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Overview

@ Private consumption: The Life-cycle/Permanent-income hypothesis
@® Labor supply
© Firms

O General equilibrium
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hypothesis ~ Setup

We consider a household with an infinite time horizon.

The lifetime utility is given by:
Ve =) B°U(ctss) (1)
s=0

where U(e) is the instantaneous (period-) utility function and ¢; is
consumption in period t.

The period-utility function satisfies the following conditions:

U'(e) >0, U’(e)<0. (2)

The household has initial wealth ag.

In each period, the household has (exogenous) income x;.
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hypothesis ~ Setup

e The household can save or borrow at an exogenous interest rate, r,
which is assumed to be constant over time, i.e.

revs =1r, Vs >0,1,2,.... (3)

e The period t's budget constraint is given by:

Ct+at+1:(1+r)at+xt- (4)
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hypothesis ~ The intertemporal/lifetime budget constraint

The intertemporal /lifetime budget constraint

e The budget constraint for period t + 1 is given by:

Cty1+are = (1+r)ary1 +Xer1 € a1 = (Ctr1+ary2 — Xer1) -

1+r

e Using the just derived expression for a;;1 to replace a;41 in the
period-t budget constraint yields:

1
1+r

Ct + Ct+1+ a2 — (1 + r) ar + X¢ + Xt4+1- (5)

1+4r 1+4r

e Repeating the last two steps for periods t 4+ 2, t + 3, ... we obtain:

o0 1 S ) 1 o0 1 S
Zo<1+> Cers + fim T Aeeen = (L) act ZO<1+) Xes
(6)
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hypothesis ~ The intertemporal/lifetime budget constraint

The intertemporal /lifetime budget constraint

e Assuming (no-Ponzi game condition) that:

. 1\
nII—>moo (m> dt4+n+1 = 0 (7)

holds the intertemporal budget constraint can be derived as follows:

[} 1 S 1 S
E)(m> Ctrs = (1+7r) 3t+2<1+r> Xt+s- (8)

=— Interpretation?
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hypothesis The intertemporal optimization problem

The intertemporal optimization problem

e The intertemporal optimization problem of the household is to
maximize the lifetime utility function subject to the lifetime
(intertemporal) budget constraint.

e Formally:

max Z B°U (ctts)
s=0

Ct1Ct4+1:Ct+2y---

s.t.

(=] 1 s o) 1 S
Z<1+r> Ct_,_s:(l—i—r)at—f—z (m) Xt+s-

s=0
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hypothesis Model solution

Model solution

e The Lagrangean associated with the intertemporal optimization
problem is given by:

(141) a +S§) <1ir>sxt+s—(11)

o0 1 S
_§)<1+r) Ct+s]-

e The first-order condition with respect to c;ys is given by:

aiis =BV (ctys) +A <1) S0 A= B+ U (cess) .

L=)Y BU(ctss) + A
s=0

1+r

e The first-order condition with respect to A is given by:

[e9) 1 S ] 1 s
E (1_}—”> Ctys = (1+r) at—’—sgo <l+r> Xt+s- (12)

s=0
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hypothesis Model solution

Model solution

e If one computes the first-order condition for consumption in period
t + s+ 1 (the period after t + s for which we already computed the
first-order condition) we obtain:

oL

OCtts+1

1+r
A=[BA+n] U (ceronn).

s+1yy/ 1 st !
=B U (ctysi1) +A =0 =

e Combining the two first-order conditions with respect to ¢4 and
Ct+s4+1 One obtains:

BA+N U (cevs) = [BAL+NTTU (crsir) = (13)
Uleers) = BA+r) U (ceess)

— Intertemporal Euler equation
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hypothesis Model solution

Model solution

e If one assumes that the subjective discount factor is equal to the
market discount factor, i.e. that f = 17 holds the intertemporal
Euler equation yields:

U (cevs) = B(L+ 1) U (crrst1) &= U (cras) = U (Cersin) -
(14)
= Ct = Ct41 = Ct42 = ... = C

e Plugging this result into the lifetime budget constraint yields:
[ee] 1 S (e} 1 S
§)<1+r> c:(1+r)at+2(1+r> Xt1s (15)
o0 s 1 s
CZ(l r) =(1+r) at+2(1+r> Xt is-
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hypothesis Model solution

Model solution

e Using the fact that:

d 1
Z(a)szl afor0<a<1 (16)

the sum 2 (%)s can be written as:

s=0
ad 1 ° 1 1
Y S S (17)
= 1+r 1— r

1+r

e Plugging this result into the lifetime budget constraint yields:
S

1
s 1
< > 1+r at+2<l+ )Xt+SEWt.

[ee] )
c=(1+r)ar+ — | x5 (18
Z (1 +r ) (1+r) Z 1+ ) s (18)
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hypothesis Model solution

Model solution

e Using the intertemporal budget constraint the solution for ¢ is then

given by:
p

1 +r
— Life-cycle/Permanent-income hypothesis.

C

W. (19)

e Interpretation:

e Households divides lifetime income equally among each period of life.

e Current consumption is determined not by current income, but by
lifetime income.

e Current saving is determined by the transitory income (the difference
between current and permanent income), i.e.

St = Xt — <1—:—r> Wt. (20)
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Labor supply = Setup

Labor supply: Setup

e In the previous section we assumed that the amount of labor supplied
(n¢) is constant and given by 1.

= Labor was neglected in the utility function.

e In this section, we want to model the labor supply decision.

— Explicitly introduce labor into the utility function.
e We assume that the total time available to the household is 1.
e Assuming that leisure time is denoted by /; the period utility function
is now given by:
U=U(ct ls) =U(ce, 1 —ny) (21)
with U >0, U >0, U <0, Uy <0and Upr = —U .
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Labor supply = Setup

Labor supply: Setup

e Assuming that the wage rate is given by w;, the household’s budget
constraint is given by:

Aat+1 + Gt = Weny + X¢ + Feay, (22)

where x; now denotes exogenous income apart from labor income.
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Labor supply The intertemporal optimization problem

Labor supply: The intertemporal optimization problem

e The intertemporal optimization problem of the household is to

maximize the lifetime utility function subject to the period budget
constraints.

e Formally:

max Z BU (Ctys, Nevs) (23)
s=0

Ct Ct+1:Ct42y0e0s Ne, N 1,N142,..0

s.t.
Nagi1+ Cs = Wshs + Xs + rsas, Vs >t (24)
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Labor supply Model solution

Labor supply: Model solution

e The Lagrangean associated with the intertemporal optimization
problem is given by:

£ = Z {ﬁsU (Ct-l—Sy 1-— nt+5) + (25)
s=0
+ Atys [Wt+snt+s + Xtts + reysars — Darrsi1 — Ct+s]}

e The first-order condition with respect to c;ys is given by:

oL

|
J - ,BSUC,H—S - /\t+s =0<+= )\H—s = ,BSUC,H—S-
Ct+s

e The first-order condition with respect to n:s is given by:

oL

ant+s

!
= —BUjtss + AgsWiys =0 = B°U) t1s = AipsWegs.
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Labor supply Model solution

Labor supply: Model solution

e The first-order condition with respect to a;ys41 is given by:

oL

|
I Atrs FArst1 (T + regs41) =0 =
dtt+s+1

Atys = Aeysyr (14 regsin) -

e The first-order condition with respect to At s is given by:

WiysNirs + Xets + rersates = Darisi1 + Cegs. (26)
e Dividing the second first-order condition by the first yields:

Ul,t+s

UC’tJrs t+s ( )

— Interpretation?
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Labor supply Model solution

Labor supply: Model solution

e Combining the first and third first-order conditions one obtains:

U (Ct+5) = B (1 + ft+s+1) U (Ct+s+1) . (28)

—> Intertemporal Euler equation
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Labor supply Model solution

Labor supply: Model solution

e We again assume that the subjective discount factor is equal to the

(constant) market discount factor, i.e. that f = ﬁ holds.

e Then, the intertemporal Euler equation becomes:

U (cers) = B(L+ 1) U (ceyst1) <= U (cegs) = U (ceqst1) -
(29)
= Ct =Ct41 = Ct42 = ... = C

e Plugging this result into the lifetime budget constraint yields:
= 1N © /1 \®
=(1 L
§)<1+r> c=( +r)at+s;)<1+r> [Xt4s + Wetsners) |

S

) 1 s 0 1
) =0 - .
<:>Cs;()<1+r) ( +r)at+sgo(1+r> [Xt+5+Wt+snt+5]
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Labor supply Model solution

Labor supply: Model solution

e Solving for c yields:

cz<1+r>s = (1+r) at+2< 1r>s[xt+s+wt+snt+s]<@

s=0

e
= W,.
¢ 1+r t

with
o] 1 S
We=(14r)ar+ Z <1> [Xt+s + Wetsheys] (32)
s=0 +r

e Interpretation:
e Households divides lifetime income equally among each period of life.

e Current consumption is determined not by current income, but by
lifetime income.

o Current saving is determined by the transitory income (the difference
between current and permanent income).
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Labor supply Model solution

Labor supply: Model solution

e Assuming that the period utility function is given by:

7 —1
Ulce, l) = ﬁ + Inly withe > 0 (33)
the optimality condition for labor supply (in period t) can be written
as:
U/ t 1
— = W,  ——— =W, 34
Uc,t t+s /tC;U- t ( )
o o (0
/t:i<:>1—nt:i<:>nt: —i
Wi Wi Wi

— What are the effects of an increase in wages on n;?

on; ow; ¢ >
9w T Z g
ow wf =0 (35)
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Firms Assumptions

Firm behavior: Assumptions

e Firms use labor, n;, and capital, k;, to produce output, y; according
to the following production function:

Yt = F (kt, nt) (36)
where F(.) represents a classical production function.
e A firm’s profits in period t, denoted by I1;, are given by:
IT: = yt — weny — iy + Abg 1 — rby, (37)

where j; denotes investment and b; represents the stock of
outstanding debt at the beginning of period t.

Giinter W. Beck () Advanced Macroeconomics December 7, 2010 22 /30



Firms Decision problem

Firm behavior: Decision problem

e Firms maximize the present value of their profits given the production
function and given the capital accumulation equation.

e Formally:

o0 S
1 .

max P = T [)/t+s — WitsNi4s — /t+é38)
Nets,Ketst1,brrs+1;5>0 5;) <1 +r

+Abiysi1 — rbeys]

s.t.

Yt+s = F (ke+s, Ntts) (39)

Akt+s+l - it+5 - (Skt+5. (40)
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Firms Decision problem

Firm behavior: Decision problem

e Plugging the constraints into the objective function we can write the
firm’s decision problem as follows:

o0 1 S
ke Z <1 + r> [F (Ktts, negs) — Wepshess — kepsyd

Nets Keyst1,bers41:520 S5

+(1+0) ks + brisyr — (14 r) by
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Firms Optimality conditions

Firm behavior: Optimality conditions

e The first-order conditions with respect to n;, s are given by:

JoP 1 \° |
ant-: - <1 + r> [Fn,t+s - Wt+s] =0<= Fpits = Weys. (42)

e The first-order conditions with respect to k;is+1 are given by:

apt 1 S 1 S+1 |
= - S F 1 0] = 0 <4
Oktysi1 <1+f> - <1+I’> Frotrssn+ ]=0
Frtyst1=1r+0 = kirst1 = Fk_,t}—t-l (r+9).

e The first-order conditions with respect to b;ys+1 are given by:

apt B 1 S 1 s+1 L
T <1+r> + <1+r> 1+r]=0. (44)
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General equilibrium Consolidating the household and firm budget constraints

Consolidating the household and firm budget constraints

e The national income identity is given by:

ye=1f (kt, nt) =ct+ i (45)

e Solving the household budget constraint (holding r constant) for c;
yields:
Ct = Wihy + X¢ + rag — Aat+1 (46)

e Solving the capital accumulation equation for i; yields:

e = Akes1 + Oke (47)

e Using the so obtained expressions to replace ¢; and j; in the national
income identity yields:

f (ktv nt) — Wt + Xt + rag — Aat+1 + Akt+]_ + 5kt (48)
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General equilibrium Consolidating the household and firm budget constraints

Consolidating the household and firm budget constraints

e Solving the just derived equation for x; yields:
Xt = F (ktr nt) — W¢hy — ray + Aat+1 - Akt+1 - (Skt (49)
e Subtracting firms' profits from x; yields:

Xt — Ht = F (kt, nt) — Wehy — ray + Aat+1 - Akt+1 - 5kt - (50)
— [F (keont) — wene — Akey1 + ke + beyr — (1 +r) by
= A (at+1 — bt+1) —r (at - bt) .

e Since a; = by (Why?) we obtain:

Xt = ]-—It- (51)
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General equilibrium Consolidating the household and firm budget constraints

Consolidating the household and firm budget constraints

e Since the production function is assumed to have constant returns to
scale (i.e. is assumed to be homogenous of degree one), we have
(Euler’s theorem):

F (kt, ”t) = Fn,ent + Fr,tke = wene + (r + 5) kt. (52)

e Using this result, firms’ profits can be written as:
Ht = [F (ktv nt) — WthNy — Akt+1 -+ 5kt -+ bt-‘rl - (1 + r) bt]
= [F (ktv nt) — WNy — kt+1 -+ kt -+ (Fk,t — r) kt’ -+ bt+1 — (1 =+ 1
= — (kg1 — bey1) + (14 r) ke — by

e Solving for k; — by yields (assuming ILm % =0):
S$—00

ke — by — Il + (ket1 — bya) i eys

1+r 520(1+r)5'
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General equilibrium The labor market

General equilibrium: The labor market

e Labor demand is determined by the following equation:

Fn,t = Wt (55)

e Labor supply is determined by the following equation:

U
— Un: = Wt (56)
c
e Setting these two equations equal yields:
V)
T, (57)
c,

— Interpretation?
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General equilibrium The goods market

General equilibrium: The goods market

o Aggregate demand, y¢ is given by:

}/;j = Ct+it—1+ Wi + k1 — (_5)kt: (58)

+ Fit (r+6)—(1—-10) ke

1+r
e Aggregate supply is given by the following equation:

ve = F (ke ne). (59)

e In equilibrium:

yd =yf — Wi+ Fip (r+6) — (1 —06) ke = F (ke, ne) (60)

_r
1+r
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