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Direct and inverse spin Hall effect

Coupling of charge and spin currents mediated by SOC

Direct SHE: “primary” charge current jk generates spin current Jak
Inverse SHE: “primary” spin current Jak generates charge current jk

Jai = θaikjk, ji = θaikJ
a
k

θaik = −θaki

For cubic materials θaik = θεika

θ – spin Hall angle
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Bulk magnetoelectric effects

Coupling between bulk spin polarization and electric current
breaking of inversion symmetry (gyrotropy) is required

Edelstein effect: Spin induced by electric field

Sa(ω) = σak(ω)Ek(ω)

σak – Edelstein conductivity

Ek = iωAk ⇒ σak(ω) is related to the spin-current Kubo correlator χak(ω)

σak(ω) =
1

iω
〈〈Ŝa; ĵk〉〉ω =

1

iω
χak(ω)

Gauge invariance implies χak(ω) ∼ ω at ω → 0 for finite σak(0)

Inverse Edelstein (spin-galvanic) effect

jk = χak(ω)µBB
a = σak

[
µBḂ

a
]

Induced charge current ∝ rate of spin generation
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Spin diffusion and spin torque in the presence of SOC

Intrinsic SOC: Ĥso = 1
2Ωa(p)σa, Ωa(−p) = −Ωa(p)

Spins of moving electrons precess with p-dependent angular velocity.
Precession of moving elementary spins lead to an average torque Ta

Spin is not conserved in the presence of SOC

∂tS
a −D∇2Sa = Ta

Gradient expansion of the spin torque:

Ta = −ΓabSb + P abk ∂kS
b + Cak∂kn

Γab – DP spin relaxation tensor (random motion of elementary spins)

P abk = −P bak – spin precession tensor (diffusive motion of spins)

Cak – “spin Hall torque” (motion of spins generated by the charge flow)
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Coupled spin-charge diffusion in normal conductors

Stationary spin-charge diffusion equations

D∇2Sa − ΓabSb + P abk ∂kS
b + Cak∂kn = 0

D∇2n+ Cak∂kS
a = 0

I. Spin-charge coupling Cak leads to the Edelstein effect:

jk = −D∂kn ⇒ Sa =
(
Γ̂−1

)ab
Cak∂kn ⇒ σak =

∂n

∂µ

(
Γ̂−1

)ab
Cak

II. P abk 6= 0 and/or anisotropy of Γab generate “spin helix”:

D∂2xS
a + P abx ∂xS

b − ΓabSb = 0

S(x = 0) = ẑSz0

(A) Ĥso = pz(ασ
x + βσy)

(B) Ĥso = αp · σ

x 

z       

0       

x 

z       

0       

(A)	
   (B)	
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What we can expect in superconducting systems

I. Non-dissipative Edelstein/spin-galvanic effect

The supercurrent j = nsvs with the superfluid velocity vs ∼ ∇ϕ− eA
⇒ gauge invariance does not forbid a static χak = 〈〈Ŝa; ĵk〉〉ω=0

Sa = χak∂kϕ, jk = eχakh
a

FL = haχak(∂kϕ− eAk) = T · vs – Lifshitz invariant

II. Charge-Spin conversion 7→ Singlet-Triplet conversion

SHE 7→ accumulation of triplet condensate at the sample edges
“Spin Helix” 7→ rotation of the triplet and LRTC in S/F structures
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Green functions in superconductors
Superconductivity: Pair correlations between t-conjugated states

iGαβ(1, 2) = 〈T{ψα(1)ψ†β(2)}〉︸ ︷︷ ︸
normal Green function

, iFαβ(1, 2) = 〈T{ψ†α(1)ψ†β(2)}〉︸ ︷︷ ︸
anomalous Green function

Nambu representation: Matrix in the subspace of t-conjugates states

Ǧ =

[
Ĝ F̂

− ˆ̄F ˆ̄G

]
, ˆ̄F = σyF̂ ∗σy – time-reversal operation

Quasiclassical GF: Dynamics of quasiparticles at the Fermi surface

Ǧ(r1, r2) ≈ −iπNF 〈eipFn(r1−r2)ǧ(n, r)〉n ǧ =

[
ĝ f̂

ˆ̄f −ˆ̄g

]

In s-wave BCS superconductor (equilibrium Matsubara formalism):

ǧBCS = τ3gBCS + τ2fBCS ; gBCS =
ω√

ω2 + |∆|2
fBCS =

|∆|eiϕ√
ω2 + |∆|2
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Diffusion of the condensate: Usadel equation

Anomalous GF f̂(ω, r) describes the spectral condensate density

When “injected” from SC the condensate diffuses into a normal metal

D∇2f̂ − 2|ω|f̂ = 0

−∂xf̂ |S = iγfBSC

}
⇒ f̂ = i

γ

κω
fBSCe

−κωx

κ2ω = 2|ω|/D ⇒ the penetration depth ξT ∼
√
D/Tc

Supercurrent: j = πNFDIm
∑
ω

tr{ ˆ̄f∇f̂}
(
cf. j ∼ Im{Ψ∗∇Ψ}

)

Josephson effect in S/N/S structures

Im{f∗∇f} 6= 0 only if ϕ2 − ϕ1 6= 0

jx = jc sin(ϕ2 − ϕ1) , jc ∼ e−L/ξT
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Singlet-triplet coupling in a ferromagnet

Spin structure of the condensate function: F̂ (ω) = F̂s(ω) + F̂t(ω)

F̂ = Fs(ω)(| ↑〉〈↓ | − | ↓〉〈↑ |) + F zt (ω)(| ↑〉〈↓ |+ | ↓〉〈↑ |)
+F+

t (ω)| ↑〉〈↑ |+ F−t (ω)| ↓〉〈↓ |

Pauli principle requires F at (−ω) = −F at (ω): “odd-frequency triplet”

Fs(ω) 7→ fs(ω), F at (ω) 7→ sgn(ω)fat (ω)

The exchange field in a ferromagnet Ĥex = σzhz mixes fs and fzt

Usadel equation in the presence of an exchange/Zeeman field

D∇2fs − 2|ω|fs + i 2hafat = 0

D∇2fat − 2|ω|fat + i 2hafs = 0

Singlet-triplet conversion is accompanied with the phase shift of π/2
because the exchange field breaks the time reversal symmetry
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Proximity effect in S/F structures

S/F structure with perfectly transparent interface

D∇2fs − 2|ω|fs + i 2hafat = 0

D∇2fat − 2|ω|fat + i 2hafs = 0

fs|S = fBSC , fat |S = 0

Singlet condensate penetrates F-region where the exchange field
converts it into the odd-frequency triplet condensate parallel to h

fs = fBCS cos(x/ξh)e−x/ξh

fzt = i fBCS sin(x/ξh)e−x/ξh

If h� Tc, the penetration depth ξh =
√
D/h� ξT

The phase of the generated triplet condensate is shifted by π/2
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SOC in superconducting structures: General picture

Spin-charge diffusion equations in normal conductors

D∇2n+ Cak∂kS
a = 0

D∇2Sa − ΓabSb + P abk ∂kS
b + Cak∂kn = 0

SOC is time-reversal symmetric⇒ it acts in exactly the same way on
t-conjugated states⇒ we expect: n 7→ fs(ω), Sa 7→ fat (ω)

Expected form of Usadel equations in the presence SOC

D∇2fs − 2|ω|fs + Cak∂kf
a
t + i2hafat = 0

D∇2fat − (2|ω|δab + Γab)f bt + P abk ∂kf
b
t + Cak∂kfs + i2hafs = 0

Additional relaxation (Γab) and spin rotation (P abk ) of the triplet:
Generation of long-range triplet condensate (LRTC) in S/F
Additional t-even (Cak ) channel of the singlet-triplet conversion:
Interference of two conversion channels 7→ anomalous current
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Microscopic model of intrinsic SOC: SU(2) gauge field

One-particle Hamiltonian with intrinsic SOC: Ωa(p̂) = 1
2m{Aak, p̂k}

H0 =
p2

2m
− 1

2
Ωa(p)σa − haσa + Vimp 7→

1

2m
(pk − Âk)2 − Â0 + Vimp

SOC Âk = 1
2A

a
kσ

a, and the exchange field Â0 = 1
2A

a
0σ

a ≡ haσa enter
as space- and time-components of an effective SU(2) gauge filed

2D Rashba-Dresselhaus SOC: Ayx = −Axy = α, Axx = −Ayy = β

Ĥ is form-invariant under a local SU(2) rotation: U = exp
[
i
2θ
a(r)σa

]
H 7→ UHU−1, Aµ 7→ UAµU

−1 − i(∂µU)U−1

Gauge symmetry⇒ SOC can enter only via covariant combinations!
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SU(2) Covariant Usadel equation

Covariant derivative: ∇̃kÔ = ∂kÔ − i[Âk, Ô]

Gauge field strength: F̂µν = 1
2F

a
µνσ

a = ∂µÂν − ∂νÂµ − i[Âµ, Âν ]

“Electric” field: Eak = Fa0k , “Magnetic” filed: Bai = εijkF
a
jk

Make Usadel equation covariant by ∂k· 7→ ∇̃k· = ∂k · −i[Âk, ·]

f̂ = fs + fat σ
a

{
D∇̃2f̂ − 2|ω|f̂ + i{ĥ, f̂} = 0

νk∇̃kf̂ |S = iγfBSC

Covariant Laplacian: ∇̃2f̂ = ∇2f̂ − 2i[Âk, ∂kf̂ ]︸ ︷︷ ︸
rotation

− [Âj , [Âj , f̂ ]]︸ ︷︷ ︸
DP relaxaton

Spin torque: P abk = 2DεabcAck, Γab = D
(
AckA

c
kδ
ab −AakA

b
k

)
Cak = 0 → SOC does not induce singlet-triplet coupling at this level
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Generation of Long-range Triplet Condensate (LTRC)

Simple example of LRTC: “3D Rashba” SOC Aak = αδak and h = ẑhz

D∇̃2f̂ − 2|ω|f̂ + i{ĥ, f̂} = 0 ; f̂ = fs + f
‖
t σ

z + f⊥t σ
y

D∂2xfs − 2|ω|fs − 2ihzf
‖
t = 0

D∂2xf
‖
t + 2Dα∂xf

⊥
t − 2

(
Dα2 + |ω|

)
f
‖
t − 2ihzfs = 0

D∂2xf
⊥
t − 2Dα∂xf

‖
t − 2

(
Dα2 + |ω|

)
f⊥t = 0

General condition for LRTC

The component Âk along inhomogeneity
should not commute with ĥ, [Â0, Âk] 6= 0

LRTC is generated by the SU(2) electric
field Fa0k = Eak in the direction of diffusion!
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LRTC: “vertical” vs “lateral” S/F/S structures

SOC related to geometric constraints and/or heterointerfaces
generates LRTC only in lateral S/F/S structures

S F S

x

z (a)

S

F

x

z

0

(b)

SS

F

L
d

(c)
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0.5
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1.5

2

F
(x

)/
F

−
∞

x/ξ0

singlet

long−range triplet

S
F

Long-range Josephson effect in a lateral S/F/S structure

Ic =
SσF
e

tr(F̂⊥x0)2T
∑
ω

κωC
2(ωn)e−κωL ∼ tr(Ê⊥x )2e−L/ξT
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Beyond the leading order: Singlet-Triplet coupling

Include the effect of SU(2) magnetic field F̂jk = −i[Âj , Âk]

Linearized covariant Eilenberger equation for anomalous GF f̂(n)

vFnk∇̃kf̂(n) +
{
ω − iÂ0 −

F̂jk

2m
nj∂nk︸ ︷︷ ︸

singlet-triplet coupling

, f̂(n)
}

= sgn(ω)
τ

[
f̂(n)− 〈f̂〉

]

SU(2) “Lorentz force”→ spin-dependent deflection of trajectories

→ conversion of moving charge into moving spin→ SHE

In combination with SOC-induced precession of moving spins→

Spin-galvanic and Edelstein effects in normal metals
Additional t-even channel of singlet-triplet conversion in SC
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Beyond the leading order: The diffusive limit τ → 0

f̂(n) ≈ f̂ + nkf̂k, f̂ = 〈f̂(n)〉 � f̂k

1

3
vF ∇̃kf̂k + 2ωf̂ − i

{
Â0, f̂

}
= 0

f̂k ≈ −τvF
(

sgn(ω)∇̃kf̂︸ ︷︷ ︸
“covariant diffusion”

− τ

2m

{
F̂kj , ∇̃j f̂

}
︸ ︷︷ ︸

“spin Hall” term

)

Generalized Usadel equation and physical observables

D∇̃2f̂ − 2|ω|f̂ + sgn(ω)
(
i
{
Â0, f̂

}
+
τD

2m

{
∇̃kF̂kj , ∇̃j f̂

})
= 0

jk = πN0DIm
∑
ω

tr
[

ˆ̄ff̂k

]
sgn(ω)

Sa = πN0Im
∑
ω

tr
[
σa ˆ̄ff̂

]
sgn(ω)
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Non-dissipative magnetoelectric effects

f̂ = fs + sgn(ω)σafat

D∇2fs − 2|ω|fs +
(
iAa0 + τD

2mJak∂k
)
fat = 0

D(∇̃2f̂t)
a − 2|ω|fat +

(
iAa0 + τD

2mJak∂k
)
fs = 0

SINGLET	
   TRIPLET	
   SINGLET	
  

EXCHANGE	
  	
  

SOC	
   D⌧
2mJ a

i @i

iAa
0 iAa

0

D⌧
2mJ a

i @i

Ĵk = ∇̃jF̂jk 7→ [Âj , [Âj , Âk]]: pseudotensor ∼ equilibrium spin current

Edelstein and spin-galvanic effects in bulk superconductors

Sa = χak∂kϕ, jk = χakA
a
k

χak = πN0
τD

m

∑
ω

∆2

ω2

[
(Γ̂ + 2|ω|)−1

]ab
Jbk ∼

α3

α2 + ξ−2T
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Non-dissipative magnetoelectric effects: ϕ0-junctions

I(ϕ) = Ic sin(ϕ+ ϕ0), ϕ0 6= {0, π} – anomalous phase

Current through the right interface at x = xR

Ix ∼
∑
ω

Im
[
f∗s (xR)fRBSC

]
∼ sin(ϕ+ ϕ0)

SINGLET	
   TRIPLET	
   SINGLET	
  

EXCHANGE	
  	
  

SOC	
   D⌧
2mJ a

i @i

iAa
0 iAa

0

D⌧
2mJ a

i @i

Example: Rashba SOC

Ayx = −Axy = α, A
y
0 = h

(a)-(b) L = ξ0, T = 0.1Tc

(c) L = ξ0, καξ0 = 0.2
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Extrinsic SOC in superconductors: The starting point

Spin-dependent scattering by a random potential of impurities:

Ŵ (r) = V (r) + V̂so(r), V̂so = −iλ2 (∇V (r)×∇)σ

Kinetic equation for 8×8 matrix Nambu-Keldysh GF Ǧ(p, r; t, t′)

τ3∂tǦ+ ∂t′Ǧτ3 +
pk
m
∂kǦ+ i

[
hστ3 + ∆̌, Ǧ

]
= I[Ǧ]

I[Ǧ] = −i
[
Σ̌, Ǧ

]
+

1

2

{
∇rΣ̌,∇pǦ

}
− 1

2

{
∇pΣ̌,∇rǦ

}
Contributions to the 2nd Born self-energy Σ̌ = 〈Ŵ (r)Ǧ(r, r′)Ŵ (r′)〉

〈V ǦV 〉 – momentum relaxation→ τ

〈V̂soǦV̂so〉 – spin relaxation (Elliot-Yafet)→ τso

〈V ǦV̂so〉 – “side jump” SHE and spin current swapping→ θ, κ

Beyond 2nd Born ∼ 〈V ǦV ǦV̂so〉 – “skew scattering” SHE
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Usadel equation: SHE and spin current swapping

Linearized Usadel equation in equilibrium f̂(n) ≈ f̂ + nkf̂k

1

3
vF∂kf̂k + 2ωf̂ + i

{
hσ, f̂

}
= −sgn(ω)

3f̂ − σaf̂σa
4τso

f̂k = −τvF
(

sgn(ω)∂kf̂︸ ︷︷ ︸
diffusion

− θ

2
εkja{σa, ∂j f̂}︸ ︷︷ ︸
“spin Hall” term

+i sgn(ω)
κ

2
εkja[σa, ∂j f̂ ]︸ ︷︷ ︸

“swapping” term

)

Spin Hall and swapping contributions to f̂k are purely transverse⇒

D∇2f̂ − 2|ω|f̂ − i sgn(ω)
{
hσ, f̂

}
=

3f̂ − σaf̂σa
4τso

At S/N boundary:

{
νk (∂kfs − θεkja∂jfat ) = iγfBCS

νk
(
∂kf

a
t − θεkja∂jfs − κ[∂af

k
t − δka∂jf jt ]

)
= 0

Singlet-triplet coupling is induced at the interface: Cak = θεkjaνjδ(S) !
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Interface spin accumulation and extrinsic SHE in SC

I. Non-dissipative SHE in a superconducting film

fs(x) ≈ ifBCSeiϕ(x)
∂zf

y
t |±d/2 = −θ∂xϕfBCS

}
⇒ Sy(z) = θ

∑
ω

js,x(ω)

Dk

sinh kz

cosh kd/2

Dk2 = 2|ω|+ 1/τso, zero net spin polarization 〈S〉 = 0

II. Supercurrent-induced interface spin acumulation in S/N bilayer

Sy(z) = γ2θ
∑
ω

js,x(ω) cosh kω(z − d)

Dk2ωk sinh2 kωd sinh kd
[cosh kz − cosh kωd cosh k(z − d)]

structure with broken inversion symmetry⇒ 〈S〉 6= 0

Inverse effect: Spontaneous supercurrent at S/F interface
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Anomalous Josephson effect in lateral structures

x
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Supercurrent through nth S-terminal at xn < x < xn +Wn

j(n)z (x) = hθ
∑
ω

M∑
l=1

f
(n)
BCSf

(l)
BCS

RbnRbl
[s(|x− xl|)− s(|x− xl −Wl|)]

Total anomalous current: I =

∫ x1+W1

x1

dxj(1)z (x) ∼ hθ ∼ σAH
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Summary

1 The presented theory of superconductors with SOC makes a
connection between “classical spin-orbitronics” effects and
phenomena mediated by SOC in superconducting structures

Spin helix in normal systems↔ LRTC in S/F structures
SHE and EE↔ Supercurrent-induced spin/triplet accumulation
Spin-galvanic effect (Inverse EE)↔ Josephson ϕ0-junction

2 Singlet-triplet coupling and related non-dissipative
magnetoelectic effects are determined by the normal state spin
Hall angle and the spin-charge coupling pseudotensor Cak

3 On the practical side we identified lateral S/F/S structures and
materials with large anomalous Hall conductivity as most
promising for realization of ϕ0-junctions
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