
On the use of Differential Calculus

in the Resolution of fractions *

Leonhard Euler

§403 The method to resolve any propounded fraction into simple fractions
which we explained in the Introductio, even though it is per se simple enough,
nevertheless by means of differential calculus the same can be done in such
a way that often the same task is completed by a much shorter calculation.
Especially, if the denominator of the fraction to be resolved was of indefinite
grade, the method explained before in most cases is impeded a lot, if instead
of the unknown quantity the substitution of the value which it takes from
a certain factor has to be done. But especially in these cases the division of
the denominator by an already found factor becomes too cumbersome. This
operation, if the differential calculus is applied, can be avoided such that it
is not necessary to know the other factor of the denominator which arises,
if the denominator is divided by the known one. This method is useful to
determine the value of the fraction whose denominator and numerator vanish
in a certain case; how by means of it the resolution of fractions treated above
can be rendered more convenient and tractable, we want to teach in this
chapter and at the same time want to finish this book in which we explained
the use of differential calculus in the Analysis.

§404 Therefore, if any fraction P
Q was propounded whose numerator and

denominator are polynomial functions of the variable quantity x, one has to
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Eneström-Number E212, translated by: Alexander Aycock for the „Euler-Kreis Mainz“
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see at first, whether x in the numerator P has as many or more dimensions
than in the denominator Q. If this happens, the fraction P

Q will contain an
integer part of this form A + Bx + Cx2 + etc. which can by found by means of
division; the remaining part will be a fraction having the same denominator
Q but whose numerator will be function, say R, containing less dimensions
of x than the denominator Q such the further resolution is to be done in the
fraction R. Nevertheless it is not necessary to know this new denominator R,
but the same simple fractions which the fraction R

Q would have yielded can be
found immediately from the propounded P

Q , as we already remarked above.

§405 Therefore, except the integral part, the fraction P
Q contains one, one has

to find the simple fractions whose denominators are either binomial of this
form f + gx or trinomial of this kind f + 2x cos φ ·

√
f g + gxx or squares or

cubes or higher powers of formulas of this kind. And these denominators
will be all factors of the denominator Q such that any arbitrary factor of this
denominator Q yields a simple fraction. If the denominator Q has the factor
f + gx, from a simple it fraction of this kind will arise

A

f + gx
,

but if the factor was ( f + gx)2, the two factors

A

( f + gx)2 +
B

f + gx
.

And from a cubic factor ( f + gx)3 of the denominator Q three simple factors
of this form will arise

A

( f + gx)3 +
B

( f + gx)2 +
C

f + gx

and so forth. But if the denominator Q had a trinomial factor of this kind
f f − 2 f gx cos φ + ggxx, from it a simple function of such a form will arise

A+ ax
f f − 2 f gx cos φ + ggxx

,

and if two factors of this kind were equal as ( f f − 2 f gx cos φ + ggxx)2, hence
these two fractions will arise
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A+ ax
( f f − 2 f gx cos ϕ + ggxx)2 +

B+ bx
f f − 2 f gx cos ϕ + ggxx

.

But a cubic factor of this kind ( f f − 2 f gx cos φ+ ggxx)3 will give three simple
fraction, a biquadratic four and so forth.

§406 Therefore, do the resolution of any fraction P
Q as this. At first, find all

simple either binomial or trinomial factors of the denominator Q, and if they
were equal to each other, note them and consider them as one. Then from
these single factors of the denominator find the simple fractions either by the
method already shown above or the one we will explain here and which ad
libitum can be substituted for the first. Having done this the aggregate of
all these fractions together with the integer part, if the propounded fraction
P
Q contains one, will exhaust the value of this. We assume the invention
of the factors of the denominator Q as known here, since its depends on
the resolution of the equation Q = 0, and we will give the method here
by means of differential calculus for any given factor of the denominator
to define the simple fraction arising from it. This, because one already has
the denominators of these simple fractions, will be achieved, if we teach to
investigate the numerator of each fraction.

§407 Therefore, let us put that the denominator Q of the fraction P
Q has the

factor f + gx such that it is Q = ( f + gx)S and this other factor S does not
contain the same factor f + gx. Let the simple fraction arising from this factor
be = A

f+gx and the complement will have a form of this kind V
S such that it is

A

f + gx
+

V
S

=
P
Q

.

Therefore, it will be

V
S

=
P
Q
− A

f + gx
=

P−AS
( f + gx)S

and hence

V =
P−AS
f + gx

.

Therefore, since V is a polynomial function of x, it is necessary that P−AS
is divisible by f + gx; and therefore, if one puts f + gx = 0 or x = − f

g ,
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the expression P− AS will vanish. Therefore, let x = − f
g , and because it is

P− AS = 0, it will be A = P
S , as we found already above. But because it is

S = Q
f+gx , it will be

A =
( f + gx)P

Q
,

if one puts f + dx = 0 or x = − f
g everywhere. Because in this case so the

numerator ( f + gx)P as the denominator Q vanish, by means of the things,
which we explained on the investigation of the value of fractions of this kind,
it will be

A =
( f + gx)dP + Pgdx

dQ
,

if one puts x = − f
g . In this case because of ( f + gx)dP = 0 it will be

A =
gPdx
dQ

and so by means of differentiation the value of the numerator A will be found
conveniently.

§408 Therefore, if the denominator Q of the propounded fraction P
Q has the

simple factor f + gx, from it this simple fraction will arise

A

f + gx

while A = gPdx
dQ , after here instead of x the value − f

g that has to arise from
f + gx = 0 was substituted everywhere. Therefore, this way it is not necessary
that one finds the other factor S of the denominator Q before, which factor
arises, if Q is divided by f + gx. Hence, if Q is not expressed in factors, we can
often omit this rather cumbersome division , especially if x in the denominator
Q has indefinite exponents, since the value of A is obtained from the formula
gPdx
dQ . But if the denominator Q was already expressed in factors such that

hence the value of S is immediately plain, then the other expression will be to
preferred, by means of which we found A = P

S by putting x = − f
g everywhere

in the same way. And so in any case one can apply that formula to find the
value of A which seem more convenient and quicker. But we will illustrate
the use of the new formula in some example.
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EXAMPLE 1

Let this fraction be propounded x9

1+x17 whose simple fraction arising from the factor
1 + x shall to be defined.

Since here it is Q = 1 + x17, even if its factor 1 + x is known, nevertheless, if,
as the first method requires, we can divide by it, it would arise

S = 1− x + xx− x3 + · · ·+ x16.

Therefore, we will more conveniently use the new formula A = gPdx
dQ ; therefore,

since it is f = 1, g = 1 and P = x9, because of dQ = 17x16dx it will be
A = x9

17x16 = 1
17x7 for x = −1, whence it is A = − 1

17 , and the simple fraction
arising from the factor 1 + x of the denominator will be

−1
17(1 + x)

.

EXAMPLE 2

Having propounded the fraction xm

1−x2n to investigate the simple fraction arising from
the factor 1− x.

Because of the propounded factor 1− x it will be f = 1 and g = −1. But
then the denominator Q = 1− x2n gives dQ = −2nx2n−1dx, whence because
of P = xm one will obtain A = −xm

−2nx2n−1 . And, from the equation 1− x = 0,
having put x = 1 it will be A = 1

2n such that the simple fraction will be this

1
2n(1− x)

.

EXAMPLE 3

Having propounded the fraction xm

1−4xk+3xn to determine the simple fraction arising
from the factor 1− x.

Therefore, here it is f = 1 and g = −1, P = xm, Q = 1− 4xk + 3xn and
dQ
dx = −4kxk−1 + 3nxn−1; hence, it its A = −xm

−4kxk−1+3nxn−1 and for x = 1 it will
be A = 1

4k−3n . Therefore, the simple fraction arising from this simple factor
1− x of the denominator will be

1
(4k− 3n)(1− x)

.
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§409 Let us now put that the denominator Q of the fraction P
Q has the

quadratic factor ( f + gx)2 and the simple fraction arising from there

A

( f + gx)2 +
B

f + gx
.

Let Q = ( f + gx)2S and the complement = V
S such that it is

V
S

=
P
Q
− A

( f + gx)2 −
B

f + gx
and V =

P−AS−B( f + gx)S
( f + gx)2 .

Since now V is an integer function, it is necessary that P−AS−BS( f + gx)
is divisible by ( f + gx)2; and because S does not further contain the factor
f + gx, also this expression P

S −A−B( f + gx) will be divisible by ( f + gx)2

and hence having put f + gx = 0 or x = − f
g not only itself but also its

differential d. P
S −Bgdx will vanish. Therefore, let x = − f

g and from the first

equation it will be A = P
S , from the second on the other hand it will be

B = 1
gdx d. P

S ; having found these values one will have the fractions in question

A

( f + gx)2 +
B

f + gx
.

EXAMPLE

Having propounded the fraction xm

1−4x3+3x4 whose numerator has the factor (1− x)2,
to find the simple fraction to arise from it.

Since here it is f = 1, g = −1, P = xm and Q = 1− 4x3 + 3x4, it will be
S = 1− 2x + 3xx,

P
S
=

xm

1 + 2x + 3xx
and d.

P
S
=

mxm−1dx + 2(m− 1)xmdx + 3(m− 2)xm+1dx
(1 + 2x + 3xx)2 .

Hence, having put x = 1 it will be

A =
1
6

and B = −1 · 6m− 8
36

=
4− 3m

18
;

hence, the fractions in question will be

1
6(1− x)2 +

4− 3m
18(1− x)

.
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§410 Let the denominator Q of the fraction P
Q have three equal simple factors

or let Q = ( f + gx)3S and let the simple fractions to arise from this cubic
factor ( f + gx)3 be these

A

( f + gx)3 +
B

( f + gx)2 +
C

f + gx
;

but let the complement of these fractions to constitute the propounded fraction
P
Q be V

S and it will be

V =
P−AS−BS( f + gx)− CS( f + gx)2

( f + gx)3 .

Hence, this expression P
S −A−B( f + gx)− C( f + gx)2 will be divisible by

( f + gx)3; hence, having put f + gx = 0 or x = − f
g not only this expression

itself but also its first and second differential will become = 0. By putting
x = − f

g it will be

P
S
−A−B( f + gx)− C( f + gx)2 = 0

d.
P
S
−Bgdx− 2Cgdx( f + gx) = 0

dd.
P
S
− 2Cg2dx2 = 0.

From the first equation it will therefore be

A =
P
S

.

From the second on the other hand it will be

B =
1

gdx
d.

P
S

.

Finally, from the third one defines

C =
1

2g2dx2 dd.
P
S

.
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§411 Therefore, in general, if the denominator Q of the fraction P
Q has the

factor ( f + gx)n such that it is Q = ( f + gx)nS, having put the simple fractions
to arise from this factor ( f + gx)n

A

( f + gx)n +
B

( f + gx)n−1 +
C

( f + gx)n−2 +
D

( f + gx)n−3 +
A

( f + gx)n−4 + etc.,

until the last whose denominator is f + gx is reached, if one reasons exactly
as before, one will find that this expression

P
S
−A−B( f + gx)− C( f + gx)2 −D( f + gx)3 − E( f + gx)4 − etc.

must be divisible by ( f + gx)n; hence, so itself as its single differentials up to
grade n− 1 will have to vanish in the case x = − f

g . From these equations one

concludes that by putting x = − f
g everywhere it will be

A =
P
S

B =
1

1gdx
d.

P
S

C =
1

1 · 2g2dx2 dd.
P
S

D =
1

1 · 2 · 3g3dx3 d3.
P
S

E =
1

1 · 2 · 3 · 4g4dx4 d4.
P
S

etc.

Here it is to be noted that these differentials of P
S must be taken before instead

of x one puts − f
g ; for, otherwise the variability of x would be lost.

§412 Therefore, in this way these numerators A, B, C, D etc. will be expressed
easier than by the method given in the Introductio and often by means of this
new method their values are also found quicker. That this comparison can
be done more easily, let us define the values of the letters A, B, C, D etc. by
means of the first method.
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Having put x =
− f
g

Set, still keeping in x as a variable

it will be A =
P
S

P−AS
f + gx

= P,

it will be B =
P

S
P−BS
f + gx

= Q,

it will be C =
Q

S
Q− CS
f + gx

= R,

it will be D =
R

S
R−DS
f + gx

= S,

it will be E =
S

S
and so forth.

§413 But if the denominator Q of the fraction P
Q not only has simple real

factors, then take two imaginary ones together whose product will be real.
Therefore, let the factor of the denominator Q be f f − 2 f gx cos ϕ + ggxx
which put = 0 gives these two imaginary values

x =
f
g

cos ϕ± f
g
√
−1

sin ϕ;

hence, it will be

xn =
f n

gn cos nϕ± f n

gn
√
−1

sin nϕ.

Let us put that it is Q = ( f f − 2 f gx cos ϕ + ggxx)S and additionally S is not
divisible by f f − 2 f gx cos ϕ + ggxx. Let the fraction to arise from this factor
be

A+ ax
f f − 2 f gx cos ϕ + ggxx

and let the complement to the propounded P
Q be = V

S ; it will be

V =
P− (A+ ax)S

f f − 2 f gx cos ϕ + ggxx
,

whence P − (A + ax)S and therefore also P
S − A − ax will be divisible by

f f − 2 f gx cos ϕ + ggxx = 0, this means, if one puts either
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x =
f
g

cos ϕ +
f

g
√
−1

sin ϕ

or

x =
f
g

cos ϕ− f
g
√
−1

sin ϕ.

§414 Since P and S are polynomial functions of x, let both substitutions
happen separately in both expressions; and since for any power of x, say xn,
this binome

xn =
f n

gn cos nϕ± f n

gn
√
−1

sin nϕ

has to be substituted, first let us put f n

gn cos nϕ for xn everywhere and having

done this let P go over into P and S into S. Further, put f n

gn sin nϕ for xn

everywhere and having done this let P go over into p and S into s; here it is
to be noted that before these substitutions both functions p and S have to be
expanded completely such that, if they are contained in factors, they are got
rid off by actual multiplication. Having found these values P, p, S, s it will be
manifest, if one puts x = f

g cos ϕ± f
g
√
−1

sin ϕ, that the function P will go over

into P± p√
−1

and the function S will go over into S± s√
−1

. Hence, because
P
S −A− ax or P− (A+ ax)S has to vanish in both cases, it will be

P± p√
−1

=

(
A+

a f
g

cos ϕ± a f
g
√
−1

sin ϕ

)(
S± s√

−1

)
,

whence because of the ambiguous signs these two equations will arise

P = AS+
a fS

g
cos ϕ− a f s

sin ϕ
,

p = As +
a f s

g
cos ϕ − a fS

sin ϕ
,

from which by eliminating A one finds
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Sp− sP =
a f (S2 + s2)

g
sin ϕ;

and hence it will be

a =
g(Sp− sP)

f (S2 + s2) sin ϕ
.

Further, by eliminating sin ϕ it will be

SP+ sp = (S2 + s2)(A+
a f
g

cos ϕ).

Therefore,

A =
SP+ sp

S2 + s2 −
(Sp− sP cos ϕ)

(S2 + s2) sin ϕ
.

§415 Since it is

S =
Q

f f − 2 f gx cos ϕ + ggxx
,

since having put

f f − 2 f gx cos ϕ + ggxx = 0

so the numerator as the denominator will vanish, it will be in this case

S =
dQ : dx

2ggx− 2 f g cos ϕ
.

Now, let us put, if one substitutes xn = f n

gn cos nϕ everywhere, that the function
dQ
dx goes over into Q, but if one sets xn = f n

gn sin nϕ, that it goes over into q;

and it is manifest, if one puts x = f
g cos ϕ± f

g
√
−1

sin ϕ, that the function dQ
dx

goes over into Q± q√
−1

. From this the function S will go over into

Q± q :
√
−1

±2 f g sin ϕ :
√
−1

.

Therefore, since it is S = S± s√
−1

having put the same value for x, one will
have
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Q± q√
−1

= ±2 f gS√
−1

sin ϕ− 2 f gs sin ϕ.

Therefore, it will be

s =
−Q

2 f g sin ϕ
and S =

q

2 f g sin ϕ
.

And having substituted these values it will be

a =
2gg(pq+PQ)

Q2 + q2

and

A =
2 f g(Pq− pQ) sin ϕ

Q2 + q2 − 2 f g(pq+PQ) cos ϕ

Q2 + q2 .

§416 Hence, one obtains an apt way to form the simple fraction from each
factor of second power and here, since the denominator itself of the propoun-
ded fraction is retained in the calculation, we avoid the division, by means of
which the value of the letter S would have to be defined and which is often
very cumbersome. Therefore, if the denominator Q of the fraction P

Q has such
a factor f f − 2 f gx cos ϕ + ggxx, the simple fraction to arise from this factor
which we assumed as

=
A+ ax

f f − 2 f gx cos ϕ + ggxx

will be defined the following way. Put x = f
g cos ϕ and for each power xn of x

write f n

gn cos nϕ; having done this let P go over into P and the function dQ
dx into

Q. Further, put x = f
g sin ϕ and each of its powers xn = f n

gn sin nϕ and let P go

over into p and dQ
dx into q. And, having found these values of the letters P, Q,

p and q this way the quantities A and a will be defined in such a way that it is

A =
2 f g(Pq− pQ sin ϕ)

Q2 + q2 − 2 f g(PQ+ pq) cos ϕ

Q2 + q2 ,

a =
2gg(PQ+ pq)

Q2 + q2 .
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Therefore, the fraction to arise from the factor f f − 2 f g cos ϕ + ggxx of the
denominator Q will be

2 f g(Pq− pQ) sin ϕ + 2g(PQ+ pq)(gx− f cos ϕ)

(Q2 + q2)( f f − 2 f gx cos ϕ + ggxx)
.

EXAMPLE 1

If this fraction xm

a+bxn was propounded whose denominator a + bxn shall have this
factor f f − 2 f gx cos ϕ + ggxx to find the simple fraction corresponding to this
factor.

Since here it is P = xm and q = a + bxn, it will be

dQ
dx

= nbxn−1,

whence it will be

P =
f m

gm cos mϕ, p =
f m

gm sin mϕ,

Q =
nb f n−1

gn−1 cos(n− 1)ϕ, q =
nb f n−1

gn−1 sin(n− 1)ϕ.

From these it will be

Q2 + q2 =
n2b2 f 2(n−1)

g2(n−1)
,

Pq− pQ =
nb f m+n−1

gm+n−1 sin(n−m− 1)ϕ

and

PQ+ pq =
nb f m+n−1

gm+n−1 cos(n−m− 1)ϕ.

Therefore, the simple fraction in question will be

2gn−m( f sin ϕ · sin(n−m− 1)ϕ + gx cos(n−m− 1)ϕ− f cos ϕ · cos(n−m− 1)ϕ)

nb f n−m−1( f f − 2 f gx cos ϕ + ggxx)
or

2gn−m(gx cos(n−m− 1)ϕ− f cos(n−m)ϕ)

nb f n−m−1( f f − 2 f gx cos ϕ + ggxx)
.
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EXAMPLE 2

Let this fraction 1
xm(a+bxn)

be propounded whose denominator shall have the factor
f f − 2 f gx cos ϕ + ggxx; to find the simple fraction to arise from this.

Since it is P = 1 and Q = axm + bxm+n, it will be

dQ
dx

= maxm−1 + (m + n)bxm+n−1

and hence having put xn = f n

gn cos nϕ because of P = x0, P = 1

Q =
ma f m−1

gm−1 cos(m− 1)ϕ +
(m + n)b f m+n−1

gm+n−1 cos(m + n− 1)ϕ

and, having put xn = f n

gn sin nϕ, p = 0, and

q =
ma f m−1

gm−1 sin(m− 1)ϕ +
(m + n)b f m+n−1

gm+n−1 sin(m + n− 1)ϕ.

Therefore,

Q2 + q2 =
m2a2 f 2(m−1)

g2(m− 1)
+

2m(m + n)ab f 2m+n−2

g2m+n−2 cos nϕ+
(m + n)2b2 f 2(m+n−1)

g2(m+n−1)
.

If f f − 2 f gx cos ϕ + ggxx is a divisor of a + bxn, it will be

a +
b f n

gn cos nϕ = 0 and
b f n

gn sin nϕ = 0, whence aa =
bb f 2n

g2n .

Therefore, it will be

Q2 + q2 =
(m + n)2bb f 2(m+n−1)

g2(m+n−1)
− m(2n + m)aa f 2(m−1)

g2(m−1)
=

nnaa f 2(m−1)

g2(m−1)
=

nnbb f 2(m+n−1)

g2(m+n−1)
.

Further, it will be

Pq− pQ =
ma f m−1

gm−1 sin(m− 1)ϕ +
(m + n)b f m+n−1

gm+n−1 sin(m + n− 1)ϕ
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=
b f m+n−1

gm+n−1 ((m + n) sin(m + n− 1)ϕ−m cos nϕ · sin(m− 1)ϕ)

=
b f m+n−1

gm+n−1 (n cos nϕ · sin(m− 1)ϕ + (m + n) sin nϕ · cos(m− 1)ϕ)

and

PQ+ pq =
b f m+n−1

gm+n−1 ((m + n) cos(m + n− 1)ϕ−m cos nϕ · cos(m− 1)ϕ).

Or because it is f f − 2 f g cos ϕ + ggxx is also a divisor ofaxm−1 + bxm+n−1, it
will be

a f m−1

gm−1 cos(m− 1)ϕ +
b f m+n−1

gm+n−1 cos(m + n− 1)ϕ = 0

and
a f m−1

gm−1 sin(m− 1)ϕ +
b f m+n−1

gm+n−1 sin(m + n− 1)ϕ = 0,

whence it will be

Q =
nb f m+n−1

gm+n−1 cos(m + n− 1)ϕ and q =
nb f m+n−1

gm+n−1 sin(m + n− 1)ϕ

or

Q =
−na f m−1

gm−1 cos(m− 1)ϕ and q =
−na f m−1

gm−1 cos(m− 1)ϕ.

From these the fraction in question will arise

2gm( f cos mϕ− gx cos(m− 1)ϕ)

na f m−1( f f − 2 f gx cos ϕ + ggxx)
.

This formula formula follows from the first example, if one puts m negatively,
whence it would not have been necessary to have constituted this case.

15



EXAMPLE 3

If the denominator of this fraction xm

a+bxn+cx2n has the factor f f − 2 f gx cos ϕ + ggxx,
to investigate the simple fraction to arise from this factor.

If f f − 2 f gx cos ϕ + ggxx is a factor of the denominator a + bxn + cx2n, it will
be, as we showed above,

a +
b f n

gn cos nϕ +
c f 2n

g2n = 0 and
b f n

gn sin nϕ +
c f 2n

g2n sin 2nϕ = 0.

Therefore, since it is P = xm and Q = a + bxn + cx2n, it will be

dQ
dx

= nbxn−1 + 2ncx2n−1,

whence it is caused

P =
f m

gm cos mϕ and p =
f m

gm sin mϕ,

Q =
nb f n−1

gn−1 cos(n− 1)ϕ +
2nc f 2n−1

g2n−1 cos(2n− 1)ϕ,

q =
nb f n−1

gn−1 sin(n− 1)ϕ +
2nc f 2n−1

g2n−1 sin(2n− 1)ϕ,

Therefore, we will have

Q2 + q2 =
n2 f 2(n−1)

g2(n−1)

(
bb +

4bc f n

gn cos nϕ +
4cc f 2n

g2n

)
.

But from the first two equations it is

f 2n

g2n

(
bb +

2bc f n

gn cos nϕ +
cc f 2n

g2n

)
= aa

and hence

4bc f n

gn cos nϕ =
2g2naa

f 2n − 2bb− 2cc f 2n

g2n ;

having substituted the value there it will be

16



Q2 + q2 =
n2 f 2n−2

g2n−2

(
2aag2n

f 2n − bb +
2cc f 2n

g2n

)
or

Q2 + q2 =
n2(2aag4n − bb f 2ng2n + 2cc f 4n)

f f g4n−2 .

Further, it will be

Pq− pQ =
nb f m+n−1

gm+n−1 sin(n−m− 1)ϕ +
2nc f m+2n−1

gm+2n−1 sin(2n−m− 1)ϕ,

PQ+ pq =
nb f m+n−1

gm+n−1 cos(n−m− 1)ϕ +
2nc f m+2n−1

gm+2n−1 cos(2n−m− 1)ϕ.

Having found these values the simple fraction in question will be

2 f g(Pq− pQ) sin ϕ + 2g(PQ+ pq)(gx− f cos ϕ)

(Q2 + q2)( f f − 2 f gx cos ϕ + ggxx)
.

§417 But these fractions will be expressed in an easier way, if we determine
the factors of the denominators themselves. Therefore, let the denominator of
the propounded fraction be

a + bxn;

if the trinomial factor is put

f f − 2 f gx cos ϕ + ggxx,

it will be, as we showed in the introduction,

a +
b f n

gn cos nϕ = 0 and
b f n

gn sin nϕ = 0;

therefore, because it is sin nϕ = 0, it will be either nϕ = (2k− 1)π or nπ =
2kπ; in the first case it will be cos nϕ = −1, in the second cos nϕ = +1.
Therefore, if a and b are positive quantities, only the first case will hold, in
which it is a = b f n

gn and therefore

f = a
1
n and g = b

1
n .
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But instead of these irrational quantities let us retain the letters f and g or
let us put a = f n and b = gn such the the factors of this function have to be
investigated

f n + gnxn.

Therefore, since it is ϕ = (2k−1)π
n , where k can denote any positive integer, but

on the other hand for k no larger numbers are to be taken as those which
render 2k−1

n greater than unity; hence, the factors of the propounded fraction
f n + gnxn will be the following

f f −2 f gx cos
π

n
+ggxx

f f−2 f gx cos
3π

n
+ggxx

f f−2 f gx cos
5π

n
+ggxx

etc.,

where it is to be noted, if n is an odd number, that one has this one binomial
factor

f + gx;

but if n is an even number, no binomial factor will be there.

EXAMPLE 1

To resolve this fraction xm

f n+gnxn into its simple fractions.

Since a trinomial factor of any arbitrary denominator is contained in this form

f f − 2 f gx cos
(2k− 1)π

n
+ ggxx,

it will be in example 1 of the preceding paragraph a = f n, b = gn and
ϕ = (2k−1)π

n , whence it will be

sin(n−m− 1)ϕ = sin(m + 1)ϕ = sin
(m + 1)(2k− 1)π

n
and
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cos(n−m− 1)ϕ = − cos(m + 1)ϕ = − cos
(m + 1)(2k− 1)π

n
.

Hence, from this factor this simple fraction arises

2 f sin (2k−1)π
n · sin (m+1)(2k−1)π

n − 2 cos (m+1)(2k−1)π
n

(
f x− f cos (2k−1)π

n

)
n f n−m−1gm

(
f f − 2 f gx cos (2k−1)π

n + ggxx
) .

Therefore, the propounded fraction will be resolved into these simple ones

2 f sin π
n · sin (m+1)π

n − 2 cos (m+1)π
n

(
f x− f cos π

n

)
n f n−m−1gm

(
f f − 2 f gx cos π

n + ggxx
)

+
2 f sin 3π

n · sin 3(m+1)π
n − 2 cos 3(m+1)π

n

(
f x− f cos 3π

n

)
n f n−m−1gm

(
f f − 2 f gx cos 3π

n + ggxx
)

+
2 f sin 5π

n · sin 5(m+1)π
n − 2 cos 5(m+1)π

n

(
f x− f cos 5π

n

)
n f n−m−1gm

(
f f − 2 f gx cos 5π

n + ggxx
)

etc.

Therefore, if n was an even number, this way all simple fractions arise; but
if n was an odd number, because of the binomial factor f + gx to fractions
resulting this way one furthermore has to add this one

±
n f n−m−1gm( f + gx)

,

where the sign + holds, if m was an even number, otherwise the sign −. If
m was a number greater than m, then to these fractions additionally integral
parts of this kind are added

Axm−n + Bxm−2n + Cm−3n + Dxm−4n + etc.,

as long as the exponents remain positive, and it will be
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Agn = 1 therefore A = +
1
gn

A f n + Bgn = 0 B = − f n

g2n

B f n + Cgn = 0 C = +
f 2n

g3n

C f n + Dgn = 0 C = − f 3n

g4n

etc. etc.

EXAMPLE 2

To resolve this fraction 1
xm( f n+gnxn)

into its simple fractions.

Concerning the factors of f n + gnxn, from them the same fractions arise
we found in the preceding example, as long as there m is taken negatively;
therefore, it only remains that we define the simple fractions arising from the
other for xm, which is most conveniently done this way. Set the propounded
fraction

=
A

xm +
Nxn−m

f n + gnxn

and it will be

Afn = 1 therefore A = +
1
f n

Agn +N = 0 N = − gn

f n .

If n−m was a negative number, one will have to proceed in similar manner,
such that, if m was an arbitrary larger number, simple fractions of this kind
result

A

xm +
B

xm−n +
C

xm−2n +
D

xm−3n + etc.,
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of which series so many terms are to be taken as one has positive exponents
of x in the denominator. And it will be

A f n = 1 therefore A = +
1
f n

Agn + Bgn = 0 B = − gn

f 2n

Bgn + Cgn = 0 C = − g2n

f 3n

Cgn + Dgn = 0 D = − g3n

f 4n

etc. etc.

Therefore, the propounded fraction in total will be resolved into these simple
fractions

1
f nxm −

gn

f 2nxm−n +
g2n

f 3nxm−2n −
g3n

f 4nxm−3m + etc.

−
2 f gm sin π

n · sin (m−1)π
n + 2gm cos (m−1)π

n

(
gx− f cos π

n

)
n f n+m−1

(
f f − 2 f gx cos π

n + ggxx
)

−
2 f gm sin 3π

n · sin 3(m−1)π
n + 2gm cos 3(m−1)π

n

(
gx− f cos 3π

n

)
n f n+m−1

(
f f − 2 f gx cos 3π

n + ggxx
)

−
2 f gm sin 5π

n · sin 5(m−1)π
n + 2gm cos 5(m−1)π

n

(
gx− f cos 5π

n

)
n f n+m−1

(
f f − 2 f gx cos 5π

n + ggxx
)

etc.

To this formulas, if n was an odd number, because of the factor f + gx of the
denominator one furthermore has to add

±gm

n f n+m−1( f + gx)
,

where the superior of the two signs ± holds, if m was an even number, the
inferior on the other hand, if m was odd.
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§418 Now, let us also consider the formula a + bxn, if b was a negative
number, and let this function be propounded

f n − gnxn,

of which at first one factor will always be f − gx; and if n is an even number,
also f + gx will be a factor. The remaining on the other hand are trinomial; if
their general form is put

f f − 2 f gx cos ϕ + ggxx,

it will be

f n − f n cos nϕ = 0 and f n sin nϕ = 0

or

sin nϕ = 0 cos nϕ = 1.

To satisfy those, it is necessary that it is nϕ = 2kπ while k is any integer
number and therefore it will be ϕ = 2kπ

n . Therefore, the general factor will be

f f − 2 f gx cos
2kπ

n
+ ggxx;

therefore, by taking for 2k even numbers smaller than the exponent n all
trinomial factors will arise

f f − 2 f gx cos
2π

n
+ ggxx

f f − 2 f gx cos
4π

n
+ ggxx

f f − 2 f gx cos
6π

n
+ ggxx

etc.

EXAMPLE 1

To resolve this fraction xm

f n−gnxn into its simple fractions.

Since one factor of the denominator is f − gx, hence a fraction of this kind
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will arise A
f−gx ; to find its numerator, put P = xm and f n − gnxn = Q; it will

be

dQ = −ngnxn−1dx

and it will be

A =
−gxm

−ngnxn−1 =
xm

ngn−1xn−1

having put x = f
g . Therefore, it will be A = 1

n f n−m−1gm and hence the simple
fraction arising from the factor f − gx will be

1
n f n−m−1gm( f − gx)

.

If n is an even number, since then one factor of the denominator also is f + gx,
put the simple fraction to arise from this = A

f+gx ; it will be

A =
−gxm

ngnxn−1 =
−xm

ngn−1xn−1

having put x = − f
g . Therefore, because of the odd number n− 1 it will be

gn−1xn−1 = − f n−1; but it will be xm = ± f m

gm , where the superior sign holds, if
m was an even number, the inferior, if m was an odd number. Hence, because
it is A = ∓1

n f n−m−1gm , the simple fraction to arise from the factor f + gx will be
this

∓1
n f n−m−1gm( f + gx)

.

Further, because the general form of trinomial factors is

f f − 2 f gx cos
2kπ

n
+ ggxx,

if we do the comparison to example 1 § 416, it will be a = f n, b = −gn and
ϕ = 2kπ

n ; hence

sin nϕ = and cos nϕ = 1

and

sin(n−m− 1)ϕ = − sin(m + 1)ϕ = − sin
2k(m + 1)π

n
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and

cos(n−m− 1)ϕ = cos(m + 1)ϕ = cos
2k(m + 1)π

n
.

From these the simple fraction to arise from this will be

2 f sin 2kπ
n · sin 2k(m+1)π

n − 2 cos 2k(m+1)π
n

(
gx− f cos 2kπ

n

)
n f n−m−1gm

(
f f − 2 f gx cos 2kπ

n + ggxx
) .

Hence, the simple fractions in question will be

1
n f n−m−1gm( f − gx)

+
2 f sin 2π

n · sin 2(m+1)π
n − 2 cos 2(m+1)π

n

(
gx− f cos 2π

n

)
n f n−m−1gm

(
f f − 2 f gx cos 2π

n + ggxx
)

+
2 f sin 4π

n · sin 4(m+1)π
n − 2 cos 4(m+1)π

n

(
gx− f cos 4π

n

)
n f n−m−1gm

(
f f − 2 f gx cos 4π

n + ggxx
)

+
2 f sin 6π

n · sin 6(m+1)π
n − 2 cos 6(m+1)π

n

(
gx− f cos 6π

n

)
n f n−m−1gm

(
f f − 2 f gx cos 6π

n + ggxx
)

etc.,

to which, if n was an even number, one furthermore has to add this fraction

∓1
n f n−m−1gm( f + gx)

,

of which the superior − is to be taken, if m was an even number, the inferior,
if odd. Furthermore, if m is a number not smaller than n, this integer parts
are to be added

Axm−n + Bxm−2n + Cxm−3n + Dxm−4n + etc.,

as long the exponents were not negative, and it will be
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− Agn = 1 therefore A = − 1
gn

A f n − Bgn = 0 B = − f n

g2n

B f n − Cgn = 0 C = − f 2n

g3n

C f n − Dgn = 0 C = − f 3n

g4n

etc. etc.

EXAMPLE 2

To resolve this fraction 1
xm( f n−gnxn)

into its simple fractions.

The fractions which arises from the factor f n − gnxn of the denominator will
be the same as before, as long as in those formulas m is taken negatively.
Hence, one has to consider the other factor xm; if we put that from this these
fractions results

A

xm +
B

xm−n +
C

xm−2n +
D

xm−3n + etc.,

which is series is to be continued until the exponents of x become negative, it
will be

+A f n = 1 therefore A =
1
f n

B f n −Agn = 0 B =
gn

f 2n

C f n −Bgn = 0 C =
g2n

f 3n

D f n − Cgn = 0 D =
g3n

f 4n

etc. etc.

Therefore, the propounded fraction will be resolved into these simple fractions
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1
f nxm +

gn

f 2nxm−n +
g2n

f 3nxm−2n +
g3n

f 4nxm−3n + etc.

+
gm

n f n+m−1( f − gx)

−
2 f gm sin 2π

n · sin 2(m−1)π
n + 2gm cos 2(m−1)π

n

(
gx− f cos 2π

n

)
n f n+m−1

(
f f − 2 f gx cos 2π

n + ggxx
)

−
2 f gm sin 4π

n · sin 4(m−1)π
n + 2gm cos 4(m−1)π

n

(
gx− f cos 4π

n

)
n f n+m−1

(
f f − 2 f gx cos 4π

n + ggxx
)

−
2 f gm sin 6π

n · sin 6(m−1)π
n + 2gm cos 6(m−1)π

n

(
gx− f cos 6π

n

)
n f n+m−1

(
f f − 2 f gx cos 6π

n + ggxx
)

etc.,

to which, if n was an even number, one additionally has to add this fraction

∓gm

n f n+m−1( f + gx)
,

which is omitted, if n was an odd number. The superior − of the ambiguous
signs hold, if m is an even number, the inferior + on the other hand, if m is
an odd number.

§419 Therefore, this way all fractions, whose denominator consists of two
terms of this kind a + bxn, are resolved into simple fractions. But if the
denominator consists of three terms of this kind a + bxn + cx2n, then one has
to see at first, whether it can be resolved into two real factors of this first form.
For, if this is possible, the resolution into simple fractions can be done in the
way explained before. For, if a fraction of this kind is propounded

xm

( f n + gnxn)( f n + knxn)
,

it will at first be transformed into two of this kind

αxm

f n + gnxn +
βxm

f n + hnxn

and it will be
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α f n + β f n = 1 and αhn + βgn = 0,

whence it is

α =
1
f n − β = −βgn

hn .

If the exponent m was greater than n, the transformation into the following
fractions will be more convenient

αxm−n

f n + gnxn +
βxm−n

f n + hnxn ,

by means of which it is

α + β = 0 and αhn + βgn = 1

and hence

α =
1

hn − gn and β =
1

gn − hn .

But no matter which of both transformations is used, both fractions to arise
this way will be resolved into its simple fractions, which taken together will
be equal to the propounded fraction, by the method explained before.

§420 In similar manner the method treated up to this point will suffice, if
the denominator consists of several terms of this kind

a + bxn + cx2n + dx3n + ex4n + etc.,

if it only can be resolved into factors of this form f n ± gnxn. For, let us put
that this fraction to be resolved into its simple factors occurs

xm

(a− xn)(b− xn)(c− xn)(d− xn)etc.
.

At first, resolve it into these

Axm

a− xn +
Bxm

b− xn +
Cxm

c− xn +
dxm

d− xn + etc.,

the numerators of which will be determined the following way that it is
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A =
1

(b− a)(c− a)(d− a)etc.

B =
1

(a− b)(c− b)(d− b)etc.

C =
1

(a− c)(b− c)(d− c)etc.
etc.

Therefore, after this preparation these single fractions will be resolved into
their simple fractions by means of the method explained before.

§421 If a denominator of this kind

a + bxn + cx2n + dx3n + etc.

has not only real factors of the form f n +±gnxn, two imaginary ones are to
be united into a single real one. Therefore, let us put that the product of two
factors of this kind is

f 2n − 2 f ngn cos ω + g2nx2n;

and because this expression has no simple real factors, let us put that the
trinomial ones are contained in this general form

f f − 2 f gx cos ϕ + ggxx,

whose number will be = n. Therefore, having put xn = f n

gn cos nϕ this equation
will arise

1− 2 cos ω · cos nϕ + cos 2nϕ = 0.

Furthermore, having put xn = f n

gn sin nϕ it will also be

−2 cos ω · sin nϕ + sin 2nϕ = 0,

which divided by sin nϕ gives cos nϕ = cos ω and so at the same time the first
equation will be satisfied. Therefore, it will be nϕ = 2kπ ±ω while k denotes
any positive integer and hence it will be ϕ = 2kπ±ω

n and all factors will be
contained in this form
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f f − 2 f gx cos
2kπ ±ω

n
+ ggxx,

whence one will have the following factors

f f − 2 f gx cos
ω

n
+ ggxx

f f − 2 f gx cos
2π −ω

n
+ ggxx

f f − 2 f gx cos
2π + ω

n
+ ggxx

f f − 2 f gx cos
4π −ω

n
+ ggxx

f f − 2 f gx cos
4π + ω

n
+ ggxx

etc.,

of which so many are to be taken until their number becomes = n.

§422 Therefore, if this fraction is propounded to be resolved into its simple
fractions

xm−1

f 2n − 2 f ngn cos ω + g2nx2n ,

since any trinomial factor of the denominator is contained in this form

f f − 2 f gx cos ϕ + ggxx

while ϕ = 2kπ±ω
n , consider this fraction

xm

f 2nx− 2 f ngnxn+1 cos ω + g2nx2n+1

equal to it and put xm = P and the denominator

f 2nx− 2 f ngnxn+1 cos ω + g2nx2n+1 = Q;

it will be

dQ
dx

= f 2n − 2(n + 1) f ngnxn cos ω + (2n + 1)g2nx2n.
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Hence, by putting

xn =
f n

gn cos nϕ

it will be

P =
f m

gm cos mϕ and P =
f m

gm cos
m(2kπ ±ω)

n

and

Q = f 2n(1− 2(n + 1) cos ω · cos nϕ + (2n + 1) cos 2nϕ).

But because it is cos nϕ = cos ω, it will be

cos 2nϕ = 2 cos2 ω− 1

and hence

Q = f 2n(−2n + 2n cos2 ω) = −2n f 2n sin2 ω.

Further, having put

xn =
f n

gn sin nϕ

it will be

p =
f m

gm sin mϕ =
f m

gm sin
m(2kπ ±ω)

n

and

q = − f 2n(2(n + 1) cos ω · sin nϕ− (2n + 1) sin 2nϕ);

because of

sin 2nϕ = 2 sin nϕ · cos nϕ = 2 cos ω · sin nϕ

it will be

q = 2n f 2n cos ω · sin nϕ.

But because it is nϕ = 2kπ ±ω, it will be sin nϕ = ± sin ω and
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q = ±2n f 2n sin ω · cos ω.

Having found these it will be

Q2 + q2 = 4n2 f 4n sin2 ω,

Pq− pQ =
2n f m+2n

gm (± cos mϕ · sin ω · cos ω + sin mϕ · sin2 ω)

or

Pq− pQ = ±2n f m+2n

gm sin ω · cos(mϕ∓ω)

or

Pq − pQ = ± 2n f m+2n

gm sin ω · cos
2kmπ ± (m− n)ω

n

PQ+ pq =
2n f m+2n

gm (− cos mϕ · sin2 ω± sin mϕ · sin ω cos ω),

PQ+ pq = ± 2n f m+2n

gm sin ω · sin(mϕ∓ω),

or

PQ+ pQ = ± 2n f m+2n

gm sin ω · sin
2kmπ ± (m− n)ω

n
.

Hence, from the factor of the denominator

f f − 2 f gx cos
2kπ ±ω

n
+ ggxx

this simple fraction arises

± f sin 2kπ±ω
n · cos 2kmπ±(m−n)π

n ± sin 2kmπ±(m−n)ω
n

(
gx− f cos 2kπ±ω

n

)
n f 2n−mgm−1 sin ω

(
f f − 2 f gx cos 2kπ±ω

n + ggxx
)

or

gx sin 2kmπ±(m−n)ω
n ± f sin 2k(m−1)π±(m−n−1)ω

n

n f 2n−mgm−1 sin ω
(

f f − 2 f gx cos 2kπ±ω
n + ggxx

) .
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EXAMPLE

To resolve this fraction xm−1

f 2n−2 f ngnxn cos ω+g2nx2n into its simple fractions.

These simple fractions in question will therefore be

f sin ω
n · cos (m−n)ω

n + sin (m−n)ω
n

(
gx− f cos ω

n

)
n f 2n−mgm−1 sin ω

(
f f − 2 f gx cos ω

n + ggxx
)

−
f sin 2π−ω

n cos 2mπ−(m−n)ω
n + sin 2mπ−(m−n)ω

n

(
gx− f cos 2π−ω

n

)
n f 2n−mgm−1 sin ω

(
f f − 2 f gx cos 2π−ω

n + ggxx
)

+
f sin 2π+ω

n cos 2mπ+(m−n)ω
n + sin 2mπ+(m−n)ω

n

(
gx− f cos 2π+ω

n

)
n f 2n−mgm−1 sin ω

(
f f − 2 f gx cos 2π+ω

n + ggxx
)

−
f sin 4π−ω

n cos 4mπ−(m−n)ω
n + sin 4mπ−(m−n)ω

n

(
gx− f cos 4π−ω

n

)
n f 2n−mgm−1 sin ω

(
f f − 2 f gx cos 4π−ω

n + ggxx
)

+
f sin 4π+ω

n cos 4mπ+(m−n)ω
n + sin 4mπ+(m−n)ω

n

(
gx− f cos 4π+ω

n

)
n f 2n−mgm−1 sin ω

(
f f − 2 f gx cos 4π+ω

n + ggxx
)

etc.

and so one has to continue until the number of these fractions was n. If m was
a number either greater than 2n− 1 or negative, in the first case integral parts,
in the second fraction are to be added which are easily found by means of the
method explained before.
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