTION

Let y be the term corresponding to the index x and let y’ denote the following
terms and let this law of the series be propounded

y = my+a+ bx,

from which the value of y must be defined. Therefore, if for y’ we substitute
its value, we will have this equation:

dy ddy a3y
Tdx " 12.d2 "1.2-3-d0
Even though I taught to resolve equations of this kind in general, it will
nevertheless be helpful to resolve this equation into another one, in which all
terms contain only one dimension of y. Therefore, put

+ etc.

a+bx+my=y+

y=A+Bx+u;

it will be
dy = Bdx +dv, ddy = ddv etc.

and it will be

ddo d3v

do
Tdx "1T.2.d2 " 1.2.3.40 ¢

a+ bx= A+Bx+v+

+mA+mBx +B

Now let

A+B=a+mA and B=0b+mB

and one will find

-b -b a
B_m and A = (m—l)z_m—l'

Therefore, this equation will remain

dou n ddov n d3v
l-dx 1-2-dx?  1-2-3-dx8

mo =70+ + etc,;
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since this is reduced to e* —m = u — m = 0, it will be
v=m"P
and hence the general term in question

. —b _a—i—bx
y= (m—1)2 m—1

m*P.

Here, the one case is excluded, in which it is m = 1, because of the vanishing
denominator m — 1. For, since in this case one will have

d3y
1-2-3-dx3

to get rid of the term bx one has to take a value of this kind for y

d dd
y Y

a+bx:v+1'dx 1-2-dx?

_|_

-+ etc.,

y=A+Bx+Cxx+v,

whence it is

dy dv ddy ddv
%—B+2Cx+dx und 122 —2C+dx2,

and so one will have

ddov v

do
- 2
atbx= B+2Cx+ 1t 1o it 12340

-+ etc.

+C

Therefore, let it be
1 1
C= Eb and B=a— Eb

and it will be v = P and the general term
=A+ a—lb x+1bxx+P
Y= 2 2 ’
or since A can be contained in the function P, it will be
1 1
y= <a— 2>x+2bxx+P.

QE.L
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SCHOLIUM

§54 But series of this kind can be reduced to the law of simple recurring
series. For, because it is
Yy =a+bx+my,

it will be
v ' =a+b(x+1)+my,

whence by subtracting it will be
v'—y =b+my —my;
in similar manner it will be
v =y =b+my’ —my
and by subtracting again
y"' =2y +y =my" —2my +my

or
y"' = (m+2)y" — 2m+1)y +my

or for the preceding terms
y=m+2)'y—C2m+1)"y+m"y.

Therefore, hence according to § 51 this equation will be formed
w?— (m+2)u*+ 2m+1)u —m =0,

which has these factors
(u—1)%(u—m) =0,

from which this general term arises
y =P+ Qx+m'R.

Now to accommodate this too far extending formula to the propounded case
y' = a+ bx + my, because of

Y =P+Qx+Q+m-mR
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it will be
P+Q+Qx+m-m*R=a+bx+mP+mQx+m-m*'R
and hence
P+Q=a+mP and Q=0b+mQ,
whence it is found

—b —b a
Q_m—l und P = (m—12 m—1

such that the general term, as it was found before, is

—b b
_a+ x+

_ X
Y=g moa TR

But if it is m = 1, it is immediately plain that the three factors of the equation
(u —1)>(u —m) = 0 will be equal and that it is (u — 1) = 0, whence the
general term is

y =P+ Qx+ Rxx

and hence

y' = P+ Qx+Rxx =P+Qx + Rxx
+ Q+2R«x a+b x
+ R

Therefore, it arises
1 1
Rzib und Q:a—ib,

such that the general term is
1 1
=P _ = hl
y + <a 2b>x+2bxx,
as before. In similar manner it is clear, if the law of progression in general is

y:X+uc’y+[3”y+7”’y++5wy+etc.
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and X is a polynomial function of x, as
X = a+ bx + cxx + dx® + etc.,

that by continued subtraction one finally gets to a law by which the single
terms are determined by the preceding ones alone, and so the series will
always be recurring, whose general term can be defined by the prescriptions
given before. But this term will extend too far and therefore by finding the
values of the terms 'y, "y, "'y etc. must be accommodated to the propoun-
ded law, having done which always so many functions P, Q, R etc. will be
determined as letters a, b, ¢, d etc. were eliminated by subtraction. Therefore,
because series of this kind do no longer cause any difficulties, let us consider
other ones, in which X is neither a rational nor a polynomial function of x.

PROBLEM 9

§55 To find the general term of the series, whose arbitrary term becomes equal to the
preceding one together with an arbitrary function of the index itself.

SOLUTION

Let the term corresponding to the index x be = y and its preceding one

3 4
y=y- 1C-lfzx 1 -Czléyde B 1-21-13]/-dx3 * 1-2-§-y4-dx4 ete
But let the law of progression be
y="y+X
whence it will be
X — dy ddy + dy dly + etc.,

T 1l-dx 1-2-dx2 "1-2-3-dx3 1-2-3-4-dx4

which equation is resolved by means of the rules I gave some time ago. Of
course, by putting z" for Z% form this expression

3 -4

Z=1z— +

— — _p %
127123 1234 ¢e=1-¢"



all factors of which must be found, the first of which will be z; the remaining
one are contained in this general form zz + 4kk7r7r. But from the factor z — 0
this part of the integral will arise

y= /de+etc.

But from the factor zz + 4kk7tr, if it is compared to the formula zz — 2kz cos ¢ +
kk, it will be k = 2kt and cos ¢ = 0, whence it is ¢ = 90°, and hence the
letters M and D1 because of

-1 1
A=0, B=1, C—ﬁ’ D_1-2-3 etc.
will be determined in such a way
Sm_1_4:k27r2 N lekim*  64kn + ete
7 1.2 1-2-3:-4 1-2-3-4-5-6 7
N 2kmt N 8k’ 32w et
B 1 1-2-3  1-2:3-4-5 v

that it is
M = cos2kr und NN = — sin 2k7T.

Having found these values the part of the integral to arise from the factor
zz + 4kkrtr will be

7

) (cos 2k7tcos 2kmtx—sin 2krrsin 2k7tx) [ Xdxcos 2k7x
y =
(cos 2krrsin 2krx +-sin 2k7tcos 2krx) [ Xdxsin 2krrx

but it is sin 2kt = 0, cos 2kt = 1, whence it will be
v = 2cos 2kmx / Xdx cos 2kmtx + 2 sin 2krtx / Xdx sin 2kx.

If now all these values to arise from the variability of the number k are
collected into one sum, the general term in question will arise:
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y= /de+2cos27rx/decosZ7tx+2cos47rx/decos47rx
—|—2cos67rx/decos67Tx + etc.
+ 2sin27mwx /desin27rx + 2sin4mx /desin47'(x

+ 2sin 67tx /de sin67rx + etc.
Q.EL

COROLLARY 1

§56 Since itis y =’ y + X, it is manifest that y expresses the summatory term
of the series, whose general term is = X. For, if the sum of all terms from the
first to this one X, whose index is = x, is put = y, it will be the sum of all
except for the last =’ y and hence y =" y + X.

COROLLARY 2

§57 Therefore, the found expression y or the general term of the propounded
series at the same time is the summatory term of the series, whose general
term is = X; and so we obtained a new expression for the sum of a series,
whose general term is given; but because of the infinite amount of integrals it
will very rarely be of any use.

SCHOLIUM

§58 If except for the arbitrary function of the index x not only the closet
preceding term but also more of the preceding terms are used for the formation
of the following term of the series, in similar manner one will get to the
resolution of an infinite differential equation, which can be treated by means
of the method propounded by me. Therefore, not only the series, whose law
of formation extends to the second class, by the method explained here can
be reduced to a calculation and their general terms can be found, but it also
equally extends to the third class and shows the true nature of those series
even more clearly.
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PROBLEM 10

§59 To find the general term of the series, whose arbitrary term is equal to the
preceding term multiplied by its index.

SOLUTION

If the first term is put equal to unity, Wallis’s hypergeometric series will arise

Indices: 1, 2, 3, 4, 5, 6, 7, 8, 9 etc.
Terms: 1, 1, 2, 6, 24, 120, 720, 5040, 40320 etc.

Put the term corresponding to the index x = y and the one following it = y/;
it will be
¥y =yx
whence this equation arises
B dy ddy a3y dty
PV TG T T2 a2 T 12340 ' 1.2.3-4-d

+ etc.;

but for solving such an equation no general rule is known. But in a simple
task this equation is transformed into another one, which can be resolved. Of
course, out y = ¢%; it will be 4 = ¢’ and hence it will be ¢ = ¢”x and having
taken logarithms

v =v+logx,

whence one will have

do ddv d3v d*v d*v

gy = T2 123 a0 123448 11234540

+ etc.,

which equation is contained in the preceding one by taking X = log x; there-
fore, the integral will be

v :/dxlogx+2c0527tx/dxlogxc0527tx+2cos47rx/dxlogxcos47rx+etc.
+ 2sin27x /dx log x sin27rx —|—Zsin47rx/dxlogx sin47rx + etc.

But having found the value of v the general term in question will be ¢’ while
e denotes a number, whose hyperbolic logarithm is = 1. Q.E.L
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SCHOLIUM

§60 The first term of this expression is [ dxlogx = xlogx — x, the remaining
single terms can be integrated by means of infinite series. For, it is

/dxlogxcosmx :+1sinmx<logx + 1123 1.2.3'4.5—etc.>
m m?2x? mxt 1m0 x6
+cosmx< 1 — 1-2 1-2-3-4 —etc.>
mx m3x3 md x>
/dxlogxsinmx: —1cosmx<logx + 1123 +1'2.3'4'5—etc.>
m m2x2 mxt 1m0 x6
+sinmx< 1 — 1-2 1-2-3-4 —etc.)
mx m3x3 md x>

Hence it is concluded that it will be

2cosmx/dxlogxcosmx+251nmx/dxlogxsinmx

2 (1 1-2 1-2-3-4 1-2-3-4-5-6

— — +etc. | +acosmx + LA sinmx.
222 Ak 166

mmx

Now having successively substituted the values 27, 47, 67T etc. for m and
having collected all these expressions one will find

1 1 1 1 .
v=C+xlogx — x+ 27'[2x<1+ 14— §+ 16+etc.>—|—zxcos27rx+%(sm27rx

1-2 1 1 1 .
87_(4x3<]+42+92+162+etC.>—|—‘BCOS47TX+%511‘147-(X
L RTAEN

» T 1g

1
3271045 +4._73+ "’etﬁ) +y cos 67tx+ Csin67rx

etc.

If now for the these series of powers the sums found be me a long time ago
are substituted, one will have
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v=C+uxlogx —x+a cos2mtx + B cos4rmx + vy cos 67Tx + etc.
+ A sin 27tx + B sin 471x + Csin 671x + etc.

o1 1 1,11 1315
1-2-3 2x 3-4.5 6x3 5-6-7 6x° 7-8-9 10x7 9-10-11 6x°
or if P is a function of even dimensions of » = sin 7tx and s = cos 7tx, it will
be

+ —etc.,

1 1 1 1 1

1.2.3 2x 3.45 63 567 65 °C

v=P+xlogx —x+

Since now having put x = 1itis y = 1 and v = 0, in this case it must be

1 1 1

P=1-1532"3456 5676 780910

etc.,
whose value I showed elsewhere to be
1
P = > log 27t.

and it will have this value, as often as x is an arbitrary integer. Hence by going
back to numbers, one will find the general terms in question

x* 1
- . 61-2-3

1 1 1 1
T345 63 1566 5 /o

-

Yy="n
or

x
X 1 1 4 1

y=— cel2x 3603 T 12600 'etc'\/zrc,
e

Hence, if x is a very large number, it will approximately be

x* 1 1 139
= (14— — . Vv2
Y= < 1oy T 2882 ~ 51sa0 T etc) &

and so the magnitude of each terms moved from the beginning very far is
easily approximately assigned.
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