ON CERTAIN DEFINITE INTEGRALS AND
INFINITE SERIES®

Ernst Eduard Kummer

The definite integrals, which I want to discuss now, are connected very
intimately to those infinite series, which I considered in the paper published
in this journal on the hypergeometric series Volume 15, pp. 138 sq., which, to
represent them more easily, I will denote by these functions:
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Hence the transformation of these series found in the mentioned paper can be
exhibited this way:

4. ¢, p,x) = e*¢(p—a, p, —x)
5. ¢(a,x) =2V (0w — 1,20 —1,+4V/x),

which formula is the same as
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Having prepared these things, I will first discuss the question about the
integral
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from which it follows
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by differentiation of the quantity u*~1.e7*.e
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and by integration between the limits 0 and oo

0= —/u""l e eTudu+ (6 —1) /u”"z e eTudu
0 0

or, what is the same,

dy &
9, O:y—k(oc—l)%—xd—xz.

The complete integral of this equation can easily be found in terms of the
series we denoted by the function ¢



10. A-9p(1—wa,x)+B-x*-9p(1+a,x),

where A and B are arbitrary constants. Hence this expression of the propoun-
ded integral follows

Jute e i = A g —,2) + B-x (1 +a, )
0

The determination of the constant A is easy; for, if we assume «a to be a positive
quantity and put x = 0, we have

0
/u”"l e 'du=A
0

or

A=TI(a—1).

To determine the constant B in the same way, the integral y must be transfor-
med by means of the substitution u = %, whence

(o) oo
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/u”‘ Lie#.e udu:x”‘/v =1, =0 ooy,
0 0

having applied this transformation of the integral, equation (11.) goes over
into this one:

/v”"’l eV eTvdo = A x"%p(1—w,x) +B-p(1+a,x),
0
hence, if we assume the quantity « to be negative and put x = 0, we have
/v‘”‘_le_”dv =B
0
or

B=TII(—a—1),

having substituted which values of the constants, we have:



12. /u""l e eTudu = IT(a — 1) (1 —a, x) + TT(—a — 1)x* 'a%p(1 +a, x).
0

But some doubts concerning the determination of the constants are to be
removed, which can arise from the fact that the one constant was found for
a > 0, but the determination of the other constant demands the opposite
assumption. But nevertheless it is clear that these conditions were superfluous,
if in the determination of the constant we would not have used the value
x = 0, but certain other positive values, and hence the values of the constants
would not have been any different. Furthermore, it is to be noted that formula
(12.) only holds, if x is a positive quantity, otherwise that integral would
become infinite; but if x is positive, this integral has a finite value, whatever
the quantity « is, positive or negative.

From this formula (12.) one can deduce another integral, which is expressed
by two series of the form ¢(a, B, x). Writing xv instead of v, multiplying by
e ?-ovP~1. dv and integrating from 0 to oo, we find

00 0
HIT(—a — 1)x" / o TP e (1 + a, x0)do,

0

the integrations with respect to the variable v is easily executed; for,

Tvﬁ_le_”gb(l —ua,xv)dv =TI(B—1)p(B, 1 —a,x)
0

Tv“*ﬁ_le_”l,b(l —a,xv)dv =Tl(a + B —1)p(a+ B, 1+ a,x),
0
jovﬁ—l V.2 M

whence
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which integral, writing ux instead of u, is changed into

having substituted which we have

[ee]
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0

itP=1 L emuxgy
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=Il(a—DII(B—-1)¢(B, 1 —a,x) +II(—a — DIT(a+p—1)x*p(a+ B, 1+a,x),

which formula, changing « into & — 3, is reduced to this more convenient
form

* a—1, ,—ux
1. /u e "*du

(1+u)p
_Hle=p-1) ne-a-1
_wxﬁ.qj(ﬁ'ﬁ_“"i_llx)"i_mx '¢(“/“_,B+1,X).

Since the one side the equation, having interchanged the quantities « and B,
remains the same, it has to be
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If the transformation, equation (7.) contains, is applied to formula (13.), we
find

15.

oo
x* Tublemuxdy
= x(«, B, x).
Since the series x(a, B, x) extends to the class of semiconvergent series, it
seems necessary to confirm formula (15.) by an own proof, from which it
becomes clear at the same time, that by computation of a certain number of



initial terms of the series an approximate value of the integral is found. For
this purpose I apply the known equation
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0
by putting z = ¢, multiplying by v*~! - ¢~? - dv, then integrating from v = 0
to v = oo and dividing IT(a — 1) we find

a-Bp ala+1)B(B+1) qafe—=1)- - (a+k—=2)B(B+1)--- (B+k—2)
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this double integral together with its coefficient indicates the error, which is
committed, if the integral

1 / v et do or what it the same ¥ / v e dv
IT(a —1) (1+§)/5 ’ IT(ax —1) (1+0)f

is approximated by the first k terms of the series of that series. If k is so large
that B + k is positive, the quantity, which we called the error, changes its
sign as k changes into k + 1, or, if a certain number of terms of that series is
computed, this sum is either larger or smaller than the integral in question,
but if the subsequent term of the series is added, this new sum is smaller
than the integral in question, if that one was larger, and it is larger, if that one
was smaller. Therefore, the sums, which that series yields are alternatively
too large and too small, and it is clear that an approximate value is found, if
the computation is extended to the smallest terms of the semicovergent series.
The same can be proven from equation (16.) this way. Obviously, for positive
B+k:
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1 + uv).BJF
00 00




and

/17 1—u) ce Vo g dy — H(Lk_l),
0 0 k

therefore, the error, which is expressed by that double integral, is always
smaller than

BB+1)---(B+k—1II(a+k—1)
1-2-3-+-k-II(a)xk ’
since which is the first neglected term, it follows that the error is always
smaller than that term of the series, to which the summation is extended.
Having put p = 1 — a equation (15.) goes over into this one:

uc—l 0/u—|—u U du
TT(2a —2 I1(—2
S e R R n(<—>)x 9l 20,%),

having transformed which series according to formula (6.), we have
/ u+ u? e " du
(v — 1
0

C2a—2) 1., 3 x? I1(—2a) , s 1 2\
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further, if x is changed into 4/x, a into a + %, by a few reductions we have

NI=

20+1 2% 5

17. 2 VT xl ¢ /(u F Rz e VT L gy
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=II(a —1)9p(1 —a,x) +II(—a — 1)x*P(1 + a, x),

hence by comparison to formula (12.) it follows

/M”‘*1 et eTu dy = 22 et e 2V /(u + uz)“*% P VA du,
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from this formula, or if you like it more, from formula (12.), having put a = %,
one easily deduces the extraordinarily simple value of the integral

The integrals we just found have many applications in analysis, e. g., in
the integration of the Riccati equation, which by simple substitutions can
be changed into the form of (9.); but I will not spend more time on these
integrals here, but want to answer questions on similar other integrals, of
which I first take this one:

1
19. z= [ cos” 'v-cos (xtanv + ,Bv) .

2

O\N\tl

I assume the quantity x to be positive all the time, since its negative sign can
be transferred to the quantity B. By differentiation of the quantity

1
cos* 1o -sin <2x tanv + ,Bv)

we find

1 1
d <Cos”‘_1 vsin <2xtanv + ,Bv)) = —(a—1)cos* 'v-sinv-sin <2xtanv + ,Bv) dv

X 1 1
+ (m + ﬂ) cos" ™" vcos <2xtanv + ,Bv> ,

and by integrating fromv =0tov = 7

1
20. 0= —(a—1) [cos*2-sinv-sin <2xtanv+ﬁv> dv

oy

+
N[ &

1
cos* 2. cosv - sin <2x tanov + ,Bv> do

+
o>
C =l O— yy

1
cos* 1. cosv - sin <2xtanv + ﬁv) do

further,



d 12 1
di;:._2gkn§“4-ﬁnv-sh1<2xtmnv%—ﬁv>dv,
d22 1 3 a—3 =2 1
W_—Zofcos -sin“ v - cos <2xtanv+ﬁv> do,
and hence
dZZ 7 -3 1
z— 4@ = /cos”‘ v oS <2xtanv + ,Bv) do,
0

having substituted which, equation (30.) goes over into this one

dz d*z
21. 0= (x+2B)z+4(a— 1)E — 4xﬁ,
this equation, by means of the substitution z = e~ 2y, is transformed into this
one
dy d*y

y+(ac—1+x)%—xﬁ,

B—a+1
2
whose complete integral is:

0=

y = A¢p (ﬁ_;+1,1—a,x) + Bx“¢ <ﬂ+;+1,1+a,x>,

. _X
and since z = e~ 2 - y, we have

2

—A-¢ (‘B_g_l,l—tx,x> + Bx“¢ <'B+;+1,1+tx,x>.

The determination of the constant A is easily obtained by putting x = oo, if
« is a positive quantity, but the determination of the other constant requires
peculiar artifices: We will obtain both constants at the same time by this
method. Multiply equation (22.) by x*~le~2dx and integrate from the limit
x = 0 to x = oo, having done what

7
1
22. /cos‘“’1 v - COS (xtanv + ﬁv) dv
0



3 . (1
23. [ [cos®to-x}1e72 cos <2x tanov + [3> dvdx
00

= Afo_l e ¢ <ﬁ_§+1,1 — a,x) dx
0

® 1
+B fx/\-‘rlx—l . e—xq> <‘B_|_§_|_,l +0(, x> dx
0

The values of all these integrals can be expressed by known functions, for

/xc‘1 e ¢(a,b,x)dx =TI(c — 1)F(c,a,b,1),
0

where F denotes the known hypergeometric series, having expressed which
by the function I1,

T (- D)IN(b—DII(b—a—c—1)
O/x Lot egpla b, xdx = b —a—DIb-—c-1) '

further,

T . 1
/x)"1 e 2 -cos <2xtanv + ,Bv) dx = 2MTI(A — 1) cos™ v - cos(A + B)v,
0

whence that double integral goes over into this one

2MI(A —1) [ cos®™* 1. cos(A + B)v - do,

o\wm

whose value is expressed by the function IT this way
m-ITA=1)IT(a+A—1)
21 (S5 ) 1 (262 4 2)

having substituted which, equation (23.) goes over into this one:

10



- TT(A—1)TI (a4 A—1)
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this equation is easily transformed to this more convenient form

7T - COS (“;—ﬁ +/\) T A-TI(—a)sin(a+A)r  B-TI(a)sinAzn
20T <ocf§71) - I (_a+/25+1) I (,,‘,54) ’

which, since it has to hold for every arbitrary value of the quantity A, yields
these two

7T COS #n _A-sin(am)IT(—a)
20T (%571) - H(_tx+§+1) !
B nsin#n _ A-cos(am)II(—a) . B-II(a)
(55 n(=EY n(E)
from which one easily finds the values of the constants A and B
A - TI(a — 1) :_n-cos<#>n
2a]] (ﬁﬁ)n<%ﬁ—l)' 2¢ - sinartlI(a)’

having finally substituted which values in equation (22.)

%
1
24. /cos"‘_1 v - Cos <2x tanv + /30) dv
0

m-Tl (e —1)e 2 - ¢ <ﬁ7§+1,1 —zx,x) 7T - COS #n-x"‘ eT2¢ (“;‘“,1 —I—oc,x)

20T (“—5—1) I (“+§—1) a 2¢sinartlI(w)

The most simple special cases of this formula are:

11



7
25. [cos* v cos(xtanv — (a +1)v)do
0

T

2
26. [cos* lv-cos(xtanv+ (a +1)v)dv =0,
0

the one of which is obtained for p = —a — 1, the other for f = a + 1. Combi-
ning formulas (25.) and (26.) also these follows

27. fgcos"‘*1 v-cos(xtanv)cos(a +1)v-dv = moxtet
0 2M0(a)

28. fcos"“1 v-sin(xtanv)sin(a +1)v-dv = mexte?
0 211 (a)

Formulas (25.) and (26.) agree with those found by Laplace, which others
later demonstrated by other method, confer Crelle Journal Volume 13 p. 231,
where Liouville by the method of differentiation with respect to arbitrary
indices found

7 V=1 dy _2m-e "
(x +a/—1)H C(p)

Having put f = a — 1 formula (24.) yields another very simple integral

1 e *
v-cos(xtanv+ (« — 1)v)dv = T

29. cos*™

o\wm

The two series, which are contained in the one side of equation (24.), having
put B = 0, become ¢ (1%"‘,1 - oc,x) and ¢ (HT"‘,l + a, x), and they can be
transformed into series of the class by means of formula (6.). Having done
these transformations, if a is changed into 2, x into 44/x, the following
formula results

AT(a—1) |
10. (\iEZ)O/COSZ“_lv-COS(Z\/EtanU)dU

=Il(a —1)yp(1 —a,x) +II(—a —1) - x* - (1 +a,x),

12



hence by comparison with formula (12.)

211 ( — 3)

31.
NG

Og\‘wMa

[e0]
_ _ _ _X
cos?* 19 - cos(2y/x tanv)dv = /u"‘ Loem#. g7 - du.
0

In like manner one can demonstrate the connection of the two integrals, which
are contained in the equations (13.) and (24.); for, this formula (24.), if one
writes « — 8 instead «, & + B — 1 instead of B and multiplies by 2IT1(—p) - 2* -
e? - xP, takes on the form

T

—B)-es.xP |
2AI(=p) -2 -x /(Zcosv)"‘_ﬁ‘l-cos (;xtanv+(o¢+ﬁ—l)v> do
0

7T

32.

_ (e —p—1)
- I(a—1)

I[Ip—a—1)
(g —1)

having compared which with formula (13.), one sees that

xﬁ(p([%,[%—oc—i—l,x) + x*¢(a, 0 —B+1,x),

[e0]

-1, ,—ux ,
33, /u e du
(14+u)~

T
2

2-e2 1
2 a—p-1. - +(a+p—1
= 0/( cos ) cos <2xtanv (a+pB )v> do,

furthermore, if the one side of equation (32.) is transformed by formula (7.),

211(—B)ez - xP

34. (2cosv)* P~1. cos <;xtanv + (e +p— 1)v> dv = x(a, B, x).

Ok\\ﬁMﬁ

In like manner we will also treat the more general integral

y= [sin"tv-cosP v cos(xtanv + yv)dv

S i

13



and we will find the cases, in which it can be expressed by the series mentioned
above. We always assume the quantity x to be positive in this integral, since its
negative sign can be transferred to the quantity . By differentiating formula
sin® v - cosf v - cos(x tanv + v), then integrating from u = 0 to u = %, we
find

sin*" 1 v - cosP1 v - cos(x tanv 4 yv)dv

o
I
=

a+1

sin*™1 v . cosP~1 v - cos(xtanv + yv)do

sin*o - sinf 20 - cos(xtanv 4 yv)dv

|
=

|
=
B O — iy O — iy O — iy

2
— [ sin*v - cosPv - sin(xtanov+ yv)do,
0

from this equation, if the integrals are expressed by y and its differentials, one
easily deduces this differential equation of third order:

d P2y &
3. 0=ay+(y+x) L+ (B-2) 75— ¥,

now, if one puts

y:A0+A1x+A2x2+A3x3—|—--~

one easily finds conditional equations, which must hold among the coefficients
of this series for it to satisfy the differential equation:

aAog+v-1-Aq —1'2~(2—‘B)A2
(DC+1)A1+’)/'2'A2—2'3'(3—‘B)A3/
and generally

37. (@ +K) A+ (k+1) A — (k+1)(k+2)(k+2— B)Agso.

The same way, if one sets

38. y= xﬁ(BO + Bix + BzX2 + B3x3 R )’

14



one finds these relations among the coefficients

7-BBo — B(B+1)-1-By,
(a+pB)Bo+7(B+1)B — (B+1)(B+2) 2By,

and generally

39. (a+B+k)Be+v(B+k+1)Br— (B+k+1)(B+k+2)(k+2)Brio,

hence it is plain that the complete integral of equation (35.) is

40. y= Ao+ Ajx + Aox + - - -+ xP(By + Bix + Box? - - ),

for, by equations (37.) two of the quantities Ay, A;, Ay etc.,, and by the
equations (39.) one of the quantities By, By, B, etc. remains arbitrary, so that
this integral contains three arbitrary constants. Therefore, if one substitutes
the integral propounded above for y again,

2
41. /sin"‘_1 v-cosP 1 v - cos(xtanv + yv)dv
0

= Ag+ Ax+ Apx® + -+ xP(By+ Bix + Box? + - -).

From the relations among the coefficients it is easily seen that these series and
this integral are higher transcendents than those we want to consider here;
but nevertheless in certain cases they agree with those. First, if we assume
v = a + B, from the equations (39.) it follows

_ a+p
By —mBo,
p _ APty

1-2-(14+8)(2+p)
_(a+p)at+p+1)(a+p+2)

1-2-3(1+B)2+B)(3+pB)
etc. etc.

B3 BO

Further, if B is positive, having put x = 0, it follows from equation (41.)

15



cos XTI (a — 1)II(B — 1)
IMa+p—-1) ’

7
Ay = /sin“’1 v-cosP1v-cos(a+ B)v-dv =
0

the same way, if equation (41.) is differentiated with respect to x and one sets
x = 0 after this, we have

_cos “FII(a)TI(B —2)

3
Ay =— /sin”‘v-cosﬁ’zv -sin(a + B)v - dv =
0

IT(a+p—1)
therefore,
o
HET-p
hence from the equations (37.) it easily follows
A — a(a+1)Ag
F120-p)2-p)
A — a(a+1)(a+2)Ag
| =
1-2-3(1-p)(2-p)(3—B)
etc. etc.

Therefore, in this case, in which v = « + , the two series, by means of which
we expressed our integral, extends to that class of series, which we denoted
by ¢ above, and formula (41.) goes over into this one:

sin*"1v-cosP v - cos(xtanv + (a + B)v)dv

O\Nm

_ cos SIT(a — DIT(B—1)
I[Ta+p—1)
For the determination of the constant By we will use the same method as above

for the determination of the constants of (22.). Multiplying by x*~1.¢=% - dx
and integrating from 0 to co

p(a,1—B,x)+ Boxﬁfp(zx +B,1+B,x).

16



II(A—1) [ sin®* v cosP™ 1o cos(a+ B+ A)vdv

O\N\:l

S T(e — DIL(B — DIT(A — 1
IMa+p—1)
+BoII(B+A—1)F(A+B,a+B,1+5,1),
and having expressed the hypergeometric series together with the integral by
the function IT,

cos “FIT(A — IT(a — DII(B+A —1)
IMa+p+A—1)
cos SLIT(A — )IT(a — DII(B — D)II(—B)II(—B —a — A)
[(w +p = DIH(—a = HII(=p —A)
g, B +A — DB~ —A)
TI(—a)IT(—p)
after some reductions the quantity, as it has to, vanishes completely, and the
very simple value of the constant By results

By = cos %H(—ﬁ -1),

having finally substituted which, we have

/ 19 cosP 1 v cos(xtanv + (a + B)v)
0

~ cos FIT(a — I —1)
N Ma+p-1)
+ﬁaw%ﬁu—5—nﬂa+&1+ﬁxy

¢(a,1— B, x)
A similar formula is deduced from this one by changing « into « — 1, B into

B + 1 and differentiating

/ 19.cosP~ 1o sin(xtanv + (a + B)v)
0

17



_sin I (a — DI — 1)
N Ma+p—1)
+ﬂgn%ﬁu—ﬁ—nwa+&1+ﬁxy

¢(a,1— B, x)

and having compared these formulas to each other, one sees the connection of
the two integrals

43. sin* 1 v - cosP~1v-sin(xtanv + (a + B)v)do

(@)

o

»
=
N‘:I

O — iy O — iy

T
= sin % sin* "1 v - cosP~1v - cos(xtanv + (a + B)v)do

which formula can also be exhibited this way

/sin""1 v-cosP~1v-sin (x tanv + (v + B)v — %) dv =0.
0
The special case « = 0 of the formula (42.) is remarkable
/ cosP~!.sin(x tanv + Bo) s
dv = —,
sinov 2
0

a special case of which, corresponding to the value X = 0 Liouville found in
this Journal Volume 13 p. 232. Furthermore, from the comparison of formulas
(42.) and (13.) one sees the connection of this integral to those we treated
above without any difficulty

46.

cos “XIT(a — 1) 5 ]o uitB=1 . pmuxgy
x
IT(a+p+1) (1T +u)e

/ 19 cosP1v-cos(xtanv + (a + B)v)dv
0

Another case, in which the series of formula (41.) reduces to the series denoted
by the character ¢, is v = —a — B; for, in this case the same way as above it is
easily found that formula (41.) goes over into this one:

18



n* !cosP 1o cos(xtanv — (a + B)v)dv

O\Nm
2.

~ cos FIT(a — II(B—1)
N Ma+p-1)
but in this case the constant By has another value we will find by multiplying
by x**F . e~*dx and by integrating from x = 0 to x = oo; after the integrations:

¢(a,1— B, —x) + BoxPp(a + B, 1+ B, —x),

Ma+p+1) / Yo cos*™~ 1y . do
0

= cos %H(w —2)II(B — 1)E(a+ B,a,1— B, 1)
+Boll(a +2B8 —1)F(a +2B,a+ B, 1+ B, —1),

also these hypergeometric series, whose fourth element = —1, can be expres-
sed in terms of the function IT according to the formula

271
(5 —p) T (%5)
which I demonstrated in the paper on the hypergeometric series of this
journal Volume 15 p. 135. Hence, if that integral and hypergeometric series are
expressed in terms of the function I1, after some simple reductions it results:

Fla,a —p+1,-1) =

b
By = cos <§ + ﬁ) nII(-B—1),
and having substituted the value of this constant:
/ 19 cosP v cos(xtanv — (a + B)v)dv
0

_ cos ST (a — IT(B—1)
e +p—1)

2P cos (% +B) ATI(—p — 1)g(a+ B,1+ B, —x).

¢(a,1— B, —x)

A similar formula is easily deduced from this one by changing « into « — 1, 8
into B 4 1 and differentiating with respect to the variable x
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48. /sin""l v-cosP 1o sin(xtanv — (a + B)v)dv
0
_sin (e — IR — 1)
T M(a+pB—1)
—ﬁ%m<%+ﬁ)MH—ﬁ—U¢w+ﬁJ+ﬁpﬁ)

These formulas (47.) and (48.) can easily be combined in two ways so that
they have these simpler forms:

¢la,1— B, —x)

7
49. /sin""1 v-cosP~1v-sin (xtanv —(a+B)v+ <% + ﬁ) 7T> dv
0

(e — 1), 1 — B, —x))
N(-p(a+p-1) '

%
50. /sin”‘_1 v-cosP 1o -sin (x tanv — (a + B)v + %%—) dv
0

txP
= Tﬁ)q)(zx +B,1+B,—x)

In all integrals treated here, as we mentioned above already, x must always
be a positive quantity, but if x would be assumed to be negative, all sums we
found would be false; in this regard the integral of equation (50.) is especially
remarkable, since for positive x is equal to that series, but vanishes for negative
x, confer equation (44.).

Written in Liegnitz, in the month of April, 1837
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