ON THE SUMMATION OF THE SERIES
CONTAINED IN THE FORM

2 3 4 5 6
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Leonhard Euler

§1 From these things I once" first published on the summation of the recipro-
cal powers only two cases can be derived, in which it is possible to assign the
sum of the series propounded here: Of course, the one, in which itisa =1,
where I showed that the sum of this series

1.1 1

1
144 -+ —+— fetc.
+q gt et gs et

is = %, while 7t denotes the circumference of the circle, whose diameter = 1;
but the other case is the one, in which it is 2 = —1; for, then having changed

the signs the sum of this series
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- — — + — —etc.
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*Original title: ,De summatione serierum in hac forma contentarum % + %2 + % + {% + % +
% + etc.”, first published in , Memoires de I’academie des sciences de St.-Petersbourg 3, 1811, pp.
26-42”, reprinted in ,Opera Omnia: Series 1, Volume 16, pp. 117 - 138 “, Enestrom-Number
E736, translated by: Alexander Aycock for the project , Euler-Kreis Mainz”

'Euler refers to his paper “De summis serierum reciprocarum”. This is paper E41 in the
Enestrom-Index.



is = 7F. But furthermore, by means of a completely singular method* I
discovered that in the case a = % the sum of this series

1 n 1 n 1 n 1
1.2 4.22 9.23  16-2¢

+ etc.

is = ZZ — 1(In2)?, while In2 denotes the hyperbolic logarithm of two, which
is 0.693147180. But except for these cases no other case is known, in which the
sum can be assigned.

§2 But the method I applied to obtain this last case can be generalized, such
that hence many extraordinary relations among two or more series of this
form can be found. But this method is based on this lemma:

LEMMA

If one puts
[ ox _ [9y
p= /—x Iny and q—/y Inx,

the sum will be
p+qg=Inx-Iny+C,

if the constant is defined in such a way that the equation is satisfied in one single case,
of course.

Therefore, hence let us go through the following problems for the various
relations among x and y.

PROBLEM 1

If it was x +y = 1, to resolve those two formulas

_ [ _ [
p_/xlny and q—/ylnx

into series, such that it hence results

p+g=Inx-lny+C.

2Euler refers to his paper “De summatione innumerabilium progressionum”. This is paper
E20 in the Enestrom-Index.



SOLUTION

§3 Therefore, because itis y = 1 — x, it will be

lnyz—x—T—?—etC
and hence
—/axln ——f—ﬁ—xi—xi—etc
P=) Y= 49 16
and in like manner because of
3 4
1 _ ., Wy vy
x=1—y and Inx Y-S5 T3 T etc.

it will be
q:/aylnx:—y—y—y—y—etc.,
whence the sum of these two series will be Inx - Iny + C. In order to define

the constant let us consider the case, in which it is x = 0 and y = 1 and hence
Inx - Iny = 0; therefore, it will then be

whence one finds C = — I,

§4 Therefore, as often as it was x + y = 1, the sum of these two series taken
together

NS vy WLy Y
T+Z+§+E+etc+ +1+Z+9+E+etc
will be = 7 —Inx - Iny; and hence 1mmed1ately the thlrd case mentioned
above follows For, having taken x = 3, it will also be y = 3 ! and hence both

these series become equal to each other, whence it follows that it will be

! + ! + ! ! +etc—E—11n27———fln22
1.2 4.22 9-23 16 - 24 12 202 12 2 '

Furthermore, as often as it was a + b = 1 and one puts

A= 7+—+ +etc and B = é%—bz—kbg%—etc
1 4 9 1 4 9



it will always be A 4+ B = “* —Ina - Inb. Therefore, hence, if the sum of the
one of these series would be known from elsewhere, the sum of the other
series would also become known. And this is that problem itself, which I
treated already once.

PROBLEM 2

If it was x — y = 1, to resolve those two formulas

[ dx _ [dy
p—/YIny and q—/ylnx

into series such that hence it results
p+qg=Inx-Iny+C.
SOLUTION
§5 Since hereitis y = x — 1, it will be
Iny=In(x—1) =Inx+1In (1—3{) :lnx—%———————etc.
and hence
ox 1 1 1
p:/—lny—fln 2—1— + +o3+ + etc.

4x2 1 9x3 T 16xt
Further because of x = 1 4 y it will be

lnx:I 2+§—Z+€tC
and hence ) 5 .
_ [y Yy vy v

4—/ lnx_l 4+9 1 + etc.,

whence we will have

p+qg=Inx-lny+C.
In order to determine the constant let us consider the case y = 0, in which it
isx=1land Inx- lny =0 therefore, it will then be

i

whence the constant is defined to be C = %.



§6 Therefore, here we again have two series, whose combined sum we can
assign

1 1 1 1
-+t =tz T + etc
x  4x2 0 9x8 ' 16x% :E—11n2x+lnx-lny:n—ﬂ+lnxlnl
3 4 6 2 6 Vx
TR LT e
1 4 3 1

§7 Therefore, if we have these two series:

2 3 4

A=2420 %0 10 L ec
1 4 9 16 '
and
b b2 b3 4
B=-——+——— +tetc,

so thatitisa = % and b = y, and this relation among 4 and b is given
a-b+a=1,

it will be -

Therefore, let us consider the case, in which it is

1445
=P

b=a becauseofa-b—i—a:l),

and it will be s s ;
a a a a
A+B—2<1+9-|—25-|-49-|—etc.>,

whence, while itis a = @, the sum of this series

3 a°

- + z + 5z tetc
1 9 25 '
will be .
iy
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§8 Further, also this case is remarkable, in which itis b = —aand A+ B = (;
for, in this case it will be

% —Ina-Inby/a.
But since it is, it will be
—aa+a=1

and hence
a_1+\/—3 -1—-+v-3
e f < .

and b= 5

Since now it is
Inby/a = Lnabb,

because of

_ —1++v-3

N 2

it will be abb = —1, whence it follows that it will be

% = ln¥ ‘In(—-1);

bb

this extraordinarily agrees with the known expression for the circumference
of the circle in terms of imaginary logarithms.

§9 If here we would have put a = %, it would be b = 1 and hence

1 1 1
B—1—1+§—E+etc‘
and hence
1 1 1 nr #arn 1.,
eIt e To sttt T a2

whence the third case mentioned at the beginning would result.

But let us set b = % here and it will be a = %

Inbva = %lnbba = %ln% = —%1116 and Ina= —lng,



whence we will have

A= 2 + z + 2 + etc
1.3 4.32 9.3 N 202 n6

1 1 1 t 6 212
=12 1.2 g3 o

+ B

Hence let us subtract this equation from the first problem

1 1
tc.
13 42 gl _nmm o3
2 22 23 6 2
+1.3+4‘32+9'33+etc.
and it will remain
! ! + ! ! + etc
1.2 4.2279.23 162 3 o b3 e = 123
) ) h ) t n3n2 2n2 né 2n2.
— etc.

13 43 9.3 16-3
And so we have obtained this remarkable equation:

LI + —etc—lln2§+ ! + ! + !
1-2 4.22 9.2 2 2 1-3 4-32 9.3

+ etc.,

where the ratio of the circumference 7t went out of the calculation completely.
But the same relation is found more easily the following way.

ANOTHER SOLUTION OF THE SAME PROBLEM

§10 While the expansion of the first part p remains the same, the other part
q because of
Inx=In(14+y) =Iny+In(1+ %)

and hence
Inx =1n +1—L+L—etc
Ty T2 Ty '

—/ayhﬂx—lln2 —1+L—L+L—etc‘
TSy T2 Ty T 9 T e '



Therefore, it will now be
p+qg=Inx-Iny+C;

here the constant C can be determined from that having put y = 1itis x =2
and hence

1.5 1, 5 Tt
P WL Y. S
p=gpmet oy —pm 12
and
——1+1—1+i—etc—ﬂ-
1= 49" 16 T 127

having substituted these values for this case p +q = 0 = 0 + C results; as a
logical consequence it is C = 0.

§11 But this constant can also be defined in another way. For the sake of
brevity let us put

x=14 1l 1 e
=4+ —— 4 — 4+ — +etc.
x  4dxx  9x3  1lé6xt
and
1 1 1 1
Y=-——F5+— + etc.,

y 4293 16y

so that we have
1. 2 L. 2
pziln x+X and qziln y—y,
and hence it will be
Lo 1.9
p+q:§1n x+§1n y+X—-Y=Inxlny+C
whence we deduce
1 1 1
Y—X:21n2x+21n2y—1nxlny—C:zan;—C,
where it is to be noted that it is y = x — 1. Now to determine the constant C

consider the case x = o, in which itis X = 0 and Y = 0, but furthermore
lnf = 0; having noted this it will be 0 = —C.



§12 Therefore, hence we obtained two series X and Y, whose difference is
expressed by logarithms only, since it is

because of x = y + 1. From this form having taken y = 2 immediately the
relation found before follows

Lo 11 e

1-2 4.2279.23 1624
el L Lo 1o 1 e
22713 4-3279.3 " 16-3 '

But in like manner now we will have a lot more generally

e +ete
1-y 4.y2 9.y3 16-y4 )

1 1 1 1 1
— 71n2y+ + etc.,

2 T Ty ) Tay vz Toyrp

where it is possible to take anything arbitrary instead of y.

PROBLEM 3

If among x and vy this relation is given xy + x + Yy = c, to resolve the two integral

formulas
[ ox [y
p—/—x Iny and q—/y In x

into series, so that hence it results
p+g=Inx-Iny+C.
SOLUTION

§13 Therefore, it will hence at first be

c—X




whose logarithm is expressed by means of the following two series:

Inc — > —x—z—ﬁ—ﬁ—etc
Iny — c 22 3c3 4t '
y x2 3 4 5
— X +7— ? + Z — g —i—etc,
whence
X2 13 A
Inc-1 - - - — —— — et
po [y 4?93 16t €
X x2 x3 x*
— - 4 T et
x + n 9 + 16 etc
In like manner, since it is x = %, it will be
2 3 4
Y y Y y
‘ny - - 4 — £ — L et
q:/aymx:lnc T T4 T 98 T 16 T O
1 4 9 1
And hence it willbe p +g =Inx-Iny + C.

§14 To define this constant let us consider the cases, in which it is x = 0 and
hence p =Inc-Inx and

1 1 1
—2c—1— = — = — — —ete.
g=1In"c 1 5 ~ 1¢  °t°

c & 3 &
—I+Z—§+T—etc
or
—IHZC—E—E—Fé—é—i—é—etC
IT=M =" "174 9 16 '

whence our equation becomes

T 2 ¢

p—i—q:lnc-lnx—l—anC—?—§+Cz—§+etc:lnc-lnx+c,
where therefore the terms In ¢ - In x cancel each other, so that it is
nt ¢ & 3

B B A e
C=In"c G 1+4 9—}—etc:.

10



§15 Therefore, here five infinite series occur, which we want to indicate in
the following way

€ L8 ¢ =0
1 4 "9 16 °¢7
SO S S SR
¢ 4c? 93 ' 16¢t T
1 4 9 16 T
2 3 4
y, v Y Y
Jo LS 4 et =R
¢ Tatoa T gt
2 3 4
VR Yy Y
1 1 —|—9 16 +etc S

having introduced these letters our equation will be
lnc-lnx—P—Q+lnc.lny_R_S:lnx_lny_i_anC_%_O,

whence it follows that it will be

TTTT

O—P—Q—R—S:lnx-lny—l-lnzc—lnc-lnx—lnc-lny—?,

which expression is contracted into the following one:

X .y 7T
—-P-Q-R-S=In—-In= - —
(@) Q—R—-S=In . n - G
or by changing the signs into this one

P+Q+R+S5-0=""_m*.m¥
6 c c

§16 Here, a memorable case occurs, whenever it is ¢ = 1, since then it is

2x  2x3 2

=+ T tete
P+Q T+ 5 +25 + etc
and s 5
2y 2y 2y
R‘i‘S—T‘}—T‘}'g—FetC
but then -
O=12

11



and so we obtained a simple relation among these two series, which is

X
1 _
3 5 7 8
y_ vy _yvy.Yv
+1+9+25+49+etc.

where it is to be noted that it will be

1—x 1-y
= or x=_—;
1+x 1+y

y

it will be helpful to have expanded some examples of this expression.

§17 1°).If it was x = %, it will be y = %, whence this equation follows

1 1 1

1
+ + + + etc.
1.2  9.23 ' 25.25 ' 49.907 :E—llnz-ln&

LI SR ST o2
1.3 7 9.3% " 25.35 ' 49.3 ‘

+

2°). Ifitis x = 1, it will be y = 2 and hence

1 1 1 1
14 98 s Tyt _m 15
3 3 35 37 § 2 3
+ + etc.

1-5+9-53 +25-55 +49-57

3°). Yes, even a case is given, in which it is x = y; this case is obtained by
putting
x=y=-1+ V2 =u;
therefore, it will then be
a2 a  a T 1

e e =20 Cina
1 9 25 49 16 4 '

§18 Therefore, in general, whatever c was, it will be worth one’s while to
consider the case, in which it is x = y; this case is obtained, if it is

I+ V1+4c
- =

7

12



therefore, it will then be

2 3 4
a a a a
¢ a2 oz Tiea Tt
2 3 4
a a a a
Q=5=71-%7 T9 ~15 "¢
whence this equation is deduced
a a? 3 at
Te a2 g T1ead T _mm 1,00 1(c 2 S
a2 a  at 122 ¢ 2\1 49

1 1 9 16 + etc.

Hence it is possible to derive many extraordinary relations among three series
of this kind, which therefore become rational, as often as 1 + x was a square.

§19 It would be possible to expand many other relations among the numbers
x and y contained in this general form

xy tax+py =1,
which having put x = Bt and y = au is changed into this simpler one

tuttt+u= l,
ap
where only the variety of the signs enters the calculation. But since hence
in most cases three or more series are found, I do not spend any more time
on another expansion here, but will stick mainly to these cases, in which
the relation is among only two series of this kind, which I will therefore
comprehend in the following theorems.

THEOREM 1

§20 If one has these two series

X=X v v o
“17T 1 T 9 e e

and ) s .
Yy vy vy .y
Y—1—|—4+9 +16+etc.

13
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and it was x +y = 1, then it will always be
U

o
the proof of this theorem was already given in § 4.

X+Y= Inx-Iny;

COROLLARY 1

§21 Here, it is especially obvious that the sums of these series cannot be real,
if either x or y exceeds 1. The sum in these cases certainly seems to grow to
infinity; but it actually becomes imaginary, since, because of the negative y,
the logarithm of y becomes imaginary.

COROLLARY 2

§22 The use of this theorem is seen especially in the cases, in which x
deviates hardly from 1 and hence the first series X hardly converges; for, then
the other series Y will converge the more. As if it was x = 75, it will be

9 9 93 94

~ 10 4102 T 9-10° 1 16108
a hardly converging series, whose sum can nevertheless easily be assigned
approximately. For, since it is

1 1 1
Y=gt HERTS

X

-+ etc.,

+ + etc.,

1
10 4-10? 16 - 104
which series is highly convergent, it will certainly be.

1
X:%—lnlo-lnao—)/.

COROLLARY 3

§23 So in general, if we set x = -

and y = ——, it will be

m+n m+n’
Xe o MMk
1m+n) 4(m+n)>2  9(m+n)3 '
and 5 3
n n n
Y= 1(m+n) + 4(m + n)? + 9(m +n)3 +etes
therefore, it will then be
Xt+y="F _jptn jmtn
6 m n

14



THEOREM 2

§24 If one has these two series

gl 1
T X dxx L9 16t O
QLINEL ST S
oy 4wy 9y eyt !

while it is

y=x+1,
it will be , . 41
v 2Y b Xl
X-Y Zlnx 2ln T

the proof of this theorem is concluded from § 12, if only the letters x, y are
exchanged by X, Y.

COROLLARY 1

§25 Since here it is y = x 4 1, the second series, Y, converges more than the
first X. Yes, even if the first series, X, was divergent, what happens, whenever
x is fraction smaller than 1, the second will nevertheless still be convergent.
As if it was x = %, it willbey = % ; the series themselves will be

2 22 23 24 Db

X:I_Z+§_E+E_etc'

and
Y_g+ 22 N 23 N 24
3 4-32 9.3 16-34

as a logical consequence it will be

+ etc.;;

X—Y:%m%.

But since the second series, Y, hardly converges, we reduce it by means of the
first theorem this way:

2 + 2 + 2 + etc :@—ln&ln%— r_ 1 1 —etc
1-3 4.-32 9.3 ' 6 2 1-3 4-32 9.3 '
and hence we will have this summation
%—zj—kzj—g—ketc :11n23+7m—1n3-1n3—( L + ! + ! —|—etc>
1 4 9 16 2 6 2 1-3 4-32  9.33 )
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COROLLARY 2

§26 Now let us in general take x = 1, that this series is to be summed

Xx_momm o
1 4 "9 16 %%

but then because of y = " the other series will be

n nn 1’13

n+1+4(n+1)2+9(n+1)3

+ etc.

and hence 1
X = Elnz(n+1)+1/.
But by means of Theorem I it is

n+1 1 1 _ 1
1 n+1 4mn+1)?2% 9n+1)3

Y:%—ln(n—i—l)-ln — etc.;

having substituted this value it will be

n+1

X:%Inz(n+1)+%—ln(n+1)-ln

1 1 1
— te.
<n+1 T a2 Ty +ec)
which expression is contracted into this one
"2 3 4

E_7+”7_7+etc
1 4 9 16 '

—lln(n—kl)ln AL 1 + L + ! + etc
2 n+1 6 n+1 4(n+1)2 9(n+1)>3 '

THEOREM 3

§27 If one has these two series

S S S S
1 12 "9 16 %¢
and
1 1 1 1
Y=-——F5+—7 + etc,,

x  4x2 ' 9x3  16x4

16



it will be 1
_ o b2
X+Y= G +21n X.

The proof is not contained in the preceding ones, but it is easily given this
way:

Since by means of an integral formula it is

X = /—ln (1+4x),

by writing % instead of x it will be

-5
Y:—/axln(l—i—x)—i—/axlnx
X X

and hence by adding

or

X+Y= /—lnx—fln x+C,

where the constant is most easily determined from the case x = 1. For, since
in this case so X as Y is = 77, the constant will be C = %Z* and hence

e 1. 5

COROLLARY 1

§28 Therefore, if for x a very large number is taken, by means of this theorem
the sum of the series X, which is highly divergent, is most easily assigned,
since it is reduced to the series Y, which is the more convergent, the more the
tirst diverges.

COROLLARY 2

§29 But now by means of the second theorem the series

Y—l—i—ki—etc
ox 4x2 7 9x3 '

17



is reduced to this form:

1 ,x+1 1 1 1
Y=-1
1 + 2 91

2 X 1+x + 4(x+1)
having substituted this value the following equation will result:

+ etc.;

E—xj—i—xj—xi—i—etc

1 479 16" %€

1, 4 1. ,x+1 1 1
LU P | - te. |,
6 ‘2 T2 Ty <x+1+4(x+1)2+9(x+1)3+ec>

which expression extraordinarily agrees to the one given above in § 26, since
itis , , 41
XX 2 2 X
=-In"x—=In ,
x+1 2 2 x

as it will easily become clear to anyone doing the expansion.

%ln2 (x+1)In

THEOREM 4
§30 If one has these series
r ¥ 15 y PP
X—I—F?‘Fg—FetC and Y—I—F?‘FE—FQ’[C.,
while it is
xy+x+y=1
or
x——l_y or _1ox
14y Y =1y
it will be ,
s
X—l—Y—?—Elnx-lny.

The proof is obvious from § 16.

COROLLARY 1

§31 Here, again, as above, it is to be observed that the sums of these series
become imaginary, if the letters x and y exceed 1. But if it was x < 1, then
always another series of the same form can be exhibited, whose sum depends
on that one. So, if it was x = %, it will be y = % But if x comes very close 1,
as, e.g., x = %, the other series, will converge rapidly.

18



COROLLARY 2

§32 It seems that in these four theorems all cases are contained, in which
it is possible to compare two series of this kind. To show this let us add
the following special theorem, which I just obtained by means of very long
calculations, but which can now conveniently be deduced from the preceding
theorems.

SPECIAL THEOREM

§33 If one has these series similar to each other

A= L + ! + ! + etc
1.3 9.3 25.35 |
and
P S,
T1.3 4.3 9.3 T
then it will be
a1

_ 1.2
2A+B = 6 21113.

PROOF
Since from the first theorem, having taken x =y = %, it is

! + ! + ! +etc—E—11n22
1.2 4.22 9.2 122 ’

this series can be represented in resolved form in the following way:

of Lo Loy b )1 Vo b ) =T Ly
— - - =——-In"2.
1-2 79.23 "25.25 "€ 1.2 4.2 " g.p3 &¢ 12 2

But now by means of theorem IV, having taken x = % and y = %, we have this
equation

Ly b1 e =" o L 1 .
1.2 9.8 " 25.25 T g T2 1.3 9.3 25.3°

Further, from the second theorem, having taken x = 2 and y = 3, it will be

etc.

1 1 1 1 1.,3 1 1
etc. = —In“ = +

1
12 227925 1628 y Wyt i3t Tgp Tt
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Now, substitute these series for those series, and for the left-hand side it will
result

T 1 L !
4_1n2.1n3_2<1'3—|—9'33+25,35+etc.> s 11n22

— 1ln2§ — L + ! + ! + etc 22
272 1-3 4.3 9.3 '

Hence we conclude that it will be

7Y (R ST S
1-3 9.3 "25.3 ' &€ T

:——ln2-1n3—11n2§+11n22
+1 ! + ! + ! + etc 2 2
1-3  4.32 9.33 '

6 2
1
= % - Elnz?) (because oflnzg —1In*3 —2In2-In3 +In?2).

§34 But however the theorems given here are combined, hardly another
relation among series of this kind can be found, even less it is possible to find
simple series of such a kind from this, whose sum can be absolutely exhibited,
except for the cases already mentioned, which we want to list here all together.

1+ 5+ 2+ 4 b ovee=""
1 9 16 25 6
1 - ! + o1 + 1 —e’cc.:H
1 9 16 25 12
1 1 1 1 e 1. 5
12 a2 Top Tigs TE Ty T2
1+ & o+ =+ = tete="F
9 25 19 8

But furthermore this series can be added:

T T e =T L,
179 "5 T T8 T 96 2 MW

whilea = 2 — 1.

But although in this series the value of a is irrational and hence it seems that
each power must be expanded separately, nevertheless the numerators even

20



constitute a recurring series, in which every term can be defined by means of
the two preceding ones using this formula:

an+4 — 611n+2 —a
the truth of this will become clear considering that, by diving by a", it is

a* = 6aa — 1. For, since itis a = v/2 — 1, it will be 42 = 3 —2+/2 and a* =
17 — 12v/2.
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