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Topological band theory

* Consider band structure:  H (k) |u,(k)) = E,(k) |u,(k))

e (i) Topological equivalence for - 1 gap > /
d
insulators (superconductors): %] N\ ~N ¥ gap
LICJ \/ L
e —— |
—7/a T/a —7/a /a
crystal momentum £, crystal momentum K
e (ii) Topological equivalence for _ _ %
band crossings (nodes in SCs): 9 N g[
LI LI
—7/a m/a —7/a m/a

crystal momentum k. crystal momentum k..

> symmetries to consider: time-reversal symmetry, particle-hole, reflection

> top. equivalence classes distinguished by: ng = 2i / Fdk € 7
70

filled o
e Bulk-boundary correspondence: Statees topological invariant

Inz| = # gapless edge states (or surface states)



Reflection symmetry

P Consider reflection R: & — —X

R H(—ky, ky, k)R = H(ky, ky, k)

with R = s,

— w.l.o.g.: eigenvalues of R € {—1,+1}

P> mirror Chern number: Teo, Fu, Kane PRB ‘08

k, =0 = H(0,ky, k)R — RH(0,ky, ks) =0

— project #(0, k,, k) onto eigenspaces of R: | Hy(k,, k)

1
n/i\/l = ppe / F+ d*k
7T2D B7 S~ Berry curvature in 4 eigenspace

Mirror plane

— total Chern number: naq = nj;l + Ny

— mirror Chern number: nag = n, — Ny

P> Bulk-boundary correspondence:

— zero-energy states on surfaces that
are left invariant under the mirror symmetry



Classification of topological materials with reflection symmetry

R. : R commutes with T' (C or S)
R_ : R anti-commutes with T' (C or 5)

Reflection | sym. class
D A @ 3
e Bott cube
R_ AIll A \
Al ClI Al BDI CI BDI
B[I)) ! Ry [R4 Ry Ry R_,
DIII
RiRit | C AIll |D _ _
CII Ry Ry Ry
C
CI CII ATl DIII CII DIII
Al Ryy [|R4 Ry R_4 Ry
BDI
D A A
R R DIII ClI BDI ClI Al BDI
=1 Al R_. R, R _ TR TR _
CII
gI AT ‘ C A D
= > >
R_. | BDLCI kIR fi
R._ | DIILCI
I CII DIII CII |Am | DI
R, DIII Ry_ R_. R__ |R. R__
Ri_ CII
R, Cl

Morimoto, Furusaki PRB 2013; Chiu, Schnyder PRB 2014;



Classification of topological materials with reflection symmetry
Ry : R commutes with T' (C' or §) R_ : R anti-commutes with T' (C' or 5)

TI/TSC
Reflection FS1
FS2
R A
Ry AIII
R_ ATl
Al
BDI
D
Ry Ryt DIII
ATl
ClI For which symmetry class and dimension is
gI there a topological insulator or topological
AT - semi-metal protected by reflection symmetry?
BDI
D
R_,R__ DIII
ATl
CII
C
CI
R_. BDI, CII
R, _ DIII, CI
Ry_ BDI
R_. DIII
Ry_ CII
R_, CI




Classification of topological materials with reflection symmetry
Ry : R commutes with T' (C' or §) R_ : R anti-commutes with T' (C' or 5)

TI/TSC| d=1 d=2 d=3 d=4 d=5 d=6 d=7 d=8
Reflection FS1 p=28 p=1 = p=3 p=4 pP=> p="6 p=T7
FS2 p=2 p=3 p=4 p=>5 p=06 p=T p=8 p=1
R A MZ 0 MZ 0 MZ 0 MZ 0
R, AIIT 0 MZ 0 MZ 0 MZ 0 MZ
R_ Alll | MZ&®7Z 0 MZ&7Z 0 MZ&7Z 0 MZ&®Z 0
Al MZ 0 0 0 2MZ 0 M7Zs M7
BDI MZs MZ 0 0 0 IMZ 0 MZs
D MZs MZs MZ 0 0 0 2MZ 0
Ry, Ry DIII 0 MZs M7, MZ 0 0 0 2M7Z
All 2M7Z 0 MZs MZs MZ 0 0 0
CII 0 IMZ 0 MZs MZs MZ 0 0
C 0 0 2M7Z 0 MZs M7, MZ 0
CI 0 0 0 2M7Z 0 MZs M7, MZ
Al 0 0 2M7Z 0 TZ, Zo MZ 0
BDI 0 0 0 2M7Z 0 TZ, Zs MZ
D MZ 0 0 0 2MZ 0 TZs Zs
R_,R_— DIII Zo MZ 0 0 0 2MZ 0 TZs
All TZ, Zs MZ 0 0 0 2MZ 0
CII 0 T Zs MZ 0 0 0 2M7Z
C 2M7Z 0 TZ, Zs MZ 0 0 0
CI 0 2MZ 0 TZ, Zs MZ 0 0
R_. BDI, CII 27, 0 2M7Z 0 27, 0 2M7Z 0
R, _ DIII, CI| 2MZ 0 27, 0 2MZ 0 27, 0
R, _ BDI | MZ&7Z 0 0 0 OMZ & 27 0 MZs ® 7o MZs @ 7o
R_. DIl |MZo®7Zo MZo®7Zo MZGZ 0 0 0 2MZ & 27, 0
Ri_ CIl |2MZ & 2Z 0 MZo @70 MZy® 7o MZSZ 0 0 0 ]
R, I 0 0 2MZ&2Z 0  MZo®Zo MIo®Zo MZST 0 Chiu, Schnyder

PRB 2014



Classification of topological materials with reflection symmetry

Chiu, Schnyder

R, : R commutes with T' (C or S) R_ : R anti-commutes with T (C' or \5)
TI/TSC| d=1 d=2 d=4 d=5 d=6 d=7 d=8
Reflection FS1 p=38 p=1 p:3 p=4 p=9> p=6 p="7
FS2 p=3 = p=06 p=T7 p=38 p=1
R M7 0 - M7 0 M7 0
R, ATT] 0 MZ Y@ M7 0 MZ
R_ -0 MZ@Z Cast 0 MZ&Z 0
Al MZ. o< 0 OMZ. 0 M7 MZs
BDI MZ, MZ CePt3Si 0 0 OMZ, 0 MZ,
D MZs MZs MZ 0 0 0 2M7Z 0
Ry Ry DIII 0 M7 M7 M7, 0 0 0 2M7,
All IMZ 0 MZs MZs MZ 0 0 0
CII 0 IMZ 0 MZs MZs MZ 0 0
C 0 0 IMZ 0 MZs MZs MZ 0
CI 0 0 0 IMZ 0 MZs MZs MZ
Al 0 0 IMZ 0 TZ 7o MZ 0
BDI 0 0 0 IMZ 0 T7.x Z MZ
D MZ 0 /p CasPbO, SrsPbO z Zs
R_,R__ DIII Zo M7, 0 0 0 IM7Z 0 TZ
All TZ: Zo 0 0 0 2M7Z 0
11 0 TZ 7> MZ 0 0 0 IMZ
C IMZ 0 TZ Z MZ 0 0 0
CI 0 IMZ 0 TZ Za MZ 0 0
R_, BDI, CII| 2Z 0 IMZ 0 27, 0 IMZ 0
Ry_ DIIL, CI| 2MZ 0 27, 0 IMZ 0 27, 0
Ry_ BDI | MZ&Z 0 0 0 IMZ & 27, 0 MZo & Zo MZs & Zo
R_, DIl |MZs®Zs MZo®Zs MZOZ 0 0 0 OMZ & 27, 0
Ri_ CIl |2MZ & 2Z 0 MZo®Zy MZo®Zy MZSZ 0 0 0
R_, CI 0 0 IMZ & 27, 0 MZo®Zy MZo®Zy MZ&Z 0

PRB 2014



1. Topological insulators
with reflection symmetry

Y. Nohara (MPI-FKF) Yang-Hao Chan (A. Sinica) Ching-Kai Chiu (UMD)



CasPbO is a reflection symmetry protected Ti

» Anti-perovskites: CasPbO, SrsPbO
in collaboration with A. Rost, H. Takagi Ca

» Band structure (without SOC):

~— - Cad

j Pb p

 — —— — 1 }+Pbs

R I X M I
» Opening of bulk gap: 5 ?
hybridisation w/ Ca |d,.) . |dy.) . |d.. i R | o
y | y>7‘ > |y> fpykf l ICaZ. .
+ SOC opens up bulk gap of ~10 meV ., k | ;':\\: |
S 7 A~
D R
[after Kariyado and Ogata, JPSJ ‘12] " L



CasPbO is a reflection symmetry protected Ti

» Symmetries:

— Time-reversal: T 'H(—K)T = +H(k) T =is,K Ca
— two reflection symmetries : R; and Rs Pb
R; anti-commutes with T: TR, T~ ' = —R, O
——> two mirror Chern numbers: T A(,, M AL,
R reflection

/

R reflection



CaszPbO is a reflection symmetry protected TI

» Symmetries:

— Time-reversal: T 'H(—K)T = +H(k) T =is,K Ca
— two reflection symmetries : R; and Rs Pb
R, anti-commutes with 7" TRjT_1 = —R; O
——> two mirror Chern numbers: T A4, , WA,
» Effective low-energy Hamiltonian for one Dirac cone
within R+ mirror plane: R vt 4
: : . 1 reflection
Hi(ky, k) = Esink,o, £sink,o, £ego, =my(k) -0 R, reflection
N 1m - k
E =4+ |my (k)| my = (k)
m (k)|
trivial phase non-trivial phase
m= m=
w6t AT TR
ne =0 ( ny = *£1
> ¥ =
/ T y/ T
m2 m4
1 . . .
— N+ d2k G’U’Vmi : [Ehﬁumi X 8kumi}

3T Job BZ



CasPbO is a reflection symmetry protected Ti

» Mirror Chern numbers: oyt
=
— for CazPbO: nam, = —2, Ny, = +2 Qg
Bulk-boundary correspondence: Lﬁ
Inam| = # Dirac cone surface states )
» Dirac cone surface states on (001) surface: > kx

N, = —2 N, = +2

Energy
Energy

Chiu, Chan, Nohara, Schnyder, arXiv:1606.03456



CaszPbO is a reflection symmetry protected TI

» Type-Ill Dirac states on (111) surface:

HY (ke ky) = Akyog + ko, — ko,
A > 0: type-II Dirac state
» Mirror symmetry: R, = o,

RoHye(—ke, k)R, = Hyey (ks k)

» NB: Ak, 00 is forbidden by TRS

= dense Landau level spectrum

Chiu, Chan, Nohara, Schnyder, arXiv:1606.03456



2. Topological nodal line semi-metals

Yang-Hao Chan (A. Sinica) Ching-Kai Chiu (UMD)



Classification of topological materials with reflection symmetry

R, : R commutes with T' (C or S) R_ : R anti-commutes with T (C' or \5)
TI/TSC| d=1 d=2 d=3 d=4 d=5 d="6 d=7 d=8
Reflection FS1 p=28 p=1 p:3 p=4 pP=> p="6 p=T7
FS2 p=2 p=3 p=06 p=T p=8 p=1
R M7 0 - M7 0 M7 0
R, ATII 0 MZ Y@ M7 0 MZ
R_ Al | MZ o7 0 MZ&7Z Cas Pz 0 MZ&7Z 0
Al MZ 0 0 IMZ 0 MZs MZs
BDI MZs MZ 0 0 0 2MZ 0 M7Zs
D M7Zs M7Zs MZ 0 0 0 2MZ 0
Ry, Ry DIII 0 M7, MZs MZ 0 0 0 2M7Z
All 2MZ, 0 MZ, MZ, MZ 0 0 0
CII 0 2M7Z 0 MZ, MZ, MZ 0 0
C 0 0 2MZ, 0 MZ, MZs MZ 0
CI 0 0 0 2MZ, 0 MZs MZs MZ
Al 0 0 2MZ, 0 TZ5 7o MZ 0
BDI 0 0 0 2MZ, 0 TZ5 Zs MZ
D MZ 0 0 0 2MZ 0 TZ Zs
R_,R_— DIII Zo MZ 0 0 0 2MZ 0 TZs
All TZs Zs MZ 0 0 0 2MZ 0
CII 0 TZs Zs MZ 0 0 0 2M7Z.
C 2M7Z, 0 TZ Zs MZ 0 0 0
CI 0 2MZ, 0 TZ.5 Zs MZ 0 0
R_. BDI, CII 27, 0 2MZ, 0 27, 0 2MZ, 0
Ry_ DIII, CI| 2MZ 0 27, 0 2MZ, 0 27, 0
Ry_ BDI | MZ&7Z 0 0 0 2MZ & 27 0 MZo & Zo MZo @ 7o
R_. DI | MZo®7Zo MZo®Zs MZ&Z 0 0 0 OMZ @ 27 0
Ri_ CIl [2MZ & 27 0 MZo® 7o MZs 72 MZ&7Z 0 0 0 _
R, I 0 0 2MZ&2Z 0  MZo®Zo MIo®Zo MZST 0 Chiu, Schnyder

PRB 2014




Topological nodal lines in CasP:2

see talk by Leslie Schoop
» Band structure: » Crystal structure P6s/mcm

mirror plane

» Dirac ring within reflection plane

charge balanced: Ca?+ — P3-

p Orbital character of bands near Er:
(6 Ca atoms, 6 P atoms)

Ca: d.2 orbitals from 6 Ca atoms

P: p, orbitals from 6 P atoms
Chan, Chiu, Chou, Schnyder, Phys. Rev. B 93, 205132 (2016)



Topological nodal line: Mirror invariant

: ] Ca4 Cab
» Reflection (z — —z): P o ops | P
—1
mirror plane . ----- .
13%3 0 0 0 .
—1ik,, P4 §)
R(k) = 0  lIsxse 0 0 vy
0 0 —13%3 0
0 0 0 —13X36_ikz p)x

p Mirror invariant:

— number of occupied states with £ = +1

R =41
Nz = ngod (k] > ko) — nd2d (Jk| < ko)
1 k| < kg R=-1
+.,0 _
nocc (k) T { O |k| > kO
[ +ko M K

Chan, Chiu, Chou, Schnyder, Phys. Rev. B 93, 205132 (2016)



Drumhead surface state and Berry phase

» Berry phase & charge polarization: Berry phase
Plhy)=—i Y / < (J)‘é’k (‘7)>d/ﬁ
jefilled” — 7

— P(k”) quantized to m = stable line node

— In CasP2 Berry phase is quantized due to:

(i) reflection symmetry 2 — —=2 T

(if) inversion + time-reversal symmetry

Chan, Chiu, Chou, Schnyder, Phys. Rev. B 93, 205132 (2016)



Drumhead surface state and Berry phase

» Berry phase & charge polarization: Berry phase
Plhy)=—i Y / < m‘ Ok | ‘ (9)>dkL
jefilled” — 7

— P(k”) quantized to m = stable line node

— In CaszP2 Berry phase is quantized due to:

(i) reflection symmetry 2 — —=2 T

(if) inversion + time-reversal symmetry

Surface spectrum

Bulk-boundary correspondence:

e
— surface charge: ogyf = 2—77 mod e
r

Nearly flat 2D surface states
:> y

connecting Dirac ring
Chan, Chiu, Chou, Schnyder, Phys. Rev. B 93, 205132 (2016)



Drumhead surface state and Berry phase

» Nearly flat surface states connecting Dirac ring

Drumhead surface state

Ky k..

Chan, Chiu, Chou, Schnyder, arXiv:1510.02759



Low-energy effective theory for CazP-

» low-energy effective Hamiltonian: W even in k
He(k) = (ki — k)72 + komy + f(K)70
» symmetry operators:
— reflection: R = 7, — time-reversal: T = 7o/C — inversion: [ =T,
» Gap-opening term Tz is symmetry forbidden:

— breaks reflection symmetry: R '7,R = —7,

. = nodal line is stable
— breaks inversion + TRS: (IT) "7, 1T = —71,

» 7 versus Zo classification:

Heg(k) ® og = (kH k(Z))Tz Qoo+ k.7, ® 0o+ f(k)T0 ® 0y

— conslder gap opening term m = 7, ® 0y:
e (IT)-symmetric:
(T, ® 0okC)™ Ly m(1, ® oogk) = = /- classification
e but breaks R:
(7. ® 00)_1m(7z R 0g) # M = 7/, classification



3. Nodal non-centrosymmetric
superconductors

R. Queiroz (MPI-FKF) C. Timm (TU Dresden) P. Brydon (U Otago)



Nodal non-centrosymmetric superconductors
[E. Bauer et al. PRL ’04]

e | ack of inversion causes anti-symmetric SO coupling:
Normal state: H = Z \IJI{ (ekoo + |gK| 03) V)
k
SO coupling for Csy point group: gx = k,& — k.Y

e | ack of inversion allows for admixture of spin-singlet
and spin-triplet pairing components

Ak = (Asoo + Ay di - 7) ioy, (9x || di)

Gaps on the two Fermi surfaces: | AY = A, £ A, |dy|

AS>A,§ ASNAt AS<At

full gap line nodes full gap

negative
helicity FS




Nodal non-centrosymmetric superconductors

e Symmetries: Time-reversal and particle-hole:

2D surface

T — O-O ® ,L‘O-Q T2 — _1 Brillouin zone 3D Brillouin zone
class DIlI :

C=0100 C?=+1 \

TRS QX PHS X S=TRSxPHS = class AIIl ol ol |

1D contour in general not centrosymmetric:

1D class Alll Hamiltonian
trivial =0

¢ Winding number:

1 A
WC = — f dkl Bk, [arg({k + ZAk )]
C

2

EF =extlge] AL = A+ A |dy]

e Bulk-boundary correspondence: k,
— surface flat bands

e Surface flat bands have Majorana character:

Schnyder, Ryu, PRB (2012)
: 1 : t Schnyder et al. PRL (2013)
Vi ~ ¢1,6(r L) (Ck,T — ngn(k)c—k,¢) + ¢2,k(71) (Cm + ngn(k)c—k,T) Queiroz, Schnyder, PRB (2014)
Brydon et al. NJP (2015)
Queiroz, Schnyder, PRB (2015)



Conclusions and Outlook

Mirror plane

e CasPbO is a topological insulator with reflection symmetry

— Two Dirac surface states, type-Il Dirac states
arXiv:1606.03456

® Topological nodal line semi-metal CasP-

— Drumhead surface states
Phys. Rev. B 93, 205132 (2016)

e Nodal non-centrosymmetric superconductor CePt3Si
— Majorana flat band surface states .

e Topological classification schemes:
(1) bring order to the growing zoo of topological materials
(il) give guidance for the search and design of new topological states

(i) link the properties of the surface states to the bulk wave function topology

Review articles: arXiv:1505.03535; J. Phys.: Condens. Matter 27, 243201 (2015)



