ON THE SUMMATION OF THE SERIES
CONTAINED IN THIS FORM

2 3 4 5 6
a a a a a a *

Leonhard Euler

§1 From these things, which I once first published on the summation of the
reciprocal powers, only two cases can be derived, in which it is possible to
assign the sum of the series propounded here: Of course, the one, in which it
is a = 1, where I showed that the sum of this series

1+1+1+l+i—|—etc
4 9 16 25 ’
is = 7%, while 71 denotes the circumference of the circle, whose diameter = 1;
but the other case is the one, in which a = —1; for, then having changed the
signs that the sum of this series
1—1+1—i+l—etc
4 9 16 25 '
= 77. But furthermore, by means of a completely singular method I found
that in the case a = % the sum of this series

1 n 1 + 1 + 1
1.2 4-22 9.2 16-2¢

+ etc.

*Original title: ,De summatione serierum in hac forma contentarum % + %2 + % + i’% + % +
% + etc.”, first published in , Memoires de I’academie des sciences de St.-Petersbourg 3, 1811, pp.
26-42”, reprinted in ,Opera Omnia: Series 1, Volume 16, pp. 117 - 138 “, Enestrém-Number
E736, translated by: Alexander Aycock for the project , Euler-Kreis Mainz”



is = ZZ — 1(In2)2, while In2 denotes the hyperbolic logarithm of two, which
is 0.693147180. But except for these cases no other case is known, in which the
sum can be assigned.

§2 But the method, by which I obtained this last case, can be extended
further, such that hence many extraordinary relations between two or more
series of this form can be found. But this method is based on this lemma:

LEMMA

If one puts
[ ox [ dy
p—/ylny und q—/ylnx,

the sum will be
p+qg=Inx-Iny+C,

if the constant is defined in such a way that it satisfied in one single case, of course.

Therefore, hence let us go through the following problems for the various
relations between x and y.

PROBLEM 1

If it was x +y = 1, to resolve those two formulas

dx dy
== B = _— 1
p / ” Iny and g / y nx
into series, such that hence it arises

p+qg=Inx-Iny+C.

SOLUTION

§3 Therefore, because itis y = 1 — x, it will be



and hence

and in similar manner because of

x=1-y and Inx=-y—">— 7 — = — etc.

it will be )
q:/ayylnx:—y—y—y—y—etc,

whence the sum of these two series will be Inx - Iny + C. For defining the
constant let us consider the case, in which it is x = 0 and y = 1 and hence
Inx - Iny = 0; therefore, then it will be

+ ——1—1—1—i—etc——ﬂ
pra= 479 16 T T

whence one finds C = —%”.

§4 Therefore, as often as it was x +y = 1, the sum of these two series taken
together

2 3 X4 3 4

o X RTINSy .
1+4+9+16~|—etc+ —|—1+4+9+16+etc.
will be = & —Inx - Iny; and hence immediately the third case mentioned

above follows. For, having taken x = %, it will also be y = % and hence both
these series become equal to each other, whence it follows that it will be

1 n 1 n 1 n 1 g 7T 1121 7T 1122
=——-In"-=——-In"2.
12722793 16287 T 12 2" 2712 2

Furthermore, as often as it was a + b = 1 and one puts

a aa a° b v B
A—I+Z+§+etC and B—I+Z+§+etC.,

it will always A + B = % —Ina - Inb. Therefore, hence, if the sum of the one

of these series would be known from elsewhere, the sum of the other series
would also become known. And this is that problem itself, which I treated
already once.



PROBLEM 2

If it was x —y =1, to resolve those two formulas

p:/dxlny and q:/dylnx
X y
into series such that hence it arises
p+qg=Inx-lny+C.
SOLUTION

§5 Since here itis y = x — 1, it will be

1 1
Iny=In(x—1) =Inx+1In <1—> =Inx—~-—-———-——— —etc

X x
and hence

—/axl 71 2+1+1+i+ L et
P= ny=am 42 793 T 16xd

Further because of x = 1 + y it will be

_y vw. .y v
lnx_1 2+3 4—i—etc
and hence ) ; .
_ Y _y_ vy .y _v
Q—/ lnx_1 TR TR

whence we will have
p+g=Inx-lny+C.

For determining the constant let us consider the case y = 0, in which it is
x =1and Inx - Iny = 0; therefore, it will then be

T
p—l—i— +9—|—1—6—|—etc—? and =0,

whence the constant is defined to be C = %.



§6 Therefore, here we again have two series, whose combined sum we can
assign

1 1 1 1
-+t =tz T + etc
x o 4x® 9% 16xt :E—11n2x+lnx-lnyzlﬂ+lnxlnl
3 4 6 2 6 Vx
TR LT e
1 4 3 1

§7 Therefore, if we have these two series:

2 3 4

A=2420 %0 10 L ec
1 4 9 16 '
and
b b2 b3 4
B=—-——+———+etc,

such thatitisa = % and b = y, and between a and b this relation is given
a-b+a=1,

it will be -

Therefore, let us consider the case, in which it is

_ —1+45
=P

b=a becauseofa-b—i—a:l),

and it will be s s ;
a a a a
A+B—2<1+9-|—25-|-49-|—etc.>,

whence, while itis a = @, the sum of this series

3 a°

- + z + 5z tetc
1 9 25 '
will be .
iy
ST Elna-lna\/ﬁ.



§8 Further, also this case is remarkable, in which itis b = —aand A + B ==;
for, in this case it will be

% —Ina-Inby/a.
But since it is, it will be
—aa+a=1
and hence
—1— \/f3

and b= 5

14++/-3
g= ——
2
Since now it is
Inby/a = Lnabb,

because of

_ —1++v-3

N 2

it will be abb = —1 , whence it follows that it will be

TTTT 1++/-3
n#-ln

bb

i |

e (=1);

this extraordinarily agrees with the known expression of the circumference of
the circle by means of imaginary logarithms.

§9 If here we would have put a = %, it would be b = 1 and hence

1 1 1
B—1—1+§—E+etc‘
and hence
1 1 1 nr #arn 1.,
eIt e To sttt T a2

whence the third case mentioned at the beginning would arise.

But let us set b = % here and it will be a = %

Inbva = %lnbba = %ln% = —%1116 and Ina= —lng,



whence we will have

A= 2 + z + 2 + etc
1.3 4.32 9.3 N 202 n6

1 1 1 t 6 212
=12 1.2 g3 o

+ B

Hence let us subtract this equation from the first problem

1 1
tc.
13 42 gl _nmm o3
2 22 23 6 2
+1.3+4‘32+9'33+etc.
and it will remain
! ! + ! ! + etc
1.2 4.2279.23 162 3 o b3 e = 123
) ) h ) t n3n2 2n2 né 2n2.
— etc.

13 43 9.3 16-3
And so we have obtained this remarkable equation:

LI + —etc—lln2§+ ! + ! + !
1-2 4.22 9.2 2 2 1-3 4-32 9.3

+ etc.,

where the ratio of the circumference 7t went out of the calculation completely.
But the same relation is found more easily the following way.

ANOTHER SOLUTION OF THE SAME PROBLEM

§10 While the expansion of the first part p remains the same, the other part
q because of
Inx=In(14+y) =Iny+In(1+ %)

and hence
Inx =1n +1—L+L—etc
Ty T2 Ty '

—/ayhﬂx—lln2 —1+L—L+L—etc‘
TSy T2 Ty T 9 T e '



Therefore, it will now be
p+qg=Inx-Iny+C;

here the constant C can be determined from that having put y = 1itis x =2
and hence

1.5 1, 5 Tt
P WL Y. S
p=gpmet oy —pm 12
and
——1%—1—1%—1—&(:—E
1= 49" 16 T 127

having substituted which values for this cases p + g = 0 = 0 + C arises, as a
logical consequence C = 0.

§11 But this constant can also be defined in another way. For the sake of
brevity let us put

x=14 1l 1 e
=4+ —— 4 — 4+ — +etc.
x  4dxx  9x3  1lé6xt
and
1 1 1 1
Y=-——F5+— + etc.,

y 4293 16y

such that we have

1. 2 L. 2

p= Eln x+X and ¢q= Eln y—y,

and hence it will be

Lo 1.9

p+qg= Eln x+§1n y+X—-Y=Inxlny+C
whence we deduce
1 1 1
Y—X:Eln2x+iln2y—lnxlny—C: 21r12;—C,

where it is to be noted that it is y = x — 1. Now to determine the constant C

consider the case x = o, in which itis X = 0 and Y = 0, but furthermore
lnf = 0, having noted which it will be 0 = —C.



§12 Therefore, hence we obtained two series X and Y, whose differences is
expressed by logarithms only, since it is

because of x = y + 1. From this form having taken y = 2 immediately the
relation found before follows

Lo 11 e

1-2 4.2279.23 1624
el L Lo 1o 1 e
22713 4-3279.3 " 16-3 '

But in similar manner now we will have a lot more generally

e +ete
1-y 4.y2 9.y3 16-y4 )

1 1 1 1 1
— 71n2y+ + + etc.,

2 T Ty ) Tay vz Toyrp

where instead of y it is possible to take anything arbitrary.

PROBLEM 3

If between x and y this relation is given xy + x 4+ y = c, to resolve the two integral

formulas
[ ox [ dy
p—/fx Iny and q—/y In x

into series, such that hence it arises
p+g=Inx-Iny+C.
SOLUTION

§13 Therefore, it will hence at first be

c—X




whose logarithm is expressed by means of the following two series:

Inc — > —x—z—ﬁ—ﬁ—etc
Iny = c 22 3c3 4t '
2 3 4 5 ’
whence
x2 x3 x4
B ailn _lnC'lnx—*—@—@—@—etC
S S
4 9 16 '
In similar manner, since it is x = %, it will be
2 3 4
Yy Y Y Y
q_/aylnx_“‘““y‘c‘z;cz‘gcs R
~7 + yj - yj + y: — etc
1 4 9 1
And hence it willbe p +g =Inx-Iny + C.

§14 For defining of this constant let us consider the cases, in which it is
x = 0 and hence p = In-Inx and

5 1 1 1
qzlnc—1—1—§—ﬁ—etc.
c & 3 &
—I+Z—§+T—etc
or
6 1 4 9 16 !

whence our equation becomes

T 2 ¢

— Inc- 2, _¢c_ & & — Inc-
p+g=Inc-Inx+In“c G 1—1—4 94—etc Inc-Inx+C,
where therefore the terms In ¢ - In x cancel each other, such that it is
nt ¢ ¢ 3

B B A e
C=In"c G 1+4 9—}—etc:.

10



§15 Therefore, here five infinite series occur, which we want to indicate in
the following way

S8 4L jee=0
1 4 9 16 a
X X te=p
¢ 4c? 9c3 ' 16t
1 4 9 16 a
2 3 4
y., v Y Y
Iy 47 4 T ietc=R
¢ Taa2toa T g et
2 3 4
y_y vy _y _
1 1 +9 16 +etc

having introduced these letters our equation will be

whence it follows that it will be
T

O—P—Q—R—S:lnx-lny—f—lnzc—lnc~1nx—1nc-lny—?,

which expression is contracted into the following one:

X .y 7T
—-P-Q-R-S=In—-In= - —
(@) Q S nc nc c
or by changing the signs
Tty
P+Q+R+S-0= ¢ lnc lnc.

§16 Here, the sufficiently memorable case occurs, whenever it is ¢ = 1, since

then it is
2x  2x3  2x°

P+Q=""42 42 .
+Q 1 + 9 + 5 + etc
and s 5
2y 2y’ 2y
R+S= 1+ 9 —|—25 + etc.
but then -
O=12

11



and so we obtained a sufficiently simple relation between these two series,
which is

+E+£3+£5+£7+etc
179 "5 e "L Ly
y vy Y 8 2 '
+I+§ g‘f’E-FetC.

where it is to be noted that it will be
1— _

= X or x= u,
14+ x 1+y

y

of which it will be helpful to have expanded some examples.

§17 1°).If it was x = 1, it will be y = 1, whence this equation follows

1 1 1
+ + + + etc.
1-2 7 9.2 " 25.25 " 49.27 :E—%lnz-ln?).

L Lo b b e °
1-3 1 9.3% 1 25.35 " 49.57 ‘

+

2°).If itis x = 1, it will be y = 2 and hence

1 1 1 1
tc.

14 98 By Ty S\ _Ar o1 5

3 33 3° 3 8 2 3
tc.
15795 "5 Tag. T

3°). Yes, even a case is given, in which it is x = y, what happens by putting
therefore, it will then be

E~|—£+£+a—7+etc—E—1hnza
19 25 49 16 4 '

§18 Therefore, in general, whatever ¢ was, it will be worth one’s while to
consider the case, in which it is x = y, what happens, if it is

I+ V1+4c
- =

7

12



therefore, it will then be

2 3 4
a a a a
P=R=-+-—+-—+-—5 +tetc
¢ a2 oz T e Tt
2 3 4
a a a a
Q—S—I—Z +6 —E + etc,,
whence this equation is deduced
a+a2+a3+a4+t . 4
Te 42 93 "6t T w1 00 e &
L0 a2+a3 a4—i—t 12 2 ¢ 2\1 4 9
17279 16 "%

Hence it is possible to derive many extraordinary relations between three
series of this kind, which therefore become rational, as often as 1 + x was a
square.

§19 It would be possible to expand many other relations between the num-
bers x and y contained in this general form

xy tax+py =1,
which having put x = Bt and y = au is changed into this simpler one.

tuitiu:l,

op
where only the variety of the signs enters the calculation. But since hence
in most cases three or more series are found, I do not spend any more time
on another expansion here, but will stick mainly to these cases, in which the
relation is defined between only two series of this kind, which I will therefore
comprehend in the following theorems.

THEOREM 1

§20 If one has these two series

X=5p TP e
T171 9 "1 8

13



and 2 3 4
Yy vy vy .y
l/—1—|—4~|—9 +16+etc.

and it was x +y = 1, then it will always be
X+Y= %—Inx-lny

to proof of which theorem was already given in § 4.

COROLLARY 1

§21 Here, it is especially manifest that the sums of these series cannot be
real, if at the same time either x or y exceeds the unity. The sum in these cases
certainly seems to grow to infinity; but it actually becomes imaginary, since,
because of the negative y, the logarithm of ¥ becomes imaginary.

COROLLARY 2

§22 The use of this theorem is seen especially in the cases, in which x
deviates hardly from the unity and hence the first series X hardly converges;

for, then the other Y will converge the more. As if it was x = %, it will be

X_z—{— 92 N 93 N 94
10 4-102 0 9-103  16-10%

+ etc.,
a hardly converging series, whose sum can nevertheless easily be assigned
approximately. For, since it is

_l+ 1 N 1
10 4-102  9-103

Y

+ + etc.,

16 - 10*
which series is highly convergent, it will certainly be.
1
X = %—mo-mg—y

COROLLARY 3

m
m-—+n

§23 So in general, if we set x = and y = -, it will be

m—+n’

m m2 77’!3

X = tc.
1(m+n) +4(m+n)2+9(m+n)3+eC

14



and

n n2 7’13

Y = tc.;
1(m+n) +4(1714—71)2dl_9(m+n)3+eC

therefore, it will then be

X+Y:E—lnm+n-lnm+n.
6 m n
THEOREM 2
§24 If one has these two series
S SR DR B
x dxx o 9x3  16xt '
y=1y L L1
oy 4wy 9y eyt !
while it is
y=x+1,
it will be , 1 ,
X—Y:flnzz:flnzx+
2 X 2 X

whose proof is concluded from § 12, in only the letters y, y are exchanged by

X, Y.

COROLLARY 1

§25 Since here it is y = x + 1, the second series, Y, converges more than the
tirst X. Yes, even if the first series, X, was divergent, what happens, whenever
x is fraction smaller than unity, the second will nevertheless still be convergent.

As if it was x = 1, it will be y = 3; the series themselves will be

xo2_ 2.2 2 2
T1 42 "9 16 25 ¢

and
Y—g+ 2 + 2 + 2!
3 4-32 9.3 16-34

as a logical consequence it will be

+ etc.;;

15



But since the second series, Y, hardly converges. we reduce it by means of the
tirst theorem this way:

2 + 2 + 2 +etC—E—1n3 lné— 1 — 1 — 1 — etc
1-3 4.32 9.33 6 2 1-3 4.32 9.3 '
and hence we will have this summation
g—2f2—|—2j—2—4—|—etc—llrwlz\’iﬁ—ﬂ—lni’» ln§— ! + ! + ! + et
1 279 16 2 6 2 13749z

COROLLARY 2

§26 Now let us in general take x = 1, that this series is to be summed

x=Homm oy
T1 4 9 16 T8

but then because of y = 1 the other series will be
_ono oo n’
S n+1 4(n+1)2 0 9(n+1)3

+ etc.

and hence 1
X = Elnz(n+1)+lf.

But by means of Theorem I it is

T n+1 1 1 1
Y=" -1 1)-1 - - - — etc.,
o I+l I T o ip S
having substituted which value it will be
1 1
Xzilnz(n+1)+%—ln(n+1) s
S (R N E -
n+1 4n+1)2 9n+1)>3 '
which expression is contracted into this one
now
1 49 16 ¢
=-In(n+1)In LI ! L + L +etc
N n+1 6 n+1l 4(n+1)2 9n+1)>3 '

16



THEOREM 3

§27 If one has these two series

x x2 ¥y
X:T_Z+§_E+etc
and
Y:l—inLL ! + etc.,
x  4x2 T 9x3  16x*
it will be
X+Y:%+%ln2x

The proof is not contained in the preceding ones, but it is easily given this
way:

Since by means of an integral formula it is
X = /a;ln(l—i—x),

by writing % instead of x it will be

=[5

Y:—/axln(1+x)+/axlnx
x x
and hence by adding

or

X+Y= /—lnx— In2x +C,

where the constant is most easily determined from the case x = 1. For, since
in this case so X as Y is = 77, the constant will be C = % and hence

1.,

COROLLARY 1

§28 Therefore, if for x a very large number is taken, by means of this theorem
the sum of the series X, which is highly divergent, is most easily assigned,
since it is reduced to the series Y, which is the more convergent, the more the
first diverges.

17



COROLLARY 2

But now by means of the second theorem the series

Y = L + 1 etc
Cox 4x2 7 9x3 '
is reduced to this form:
1 1 1 1 1
Y:flnzx—i_ + + + + etc.,

2 x 1+x  4(x+1)2 9(x+1)3

having substituted which value the following equation will arise:

S A
1 9 16 ’
nr 1., 1, ,x+1 1 1 1
=—+-Inx— 1 - tc. |,
6 ‘2 T2 Ty <x—|—1+4(x+1)2+9(x—|—1)3+ec>
which expression extraordinarily agrees to the superior one in § 26, since it is
1 2 XX _1 2 1 2x+1
Eln (x+1)lnx+1—§1nx 2ln o

since it will easily become clear to anyone doing the expansion.

THEOREM 4
§30 If one has these series
¥ 3 1P y P
X—I+5+g+etc. and Y—T+§+g+etc.,
while it is
xy+x+y=1
or
x—il_y or _ 1o
14y A P
it will be

1

The proof is manifest from § 16.

18



COROLLARY 1

§31 Here, again, as above, it is to be observed that the sums of these series
become imaginary, if the letters x and y exceed the unity. But if it was x < 1,
then always another series of the same form can be exhibited, whose sum
depends on that one. So, if it was x = %, it will be y = % But if x comes very
close to the unity, as x = %, the other series, will converge rapidly.

COROLLARY 2

§32 It seems that in these four theorems all cases are contained, in which
it is possible to compare two series of this kind. To show this let us add
the following special theorem, which I just obtained by means of very long
calculations, but which can now be deduced from the preceding theorems
sufficiently conveniently.

SPECIAL THEOREM

§33 If one has these series similar to each other

1 1

A=+ bl et
T1.379.3 "25.3 "¢
and
po- L 1 1 Ly
13 4.3 9.3 T
then it will be 1
TUTT 2
2A+B=""_ 123
+ B c 2n3
PROOF

Since from the first theorem, having taken x = y = 1, it is

! + L + ! ~|—etC—E—11n22
1-2 4.22 9.23 12 2 ’

this series can be represented resolved in the following way:

2 L + ! + ! +etc) —1 1 — 1 + ! — etc —E—11n22
1-2 9.23 25.25 1-2 4.22  9.28 12 2 '

19



But now by means of theorem IV, having taken x = 3 and y = 3, we have this

equation

1 1 1 1

+ etc. = o 11r12lr13—

1
— — — etc.
12 9.8 5.2 8§ 2 1.3 9.3 25.35 °F
Further, from the second theorem, having taken x = 2 and y = 3, it will be
LI + r 1 +etc—11n2§+ L + ! + ! + etc
1-2 4.22 9.23 16-24 2 2 1-3 4.-32 9.3 ’

Now, substitute these series instead of those series, and for the left-hand side
it will arise

7T 1 1 1
4—1n2-1n3—2<1'3—|—9.33+25'35—|—etc.> :E_EIHZZ

1.,3 <1 1 1 > 122
— —In" - — + + etc.

22 1-3 4-32+9-33

Hence we conclude that it will be

2< 1 + 1 + ! +etc)
) .33 .35 )
1-3 9.3 ' 25.3 T 23— i 2 4 D2
e . . 6 2 22
i (1-3+4.32Jr 9.3 +etc'>
e 1

=<~ §1n23 (because ofan% =1n?3—-2In2-In3 + In? 2).

§34 But however the theorems given here are combined, hardly another
relation between series of this kind can be found, even less it is possible to
find simple series of such a kind from this, whose sum can be absolutely
exhibited, except for the already indicated cases, which we want to list here
all together.

1+ 5+ 2 o+ 4 L osee="F
1 9 16 25 6
1 - ! + o1 + 1 —e’cc.:H
1 9 16 25 12
1 1 1 1 1.,
12 2.2 9.3 g TG Ty T2
1+ & o+ =+ = tete="F
9 25 19 8

20



But furthermore this series can be added:

E+ﬁ+£+£+etc—ﬂ_lln2a
1 9 25 49 16 4 !

while a = V2 — 1.

But although in this series the value of a is irrational and hence it seems that
each power must be expanded separately, nevertheless the numerators even
constituted a recurring series, in which every terms can be defined by means
of the two preceding ones by means of this formula:

aﬂ+4 — 6ﬂn+2 _ an
whose truth will become clear from this, that, by diving by a", it is a* = 6aa —1.

For, since itisa = v/2 — 1, it will be 42 = 3 — 2v/2 and a* = 17 — 12+/2, whence
the truth becomes manifest.
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