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ALGEBRAIC CYCLES AND THE WEIL CONJECTURES ¥

S. L. KLEIMAN

INTRODUCTION

With the development of the (-adic étale cohomology, Weil's conjectures about the zeta
function have been reduced to formal consequences of certain basic conjectures in the the-
ory of algebraic cycles. It is our purpose to review this formalism. We agree to work
over a fixed algebraically closed field k, to let variety mean integral algebraic k-scheme
and to assume all varieties smooth, closed subschemes of given projective spaces. While
it is often important to keep track of the twisting of cohomology by roots of unity because
of its deep arithmetic significance, here it is more natural to choose a (non-canonical)
isomorphism Zy(1) ~ Zy and to work formally with the resulting "Weil cohomology"

X+ H*(X) which has coefficients in a field of characteristic zero, satisfies Poincaré
duality and the Kiinneth formula and receives a non-trivial functorial ring homomorphism
from the algebraic cycles modulo rational equivalence.

The conjectures spring from two sources: Lefschetz theory [6] and Hodge theory [12].
The strong Lefschetz theorem asserts: Let X be an n-dimensional variety, y the cohomol-
ogy class of a hyperplane section and L the operator defined by La = a.y; then the map
Ln-i:Hi(X) - H2n-1(X) is an isomorphism for 0 <i < n. For complex varieties, the the-
orem may be proved using Hodge theory. For arbitrary varieties, the theorem is not yet
established; however, it is expected that Lefschetz' original method will yield a proof.

The weak Lefschetz theorem asserts that if £: Y — X is the inclusion morphism of a
smooth hyperplane section, then the induced map f*: :Hi(X) - Hi(Y) is an isomorphism for
i < n-2 and an injection for i=n-1. For complex varieties, the theorem results from
the exact sequence HL L(X-Y) - H{(X) —~ Hi(Y) - H1+1(X -Y) where H{(X-Y) signifies
cohomology with compact supports. Since H}:(X Y) Hg, (X~ -Y), the weak Lefschetz the-
orem is therefore equivalent to the Lefschetz affine theorem HJ(X Y)=0 for j = n+1.

The affine theorem may be proved by computing with the complex of algebraic differential
forms; namely, Hi(X-Y) = HJ(P(Q*X_Y /C)). For arbitrary varieties, a similar proof may
be given using the exact sequence of local cohomology and the Artin-Grothendieck Lef-
schetz affine theorem [1].

The main conjecture of Lefschetz type, denoted B(X), deals with the cohomology opera-
tor A defined as zero on the primitive pieces P1(X) = {a ¢ Hi(X)|LD~ -1+13-0} where i < n
and elsewhere as the natural inverse of L. The conjecture B(X) asserts that A is induced
by an algebraic cycle with rational coefficients on XX X. (Note that, like * introduced
later, A is a modification by scalars on the primitive pieces of the classical operator.)
The property B(X) is independent of the polarization L and is remarkably stable: under
product, smooth hyperplane section and specialization (with possible change of charac-
teristic). Moreover, B(X) is satisfied by projective space and the other usual rational
varieties having cellular decompositions, by curves, by surfaces and by abelian varieties;

I This research has been partially supported by the National Science Foundation under Grant
NSF GP-5177.
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in fact, for these varieties A is induced by a cycle which does not depend on the choice of
Weil cohomology.

Property B(X) implies another property C(X), which asserts that an algebraic cohomo]-
ogy class a e H*(XXX) has Kiinneth components apq € HP(X)® H4(X) which are (rationally)
algebraic, or equivalently put, the diagonal has algebraic Kiinneth components
ml e H2n-1(X) ® Hi(X). (Hodge proved C(X) holds for a surface using Hodge theory and noteq
it would hold in general if the Hodge conjecture is proved (k=C).) In turn, C(X) implies
that an endomorphism of HY(X) induced by an algebraic cycle has integer coefficients in
its characteristic polynomial. As a consequence, the zeta function of a smooth complete
intersection in projective space has the same cohomological decomposition for all theor-
ies and the polynomiais which occur have integer coefficients. (As Dwork and Washnitzer
point out, this assertion is also an easy consequence of the weak Lefschetz theorem.)

The Hodge index conjecture I(X, L) asserts that, for 2p < n, the quadratic form |
a,br (-1)P(Ln'2p a.b) is positive definite on the Q-space of algebraic, primitive 2p-
classes. If H*(X) is endowed with the non-singular pairing defined as
(-1)i(i+1)/21,n-1-2 3 by on LIPL(X), then B(X) implies that the transpose u' of an alge-
braic endomorphism is again algebraic, and (XXX, Lx ®1+1® Lx) implies that
Tr (u'ou) > 0 if u # 0 (compare, Serre [11]). Two celebrated consequences ensue: the
semisimplicity of the rirg of algebraic endomorphisms; the "Riemann hypothesis" of the
absolute value of the zeta function's zeros and poles.

Property B(X) has a weaker form A(X, L) asserting that L1-2P induces an isomor-
phism of the Q-space AP(X) of algebraic classes in H2P(X) onto AR~P(X). On the other
hand, if Y (resp. Z,...) is a smooth hyperplane section of X (resp. Y,...) and if
A(XXY, Ly ®1+1®Ly), A(YXZ, Ly®1+1® LZ), ... hold, then B(X) holds. Moreover,
in the presence of the strong Lefschetz theorem and the index conjecture, A(X,L) is
equivalent to conjecture D(X) asserting the equality of homological equivalence with nu-
merical equivalence.

In characteristic zero, the classical cohomology theories present new features: the
Lefschetz theorems and the index conjecture hold, di *(X) < < and every algebraic
endomorphism has a characteristic polynomial with rational coefficients. It follows that
A(X, L) holds if and only if dim AP(X) = dim AM"P(X) for all 2p < n and that B(X) holds if
and only if there exists some algebraic isomorphism y!:H4R"Y(X) = HY(X) for i < n. Fur-
ther, H*(X,C) decomposes into pieces HP» 4(X) = HA(X, @P); the Hodge conjecture asserts
AP(X) = HP:P(X) N H2P(X,Q). This conjecture, proved by Lefschetz for p=1, implies
A(X,L); hence, A(X, L) holds when dim X < 4, In characteristic p > 0, there can be no
analogous decomposition, related to differentials or not. Otherwise, as Weil points out,
the rank of the group of divisorial correspondence classes of a supersingular elliptic
curve E would be bounded by 2[dim HO,1(E)]2 = 2.

The two Lefschetz theorems being assumed, the conjecture that for all X over k,

B(X) and I(X, L) hold, is often referred to as "the standard conjectures": It is equivalent
to the conjecture that for all X over k, A(X) and I(X, L) hold, and to that for all X over k,
D(X) and I(X, L) hold. Moreover, if one cohomology theory satisfies these conjectures,
then any other does if and only if it satisfies D(X). For classical, ¢-adic (and perhaps
crystalline) cohomologies, the standard conjectures are probably more accessible than
the Hodge conjecture (or Tate's variant) and the conjectured equality of -, homological
and numerical equivalences f. Furthermore, they imply the Weil conjectures and they are
basic to Grothendieck's theories of motives and intermediate Picard varieties. At present,

i Since these notes were written, P.Griffiths has announced a counter example to this last
conjecture (cf. a paper of his, to appear in Pub. Math. IHES).
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known are only the equality of T-equivalence with numerical equivalence for divisors,
proved by Matsusaka, and the index conjecture for surfaces, proved by Hodge-Segre-
Bronowski-Grothendieck.

Speaking without cohomology and working with only the Q-algebra of cycles modulo
7- (resp. numerical) equivalence, we may formulate analogues of the standard conjec-
tures. For example, the Lefschetz affine "theorem" asserts that, if Y is a hyperplane
section of X, then, on the affine variety X-Y, every cycle of dimension < n/2 can be de-
formed by 7- (resp. numerical) equivalence and pushed to infinity. Assuming these conjec-
tures and speaking only of cycles 71, A, etc. on XXX characterized by certain simple
properties, we may state a Lefschetz fixed-point formula and give a proof, non-cohomo-
logical in appearance, of all the Weil conjectures. Of course, a cohomology theory satis-
fying the Lefschetz theorems satisfies the standard conjectures if and only if homological
equivalence is equal to numerical equivalence and the numerical equivalence index con-
jecture holds. Moreover, the T-equivalence conjectures imply that 7-equivalence is equal
to numerical equivalence, thence to homological equivalence; so, they imply the standard
conjectures hold for any cohomology theory satisfying the Lefschetz theorems.

This study is essentially due to Grothendieck, with three noteworthy exceptions: First,
Lieberman proved the conjectures of Lefschetz type for abelian varieties (2A11, 2A13, 3.10:
in fact, our entire work should be compared with Lieberman's articles [7, 8]). Second, Lub-
kin suggested the potential elimination of the denominators in the characteristic polynomial
of an integrally algebraic endomorphism (2.6). Third, Bombieri independently observed
that the Weil conjectures are formal consequences of the standard conjectures. I would
also express my debt to the many others who contributed to these notes.

1. FORMALISM OF CYCLES

1.1. Rings of cycle classes [2, 9]
An algebraic cycle on a variety X is defined as a finite formal sum

Z=ZmyZy,

where the coefficients m,, are integers and the Z, are closed, integral subschemes of X.
The set of all cycles forms a group

Cc*(X) = ®CP(X)

graded by codimension.

Two closed, integral subschemes Z, W of X are said to intersect properly if every
component Yy of Z N W has codimension equal to the sum of the codimensions of Z and
W. When Z and W intersect properly, their intersection product is the cycle defined by

Z.W = Di(Z.W, Y X) Y, ,

where the coefficients are the intersection multiplicities. This product, extended as far
as possible over C*(X), is commutative and associative whenever defined.

A set {Zt} of cycles on X indexed by the closed points of a smooth, connected, quasi-
projective scheme T is called an algebraic family if there exists a cycle Z on XXT such
that each Z¢ is the intersection-theoretic fiber over t e T. Two cycles on X are said to be
algebraically equivalent if there exists an algebraic family containing them both. It is
easy to see that algebraic equivalence is compatible with subtraction, so it is an equi-
valence relation.

More generally, an equivalence relation is obtained whenever the parameter scheme T
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is suitably restricted. Rational equivalence, for example, is defined to be the relation
obtained by always taking T to be the projective line.

Lemma. Given two cycles Z,W on a variety X, there exists a cycle Y rationally equiv-
alent to W such that the intersection cycle Z.Y is defined.

Lemma. Let Z,W,Y be three cycles on a variety X. Suppose that Y is rationally
(resp. algebraically) equivalent to W and that Z.Y and Z.W are defined. Then Z.Y is ration-
ally (resp. algebraically) equivalent to Z.W.

It follows from these lemmas that the group of cycle classes modulo rational (resp.
algebraic) equivalence forms a graded ring C*,,¢(X) (resp. C*alg(x)) under intersection
product. The ring C*,.,4(X) is often called the Chow ring.

Two cycles Z,W on X are said to be T-equivalent if, for some integer m # 0, mZ is
algebraically equivalent to mW. Clearly, T-equivalence defines a corresponding ring of
cycle classes C*(X).

The degree map ( }: C*(X) — Z is defined as zero on CP(X) for p <n = dim (X) and as
Zm, at Zm P e C(X). Two cycles Z,W on X are said to be numerically equivalent if
(Z.Yy = (W.Y) for all cycles Y on X. Clearly, numerical equivalence defines a correspond-
ing ring of cycle classes C*;(X) and the canonical pairing

C* um(X) X C* um(X) = Z

is separated.
Let f:X — Y be a morphism of varieties and let eq stand for one of the above four
equivalence relations. Then f induces a functorial ring homomorphism

£*: C*gq(Y) = C¥eq(X)

and a functorial group homomorphism
cP (x cPtr(y
£y eq( ) eq (Y)

for each p where r = dim (Y) - dim (X). In fact, f* comes from the map which takes a
closed, integral subscheme W of Y into its intersection - theoretic inverse image £-1(w)
whenever f-1(W) is defined. And f, comes from the map which takes a closed, integral
subscheme Z of X into the cycle d[f(Z)] where d is [k(Z) : k(f(Z))] if dim (Z) = dim (£(Z))
and d is 0 if dim(Z) > dim (£(Z)). The homomorphisms f* and f, are related through the
projection formula,

f(E*W.Z) = W.E, Z

which holds already on the cycle level when all the terms are defined.

An equivalence relation is called adequate if it defines a ring of cycle classes C* eq(X)
for every variety X and homomophisms f*, f, as above for every morphism f: X —» Y. It
can be proved that rational equivalence is the smallest adequate relation and that numeri-
cal equivalence, the largest such that C* eq(Point) =Z.

1.2. Weil cohomology

Fix a field K of characteristic zero, to be called the coefficient field. A contravariant
functor X = H*(X) from varieties to augmented, finite dimensional, graded (by ), anti-
commutative K-algebras is said to be a Weil cohomology if it satisfies the following three
properties:

A. Poincaré duality - Let n be the dimension of X. Then:

(i) The groups HY(X) are zero for i ¢ [0, 2n].

(ii) There is given an "orientation" isomorphism Hzn(X) ~ K.
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(iii) The canonical pairings
Hl(x) X H2n-i(x) —_ Hzn(x)

are non-singular. .

Define a degree map () :H*(X) - K as zero on H(X) for i < 2n and as the orientation
isomorphism on H21(X). Let H;(X) denote the K-vector space dual to HY(X). Then Poin-
caré duality states that the map a = (. a) induces isomorphisms H2n-i(x) ~ Hi(X), which
will be viewed as identifications.

Let f: X - Y be a morphism and f* = H*(f) : H*(Y) — H*(X). Then define a K-linear map
fx : HY(X) » H*(Y) as being the transpose of £*. Since f* is a ring homomorphism, it fol-
lows that f* and fx are related through the projection formula,

£,.((f a).b) = a.f,b

which simply expresses that H,(X) is a left H*(X)-module functorially.
B. Kiinneth formula - Let p: XXY — X and q: XXY - Y be the projections. Then the
canonical map a ® b = p*a.q*b is an isomorphism

HY(X) ® gH"(Y) = H" (XxY).

C. Cycle map - There exist group homomorphisms
Yy : CP(X) - H2P(X)
satisfying: (i) (functioriality) - If {: X — Y is a morphism, then
fry = vxf®  and  fovx = vyte-

(ii) (multiplicativity) - Yy v(ZXW) = vx(Z) ® vy(W).
(iii) (non-triviality) - If P is a point, then

7p:C*(P) = Z ~H'(P) =K

is the canonical inclusion.

The elements of H*(X) are often called cohomology classes and the multiplication, cup
product. A cohomology class is said to be (integrally) algebraic if it is the image under
yx of an algebraic cycle. Two algebraic cycles are said to be homologically equivalent if
they define the same cohomology class.

1.2.1. Proposition. If two algebraic cycles on X are 7-equivalent, then they are homolog-
ically equivalent.

Indeed, since the coefficient field K has characteristic zero, we may assume the cy-
cles are algebraically equivalent. Let {Zt} be an algebraic family; we have to show that
the cohomology class vx(Zi) is independent of t. Let Z be a cycle in XXT defining {Zt}.
Let P be a point, a;:P — T the injection defined by the closed point t of T and
fi = idyXap: X = XXP — XXT. Then

rx(Zy) = vx it (2) = & rgo T(2)
However, ft* =id ® at* and o* :H*(T) » H*(P) = K is independent of t, being the unique
homomorphism of augmented algebras.
1.2.2. Proposition. Let eq stand fof an adequate equivalence relation finer than 7-equiv-
alence. Then the cycle map induces a ring homomorphism
¥x: Ceq(X) = H'(X).



N

364

Indeed, by 1.2.1, Yx is well-defined. Now let A:X — XXX be the diagonal morphism,
Then

Yx(Z.W) = yxA*(ZXW) = & (rx(Z) © vx(W)) = vx(2).yx(W).

1.2.3. Proposition. Homological equivalence is an adequate relation, finer than numerica]
equivalence.

Indeed, by 1.2.2, c* hom(X) = 'yX(C +(X)) is a ring; hence, by the functoriality of 15'¢
homologlcal equlvalence is adequate. It is finer than numer1ca1 equivalence because
c* hom(Point) =

1.2.4. Proposition. Let f:X — Y be a surjective morphism. Then f*:H*(Y) - H*(X) is in-
jective.
Indeed, let x be a closed pomt of the generic f1bre of F,Z the closure of x 1n X and
7= yX(Z) Then £,2#0. Let a e H*(Y) and suppose *a=0. Then for any b € H (Y),
0= f.(f*a.f*b.z) = a.b.f,z. Hence, by Poincaré duality, a=0.

1.2.5. Example. If the ground field k is the complex numbers, then the classical cohomol-
ogy theory is a Weil cohomology; if k is an arbltrary algebralcally closed field, then the
(-adic étale cohomology X ~ H* 5(X), where H*g(X) = [hm H* (X, Z /1Y Z)]® ZQQQ

and { is prime to char(k), becomes a Weil cohomology a.fter the (non-canonical) choice of
an isomorphism Z,(1) ~ Z,.

1.2.6. Example. For the usual rational varieties having cellular decompositions (e.g., ,
projective spaces Grassmans, flag manifolds [3]) and, more generally, for any variety ‘
X, where T-equivalence equals numerical equivalence and whose K-algebra A*(X) of cy-

cles modulo T-equivalence satisfies the Kiinneth formula A*(XXX) = A*(X) ® A*(X), the
cohomology ring H*(X) is equal to A*(X).

Indeed, by 1.2.2 and 1.2.3, A*(X) may be considered a subring of H*(X). Let

p,q: XXX~ X be the prOJectlons and A = Zx; ® y; a decomposition of the diagonal such

that xi,y; € A"(X). If a ¢ H*(X) is an arbltrary element then a = qx(A.p*a) = Z¢&4. a)yi ]
is in A¥(X). ;

1.3. Correspondences
Let X+ H*(X) be a Weil cohomology. Then there are canonical K-linear isomorphisms
H*(XXY) ~ H(X) ® gH*(Y) (Ktinneth formula)
~ H,(X) ® gH"(Y) (Poincaré duality)
~ HomK(H*(X) H*(Y)).

Spec1f1ca11y, anelementu=a ® b ¢ H (XXY) corresponds to the K-linear map_
u* : H*(X) — H*(Y) defined by u*(c) = (c.a)b. Again, an arbitrary element u € H*(XXY)
corresponds to the composmon

vev.au
_—

w* X)) B H*(XXY) H*(XxY)gtH*(Y),

where p, q are the projections. Furthermore, if n = dim (X), then the elements
u e H2n+d(XXY) correspond to the K-linear maps
u* H¥(X) » H*(Y)

which are homogeneous of degree d.
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The elements u ¢ H*(XxY), thought of as the K-linear maps u = u* : H*(X) — H*(Y),
are called (homological) correspondences. Composition of linear maps defines a compo-
sition of corre«~ ndences: explicitly, if u € H*(XXY) and v ¢ H*(YxZ), then

1.3.1. vou = px(u ® 17.1x ® V),

where p: Xx Z — XXZ is the projection. In particular, the self-correspondences of X
form a ring composition; namely,

H*(XXX) ~ Endg(H"(X)).
Analogously, there is a canonical isomorphism

H"(XXY) ~ Homy(H,(X), H,(Y))
in whichv=b® a € HB(X) ® HY(Y) corresponds to the linear map v, :H, (X) — H,(Y) de-
fined by

v, (d) = (-1)®%b.dya = q,(v.p"d)
for d e Hy(X) = Hzn'a(x), where p, q are the appropriate projections. Note that, if
v e ® H21(XXY), then

v, = v HY(X) - H (Y),

but not otherwise.

1.3.2. Proposition. Let u ¢ H*(XXY) and let tu e H*(YxX) denoted its canonical trans-
pose. Then (tw), :H,(Y) - H,(X) is the K-transpose of u* : H*(X) - H*(Y).

Indeed, by linearity it suffices to note that, foru=a® b ¢ H¥(X) ® HA(Y), ¢ € HY(X)
and d e Hg(Y), we have tu = (-1)*Pb @ a and (b.d) = 0 when B #5; so, (c,tu,(d)) =
(-1)@B (c.a) (b.d) = (u*(c).d).

1.3.3. Proposition. If u e H*(XXY) and v e H*(ZxW), then the tensor product of
u* : H*(X) —» H*(Y) and v* : H*(Z) — H*(W) corresponds to the map H*(XX Z) - H*(YxW)
defined by the cycle

l u®Vv=prugv e H(XXZXYXW),

where p, q are the appropriate projections.
! Indeed, the assertion follows easily from the definition:

™ ® v¥(a @ b) = (-1)B%u*(a) ® v*(b)
for u € HO(XX Y), b e HB(Z).

1.3.4. Proposition. Consider a diagram of correspondences
*
H*(X) 2> H*(Y)
ty* l y*
v*
H*(W) —H"(2).

Suppose X € ® HZi(XXW). Ifv=(x®y)ru, thenv = youotx.
Indeed, by linearity, we may assume u =a ® b. Then, for c e H*(W), we have

v¥(c) = (x*a ® y*b)*c = (c.x*a) y*b = y*((tx*c.a)b) = y*(u*(tx*c)).
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1.3.5. Proposition. Let a ¢ H*(X). The operator Ma:H*(X) - H*(X) defined by My(b) =b.a
corresponds to the cycle A (a) where A:X — XXX is the diagonal morphism.

Indeed, if q: XXX — X is the projection onto the second factor, then (A*(a))*b =
= (b ® 1.4, (a) = q*oA*(A*(b ® 1).a) = b.a.

1.3.6. Proposition. Let X,Y be varieties of dimension n,m. Let A ¢ H*(XX X) be the diag-
onal class and 71 ¢ H20-i(X) ® Hi(X) the Kiinneth components of A, Let u e H*(XxX), '1
v e H*(XXY), w € H*(YxX) be correspondences of degrees 0, d, -d respectively and let
Tri(u) denote the trace of the map HY(X) — HY(X) induced by u. Then:
(i) 7! corresponds to the ith-projection operator, 7l:H*(X) —» HY(X).
(ii) a. The trace formula: Tr;(u) = (-1)i(u.72n-1),
b. The Lefschetz fixed-point formula:

2n .
(u.A)y = 25 (-1)iTr(u).
i=0

2n .
(v.bwy = Z()) (-1)!Trj(wov).
1=

Indeed, (i) is clear and (ii) a, b are special cases of (ii) c. To prove (ii) ¢, we may as-
sume v € H2n-i(X) ® HI(Y), w ¢ H2m-}(Y) ® H(X); say, v=Zay®b , w=Z ¢ ® ayg with
(ag.am) = Ogm. Then (v.tw) = (bgcyp) and (wov) (ag) = (-1)lw(by) = (-1)1(bg.codag+... .
Thus, Tri(wov) = (-1)1Z(bg.cg) = (-1)i(v.tw). ) .

A correspondence u € H*(XXY) (resp. a linear map u:HYX) — H)(Y)) is called (ration-
ally algebraic if it is (resp. is the restriction of a map H* (X) — H*(Y) induced by) an
element of the Q-vector space generated by the (integrally) algebraic classes.

1.3.7. Proposition. (i) If u ¢ H*(XXY), we H*(ZXW) are algebraic correspondences, then
tu e H(YXX), u ® w e H*(XXZXYXW), and if Y = Z, wou ¢ H¥(XXW) are all algebraic
correspondences.

(ii) If a ¢ H"(X) is algebraic, then the map M, : H*(X) - H*(X) defined by My(b) = b.a
is algebraic.

(iii) Let f: Y — X be a morphism and-u e H*(XXY) the class of its graph. Then
* = u* :H*(X) - H*(Y) and f, = tu, : H*(Y) » H*(X); hence, f* and f, are algebraic.

(iv) Letf: Y —» X and g:Z — W be morphisms. Then

(fxg)* =f* @ g" :H"(XXW) » H*(YX Z)

and they are algebraic.

Indeed, (i) and (ii) follow immediately from 1.3.2, 1.3.3, 1.3.1 and 1.3.5. In (iv),
(fxg)* = f* ® g* by the Kiinneth formula and they are algebraic by (iii). In (iii),

u = ’)’XxY(ide)*A = (id ® ) gy x4,
where A is the diagonal; hence, f* = u* by 1.3.4 and £, = tu, by 1.3.2.
1.3.8. In view of 1.3.7, the algebraic self-correspondence of X form a Q-algebra, denoted

A*(X). It is stable under transposition and contains the operators M,, £* and f, for any
algebraic element a ¢ H*(X) and any morphism f:X — X,
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1.4. Lefschetz theory
Fix a Weil cohomology X = H*(X). For each variety X, let Y be a hyperplane section
andy =vx(Y) e H2(X). Define an operator of degree 2 (or polarization)

L= LX:H*(X) - H*X) by L(a)=a.y.

In the propositions below, assume X satisfies the following condition:
The strong Lefschetz "theorem". For i < n =dimX, the map

Lo-i: gi(x) - g2n-i(x)

is an isomorphism.

1.4.1. Proposition. For j < n-i, the map Li:HY(X) - HI*2](X) is an injection and the map
Ln-i-1; Hi+2j(X) - H2n-1(X) is a surjection. Consequently, if b; = dim (Hi(X)) is the ith
Betti number, then

1=by <bg <... < by;

i for 2i <n

by <bg'<... Sbgjyp  for  2j+1 <n.
1.4.2. Proposition - (Primitive decomposition). For i <n, let Pi(X) be the set of elements

a e Hi(X), called primitive, which satisfy L1-i+1(a) = 0. Then, for any i, any a ¢ Hi(X)
can be written uniquely in the form

a= 2 Ljaj,
izig
where a; € Pi'zj(X) and iy = max(i-n, 0).
Indeed, these propositions are immediate consequences of the strong Lefschetz "theo-
rem" and they permit definition of the following operators:

1.4.2.1. Aa = 2 Li-l 3y where i; = max(i-n,1)
iz

1.4.2.2. CAg = 2y j(n-i+j+1)Lj'1 a;

Ry

1711
1.4.2.3. *a= 2 (-1)1-2(-2+1)/2  n-i+j

j=i, J

1.4.2.4. pja=5ija’¢f'/ for]' =0,...,2n, Jiie
where a € Hi(X) with primitive decomposition a = Z)j >, L] aj.

1.4.3. Proposition. (i) A and ®A have degree -2. . o .

(ii) For i <n, AP-1:H20-i(X) - Hi(X) is inverse to L-1 and ¢AR-1. n-ipi(x) - Pi(X)
is inverse to a multiple of L1,

(iii) For all i,* : H{(X) —» H2n-i(X), %2 = id and A = xLx.

(iv) A, CA, %, 70, ... 72D pO . . ph-1 are all given by universal, non-commutative
polynomials with integer coefficients in L and po,... ,pzn.
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Indeed, the assertions are straightforward consequences of the definitions and the
formula aj = p2n-i+2j 1n-i+ja where a ¢ HY(X) with primitive decomposition a = E]>1 Li aj.
1.4.4. Proposﬁlon The operator Q-algebras generated by L and A, by L and ®A, by L
and x, by L and p?,...,p20 are all the same and they contain p°,...,p" ! and 110 .., men,

Indeed, the algebra generated by L and p?,...,p4"! contains A, CA,x,79,..., 71211,
p°,... ,pn'1 by 1.4.3 (iv); that, by L and * contains A = *Lsx; finally, that, by L and A
(resp. CA) contains p?,...,p2" by 1.4.3 (ii) and the following lemma.

1.4.5. Lemma. For i <n, let 61:H*(X) » H*(X) be a map of degree -2(n-i) which induces
the map LP-1PL(X) — Pl(X) inverse to LD-i, Then p2n-i is given by a universal, non-com-
mutative polynomial with integer coefficients in L and 6°,...,6%.

Indeed, the assertion results by induction on i from the following, easily verified for-

mulas:

2n-i . . .
@Y= E m = (id - E 2 Llp 2n-0+2j Ln-ﬁ+] )
j=i 0 ¢[i, 2n-i] §=1,

pZn—i =0 Gi(id - Lj pi+2j Li-n+j) o,
j=Z1+n-i

where £, = max (£ -n, 0).

1.4.6. Proposition. (i) CA is the unique operator of degree -2 which satisfies the formula

2n .
1.4.6.1 [€A,L] = _Z)O (n-i)7t.
1=

(ii) Let X, Z and XX Z satisfy the strong Lefschetz "theorem" and polarize XXZ via
the Segre immersion: Lyyy = Ly ® id + id ® Ly. Then:

CAXXZ =ch®id+ ld®cAz.

Indeed, it results easily from the definition that CA satisfies 1.4.6.1. On the other
hand, any operator A which satisfies 1.4.6.1 is easily seen by induction on j to satisfy

. .. j-1 2n .
1.4.6.2. [, Li] = Li-1 % > (n-i)ri-2L,
=0 i=0

s bt et sty st et .. <ttt o i

Assume X has degree -2 and let a ¢ PL(X). Then L2y, S 02, _ppn-itly C
where r is the integer given by 1. 4.6.2; hence Axa = 0. Then, for any j = 1,

ALia =[x, LJ]a + Lira = CALja. Thus, x = CA.

Finally, (ii) results formally from (1)

In the proposition below, let X satisfy the strong Lefschetz "theorem" and f:Y — X be
the inclusion morphism of a smooth hyperplane section. Assume, further, that the fol-
lowing condition is satisfied: . .

The weak Lefschetz "theorem". The map £ : HY(X) — HY(Y) is an isomorphism for
i< n-2 and an injection for i = n-1, or equivalently by transposition, the map
f, :Hi(Y) » H*2(X) is an isomorphism for i > n and a surjection for i =n-1.
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1.4.7. Proposition. (i)zf*f =Ly an.df fo =Ly . o o
(ii) £, : HY(Y) - H*4(X) is injective for i < n-2 and f" : H(X) = HY(Y) is surjective for
i=n.
(i) Lyf, = f,Ly and f' Ly = Lyf".
(iv) Y satisfies the strong Lefschetz "theorem".
(v) £,(PX(Y)) © Ly PYX) and £*(Pi(X)) © PI(Y) for i < n-1, and £(PY(X)) = 0.
(vi) f, and {* commute with primitive decomposition.
(vii) Ay = £ szfi. )
Indeed, if a ¢ H*(X), then f f'a = £, (f*a.1y) = a.f,1y = Lya. If b ¢ HY(Y) with i > n-2,
then

k X
£,8°0,b = f,b.f, 1y = £, (b.£E,1y) = £, Lyb;

hence, by the weak Lefschetz "theorem", f*f*b = Lyb. Finally, it follows by transposition
that, if b e H(Y) with i < n, then again f*f,b = Lyb; so, the proof of (i) is complete.

Assertjons (ii) and (iii) follow easily from assertion (i). Assertions (i) and (iii) imply
that LXn'1 =f, Ly n-1)-if* for i < n -1; whence, assertion (iv).

Assertion (iii) implies that Ly f‘"(”é)‘“l f, = f*LY(n'l)‘l for i < n-1; hence,
Ly"-(i+2)+1 is an injection on £, HY(Y). Again, (iii) implies that LXH‘(i+2)+2 is zero on
£, PL(Y). Thus, f,:PYY) —» LyPL(X). Similarly, by (iii) and (i), f, Lyn-1-#+1f* = Lyn-i+1
for i < n; whence, the remaining assertions of (v).

Finally, (vi) and (vii) follow easily from (v), (iii) and (i).

2. CONJECTURES OF LEFSCHETZ TYPE

Fix a Weil cohomology X ~ H*(X) and consider varieties X satisfying the strong Lef-
schetz "theorem". We shall study the following three conditions.
A(X,L): For 2p < n = dimX, the injection

2P AP(%) - AMP(x)

on the Q-vector space AP(X) of algebraic cohomology classes is a bijection.
B(X) : The correspondence Ay € }12n—2(x?< X), associated to Ly, is algebraic.
C(X) : The Kiinneth components 71 ® H21-i(X) ¢ Hi(X) of the diagonal class A, which
correspond to the projection operators

o H*X) - H(X),

e i | oo e . . ot st .. S ook s il

are algebraic.
For example, if X is a curve, then X trivially satisfies all of these conditions; if X is
a flag manifold (e.g., a Grassmann or a projective space), then X satisfies them by 1.2.6.

2.1. Proposition. The following conditions are equivalent:
(i) A(X,L).
(ii) A*(X) is stable under the primitive projections ph, ..., p2n,
(iii) A*(X) is stable under the operator x.
(iv) A*(X) is stable under the operator A.
(v) A*(X) is stable under the operator CA.
Indeed, the equivalence of (ii), (iii), (iv) and (v) results immediately from 1.4.4; the
implication (iv) — (i), from 1.4.3 (ii). Finally, if (i) holds, then A*(X) is stable under
i = An-ig2n-ifor i < n; whence, A*(X) is stable under p%,...,p20 by 1.4.5.

i
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2.2. Corollary. B(X) implies A(X, L).

2.3. Proposition. The following conditions are equivalent:
(i) B(X).
(ii) For i < n, the isomorphism H20-1(X) - Hi(X) inverse to L-1 is algebraic.
(iii) The primitive projections p1,...,p20 are algebraic.
(iv) The operator * is algebraic.
(v) The operator CA is algebraic.
Indeed, in view of 1.3.8, the equivalence of (i), (iii), (iv) and (v) results immediately
from 1.4.4; the implication (i) — (ii), from 1.4.3 (ii). Finally, if (ii) holds, then
m, ..., 720 are algebraic by the following lemma; so, 61 = AR-i72n-i js algebraic for
i < n and (iii) results from 1.4.5.

2.4. Lemma. If the map H2-J(X) - HI(X) inverse to L2-J is induced by an algebraic cor-
respondence 6] for j < i where i < n, then the projections 7°,... 7l ,720-1 720 ape
algebraic. In particular, B(X) implies C(X).

Indeed, in view of 1.3.8, the assertion results by induction on i from the following,
easily verified formulas:

ml=olid - 2 yrr-iga - 20 7))
>on-i j<i
on-i _ ti

T =T

2.5. Corollary. B(X) is stable under product; in other words, B(X), B(Y) imply B(XXY).
Indeed, CAyyy = *Ax ® id + id ® ®Ay by 1.4.6 (ii). So the assertion results from

1.3.7 and 2.3.

2.6. Proposition. (i) If A*(XxX) is stable under Kiinneth decomposition then X satisfies
C(X).
(ii) If X, Y satisfy C(X), C(Y), then A*(Xx Y) is stable under Kiinneth decomposition.
Indeed, (i) is trivial and (ii) results from the fact that the map

e © nl H(xxY) - Hi(x) @ H(Y)
is the projection corresponding to Kiinneth decomposition.

2.7. Proposition. Suppose p2n-i jg algebraic and let u be an endomorphism of Hi(X) which
is algebraic. Then the coefficients o; of the characteristic polynomial P(t) = Det(1 - ut) of
u are rational numbers. Further, if u is integrally algebraic (i.e., u € yxx X(C*(Xx X)),

then the o; are integers.
Indeed, the Newton formulas express the 0j as polynomials with rational coefficients

in the power sums

of the eigenvalues @y of u. And, by the trace formula (1.3.6),
Spy = Tr (™) = (-1)ium, 7204 ¢ Q,
Thus, 0]- e Q.




371

Further, suppose that u is integrally algebraic. Then, if a is a non-zero integer such
that ar20-1 jg integrally algebraic, the trace formula shows that a.S,; is an integer for
all m. Thus, the oj are integers by the following lemma.

2.8. Lemma. Let A be a subring of a field K. Let @1,..., a¢ be distinct elements of K
and let py,...,py be integers not congruent to 0 modulo the characteristic of K. Let
Sm =P121™ + ... + pgay™. Suppose there exists a non-zero element a € A such that
aSy, € A for all m > 1. Then the o are integral over A.

Indeed, consider the matrix equation

m
...l P10y Sm+1
oo - :
ay..- Qg [Pgay Sm+g

Since the aj are distinct, we may solve and find
m .
Pi% =PRi1Sme1 * oo + BigSmyg  (i=1,...,0),

where the B;; are independent of m. It follows that any valuation of K which is non-nega-
tive on A is non-negative on the ;. Therefore, the @; are integral over A.

2.9. Theorem. The following conditions are equivalent:
(i) B(X). ) . )
(ii) C(X) and v(X): For i < n-1, there exists an isomorphism »i:H20-1(X) = Hi(X)
which is algebraic. )

(iii) ¥(X) and p(X) : Let u be an endomorphism of a cohomology group HYX). If u is al-
gebraic, then the coefficients 9 of the characteristic polynomial of u are rational num-
bers.

Indeed, by 2.3 and 2.4, (i) implies (ii); by 2.7, (ii) implies (iii). o )
Assume (iii), fix i < n-1 and consider the algebraic map u = v1L1-1: H(X) - HY(X).
By assumption, u is an automorphism; so, its characteristic polynomial P(t) has rational
coefficients. By the Cayley-Hamilton theorem, P(u) = 0. It follows that u~l is a linear
combination of 1,u,u2, ... with rational coefficients; so, ulis algebraic. Therefore,
the isomorphism H2n-i(X) — Hi(X) inverse to LD-1, being equal to u~1vi, is algebraic.

By 2.3, B(X) therefore holds and the proof is complete.

2.10. Corollary. B(X) is independent of the polarization L, i.e., of the embedding of X in
projective space.

2.11. Corollary. Suppose X, Y satisfy B(X), B(Y). Let u:Hi(X) —» HI(Y) be an isomorphism
which is algebraic. Then u-l is algebraic. Consequently, if a € HY(X) is such that u(a) is
algebraic, then a is algebraic. ien t . m-i

Indeed, for convenience, let L™P denote AP(p > 0) and set v = Ly uLy ). Then, we
have the commutative diagram,

s tu .
H2m-j(y) ——H2n-i(X)

Lm-i

i-n
Y Lx

H(Y) ——Hi(X)
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Now, w = vu is an automorphism of HY(X) which is algebraic; hence, by 2.8 (iii) and the
Cayley-Hamilton theorem, w-lis algebraic. Therefore, u-l = w-lyis algebraic.

2.12. Proposition. Let f:Y — X be the inclusion morphism of a smooth hyperplane sec-
tion. Suppose X satisfies both Lefschetz "theorems". Then the following conditions are
equivalent:
(i) B(X). )
(ii) B(Y) and, for all i < n, there exists an algebraic correspondence L.g*Y) - H*(X)
inducing the map Axf, : HI(Y) — HY(X) which is the left inverse of f* : Hi(X) - HI(X).
(iii) B(Y) and, for all i > n, there exists an algebraic correspondence 8! :‘H*(X) - H*(Y)
inducing the map f*AX:H1(X) - Hi-2(Y), which is the right inverse of f, <Hi-2(Y) - Hi(x).
Indeed, assume (i). Then Ay = f*A2xf andyl = Axf, are algebraic; hence, (i) implies i
(ii). By transposition, (ii) and (iii) are equivalent. Finally, assume (ii) and (iii). Then ‘
the composition
13211-1 A%‘l-l i
H*(X) — H"(Y) — H"(Y) ~H"(X)

is an algebraic correspondence inducing the isomorphism H2n-i(%) - Hi(X) inverse to
L1, Thus, by 2.3, (ii) and (iii) imply (i).
2.13. Theorem. Consider a sequence of varieties

XD>DYDZ>O...,

where each is a hyperplane section of the preceding. Suppose X,Y,Z,... all satisfy both
Lefschetz "theorems", and polarize all products XXX, YXZ,... via the Segre immersion:

i b— - b ———— A . . 4ido ot st

LXXX=LX®1+1®LX"°'°

Then the following conditions are equivalent: {
(i) B(X). |

(ii) B(Y) and A(XXX, Lxxx)-

(ii") B(Y) and A(XxX)°: Lxxx2: AP 1(xxX) - AM1(XxX) is bijective.

(iii) B(Y) and A(XXY, Lyxy)-

(iii") B(Y) and A(XXY)0: Lyxy2: AN 1(XxY) - AM(Xx¥) is bijective.

(iv) A(XxX)° and A(YXY)? and A(ZxZ)° and ... .

(v) A(XXY)° and A(YXZ)° and ... .

Indeed, by 2.12, 2.10 and 2.2, (i) implies (ii) and (iii). Clearly, (ii) implies (ii'), and
(iii) implies (iii'). Since, if W is a curve, B(W) holds trivially, it follows from the equiv-
alence of (i) and (ii') that (i) and (iv) are equivalent and it follows from the equivalence
of (i) and (iii") that (i) and (v) are equivalent. We proceed to prove (ii') implies (i); the
proof that (iii') implies (i) is similar and so is omitted.

Let £:Y — X be the inclusion. Then we have the formulas:

2n i-n i
12 Lx Px

AgLg =14 -
XUX T X T 2

n .
1
LyAg =1x - EOPX
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n . 2n . .
f A" =1y - 20 pL - 22 LiMpl.
YK 0K g XK
Hence,
- * - n
X = f*AYf + 1X = AXLX + LXAX + Py
Since p¥Ly = 0 and Ly P} = 0, it follows that

T

i = LyTyx + TxLy = L¥Ay + 2Ly Ay Ly + AxLZ.
Since Ly x = Ly ® 1x + 1x ® Ly and Ly « H2M(XxX), we have by 1.3.4 that
LyyxW=woLy+ Lyow
for any w ¢ H'(XxX) ; whence, it follows that

2 A

K =Ly xbx-

Assume (ii'); then Ty is algebraic, so u is algebraic, so Ay is algebraic. The proof is
now complete.

2.14. Corollary. Suppose both Lefschetz "theorems" are universally valid. Let A(k),
B(k), C(k) denote the conditions A(X), B(X), C(X) for all varieties X over k. Then A(k) and
B(k) are equivalent and they imply C(k).

2. APPENDIX: CONJECTURES OF LEFSCHETZ TYPE AND ABELIAN VARIETIES

Fix a Weil cohomology X ~ H*(X). We shall prove that B(X) holds if X is an abelian
variety or if X is a surface such that dim (H1(X)) = 2 diI{l (P) where P is the Picard variety
((Pic%% ) peq) Of X; (e-g., HI(X) = H 4(X,Qy) = (Lim Hle(X; Z/0) © Q)

2A1. Proposition. (i) Let A be the Albanese variety of X, k : X —» A a canonical morphism.
Then « induces a canonical map a: Hl(A) — H1(X) which is functorial in the following
sense: If {: Y — X is a morphism and v:Ay - AX the corresponding morphism of Albanese
varieties, then the following diagram is commutative:

*
Hl(Ay) ~—Hl(Ay)

O‘Xl N laY
1 f 1
HY(X) ——H(Y)
(ii) Let P be the Picard varietly of X and D a Poincaré divisor on XX P. Then D induces
a canonical map 8 : H2n-1(X) — HI(P), where n = dim (X), which is functorial in the follow-
ing sense: If f: Y — X is a morphism and u: Py — Py the corresponding morphism of
Picard varieties, then the following diagram is commutative:
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*

Px l . l Py
H1(Py) Hl(Py)

where n = dimX, m = dimY.

Indeed, the graphs of the various canonical morphisms are all algebraically equivalent
and the (1,1)-Kiinneth components of the various Poincaré divisors are all the same;
hence, o and 8 are canonically determined. The diagram in (i) is commutative because
VoKy = kx of by definition of v. The diagram in (ii) is commutative because, by defini-
tion of u, the divisor E = (Ex1)* Dy on YX Py is equal to (1 xu)* Dy, where DX and Dy are
the Pomcare divisors; hence, by 1 3.4,

Bxof, =u* 0By :HEM-1(y) > Hl(Py).

2A2. Proposition. Let X and Y be varieties, E a divisor on XXY, ¢ :Ax — Py the corre-
sponding morphism from the Albanese variety of X to the Picard variety of Y. Then the
following diagram is commutative:

H1 (X) *LHZn-l (Y)

a
A [
)ill(AX) L Hl(P}{) !

where 7 is the map induced by tE.
Indeed, if Dy is a Poincaré divisor on Xx Py and Ky : X — Ay is a canonical morphism,
then E = (1 XKX}*(I X ¢)*Dy by definition of ¢; hence, the diagram is commutative by

1.3.4.

2A3. Lemma. Let X be an abellan varlety and s: Xx ... XX — X the m-fold sum map.
Then the map sm H (X) u* (Xx ... xX) is glven by

sm(a)=a®1®... 1+1®a®...91+.,..+1Q®1Q ...0a+ Ebj®cj®...®Xj,
where b],c], s Xje @i>0Hi(X). Moreover, the map

(moy)* : HL(X) ~ HL(X)

is multiplication by m.
Indeed, the formula for sfn(a) follows easily when the m maps X — Xx...xX defined by
x+~(...0,%,0...) are considered. Moreover, smce md =Ap, 08y where A X - Xx...X

is the m- fold dlagonal map, (md)*: ‘H1(X) - H (X) is mu1t1p11cat1on by m.

2A4. Lemma (Hopf's theorem). Let H* = 691 OH be a graded antlcommutatlve algebra over
a field K. Suppose that HM ~ K and that there is a homomorphism s of H* into the m-fold

tensor product of H* such that
s@=a®a®...01+1®a@...01l+...+1@1®...0a+Zbj®Ccj®...®Xj,

where b, ¢; ,Xj e ®i-0HL. Then dim H1 < m and the equality holds if and only if H is
1somorphlc to the exterlor algebra A*H
Indeed, letag,.. e HL. Then

i, o — | o —" .+’ . e
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s(ag...apy) =... +an.(1)®...® Ag(m) * e - s

where o runs through the set of permutations of 1,..., m. Suppose now the aj are linearly
independent. Then s(aj...ap)# 0, soaj...am # 0.

Let G be the subspace of Hl generated by a{,...,an, and consider the natural homomor -
phism

¢: A*G - H*.

Letb e AlG, If b # 0, then there exists ce Am-ig such that bac =ajA...Aapy. So,
¢(b).¢(c) =ay...ap # 0, and ¢ is injective. Let b € H1, i > 0. Then (a1...ap).b = 0; so,
applying s and using the hypothesis HM ~ K, we find 0 =aj...aym ®(b-¢)®1®...® 1+...
where ¢ € ¢(AG). Thus, ¢ is surjective and the proof is complete.

2A5. Lemma. Let X be a curve of genus g and J the Jacobian of X. Then dim (Hl(J)) =
= dim (HI(X)) = 2g and « and B are inverse isomorphisms.

Indeed, applying 2A2 to the diagonal A on XXX, we find @o 8 = id. By the fixed-point
formula 1.3.6, 2-dim H1(X)) = (AZ). However, the intersection class of A2, considered
on A, is the negative canonical class; so, (A2) = 2-2g. Thus, 2g = dim (H1(X)) < dim H=1()).
However, by 2A3 and 2A4, dim H1(J) <2 dim(@J) = 2g. Therefore, dim (H1(X))=dim (H1(J));
whence, o and 8 are inverse isomorphisms.

2A6. Lemma. If ¥:P — A is an isogeny of abelian varieties, then the map ¥* : H*(A) -~ H*(P)
is an isomorphism.

Indeed, ¥ is surjective; so, by 1.2.4, ¥* is injective. However, there exist isogenies
¢ :A — P and similarly ¢* :H*(P) —» H*(A) is injective. It follows that ¥* is an isomorphism.

2A7. Lemma. Let Y be a smooth one-dimensional section of X by a linear space. Let P
be the Picard variety of X and J the Jacobian of Y. Then the natural homomorphism
u:P — J has finite kernel and dim Hlét(X,Ql) = 2 dim (P), where { is an integer prime to
the characteristic of the ground field k.

Indeed, consider the long exact sequence of Kimmer theory,

[ 1 1 1
HY(X, G ) 5 HY(X, G ) — Hey(X, pg) ~ Hg(X, G ) 2o HY(X, G ) -

Since X is complete, Hoét(X, Gy = k*; so, the first map is surjective. By the Hilbert
theorem 90, Hlgx(X, Gy ) = PicX/k(k) = P(k). Thus, Hlét(X, M) is isomorphic to the
points of order £ on P. Therefore, by Weil's theorem, lim Hlét(X, lhz) is a free Z -
module of rank 2-dim (P). L

To prove the kernel N of u: P — J is finite, it suffices to show that N does not contain
any subgroup of order £. Applying Kiimmer theory, we are thus reduced to showing that
the map Hlét(X, M) — Hlét(Y, My) is injective. Since, by definition, these groups classi-
fy the étale coverings of X and Y with group #y, we only have to show that any connected
étale covering X' of X has a restriction Y' = X'XxY which is also connected. Since Y is
a linear space section of X, some multiple of Y', considered as a cycle on X', is a linear
space section of X'. Therefore, by Bertini's theorem, Y' is a specialization of an irre-
ducible, linear space section. So, By Zariski's connectedness theorem, Y'is connected
and the proof is complete.

2A8. Theorem. If X is an abelian variety of dimension n, then dim (Hl(X)) = 2n and the
cup-product algebra H*(X) is isomorphic to the exterior algebra A*HL(X).
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Indeed, we may assume n > 1. Let Y be a smooth one-dimensional section of X by a
linear space and J be the Jacobian of Y. By 2A7, the natural homomorphism u: }A(=PX—-> J
has finite kernel; so, by Poincaré's lemma of complete reducibility, J is isogenous to a
product of X with another abelian variety X'. Then, dim (J) = dim (X) + dim (X') and by
2A6, dim (H1(J)) = dim (H1(X)) + dim (H1(X")). However, by 2A5, dim (H1(J)) = 2 dim (J)
and, by 2A4 and 2A3, dim (H1(X)) < 2 dim (X) and dim (H1(X") = 2 dim (X"). Thus, the
equalities hold; so, by 2A4, H*(X) ~ A*H1(X) and the proof is complete. (If it is known a
priori that dim(H1(X)) = 2n, then the second assertion results immediately from 2A3 and
Hopf's theorem 2A4.)

2A9. Theorem. Let «: Hl(A) - H1(X) and 3 :Hzn‘l(X) - H1(P) be the canonical maps
(2A1). Then:

1. In general, « is an injection and S is a surjection.

2. If X is a curve, then @ and 8 are inverse isomorphisms.

3. If X is an abelian variety, then « is the identity and 8 is an isomorphism.

4, If there exists an isomorphism vl:H2n-1(X) 5 H1(X) which is algebraic, (e.g., if X
satisfies B(X)), then @ and 8 are isomorphisms.

5. There exists an isogeny ¥ :P — A such that the diagram

-1
Hl(X) Lt HZn-l(X)
a I l B
H1(A) Hl(P)

is commutative. Suppose @ and 8 are isomorphisms. Then L2-1 §san isomorphism, and
if E is a divisor on XXX defining an isogeny ¢ : A — P such that Yo ¢ = mdy, then E in-
duces the mth-multiple of the map 61 : H2n-1(X) - H1(X) inverse to Ln-1,

6. If H(X) = Hlét(X, Qy), then o and B are isomorphisms.

Indeed, 2 is simply 2A5. If 5 holds, then ¥* is an isomorphism by 2A6; whence,
1 holds, and since dim (H1(X)) = dim (H2n-1(X)) by Poincaré duality, 3 holds. Further-
more, 4 follows from 1 and 2A2; 6 follows from 1, 2A7 and the equalities dim H1X)) =
= dim (H20-1(X)) and dim (H1(A)) = dim (H1(P)).

To prove 5, let Y be a smooth one-dimensional section of X by a linear space,
f:Y — X the inclusion, J the Jacobian of Y, u:P — J the natural homomorphism and
tu:J — A the transpose of u. By 2A1, the two diagrams

al(x) -t ul(y) HI(Y)—f*—>H2“'1(X>
Ay . ay By l Bx
1la).ul) 1l -2 ml(p)

are commutative. Since f*f* = Ln-1 by the projection formula and By oay = id by 2A5, it
follows that the diagram in 5 is commutative with ¥ = tuou. Further, ¥ is an isogeny be-
cause the autoduality of J is given by t — 6; - 6 where 0 is the theta divisor on J; so, since
6 is ample, the restriction of the autoduality to any abelian subvariety B of J induces an
isogeny of B onto its dual. Finally, the last assertion in 5 follows from 2A6, 2A2 and

2A3.

2A10. Corollary. If X is a surface such that dim (H1(X)) = 2 dim (P) where P is the Picard
variety of X, (e.g., HL(X) = Hle‘t(X,Q ¢)), then the strong Lefschetz "theorem" and condi-
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tion B(X) both hold. In fact, Ax is the class of an algebraic cycle which does not depend
on the choice of cohomology theory.

Indeed, the isomorphism 61:H2n-i(X) - gx) inverse to LD-1 is induced by an alge-
braic cycle which depends only on X; 6° and 64 exist trivially, and 61 exists by vertue of
part 5 of the theorem. The proof of 2 3 now shows that Ay is induced by an algebraic
cycle depending on X.

2A11. Theorem (Lieberman). Let X be an abelian variety and Y an arbitrary variety.
Then:

1. If a € H*(XXY) is the class of a (given) algebraic cycle, then the Kiinneth compo-
nents apq € HP(X) ® HA(Y) are all rationally algebraic.

2. The strong Lefschetz "theorem" for X and condition B(X) both hold.

In fact, the apy and Ax are the classes of algebraic cycles which do not depend on the
choice of cohomology theory.

Indeed, to prove 1, for each integer m = 0, consider the map

fm= (méx) X (idY) :XXY - XXY.

Since, by 2A8, H*(X) ~ A*H!(X), and by 2A3, méy induces multiplication by m on H1(X),

we find that, if a € HF(XXY) has Kiinneth components apq» then

t* (a)= 2 mPa_ .
" prger M

Therefore, if we take r+1 different values for m, we can express the apq s rational
linear combinations of the £ m(@).

The strong Lefschetz theorem results easily from the observation that ify e Hz(X) =
= AzHl(X) is the class of a hyperplane section, then, because yo # 0, there exists a
basis eq,...,€ep,t1,...,t, of H1(X) such that y = = e; jAty; in fact, the basis comes from
diagonalizing t_he non- singular, skew symmetric bilinear form on Hy(X) defined by y.

By 1, the 7! are the classes of cycles depending only on X. So, by the proof of 2.9, to
prove A is the class of a cycle depending only on X, it suffices to prove that there ex1sts
an 1somorph1sm vi,g2n-i(x) - Hl(X) for i < n-1 induced by a cycle depending only on X.
By 2A8, A*HL(X) 1s isomorphic to H*(X) under cup product, and so by 2A3, A*H2n-1(x)
is isomorphic to H*(X) under Pontrjagin product (avb = (s2),(a®b)). By 2A9 an algebraic
isomorphism »1:H2n-1(X) - H1(X) exists, defined by a divisor E on Xx X which depends
only on X; we may assume Yx(E) has Kinneth type (1,1). It now results from the following
lemma that the map vi: H2n-1(X) — Hi(X) defined by El is again an isomorphism; hence,
B(X) holds and the proof of 2A11 is complete.

2A12. Lemma. Let X be an abelian variety, Y an arbitrary variety andu e H2(XXY) an
element of Kiinneth type (1,1). Then the correspondence
exp (u) = ul/i! 1 H*(X) - H*(Y)

takes Pontrjagin product (avb=(ss),(a®b)) into cup product.
Indeed, consider the diagram

H*(Xx X) SR (W) ® exp (W) px vy v

- K
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By 1.3, it suffices to prove that the cycles ((sz)* ®1)(exp (u)) and (1® A*)(exp (1) ® exp () =

(1 ® A")(exp(u®1 + 1®u)) are equal in H*(XXXXY). Since (s9)* and A* are algebra homo-
morphisms, it suffices to prove ((sz)*® D) =(1® &) u®l +1®u) withu=2a® b,
a € HI(X), b € HI(Y). However,

((s9)*®1)(a®b) =a®1®b+10a®b=(104)ael®bel+10a81db);

so, the proof is complete.

2A13. Remark. (Lieberman) Let X be an abelian variety, X = Px the dual abelian variety ang

u € H2(XxX) the (1,1)-Kiinneth component of a Poincaré divisor. It results from 2A8,
2A9 and 2A12 that the correspondence

exp (u) : H¥*(X) » H"(X)

is an algebraic isomorphism of the Pontrjagin algebra H*(X) with the cup-product algebra
E*(X). It can be shown that if ¥ ;X — X is the isogeny x = Y, -Y where Y is a smooth
hyperplane section of X, then the map * = * oexp (u) is the usual *-map of the exterior
algebra A*H1(X) associated to the quadratic form on H{(X) defined by y =yx(Y) € A2HL(X),
Consequently, CAa =t (avyn'l), where a ¢ H*(X) and t € Q depends only on L, and if X
is a Jacobian, then Poincaré's celebrated relation (n-r)!yx(W;) = yx(6™-T) holds.

3. CONJECTURES OF HODGE TYPE
In brief summary of classical Hodge theory, let X be a complex variety. Then there
exists a functorial, direct sum decomposition
Hi(X,C)= & HP;Y(X),
p+a+i
where

HP 4(X) = HY(X, Qg( /c)'

Furthermore, for p <n = dimX, the cycle map yx takes CP(X) into HP»P(X) n H2P(X, Z);
this observation led Hodge to make the following conjecture.
Hodge P(X) : AP(X) = HPs P(X) n HZP(X, Q).

3.1. Proposition. Suppose 2p < n and Hodge P(X) is true. If q < p, then Hodge B"4(X) is
true, and for any polarization of X, the map
LP 4 AP(x) - AMY(x)
is a surjection and the map
L22P, AP(x) » AP P(x)
is an isomorphism. Moreover, the map
L2-29; A%X) - AP"Y(X)
is an isomorphism if and only if Hodge 4(X) holds.
Indeed, it is an immediate consequence of Lefschetz theory that the map
LPP4 gPsP(x) N B2P(X,Q) - HP D P U(x) n B2 24(x,Q)

is a surjection; whence, the assertions.
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3.2. Corollary. Suppose A(X, L) holds. If Hodge P(X) is true for 2p < n, then Hodge 4(X)
is true forq =0,...,p,n-p,...,n.

3.3. Corollary. If Hodge P(X) is true for all p and X, then the conjectures of Lefschetz
type A(C), B(C) and C(C) (see 2.14) are all true.

3.4. Remark. Hodge P(X) is always true for p = 0,1,n-1,n; consequently, if n = dim X <4,
then A(X, L) holds. Indeed, the cases p = 0,n are trivial. By 3.1, it suffices to prove
Hodge 1(X); let us sketch the proof of Kodaira-Spencer [5]. It suffices to show that yx
factors as follows:

cl()-% pic(x) Lomll(x) 0 BA(X, Z),
where o and 8 are surjective. For o, we take the boundary of the exact sequence
L3
0 - 0% - Kx - K%/0% - O,

where Ky is the sheaf of mermorphic functions; for 8, we take the boundary of the exact
sequence

—_ —_ ﬂ)) *-—)
0-Z OXh OXh 0,

using GAGA's[10] isomorphism Pic(X) =% Pic(Xh); a direct computation shows that the
image of this boundary is precisely H1,1(Xh) n H2(Xh, Z). It remains to prove that
yx = Boa. Using additivity and functoriality, we reduce to the special case X = PN; then,
by induction, to the case X = Pl, where the assertion is obvious.

Returning to the case of arbitrary characteristic, fix a Weil cohomology X ~ H*(X).

3.5. Theorem. The group CP,;m(X) of algebraic cycles of codimension p on X modulo
numerical equivalence is a free group of finite rank < b2p = dim (H2P(X)).

Indeed, the assertion follows easily from the existence of a Weil cohomology, e.g.,
étale cohomology. For, let aj,...,am € CO"Phom(X) (where n = dim (X)) be a base of the
vector space generated over the coefficient field by the algebraic classes. Consider the
homomorphism

@ Chom(X) = 27
defined by a(b) = ((b.az},... ,(b.am>). It is easily seen that the image of @, a free group
of finite rank, is precisely CP,,,(X).

3.6. Proposition. The following conditions on X are equivalent, and if the strong Lefschetz
"theorem" holds for X, they imply A(X, L) for any polarization L.

(i) D(X): Homological equivalence of algebraic cycles on X is equal to numerical equi-
valence.

(ii) For all p <n = dim (X), the canonical pairing

AP(X) ® QAH'P(X) -Q

is non-singular.
(iii) For all p <n = dim (X), the cycle map yx induces a map, necessarily injective,
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ch X ®, K- H2P(x),
where K is the coefficient field of the cohomology theory.

Indeed, the equivalence of (i), (ii) and (iii) is immediate from the definitions. If these
condltlons are satisfied, then d1mQAP(X) <; hence, for 2p < n, the map
Ln-2p: AP(X) —» An-p(X), by hypothesis 1n]ect1ve is b1]ect1ve i.e., A(X,L) holds.

For 2p < n = dim (X), set

PRLo(X) = P?P(x%) n AP(X) = {a ¢ AP(x)|LP 2P, -0}
and consider the following conditions.
1P(X, L): The quadratic form on Ppalg(x)

a,b ~ (-1)P(LN"2P 4. b)

is positive definite.
I(X, L): Condition IP(X, L) holds whenever 2p <

Proposmon Assume the weak Lefschetz theorem is universally valid (e.g.,
(X) = Hg(X, Qy)). Fix p and suppose that, for all varieties X of dimension 2p, the quad-
ratic form a,b - (-1)P a.b on PPalg X) is positive definite. Then IP(X,L) always holds.
Indeed, simply apply the hypotheses to a smooth p-dimensional section of X by a linear
space.

3.8. Proposition. Let 2p < n and suppose that, for all q < p, the map L'~ 29 ; AA(X) —» AD- a4x)
is an isomorphism and that X satisfies 19(X, L) Then the quadratic form on AP(X)

a,b ~ (a.*by,

where * is the operator defined in 1.4.2.3, is positive definite, and consequently, the ca-
nonical pairing AP(X) ® A""P(X) — Q is non-singular.

Indeed, let a = ELla and b = SLb; be the primitive decomposition of a,b € AP(X).
Then, since LB~ 2P+1+Ja b, = 0 unless i = j, we have (a.*by = 3(-1)P-] (Ln-2(p- “1aj.bj).
Thus, the quadratic form is positive definite.

3.9. Corollary. Suppose X satisfies I(X, L) and the strong Lefschetz "theorem". Then
A(X,L) and D(X) are equivalent.

3.10. Remark. Let X be a complex variety. Then X satisfies I(X, L) by the Hodge index
theorem. Hence, homological equivalence of algebraic 1-cycles on X is equal to numeri-
cal equivalence by 3.8, 3.1 and 3.4. Furthermore if X is an abelian variety or has dimen-
sion < 4, then by 2A11 or 3.1 and 3.4, X satisfies A(X, L); hence, by 3.9, homological
equivalence on X is always equal to numerical equivalence.

3 11 Theorem. Suppose X,Y satisfy the strong Lefschetz "theorem" and B(X), B(Y). If

:H (X) H™(Y) is a correspondence let u' denote its transpose with respect to the non-
degenerate bilinear forms (a.*xby and (c.*yd); so, u' = *xtu*y. Let u now be algebraic.
Then:

1. u'is algebraic and Tr(u'ou) € Q.

2. If further XX Y satisfies (XXY, Ly ® 1 + 1 ® Ly), then
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Tr(u'ou) >0,

when u # 0.
Indeed, 1 results immediately from 2.3, 1.3.8 and 2.7. To prove 2, note that B(X) im-
plies that the projection operators

ij j 51-2j
o HYX) - LI PTYx),
where j = max(0,i-n) and n = dim (X), are algebraic by 2.3 and that
i ij , rs
(qY U-CI)% "= Q)gu'qY
by the orthogonality of primitive components. Therefore,

Tr (u'ou) = = ((a§1%1uaj D)o (] ual))

= Z((ay" uq hro (ay° uqx))

and we may assume u = qTSy ugl

Letv = ASYuAn 1+]X Thenv' = Ln 1+3Xu LSY, so, Tr(v'ov) = Tr(u'ou). Replacing
u by v, i-2j by i, and r-2s by j, we may assume u PI(X) ® PJ(Y)

By 1.3.6, we now have Tr (u'ou) = (- l)l(u xouo Y}, by 1.3.5, Xouo v.= (*X )u.
Furthermore, it is easily seen that, if Ly vy =Ly ®1+1® Ly, then u e PiH+i(XxY) and

(n 1+m J)[( - (- 1)1(1+1)/2( 1)](]+1)/2 n;&m j = (- 1) )

Since u is algebraic, i+j is even. Therefore, I(XXY, Ly y) implies (-l)l(u.*Xouo*Y) >0
when u # 0, and the proof is complete.

3.12. Corollary. Let X satisfy the strong Lefschetz "theorem" and B(X), and let XxX
satisfy I(XxXX,Lyx ®1 + 1 ® Ly). Then the Q -algebra o(*(X) of algebraic correspondences
is semisimple. In fact, any subalgebra of A* (X) which is closed under the involution u - u'
is semisimple.

Indeed, the corollary follows from the theorem and the following lemma.

3.13. Lemma. Let A be a finite dimensional Q-algebra with an involution u+~ u’, i.e., a
Q-linear map A — A such that (uv)' = v'u' and (u")' = u, and with a trace, i.e., a Q-linear
functional 0:A — Q such thato(uv) = o(vu) and o(u'u) # 0 when u # 0. Then A is semisim-

ple.

Indeed, if u were a non-zero element of the radical of A, then u'u would be nilpotent,
butuu#Oaso(uu) # 0. Say (u'w)2™ =0, but v = (u'w)2™"1 % 0. Then o(v'v) = o(0) =0, a
contradiction.

3.14. Corollary. Let X, Y be varieties satisfying the strong Lefschetz "theorem" and
B(X), B(Y). Let

u:H{(X) - HI(Y)

be an algebraic correspondence.
1. If XXY satisfies ([¥XY,Lx ®1 + 1 ® Ly) and u is an injection, then u has a left
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inverse v : Hi(Y) — HY(X) which is algebraic. Consequently, if a ¢ HL(X) is such that u(a)
is algebraic, then a is algebraic.

2. If XxX satisfies (XXX,Lx ®1 +1® Lx) and u is a surjection, then u has a right
inverse v:HI(Y) — HY(X) which is algebraic. Consequently, if b ¢ HI(Y) is algebraic,
then there exists an algebraic a € HY(X) such that b = u(a).

Indeed, to prove 1, lety =u'ou and x =uou'. Then x' = x; hence, x is semisimple by
3.12 and so, Ker(x) = Ker (xz) = Ker (uyu'"). Since u is injective, u' is surjective; it fol-
lows that y : Hi(X) — Hi(X) is injective, and so is an automorphism. Hence, by 2.7 (iii)
and the Cayley-Hamilton theorem, y'1 is algebraic. Therefore, v = y-lu'is a left in-
verse of u, which is algebraic. The proof of 2 is similar.
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3.15. Lemma. Let E* = @Vzn_n EY be a graded, non-commutative ring with 1 and
7%,..., 72D ¢ E* elements which satisfy the following five conditions:
(i) )2 =qgifori=0,...,2n.
(ii) 7ir] = 0 if i #j for i,j =0,...,2n.
(i) » 2 rl=1.
(iv) EV = @ itV E*7l, ) ) ] )
(v) For i =0,...,n, there exist elements vl ¢ E20-21 and wl E-(20-21) gych that
(wivi-1)7i = 0 and (viwl-1)72n-i = 0,
Then the 7l are uniquely determined by these conditions.
Indeed, by (iii) and (iv), u e E° if and only if u = Z7'ur'; whence, by (i), (ii) and (iii),
if and only if 7lu = 7lurl = ur! for all. In particular, the 7l are in the center Z(E©) of EO.
Proceeding by induction on i < n, suppose 79,..., ri-1) 1{2““”1. e , 721 are uniquely
determined. Let ¢l =1 - Eaé[i, 2n-i]77a' Then, by (iii), ¢l = Eczzgi-l 7%; so, by (i),

(ii) and (iv), iE2n-2ipl = E2n-2ipi, 1 E2n-2igly = 0, then wivigl = 0; hence, by (v),
mlu = 0. Therefore, the right annihilator of 71 is uniquely determined. However,

71 € Z(E°) and an idem%)otent of a commutative ring is completely determined by its an-
nihilator. Similarly, 720~ is uniquely determined.

3.16. Theorem. Suppose both Lefschetz "theorems" are universally valid. Then the fol-
lowing two conditions are equivalent:

(i) The standard conjectures hold; i.e., B(X) (or, equivalently, A(X)) and I(X, L) are A
satisfied by all varieties X over k.

(ii) For all varieties X over k and all integers p such that 2p < n = dim (X), D(X) holds
and the quadratic form a,b ~ (_1)p<]_,n-2p ab) is positive definite on the set of elements
a e CP_ . (X) such that LD-2P+1 4 — o,

Moreover, if these conditions hold for several cohomology theories, then:

1. The operators A, A, %,p°,...,p2R, 79, ..., 72" are the classes of algebraic cycles
which do not depend on the theory. In fact, given L, these cycles are determined modulo
numerical equivalence by certain intrinsic properties.

2. The Betti numbers b; = dim (H}(X)) do not depend on the theory.

3. The characteristic polynomial of an endomorphism induced by a rationally (resp.
integrally) algebraic cycle has rational (resp. integer) coefficients which do not depend
on the theory. . .

4, If an algebraic cycle induces a map HYX) — HI(Y) which is bijective (resp. injective,
resp. surjective), then, in any other theory X v H™(X), the cycle induces a map
H'{(X) — H')(Y) which is bijective (resp. injective, resp. surjective). In fact, the inverse
(resp. one left inverse, resp. one right inverse) may be induced by an algebraic cycle
which does not depend on the theory.

Indeed, the equivalence of (i) and (ii) results immediately from 3.9 (and 2.14). If these
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conditions hold, then 7°,... 72N are the classes of algebraic cycles by 2.4. By 3.15 applied
to the ring of algebraic correspondences, these cycles are uniquely determined modulo
homological or, what is the same, numerical equivalence by 3.15 (i)-(v). By 2.3, €A is
the class of an algebraic cycle, which, therefore, is uniquely determined modulo numer-
ical equivalence by 1.4.6.1. Finally, p%,...,p2" (resp. A,*,p°,...,p" 1) are given by
universal (non-commutative) polynomials with rational coefficients in L and €A by 1.4.3 (ii)
and 1.4.5 (resp. in L and p7,... ,p21 by 1.4.3 (iv)). Thus, 1 holds.

By 1, the 7! are intrinsically determined. Therefore, 2 results from the formula
b; = (-1)1<A.n2n‘i) of 1.3 (i), and 3 results from the proof of 2.7. Further, a correspond-
ence u:H*(X) » H*(Y) induces amap u':HYX) — HIJ(Y) if and only if nquﬂXI =0 for
2 +]j, and u' is injective (resg. surjective, resp. bijective) if and only if there exists a
correspondence v:H"(Y) —» H' (X) such that vurnyl = 7x! (resp. ...); hence, 4 results
from 3.14.

4, FORMALISM OF THE WEIL CONJECTURES

Let the ground field k have characteristic p >0 and let X be a k-variety of dimension
n which is defined over the finite field with q-elements Fq; i.e.,

X=-X'®f k,
q

where X' is an Fq-scheme. The zeta function Z(t) of X is defined by the formula

(=}
log Z(t) = 2= Nsts/s,
s=1

where Ng is the number of points of X rational over Fgs. We propose to study Z(t) for-
mally, as suggested by Weil, by interpreting Z(t) in terms of the representation of the
Frobenious endomorphism F of Xon the groups of a Weil cohomology X — H*(X).

The Frobenius endomorphism F of X is defined [4] as the base extension F'® _k
of the endomorphism F' of X' which is the identity map on the topological space
and the qth-power homomorphism on the structure sheaf. So, if x ¢ X(k), x is rational
over Fs if and only if FS(x) = x. Therefore, if we let fS be the graph of FS, then,
since fél meets the diagonal A transversally, we have

Ng = (f5.4).

Let X+ H*(X) be a Weil cohomology. It follows from the definition that F is a finite
morphism; so, by 1.2.4, FS induces an automorphism

£2:1'(x) - H(X).

By the Lefschetz fixed-point formula 1.3.6., we have

2n o0

log Z(t) = 20 (-1)i Tr( 2o fists/s)
i=0 s=1
2n

= 27 (-1)! Tr log (1/(1-f;t))
i

i}
o
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2n i1
= 27 (-1)"" log Det (1-£;t).
i=0

Taking antilogarithms, we obtain the first part of the following theorem; the second part
follows from 2.6.

4.1. Theorem. The zeta function Z(t) of X is a rational function of t; more precisely, Z(t)
has the form

Py(®)... Pzn_l(t)
Py(t) Po(t) ... Pop(t)

Z(t) =

where Pj(t) is the characteristic polynomial Det (1 - f;t) of the automorphism f; of Hi(X)
induced by the Frobenious endomorphism of X, If, further, X satisfies the conjecture
C(X) of Lefschetz type, then the Pj(t) have integer coefficients.

To derive the functional equation of the zeta function, we first prove two lemmas.

2n

4.2, Lemma. Let H* = '@0 Hibea graded algebra over a field, which satisfies Poincaré
i=

duality. Let g =&g; be a linear endomorphism of H* of degree 0 and suppose:
(i) g is multiplicative; i.e., g(a.b) = g(a).g(b) for all a,b € H*.
(ii) gop = id.

Then g is an automorphism and gl1 = g i for all i.

Indeed, let a ¢ HL If a # 0, then, by duahty, there exists b e H21"1 such that a.b # 0.
Thus, by (1) and (11) we have g(a) g(b) = g(a.b) # 0; hence, g(a) # 0. Therefore, g is injec-
tive and, since H* is finite dimensional, g is an automorphlsm

Let a € Hi and b e H2n-1, Then, by (ii) and (i), we have

(&7t (a).by = (ggpn(ei (2).b)) = (a.ggy_;()) -
Therefore, gi'l = thn-i as asserted.
4.3. Lemma. Let k be a perfect field, L a separably generated extension of k of trancend-
ence degree n. Then
[L:L9] = qm.

Indeed, let xq,...,x, be a separating transcendence base for L over k. Let L
= k(xq,...,X,) and consider the diagram

/\
\

The extension L4/L4 is isomorphic to L/ Lo and so is separable. It follows that [L Lq]
=Ly Lq] However, it is clear that [L Lq] q"; so, the proof is complete
To apply 4.2, define a linear endomorphlsm g = ®g; of degree 0 of H*(X) by

gi= fi/(‘fQ)l )
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where f = ®f; is the algebra endomorphism of H*(X) induced by the Frobenious endomor-
phism of X. Here and from now on, we need to assume that the coefficient field of the
cohomology theory contains vq; so, base extend the theory if necessary. It is clear that
g is multiplicative and, by 4.3, g9, = id. By 4.2, therefore, gi‘l = tgzn_i.

Let a;; be the eigenvalues of f;. Since the eigenvalues of thn-i are the same as those
of gop-i, it follows by equating the eigenvalues of gj 1 and tg2n—i that the sets

(V) n-i, j
——2 and i_-z———(ﬁ) n-i%

(Il]

differ only by a change of indexing. Since Z(t) = Hi,j(l - 045 t)(‘l)1 by 4.1, an explicit com-
putation now yields the following theorem.

4.4. Theorem. The zeta function Z(t) of X satisgies the functional equation
Z(1/q™t) = (-1)XgN/ 2¢X7(t),

where

[\V]

n . .
x = 2o (-1)tdim HY(X)

i=0

1l

is the Euler number.

4.5. Remark. By the Lefschetz fixed-point formula,
x =(a?),
where A is the diagonal class on XXX. Hence, the functional equation, derived with the

aid of a Weil cohomology, is independent of cohomology. Furthermore, this derivation
does not depend on any unproved conjectures.

4.6. Lemma. Let g be an endomorphism of H*(X).
1. Suppose: (i) g is of degree 0.

(ii) g is multiplicative.

(iii) g(y) = y where y is the class of a hyperplane section of X.
Then g is an automorphism and g'l = tg =g'.
2. Let X satisfy the strong Lefschetz "theorem" and B(X), and let XXX satisfy
I(XxX,Ly ®1+1 ® Ly). Suppose that g e A*(XxX) ® Q(a) for some @ e R and that
g'og = id. Then g is semisimple and its eigenvalues have absolute value 1.

Indeed in 1, g(y®) = y! #0, so g H2"(X) = id. Hence, by 4.2, g is an automorphism and
g"1 = tg, Consequently, tg satisfies (i), (ii) and (iii). It follows that tg induces an automor-
phism of Pi(X) and that ty commutes with *. Therefore, g' = *tg* = tg,

In 2, by 3.11, the hypotheses imply that the pairing

h,hy » Tr(h'ohy)

is an inner product on the Q(a)-algebra generated by g. Since g'og = id, left translation
by g preserves this inner product. It follows that g is semisimple and its eigenvalues
have absolute value 1. .

To apply 4.6 to the normalized Frobenious g = &f; / (va)!, we have only to check (iii).
Let then Y be a section of X by a hyperplane which is defined over Fq. Then the Frobeni-
ous endomorphism of X clearly permutes the irreducible components of Y; so, since y is
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the class of Y, 4.3 applied to these components yields that g(y) = y. Therefore, 4.6 applieg
and, together with 4.1 and 2.4, gives the following theorem.

4.7. Theorem ("Riemann hypothesis"). Let X satisfy the strong Lefschetz "theorem" and
the conjecture B(X) of Lefschetz type, and let XxX satisfy the Hodge index conjecture
I(XXX,Ly ®1 +1® Ly). Then the zeta function Z(t) of X has the form
) Py(t)... Py, (D)

Py(t) Py(t). .. Pgy(t)

Z(t)

where, fori=0,...,2n = 2 dim (X), P4(t) is a polynomial with integer coefficients and
with roots of absolute value (Vq)i. Furthermore, P;(t) is the characteristic polynomial of
the automorphism f; of H(X) induced by the Frobenious endomorphism of X, and f; is
semisimple.
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