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• Anomalous Floquet Topological Anderson Insulator:

• Topolaritons:



Driving              uncontrolled heating?
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Mathematical interlude: Floquet Hamiltonians

• Periodically varying Hamiltonian:
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Floquet operator: 

• Energy eigenstates Quasi-energy states:

n
Ti

n
neTU yy e-=)( [ ] 0,0 ewe +În T

pw 2
=



Band structure folding and the Floquet zone
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(1) 1st resonance: Rotating wave approximation.
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Band structure folding and the Floquet zone
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Floquet Double Drive:
2d Floquet and topological energy pumping 
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Overview

• Floquet intro (Not again…)

• topological phases

Topological
Cavity amplifier

0-d topological drive:

Quantized pumping
And frequency conversion



Floquet wave functions

• Simple drive: ( )titi eeVHH ww -++= ˆˆ
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• Time evolving wave function:
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Synthetic dimension – like a tight binding model

Time dependent 
Schroedinger equation:

See also: Nathan Goldman; Shanhui Fan; Iacoppo Carussoto....



Photon space space vs. real space
• Add phase to the drive:
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Photon space space vs. real space
• Add phase to the drive:
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• Photon number operator? 
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Phase vs. Momentum

• Why not identify momentum with drive-phase?

( ) )(exp)( )( tinkt n
n

t yy å= fw += ttk )(

( ) neeVHH ikik w-++= -ˆˆ
0

( )ikik eeVHH -++= ˆˆ
0 kkkkH yey =)(

ú
û

ù
ê
ë

é
¶
¶

-= Hiin ,
f

!
k

kH
k

iin k

¶
¶

®úû
ù

êë
é

¶
¶

-=
e)(,!

fineinke



Caveats

• Drive implies constant momentum change:
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0

Can’t access all momentum states. 

• Dimension of Hilbert space = dim(H0)
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Caveats

• Drive implies constant momentum change:

fw += ttk )(( ) neeVhH ikikxz wss -++= -

Can’t access all momentum states. 

• Dimension of Hilbert space = dim(H0)=2

• Adiabatic evolution  - if h<<w
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Higher dimensional analogy? 
• 2d and higher dimensional systems also possible: 
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And tight-binding effective Hamiltonian:



Higher dimensional analogy? 
• 2d and higher dimensional systems also possible: 
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Commensurate vs incommensurate

Incommensuratecommensurate

( ) ( )2221110 cosˆcosˆ fwfw ++++= tVtVHH

3/2// 21 == qpww qp // 12 ¹ww 2/)15(12 +=ww



Topological synthetic Floquet phases
• Use BHZ band structure:
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Topological synthetic Floquet phases
• Use BHZ band structure:
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Semiclassical motion
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Topological synthetic Floquet phases
• 2f Floquet BHZ:
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Synthetic 2f BHZ
• 2f Floquet BHZ:
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Quantized energy pumping

Quantized Quantized energy pumping

C
p2
1

=W 2121
2,1

2
ww

p
ww C

dt
dE

±=W±=

xys

dt
dn

dt
dn 2

2
1

1 ww =
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Energy pumped
between lasers:
Topological 

frequency conversion



Simulations

• Need to calculate: 
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Strong driving: mbi ,<<w
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Numerics  I:  Incommensurate Frequencies
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Numerics  I:  Incommensurate Frequencies [strong coupling]
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Numerics  I:  Incommensurate Frequencies [weak copling]
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Numerics  II:  Commensurate Frequencies
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Numerics  II:  Commensurate Frequencies [m dependence]
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Numerics  II:  Commensurate Frequencies [phase dependence]
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Quantum – Classical hybrid
• Replace one of the modes with a cavity:
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Quantum – Classical hybrid
• Phase diagram:
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Quantum – Classical hybrid

• Pumping an occupied mode:

)(]ˆ[)( 2

2

2

tNPt cavitycavity

N

yy

y =



Quantum – Classical hybrid

•Pumping from zero:

)(]ˆ[)( 2

2

2

tNPt cavitycavity

N

yy

y =



Period tripling
• Unexpected stable orbit:



Summary and conclusions

• Multiple drives could induce topological effects. 

• Experimental realizations?  
Spins, qubits, cavities with rare Earth garnets? 

• Open questions: 
Temporal disorder effects. 
Using dissipation to increase fidelity?  
Two cavity systems?

• Topological frequency conversion, 
quantized energy pumping, optical amplifier.



Outline

•Floquet review

• Double-drive Floquet

• Synthetic dimensions and Space-energy duality.

• Double-drive topological spin

• Topologically driven cavity



Energy pumping measurement
• How to measure n?
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