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• introduction to spin Hall noise spectroscopy

• summary & outlook

contents

• application to a quantum spin ladder: detection of topological phase transitions

• application to quantum spin liquids: detection of spin density of states
- S=1/2 kagomé Heisenberg antiferromagnet, e.g., herbertsmithite ZnCu3(OH)6Cl2. 
- the antiferromagnetic Kitaev honeycomb model, e.g., α-RuCl3. 
- spinon Fermi surface coupled to gapless U(1) gauge fluctuations, e.g., organic salt com- 

pounds, YbMgGaO4. 

- dimerized quantum antiferromagnet + Dzyaloshinskii-Moriya interaction + external magnetic 
field, e.g., BiCu2PO6.
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spin Hall magnetoresistance
• spin Hall magnetoresistance (SMR): corrections to longitudinal and Hall resistivities of a 

strongly spin-orbit coupled metal in contact with a magnetic material.

H. Nakayama et al., Phys. Rev. Lett. 110, 206601 (2013) 
Y.-T. Chen et al., Phys. Rev. B 87, 144411 (2013) 
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<latexit sha1_base64="xEgfsBPVRKc4QOZrFS8aq4UupA4="></latexit>
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• longitudinal resistance for in-plane magnetization: R = R0 + ΔR0 + R1 cos2 α
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spin Hall noise
• Fluctuation-dissipation theorem: SMR gives additional contribution to the thermal voltage 

noise across the metal.

A. Kamra et al., Phys. Rev. B 90, 214419 (2014) 

V (t)
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FI

N

FIG. 3. (Color online) Schematic of the normal metal (N) and
magnetic insulator (FI) bilayers analyzed in the text. The blue
dashed arrow indicates the equilibrium magnetization direction. The
coordinate system is depicted in red. The black arrows define our sign
convention for spin currents across the interface.

where mmm ≡ mmm(rrr,t) is the unit vector along the magnetization
direction at position rrr , γ (>0) denotes the gyromagnetic ratio,
andhhh0 and α0 are the internal Langevin stochastic field [26] and
Gilbert damping constant, respectively. The effective magnetic
field, written in terms of the magnetic free-energy density Fm,

µ0HHH eff = −∂Fm

∂MMM
= µ0HHH 0 + 2A

Ms

∇2mmm, (2)

includes Zeeman and anisotropy contributions in HHH 0, while
the second term represents the exchange field in terms of the
exchange constant A [27] and the saturation magnetization
Ms . The N layer is incorporated by imposing continuity
of spin-current density across the FI|N interface [28]. On
the FI side, the spin current density, carried by collective
magnetization dynamics, is given by −A(mmm × ∂ymmm). On the
N side, the spin-current density consists of (i) spin pumping
(JJJ sp) by the thermal fluctuations of the magnetization in the
ferromagnet [29], and (ii) spin-transfer torque (STT) (JJJ stt)
generated by absorption of the thermal electronic spin-current
incident on the FI. The conserved net spin-current density
JJJ s(=JJJ sp − JJJ stt) from the FI to the N is then given by

JJJ s($$$,t) = −A(mmm × ∂ymmm), (3)

= !g̃r

4π
(mmm × ṁmm) − Ms(mmm ×µ0hhh

′), (4)

where $$$ ≡ (x,z) is the in-plane position vector, g̃r is the real
part of the spin-mixing conductance per unit area corrected for
the finite thickness and/or spin relaxation length in N leading to
a backflow spin current into FI [30]. We disregard the typically
small [31] imaginary part of the mixing conductance for
simplicity. hhh′ represents the random STT with the correlation
function [8,11,28],

〈µ0h
′
i($$$,t)µ0h

′
j ($$$′,t ′)〉 = &′δijδ(t − t ′)δ($$$ − $$$′), (5)

where 〈〉 denotes statistical averaging, &′ = !g̃rkBT /2πM2
s ,

(i,j ) = (x,y), kB is the Boltzmann constant, and T is the
temperature of the system.

Since the spin current flows across the interface along
the out-of-plane (y) direction (see Fig. 3), its y-polarized
component does not contribute to the ISHE signal [32], while
the z-polarized component vanishes. Hence, we focus on the

x component [Eq. (4)]:

J s
x = −!g̃r

4π
ṁy + Msµ0h

′
y, (6)

with correlation function
〈
J s

x ($$$,t)J s
x ($$$′,t ′)

〉
= M2

s 〈µ0h
′
y($$$,t)µ0h

′
y($$$′,t ′)〉

+
(

!g̃r

4π

)2

〈ṁy($$$,t)ṁy($$$′,t ′)〉

− !g̃rMsµ0

4π
[〈ṁy($$$,t)h′

y($$$′,t ′)〉

+ 〈ṁy($$$′,t ′)h′
y($$$,t)〉]. (7)

Only the first term on the right-hand side of the equation above
is appreciable [33] because the ac susceptibility, and therefore
ṁy are negligibly small at frequencies under consideration
(f ( f0). With Eq. (5),

〈
J s

x ($$$,t)J s
x ($$$′,t ′)

〉
= !g̃r

2π
kBT δ(t − t ′)δ($$$ − $$$′). (8)

In this low-frequency limit, all parameters of the ferromagnet,
except for the interface spin-mixing conductance, conveniently
drop out.

For frequencies much smaller than the inverse spin-
relaxation time in N, the spatially resolved spin-current
density is governed by the time-independent diffusion equation
∂2µµµs/∂y

2 = µµµs/λ
2
sd for the spin-chemical potential µµµs with

the boundary conditions JJJ s(= −D∂µµµs/∂y) = J s
x ($$$,t)x̂xx at

y = 0 and JJJ s = 0 at y = tN [32]:

J s
x (rrr,t) = J s

x ($$$,t)
sinh[(tN − y)/λsd]

sinh(tN/λsd)
. (9)

λsd is the spin-diffusion length, D is the diffusion constant in N,
and the spin current flows along the y direction. This quasi-1D
analysis is rigorous because in-plane lateral spin diffusion does
not contribute to the global electromotive force, as shown
in Appendix. However, locally there might be significant
corrections to Eq. (9).

The ISHE converts the spin-current density to a charge-
current density along the z direction:

J c
z (rrr,t) = −θSH

2e

!
J s

x (rrr,t), (10)

with θSH the spin Hall angle of N. We are interested here in
the global voltage noise over the sample edges as indicated in
Fig. 3 (see also Appendix), which amounts to

V (t) = −b

∫
J s

x ($$$,t)d2$, (11)

for frequencies far below the plasma frequency, where
b ≡ (ρθSHe/!w) (2λsd/tN ) tanh(tN/2λsd) and ρ = RwtN/l,
with R the resistance of the N layer.

Employing Eqs. (8) and (11), we arrive at the autocorrela-
tion

〈V (t)V (0)〉 = b2
∫∫ 〈

J s
x ($$$,t)J s

x ($$$′,0)
〉
d2$ d2$′,

= b2 !g̃r

2π
kBT wlδ(t). (12)

214419-3
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• DC thermal voltage noise (Johnson-Nyquist noise):

SV (⌦) =

Z 1

�1
hV (t)V (0)i e�i⌦tdt

⌦!0) 2kBT (R0 +�R0 +R1 cos
2 ↵)
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(a)

(b)

FIG. 1. (Color online) (a) Schematic of the voltage power spec-
tral density measurements. The sample (gray) is connected to a
preamplifier and a FFT spectrum analyzer. The symbols + and −
define the sign convention for the voltage measurements. The setup
and the amplification stage are shielded by a metal box (red thick
lines). The applied magnetic field (blue arrow) makes an angle α

with the voltage measurement direction. (b) A typical noise spectrum
captured using the setup described in (a). The individual data points
shown in Fig. 2(c) are averaged over the frequency window between
20 and 45 kHz. The dashed line depicts the white noise level expected
from the fluctuation-dissipation theorem.

sweep” [as in Fig. 1(b)] is obtained by averaging 15 000 such
spectra. A single average value of the white noise level is then
obtained by averaging the PSD sweep data in the frequency
range 20–45 kHz. The frequency window is so chosen in
order to minimize the effects of the 1/f noise and external
electromagnetic disturbances. The average of 19 such data
points lead to the precision of 0.01% sufficient to resolve the
spin Hall noise [Eq. (15)].2

The measurement configuration is depicted in Fig. 2(a). A
60 mT magnetic field applied in the xz plane at an angle α
with the +z direction saturates the YIG magnetization along its

2The noise floor of our setup (output with zero voltage input, i.e.,
short circuited amplifier input) 1.52 × 10−17 V2/Hz is subtracted from
all data points.

FIG. 2. (Color online) Sample and wire bonding assembly for
measuring (a) voltage power spectral density SV,long and (b) resistance
Rlong. The applied magnetic field (blue arrow) makes an angle α with
the voltage measurement direction (zzz). (c) SV,long (squares) and Rlong

(triangles) measured as a function of α. Both SV,long and Rlong exhibit
a cos2 α dependence and are related by SV,long = 4kBT Rlong with
T = 291.5 K, consistent with the fluctuation-dissipation theorem.
The α-dependent contributions to Rlong and SV,long are attributed
to spin Hall effect-generated spin currents and spin Hall noise,
respectively.

direction. The voltage noise PSD SV,long of the “longitudinal”
voltage Vlong [Fig. 2(a)] averaged over 19 α sweeps is
shown as white open squares in Fig. 2(c). We also carried
out conventional SMR measurement [15] of the longitudinal
resistance Rlong along the Hall bar (zzz) direction [Fig. 2(b)] as
a function of α for a charge current Iq = 40.5 µA along the
Hall bar. Rlong, shown as red triangles in Fig. 2(c), exhibits the
cos2 α-dependence characteristic of the SMR effect [16]. We
find that SV,long and Rlong are related by SV,long = 4kBT Rlong,
with T = 291.5 K (room temperature), as expected from the
fluctuation-dissipation theorem. Since the α-dependence of
Rlong is attributed to SHE-generated spin currents [16], the
anisotropic PSD must be caused by the spin Hall noise.

III. THEORY

To substantiate this claim, in the following we present a
statistical linear response theory for the α-dependent noise that
elucidates the role of the spin currents. We restrict the analysis
to frequencies far below the ferromagnetic resonance (FMR)
frequency f0. We consider a bilayer of a normal metal (N) with
spin Hall angle θSH deposited on a ferromagnetic insulator (FI)
with its equilibrium magnetization pointing along ẑzz as shown
in Fig. 3. The magnetization dynamics in the FI is described
by the Landau-Lifshitz-Gilbert (LLG) equation:

ṁmm = −γ [mmm × µ0(HHH eff + hhh0)] + α0(mmm × ṁmm), (1)

214419-2
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V

Figure 1: A bilayer setup involving a metal with strong spin orbit coupling in contact with an unconventional

quantum magnet and in which two subsystems are held in thermal equilibrium. Spin fluctuations in the quantum

magnet generates noisy spin current fluctuations at the interface, which in turn converts into charge current fluctua-

tions inside the metal via inverse spin Hall e↵ect. The charge current fluctuations can be quantified via conductance

measurements across the metal owing to fluctuation-dissipation theorem.

1.1 Spin Hall noise spectroscopy

Our first system of interest will be a bilayer system in which a metal with strong spin orbit coupling
(e.g., 5d transition metals such as Pt, Ta, and W) is placed in contact with a QSL, and the two
subsystems are held in thermal equilibrium (see Fig. 1). In the presence of exchange coupling at
the interface, spin injection (ejection) into (out of) the QSL occurs via the annihilation (creation)
of S = 1 particle-hole excitations in the metal. Spin fluctuations in the QSL (both classical and
quantum) will therefore generate equilibrium spin current fluctuations across the interface [49, 50],
which, as a result of the inverse SHE, are converted into voltage fluctuations inside the metal
— voltage fluctuations that may encode information about the microscopic structure of the spin
system. The voltage noise can be quantified by measuring the resistance across the normal metal
layer owing to the fluctuation-dissipation theorem. This bilayer system therefore o↵ers a table-
top experimental technique — we hereafter refer to this technique as spin Hall noise spectroscopy
(SHNS) — that directly probes the density of states for S = 1 excitations in the quantum magnet.

Bilayer devices involving 5d transition metals and conventional magnetic insulators are now
routinely produced in spintronics laboratories for spin-transfer torque and spin pumping studies [38],
and spin-Hall generated charge noise in a setup similar to Fig. 1, specifically, has garnered some
study with respect to conventional quantum magnets hosting magnons [51]. Recently, Ref. [41]
even succeeded in building an interface between Pt and a quantum spin chain material Sr2CuO3

for the study of spin Seebeck e↵ect. We therefore anticipate that bilayers involving 5d transition
metals and unconventional quantum magnets will become available in the near future by extending
current spintronics technology.

1.2 Nonequilibrium quantum magnetism

Another attractive aspect of the bilayer setup in Fig. 1 is that it can be straightforwardly extended
for the study of nonequilibrium QSLs. The augmented setup of interest is illustrated in Fig. 2, in
which one a�xes two additional metals with strong spin orbit coupling atop the QSL. Inside the
“spin injector” metal, a charge current Ic is applied parallel to the interface so that it generates
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Figure 2: An experimental setup that can be used to study two-terminal spin transport through a quantum magnet.

A charge current Ic applied parallel to the interface generates a spin current Is oriented normal to the interface via

the direct SHE. This spin current enters the quantum magnet, is transmitted through the spin system by mobile spin

excitations, and is ejected into the spin sink. The dissipative metallic bath can act to stabilize the quantum magnet

toward an energy and spin flow equilibrium state.

a spin current Is oriented normal to the interface via the direct SHE. This spin current enters
the quantum magnet owing to the interfacial exchange coupling, is transmitted through the spin
system by mobile spin-carrying excitations, and is ejected into the spin sink. While the spin injector
continuously pumps spin and energy into the QSL, the dissipative metallic bath can act to stabilize
the QSL toward an energy and spin flow equilibrium state. The setup in Fig. 2 thus realizes
two-terminal spin transport through insulating spin systems, and, in principle, allows the study of
unconventional quantum magnets driven into nonequilibrium steady states by spin currents.

Understanding unconventional quantum magnets driven out of equilibrium by spin currents
still remains a largely unexplored problem. However, we have witnessed a flurry of spintron-
ics experiments in recent years investigating two-terminal spin transport through both ferromag-
netic [42, 43, 45] and antiferromagnetic [52, 53, 54, 71] insulators using setups very similar to the one
illustrated in Fig. 2. Two-terminal spin transport has also been theoretically studied in ferromag-
nets and antiferromagnets [55, 56, 57, 58], and a proposal of dissipationless superfluid spin trans-
port [59, 60, 61, 62] has been spearheaded by the PI and collaborators [63, 64, 65, 66, 67, 68]. While
these research e↵orts have focused on conventional magnets so far, we anticipate that nonequilib-
rium spin transport involving unconventional quantum magnets will become within experimental
reach and of theoretical interest in the near future.

1.3 Proposed thrusts

Research activities outlined in this proposal contains two related thrusts. In the first thrust, the PI
will establish spin Hall noise spectroscopy as a useful novel probe of QSLs. Starting with appropriate
microscopic models for the spin-orbit coupled transition metal and the interfacial coupling, the PI
will compute the total voltage noise in the metal including the correction generated by the adjacent
fluctuating spin system. This part of the thrust will establish a general theoretical framework
underlying SHNS applicable to all unconventional quantum magnets. The PI will then provide
concrete theoretical predictions for the voltage fluctuations expected for well-known QSL models:
the S = 1/2 kagomé lattice antiferromagnet and the Kitaev honeycomb model. These two models
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Figure 1: (a) A bilayer setup involving a metal with strong spin orbit coupling in contact with an unconventional

quantum magnet. The entire bilayer setup is held in thermal equilibrium. Spin fluctuations in the quantum magnet

generate spin current fluctuations at the interface and these fluctuations convert into voltage noise inside the metal via

inverse spin Hall e↵ect. The voltage noise spectrum, which may encode information about the microscopic structure

of the spin system, can then be measured in the metal. (b) An experimental setup for studying two-terminal spin

transport through a quantum magnet. A charge current Ic applied parallel to the interface generates a spin current

Is oriented normal to the interface via the direct SHE. This spin current enters the quantum magnet, is transmitted

through the spin system by mobile spin excitations, and is ejected into the spin sink. The dissipative metallic bath

acts to stabilize the quantum magnet toward a nonequilibrium steady state.

— have been made recently [47, 48], research that explores the full extent to which SHEs can be
exploited as probes of unconventional quantum magnets is still at its infancy and is the main focus
of this proposal.

1.1 Spin Hall noise spectroscopy

Our first system of interest will be a bilayer system in which a metal with strong spin orbit coupling
(e.g., 5d transition metals such as Pt, Ta, and W) is placed in contact with a QSL, and the two
subsystems are held in thermal equilibrium at a common temperature T [see Fig. 1(a)]. In the
presence of exchange coupling at the interface, spin injection (ejection) into (out of) the QSL occurs
via the annihilation (creation) of S = 1 particle-hole excitations in the metal. Spin fluctuations in
the QSL (both classical and quantum) will therefore generate equilibrium spin current fluctuations
across the interface [49, 50], which, as a result of the inverse SHE, are converted into fluctuations
in the voltage measured across the metal — voltage fluctuations that may encode information
about the microscopic structure of the spin system. This bilayer system therefore o↵ers a table-
top experimental technique — we hereafter refer to this technique as spin Hall noise spectroscopy
(SHNS) — that directly probes the density of states for S = 1 excitations in the quantum magnet.

Bilayer devices involving 5d transition metals and conventional magnetic insulators are now
routinely produced in spintronics laboratories for spin-transfer torque and spin pumping studies [38],
and spin-Hall generated charge noise in a setup similar to Fig. 1(a), specifically, has garnered some
study with respect to conventional quantum magnets hosting magnons [51]. Recently, Ref. [41]
succeeded in building an interface between Pt and a quantum spin chain material Sr2CuO3 for the
study of spin Seebeck e↵ect. We therefore anticipate that bilayers involving 5d transition metals
and unconventional quantum magnets will become available in the near future by extending current
spintronics technology.
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• total (asymmetrized) voltage noise spectral density in the metal:

SV (⌦, T ) ⌘
Z 1

�1
hV (t)V (0)i e�i⌦tdt = S(0)

V (⌦, T ) + �SV (⌦, T )
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spin Hall noise spectroscopy (SHNS)

• interfacial -polarized spin current fluctuations  generates voltage fluctuations 
along the  axis in the metal:

z Ss(Ω, T )
y

�SV (⌦, T ) = ⇥Ss(⌦, T )
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Figure 1: A bilayer setup involving a metal with strong spin orbit coupling in contact with an unconventional

quantum magnet and in which two subsystems are held in thermal equilibrium. Spin fluctuations in the quantum

magnet generates noisy spin current fluctuations at the interface, which in turn converts into charge current fluctua-

tions inside the metal via inverse spin Hall e↵ect. The charge current fluctuations can be quantified via conductance

measurements across the metal owing to fluctuation-dissipation theorem.

1.1 Spin Hall noise spectroscopy

Our first system of interest will be a bilayer system in which a metal with strong spin orbit coupling
(e.g., 5d transition metals such as Pt, Ta, and W) is placed in contact with a QSL, and the two
subsystems are held in thermal equilibrium (see Fig. 1). In the presence of exchange coupling at
the interface, spin injection (ejection) into (out of) the QSL occurs via the annihilation (creation)
of S = 1 particle-hole excitations in the metal. Spin fluctuations in the QSL (both classical and
quantum) will therefore generate equilibrium spin current fluctuations across the interface [49, 50],
which, as a result of the inverse SHE, are converted into voltage fluctuations inside the metal
— voltage fluctuations that may encode information about the microscopic structure of the spin
system. The voltage noise can be quantified by measuring the resistance across the normal metal
layer owing to the fluctuation-dissipation theorem. This bilayer system therefore o↵ers a table-
top experimental technique — we hereafter refer to this technique as spin Hall noise spectroscopy
(SHNS) — that directly probes the density of states for S = 1 excitations in the quantum magnet.

Bilayer devices involving 5d transition metals and conventional magnetic insulators are now
routinely produced in spintronics laboratories for spin-transfer torque and spin pumping studies [38],
and spin-Hall generated charge noise in a setup similar to Fig. 1, specifically, has garnered some
study with respect to conventional quantum magnets hosting magnons [51]. Recently, Ref. [41]
even succeeded in building an interface between Pt and a quantum spin chain material Sr2CuO3

for the study of spin Seebeck e↵ect. We therefore anticipate that bilayers involving 5d transition
metals and unconventional quantum magnets will become available in the near future by extending
current spintronics technology.

1.2 Nonequilibrium quantum magnetism

Another attractive aspect of the bilayer setup in Fig. 1 is that it can be straightforwardly extended
for the study of nonequilibrium QSLs. The augmented setup of interest is illustrated in Fig. 2, in
which one a�xes two additional metals with strong spin orbit coupling atop the QSL. Inside the
“spin injector” metal, a charge current Ic is applied parallel to the interface so that it generates
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Figure 2: An experimental setup that can be used to study two-terminal spin transport through a quantum magnet.

A charge current Ic applied parallel to the interface generates a spin current Is oriented normal to the interface via

the direct SHE. This spin current enters the quantum magnet, is transmitted through the spin system by mobile spin

excitations, and is ejected into the spin sink. The dissipative metallic bath can act to stabilize the quantum magnet

toward an energy and spin flow equilibrium state.

a spin current Is oriented normal to the interface via the direct SHE. This spin current enters
the quantum magnet owing to the interfacial exchange coupling, is transmitted through the spin
system by mobile spin-carrying excitations, and is ejected into the spin sink. While the spin injector
continuously pumps spin and energy into the QSL, the dissipative metallic bath can act to stabilize
the QSL toward an energy and spin flow equilibrium state. The setup in Fig. 2 thus realizes
two-terminal spin transport through insulating spin systems, and, in principle, allows the study of
unconventional quantum magnets driven into nonequilibrium steady states by spin currents.

Understanding unconventional quantum magnets driven out of equilibrium by spin currents
still remains a largely unexplored problem. However, we have witnessed a flurry of spintron-
ics experiments in recent years investigating two-terminal spin transport through both ferromag-
netic [42, 43, 45] and antiferromagnetic [52, 53, 54, 71] insulators using setups very similar to the one
illustrated in Fig. 2. Two-terminal spin transport has also been theoretically studied in ferromag-
nets and antiferromagnets [55, 56, 57, 58], and a proposal of dissipationless superfluid spin trans-
port [59, 60, 61, 62] has been spearheaded by the PI and collaborators [63, 64, 65, 66, 67, 68]. While
these research e↵orts have focused on conventional magnets so far, we anticipate that nonequilib-
rium spin transport involving unconventional quantum magnets will become within experimental
reach and of theoretical interest in the near future.

1.3 Proposed thrusts

Research activities outlined in this proposal contains two related thrusts. In the first thrust, the PI
will establish spin Hall noise spectroscopy as a useful novel probe of QSLs. Starting with appropriate
microscopic models for the spin-orbit coupled transition metal and the interfacial coupling, the PI
will compute the total voltage noise in the metal including the correction generated by the adjacent
fluctuating spin system. This part of the thrust will establish a general theoretical framework
underlying SHNS applicable to all unconventional quantum magnets. The PI will then provide
concrete theoretical predictions for the voltage fluctuations expected for well-known QSL models:
the S = 1/2 kagomé lattice antiferromagnet and the Kitaev honeycomb model. These two models
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Figure 1: (a) A bilayer setup involving a metal with strong spin orbit coupling in contact with an unconventional

quantum magnet. The entire bilayer setup is held in thermal equilibrium. Spin fluctuations in the quantum magnet

generate spin current fluctuations at the interface and these fluctuations convert into voltage noise inside the metal via

inverse spin Hall e↵ect. The voltage noise spectrum, which may encode information about the microscopic structure

of the spin system, can then be measured in the metal. (b) An experimental setup for studying two-terminal spin

transport through a quantum magnet. A charge current Ic applied parallel to the interface generates a spin current

Is oriented normal to the interface via the direct SHE. This spin current enters the quantum magnet, is transmitted

through the spin system by mobile spin excitations, and is ejected into the spin sink. The dissipative metallic bath

acts to stabilize the quantum magnet toward a nonequilibrium steady state.

— have been made recently [47, 48], research that explores the full extent to which SHEs can be
exploited as probes of unconventional quantum magnets is still at its infancy and is the main focus
of this proposal.

1.1 Spin Hall noise spectroscopy

Our first system of interest will be a bilayer system in which a metal with strong spin orbit coupling
(e.g., 5d transition metals such as Pt, Ta, and W) is placed in contact with a QSL, and the two
subsystems are held in thermal equilibrium at a common temperature T [see Fig. 1(a)]. In the
presence of exchange coupling at the interface, spin injection (ejection) into (out of) the QSL occurs
via the annihilation (creation) of S = 1 particle-hole excitations in the metal. Spin fluctuations in
the QSL (both classical and quantum) will therefore generate equilibrium spin current fluctuations
across the interface [49, 50], which, as a result of the inverse SHE, are converted into fluctuations
in the voltage measured across the metal — voltage fluctuations that may encode information
about the microscopic structure of the spin system. This bilayer system therefore o↵ers a table-
top experimental technique — we hereafter refer to this technique as spin Hall noise spectroscopy
(SHNS) — that directly probes the density of states for S = 1 excitations in the quantum magnet.

Bilayer devices involving 5d transition metals and conventional magnetic insulators are now
routinely produced in spintronics laboratories for spin-transfer torque and spin pumping studies [38],
and spin-Hall generated charge noise in a setup similar to Fig. 1(a), specifically, has garnered some
study with respect to conventional quantum magnets hosting magnons [51]. Recently, Ref. [41]
succeeded in building an interface between Pt and a quantum spin chain material Sr2CuO3 for the
study of spin Seebeck e↵ect. We therefore anticipate that bilayers involving 5d transition metals
and unconventional quantum magnets will become available in the near future by extending current
spintronics technology.
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theory
• thermal spin current fluctuations at the metal | quantum paramagnet interface.
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Voltage noise correction is proportional to the imaginary part of the local dynamical spin 
structure factor of the adjacent quantum magnet.

- treat metal using the Sommerfeld model. 
- exchange coupling at the interface. 
- define spin current as total -polarized spin entering the metal.z
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measurement
• noise due to proximate quantum magnet obtained via the difference between the total 

noise and the (known) background noise of the metal.

�SV (⌦, T ) = SV (⌦, T )� S(0)
V (⌦, T )
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predicted measured known
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predicted measured known

V

• noise can also be determined through AC resistance measurements.
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application to quantum spin ladder
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• quantum spin ladder: intra-dimer exchange , inter-dimer exchange , odd-parity DM 
interaction , even-parity spin-anisotropic interaction , and external magnetic field 

J K
D Γ hy

D. Joshi and A. P. Schnyder, Phys. Rev. B 96, 220405 (2017)
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FIG. 1. Schematic representation of the exchange interactions in
the quantum spin ladder described by Eq. (1). The spins are shown
as black circles, blue lines represent the intradimer exchange (J ),
and red lines interdimer interactions (K). The DM interaction (D),
indicated in green, points in the y direction into the plane of the
ladder. In addition, the model exhibits an even-parity spin-anisotropic
interaction (!), which arises along with the odd-parity DM interaction
due to spin-orbit coupling.
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where i denotes the dimer site, 1,2 label the two legs of the
ladder, J is the antiferromagnetic intradimer coupling, and K
is the interdimer Heisenberg interaction. Spin-orbit coupling
gives rise to the odd-parity DM interaction D and the even-
parity spin-anisotropic interdimer coupling !. We assume
that the two legs of the ladder are equivalent by symmetry.
Likewise, all the rungs are taken to be equivalent. Therefore,
the only symmetry-allowed DM term is the interdimer DM
interaction in the y direction between the spins along the legs
of the ladder [29]. The even-parity spin-anisotropic interaction
! is of a form similar to the DM term, but its direction is not
fixed by lattice symmetries. For simplicity, we assume that the
! term points in the same direction as the DM interaction; in
the Supplemental Material [30] we consider the case where
the ! term points along the z direction. In Eq. (1) we have
also included a small magnetic field hy perpendicular to the
ladder plane, which provides a handle to induce a topological
transition.

For dominant J > 0, the spins within each unit cell of
the spin ladder form a singlet and a dimer quantum para-
magnet is realized. Throughout this Rapid Communication
we shall be interested in this phase only. This phase has
three gapped excitations corresponding to the three possible
spin-1 triplet excited states on each dimer. To describe these
elementary triplon excitations, we employ the bond-operator
formalism [31], which allows us to represent the spin operators

in Eq. (1) in terms of triplon creation and annihilation operators
t†γ and tγ (γ = x,y,z) [30]. For a given dimer these triplon
operators are defined as t†γ |t0〉 = |tγ 〉 (γ = x,y,z), where
|t0〉 = [|↑↓〉 − |↓↑〉]/

√
2 is the singlet state, while |tx〉 =

−[|↑↑〉 − |↓↓〉]/
√

2, |ty〉 = ι[|↑↑〉 + |↓↓〉]/
√

2, and |tz〉 =
[|↑↓〉 + |↓↑〉]/

√
2 are the spin-1 triplet states. Rewriting

Eq. (1) in terms of tγ and t†γ yields an interacting bosonic
Hamiltonian describing the dynamics of the triplons [30].
For simplicity, we consider here only the bilinear part of
this triplon Hamiltonian. This is known as the harmonic
approximation [32]. As it turns out, at the harmonic level
the ty triplon mode is decoupled from the other two triplons.
We therefore focus only on the tx and tz excitations, whose
dynamics in momentum space is given by [30]

Hk = 1
2

∑

k

$
†
kMk$k, (2a)

with the spinor $k = (tkx,tkz,t
†
−kx,t

†
−kz)

T
and the 4 × 4 matrix

Mk =
[
H1(k) H2(k)
H

†
2 (k) HT

1 (−k)

]
. (2b)

The diagonal and off-diagonal parts of Mk read

H1(k) = [J + K cos(k)]1 + 'd · 'σ , (3a)

H2(k) = −Ke−ιk1 − 'x · 'σ , (3b)

with the vectors

'd ≡ {d1,d2,d3} = {! cos(k), − D sin(k) − hy,0}, (3c)

'x ≡ {x1,x2,x3} = {! cos(k), − D sin(k),0}, (3d)

where 1 is the 2 × 2 identity matrix, ι =
√

−1, and 'σ ≡
{σ1,σ2,σ3} are the three Pauli matrices.

Triplon bands and protected end states. The triplon bands of
Hamiltonian (2) are obtained by use of a bosonic Bogoliubov
transformation [33–35], which amounts to diagonalizing the
non-Hermitian matrix &Mk , where & = diag(1,−1). In Fig. 2
we show the typical triplon dispersions for different values of
the tuning parameter hy . Both triplon modes are gapped in the
entire dimer-quantum-paramagnetic phase. Moreover, the two
triplons do not touch each other, except at hy = ±D, where
they touch linearly. This observation suggest that at hy = ±D
there occurs a topological phase transition, which separates a
trivial phase from a topological one.

To confirm this conjecture, we study the edge states of
Hamiltonian Hk , whose presence indicates the topological
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FIG. 2. Triplon bands (tx and tz) obtained from Hk [Eq. (2)] are plotted for different hy . We see that the gap between the two modes vanishes
to form a Dirac point at hy = ±D. Everywhere else in the dimer-quantum-paramagnetic phase, the two modes do not touch each other. For
|hy | < D the phase is topologically nontrivial, else it is trivial. The parameters used are D/J = !/J = 0.1 and K/J = 0.01.
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FIG. 1. Schematic representation of the exchange interactions in
the quantum spin ladder described by Eq. (1). The spins are shown
as black circles, blue lines represent the intradimer exchange (J ),
and red lines interdimer interactions (K). The DM interaction (D),
indicated in green, points in the y direction into the plane of the
ladder. In addition, the model exhibits an even-parity spin-anisotropic
interaction (!), which arises along with the odd-parity DM interaction
due to spin-orbit coupling.
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where i denotes the dimer site, 1,2 label the two legs of the
ladder, J is the antiferromagnetic intradimer coupling, and K
is the interdimer Heisenberg interaction. Spin-orbit coupling
gives rise to the odd-parity DM interaction D and the even-
parity spin-anisotropic interdimer coupling !. We assume
that the two legs of the ladder are equivalent by symmetry.
Likewise, all the rungs are taken to be equivalent. Therefore,
the only symmetry-allowed DM term is the interdimer DM
interaction in the y direction between the spins along the legs
of the ladder [29]. The even-parity spin-anisotropic interaction
! is of a form similar to the DM term, but its direction is not
fixed by lattice symmetries. For simplicity, we assume that the
! term points in the same direction as the DM interaction; in
the Supplemental Material [30] we consider the case where
the ! term points along the z direction. In Eq. (1) we have
also included a small magnetic field hy perpendicular to the
ladder plane, which provides a handle to induce a topological
transition.

For dominant J > 0, the spins within each unit cell of
the spin ladder form a singlet and a dimer quantum para-
magnet is realized. Throughout this Rapid Communication
we shall be interested in this phase only. This phase has
three gapped excitations corresponding to the three possible
spin-1 triplet excited states on each dimer. To describe these
elementary triplon excitations, we employ the bond-operator
formalism [31], which allows us to represent the spin operators

in Eq. (1) in terms of triplon creation and annihilation operators
t†γ and tγ (γ = x,y,z) [30]. For a given dimer these triplon
operators are defined as t†γ |t0〉 = |tγ 〉 (γ = x,y,z), where
|t0〉 = [|↑↓〉 − |↓↑〉]/

√
2 is the singlet state, while |tx〉 =

−[|↑↑〉 − |↓↓〉]/
√

2, |ty〉 = ι[|↑↑〉 + |↓↓〉]/
√

2, and |tz〉 =
[|↑↓〉 + |↓↑〉]/

√
2 are the spin-1 triplet states. Rewriting

Eq. (1) in terms of tγ and t†γ yields an interacting bosonic
Hamiltonian describing the dynamics of the triplons [30].
For simplicity, we consider here only the bilinear part of
this triplon Hamiltonian. This is known as the harmonic
approximation [32]. As it turns out, at the harmonic level
the ty triplon mode is decoupled from the other two triplons.
We therefore focus only on the tx and tz excitations, whose
dynamics in momentum space is given by [30]

Hk = 1
2

∑

k

$
†
kMk$k, (2a)

with the spinor $k = (tkx,tkz,t
†
−kx,t

†
−kz)

T
and the 4 × 4 matrix

Mk =
[
H1(k) H2(k)
H

†
2 (k) HT

1 (−k)

]
. (2b)

The diagonal and off-diagonal parts of Mk read

H1(k) = [J + K cos(k)]1 + 'd · 'σ , (3a)

H2(k) = −Ke−ιk1 − 'x · 'σ , (3b)

with the vectors

'd ≡ {d1,d2,d3} = {! cos(k), − D sin(k) − hy,0}, (3c)

'x ≡ {x1,x2,x3} = {! cos(k), − D sin(k),0}, (3d)

where 1 is the 2 × 2 identity matrix, ι =
√

−1, and 'σ ≡
{σ1,σ2,σ3} are the three Pauli matrices.

Triplon bands and protected end states. The triplon bands of
Hamiltonian (2) are obtained by use of a bosonic Bogoliubov
transformation [33–35], which amounts to diagonalizing the
non-Hermitian matrix &Mk , where & = diag(1,−1). In Fig. 2
we show the typical triplon dispersions for different values of
the tuning parameter hy . Both triplon modes are gapped in the
entire dimer-quantum-paramagnetic phase. Moreover, the two
triplons do not touch each other, except at hy = ±D, where
they touch linearly. This observation suggest that at hy = ±D
there occurs a topological phase transition, which separates a
trivial phase from a topological one.

To confirm this conjecture, we study the edge states of
Hamiltonian Hk , whose presence indicates the topological
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FIG. 2. Triplon bands (tx and tz) obtained from Hk [Eq. (2)] are plotted for different hy . We see that the gap between the two modes vanishes
to form a Dirac point at hy = ±D. Everywhere else in the dimer-quantum-paramagnetic phase, the two modes do not touch each other. For
|hy | < D the phase is topologically nontrivial, else it is trivial. The parameters used are D/J = !/J = 0.1 and K/J = 0.01.
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FIG. 3. Band structure of the quantum spin ladder, Eq. (2),
with open ends. Protected end states (green line) appear in
the topological paramagnetic phase, |hy| < D. Parameters
used are the same as in Fig. 2.

where is the 2 ⇥ 2 identity matrix, ◆ =
p
�1 and ~� ⌘

{�1,�2,�3} are the three Pauli matrices.

Triplon bands and protected end states.– The triplon
bands of Hamiltonian (2) are obtained by use of a bosonic
Bogoliubov transformation [30–32], which amounts to
diagonalizing the non-Hermitian matrix ⌃Mk, where
⌃ = diag( ,� ). In Fig. 2 we show the typical triplon
dispersions for di↵erent values of the tuning parame-
ter hy. Both triplon modes are gapped in the entire
dimer-quantum-paramagnetic phase. Moreover, the two
triplons do not touch each other, except at hy = ±D,
where they touch linearly. This observation suggest that
at hy = ±D there occurs a topological phase transition,
which separates a trivial phase from a topological one.

To confirm this conjecture, we study the edge states
of Hamiltonian Hk, whose presence indicates the topo-
logical character of the triplon bands. For that purpose
we determine the eigenenergies and eigenmodes of Hk

in real space with open boundary conditions. Figure 3
displays the so-obtained spectrum as a function of hy.
We also compute the energy-integrated local density of
states (LDOS) of Hk, by adding the contributions from
the lower triplon band and from the end states with en-
ergies in between the two triplon bands. To reveal the
existence of end states we subtract the LDOS of Hk with
periodic boundary conditions ⇢0 from the LDOS with
open boundary conditions ⇢. The resulting triplon end-
state density profile ⇢�⇢0 is plotted in Fig. 4 for di↵erent
values of hy. From Fig. 3 we clearly see that for |hy| < D

the spectrum contains, besides the bulk triplon bands
(red and blue), an additional state (green) with energy
in between the two triplons. Figure 4 shows that this
in-gap state is exponentially localized at the two ends of
the spin ladder. Hence, we conclude that the paramag-
netic phase of S=1/2 quantum spin ladders is subdivided
into a trivial phase (|hy| > D) and a topological phase
(|hy| < D) [33]. We call the latter a topological quantum
paramagnet [34], which is characterized by a non-zero
winding number, as we will show below.

2 4 6 8 10 12 14 16 18 20
0

0.25

0.5

site

⇢
�
⇢ 0

hy = 0
|hy| = D/4
|hy| = D/2
|hy| > D

�D 0 D

0

0.5

hy

N
t

FIG. 4. Triplon end-state density profile ⇢ � ⇢0 plotted in
the topological paramagnetic phase, |hy| < D, near one of the
ladder ends. In the topologically trivial phase, |hy| > D, the
end states are absent (black trace). The inset shows the par-
ticle quantum number (Nt) of triplon end states. Parameters
used are the same as in Fig. 2.

But before doing so, let us examine the particle quan-
tum number (Nt) of the triplon end states, which we
obtain by integrating the area under the peaks in the
triplon end-state density profile of Fig. 4. We find that
this particle number is zero in the trivial phase, while in
the topological phase it takes on the fractional value 1/2,
see Fig. 4 inset. This quantum number fractionalization
is reminiscent of the charge e/2 end states in the Su-
Schrie↵er-Heeger model [35] and is intimately connected
to the nontrivial topology of the system [2].
Winding number.– We now show that the topological

quantum paramagnetic phase is characterized by a non-
zero winding number. Although the problem at hand
is seemingly similar to a one-dimensional fermionic topo-
logical insulator, we find that the calculation of the wind-
ing number proceeds along quite di↵erent lines than in
the fermionic case. Recall that in order to compute the
winding number of fermionic systems, one first needs to
identify the chiral symmetry operator and transform the
Hamiltonian to a basis wherein the chiral symmetry op-
erator is diagonal. This results in a block o↵-diagonal
Hamiltonian, which is then used to calculate the wind-
ing number [3, 4]. For our bosonic model, we find that
Eq. (2) can be deformed into a chiral symmetric Hamilto-
nian, i.e., forK = 0 we have { ⌦ �3,Mk � J ⌦ } = 0,
since �3 anticommutes with H1 � (J + K cos(k)) and
with H2+Ke

�◆k . However, this observation is not very
helpful for two reasons: (i) the symmetry operator is al-
ready diagonal and (ii) the eigenmodes of our model are
not given by Mk, but rather by ⌃Mk.
Hence, we need to find another way to bring ⌃Mk into

block o↵-diagonal from. To that end, let us consider the
transformation with the unitary matrix

U =

2

664

0 0 1 0
1 0 0 0
0 0 0 1
0 1 0 0

3

775 . (4)
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FIG. 3. Band structure of the quantum spin ladder, Eq. (2),
with open ends. Protected end states (green line) appear in
the topological paramagnetic phase, |hy| < D. Parameters
used are the same as in Fig. 2.

where is the 2 ⇥ 2 identity matrix, ◆ =
p
�1 and ~� ⌘

{�1,�2,�3} are the three Pauli matrices.

Triplon bands and protected end states.– The triplon
bands of Hamiltonian (2) are obtained by use of a bosonic
Bogoliubov transformation [30–32], which amounts to
diagonalizing the non-Hermitian matrix ⌃Mk, where
⌃ = diag( ,� ). In Fig. 2 we show the typical triplon
dispersions for di↵erent values of the tuning parame-
ter hy. Both triplon modes are gapped in the entire
dimer-quantum-paramagnetic phase. Moreover, the two
triplons do not touch each other, except at hy = ±D,
where they touch linearly. This observation suggest that
at hy = ±D there occurs a topological phase transition,
which separates a trivial phase from a topological one.

To confirm this conjecture, we study the edge states
of Hamiltonian Hk, whose presence indicates the topo-
logical character of the triplon bands. For that purpose
we determine the eigenenergies and eigenmodes of Hk

in real space with open boundary conditions. Figure 3
displays the so-obtained spectrum as a function of hy.
We also compute the energy-integrated local density of
states (LDOS) of Hk, by adding the contributions from
the lower triplon band and from the end states with en-
ergies in between the two triplon bands. To reveal the
existence of end states we subtract the LDOS of Hk with
periodic boundary conditions ⇢0 from the LDOS with
open boundary conditions ⇢. The resulting triplon end-
state density profile ⇢�⇢0 is plotted in Fig. 4 for di↵erent
values of hy. From Fig. 3 we clearly see that for |hy| < D

the spectrum contains, besides the bulk triplon bands
(red and blue), an additional state (green) with energy
in between the two triplons. Figure 4 shows that this
in-gap state is exponentially localized at the two ends of
the spin ladder. Hence, we conclude that the paramag-
netic phase of S=1/2 quantum spin ladders is subdivided
into a trivial phase (|hy| > D) and a topological phase
(|hy| < D) [33]. We call the latter a topological quantum
paramagnet [34], which is characterized by a non-zero
winding number, as we will show below.
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the topological paramagnetic phase, |hy| < D, near one of the
ladder ends. In the topologically trivial phase, |hy| > D, the
end states are absent (black trace). The inset shows the par-
ticle quantum number (Nt) of triplon end states. Parameters
used are the same as in Fig. 2.

But before doing so, let us examine the particle quan-
tum number (Nt) of the triplon end states, which we
obtain by integrating the area under the peaks in the
triplon end-state density profile of Fig. 4. We find that
this particle number is zero in the trivial phase, while in
the topological phase it takes on the fractional value 1/2,
see Fig. 4 inset. This quantum number fractionalization
is reminiscent of the charge e/2 end states in the Su-
Schrie↵er-Heeger model [35] and is intimately connected
to the nontrivial topology of the system [2].
Winding number.– We now show that the topological

quantum paramagnetic phase is characterized by a non-
zero winding number. Although the problem at hand
is seemingly similar to a one-dimensional fermionic topo-
logical insulator, we find that the calculation of the wind-
ing number proceeds along quite di↵erent lines than in
the fermionic case. Recall that in order to compute the
winding number of fermionic systems, one first needs to
identify the chiral symmetry operator and transform the
Hamiltonian to a basis wherein the chiral symmetry op-
erator is diagonal. This results in a block o↵-diagonal
Hamiltonian, which is then used to calculate the wind-
ing number [3, 4]. For our bosonic model, we find that
Eq. (2) can be deformed into a chiral symmetric Hamilto-
nian, i.e., forK = 0 we have { ⌦ �3,Mk � J ⌦ } = 0,
since �3 anticommutes with H1 � (J + K cos(k)) and
with H2+Ke

�◆k . However, this observation is not very
helpful for two reasons: (i) the symmetry operator is al-
ready diagonal and (ii) the eigenmodes of our model are
not given by Mk, but rather by ⌃Mk.
Hence, we need to find another way to bring ⌃Mk into

block o↵-diagonal from. To that end, let us consider the
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FIG. 1. Schematic representation of the exchange interactions in
the quantum spin ladder described by Eq. (1). The spins are shown
as black circles, blue lines represent the intradimer exchange (J ),
and red lines interdimer interactions (K). The DM interaction (D),
indicated in green, points in the y direction into the plane of the
ladder. In addition, the model exhibits an even-parity spin-anisotropic
interaction (!), which arises along with the odd-parity DM interaction
due to spin-orbit coupling.
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where i denotes the dimer site, 1,2 label the two legs of the
ladder, J is the antiferromagnetic intradimer coupling, and K
is the interdimer Heisenberg interaction. Spin-orbit coupling
gives rise to the odd-parity DM interaction D and the even-
parity spin-anisotropic interdimer coupling !. We assume
that the two legs of the ladder are equivalent by symmetry.
Likewise, all the rungs are taken to be equivalent. Therefore,
the only symmetry-allowed DM term is the interdimer DM
interaction in the y direction between the spins along the legs
of the ladder [29]. The even-parity spin-anisotropic interaction
! is of a form similar to the DM term, but its direction is not
fixed by lattice symmetries. For simplicity, we assume that the
! term points in the same direction as the DM interaction; in
the Supplemental Material [30] we consider the case where
the ! term points along the z direction. In Eq. (1) we have
also included a small magnetic field hy perpendicular to the
ladder plane, which provides a handle to induce a topological
transition.

For dominant J > 0, the spins within each unit cell of
the spin ladder form a singlet and a dimer quantum para-
magnet is realized. Throughout this Rapid Communication
we shall be interested in this phase only. This phase has
three gapped excitations corresponding to the three possible
spin-1 triplet excited states on each dimer. To describe these
elementary triplon excitations, we employ the bond-operator
formalism [31], which allows us to represent the spin operators

in Eq. (1) in terms of triplon creation and annihilation operators
t†γ and tγ (γ = x,y,z) [30]. For a given dimer these triplon
operators are defined as t†γ |t0〉 = |tγ 〉 (γ = x,y,z), where
|t0〉 = [|↑↓〉 − |↓↑〉]/

√
2 is the singlet state, while |tx〉 =

−[|↑↑〉 − |↓↓〉]/
√

2, |ty〉 = ι[|↑↑〉 + |↓↓〉]/
√

2, and |tz〉 =
[|↑↓〉 + |↓↑〉]/

√
2 are the spin-1 triplet states. Rewriting

Eq. (1) in terms of tγ and t†γ yields an interacting bosonic
Hamiltonian describing the dynamics of the triplons [30].
For simplicity, we consider here only the bilinear part of
this triplon Hamiltonian. This is known as the harmonic
approximation [32]. As it turns out, at the harmonic level
the ty triplon mode is decoupled from the other two triplons.
We therefore focus only on the tx and tz excitations, whose
dynamics in momentum space is given by [30]

Hk = 1
2

∑

k

$
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kMk$k, (2a)

with the spinor $k = (tkx,tkz,t
†
−kx,t

†
−kz)

T
and the 4 × 4 matrix

Mk =
[
H1(k) H2(k)
H

†
2 (k) HT

1 (−k)

]
. (2b)

The diagonal and off-diagonal parts of Mk read

H1(k) = [J + K cos(k)]1 + 'd · 'σ , (3a)

H2(k) = −Ke−ιk1 − 'x · 'σ , (3b)

with the vectors

'd ≡ {d1,d2,d3} = {! cos(k), − D sin(k) − hy,0}, (3c)

'x ≡ {x1,x2,x3} = {! cos(k), − D sin(k),0}, (3d)

where 1 is the 2 × 2 identity matrix, ι =
√

−1, and 'σ ≡
{σ1,σ2,σ3} are the three Pauli matrices.

Triplon bands and protected end states. The triplon bands of
Hamiltonian (2) are obtained by use of a bosonic Bogoliubov
transformation [33–35], which amounts to diagonalizing the
non-Hermitian matrix &Mk , where & = diag(1,−1). In Fig. 2
we show the typical triplon dispersions for different values of
the tuning parameter hy . Both triplon modes are gapped in the
entire dimer-quantum-paramagnetic phase. Moreover, the two
triplons do not touch each other, except at hy = ±D, where
they touch linearly. This observation suggest that at hy = ±D
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respectively. Within the topological phase, i.e., the topological
quantum paramagnet, which occurs for |hy | < 0.1, there are
in-gap localized end states around !/J = 1. (Here we set
h̄ = 1, such that both energies and frequencies are measured
in units of J .) Hence, we expect sharp peaks in the imaginary
part − Im{χ}, as is seen in Fig. 3. Correspondingly, the real
part Re{χ} exhibits 1/! singularities at !/J = 1. Such peaks

are absent in the topologically trivial paramagnetic phase, due
to the absence of the localized end states. The appearance of
these peaks provide a clear distinguishing feature to identify
the topological quantum paramagnetic phase using SHNS.
Note that apart from the sharp features due to the topological
excitation at the end of the ladder, there are two broad peaks
in Fig. 3 (broad features in Fig. 4) arising from bulk triplon
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I. SETUP AND THEORY

The heterostructure consists of a spin ladder (that supports topological triplon excita-

tions in a certain parameter regime) exchange-coupled at one end to a normal metal. For

convenience, we define the spin quantization axes in the spin ladder and the normal metal

di↵erently, as shown in Fig. 1. In the geometry of the figure, z polarized spin current flowing

into the normal metal from the spin ladder gives rise to a charge current flowing along the

x axis due to inverse spin Hall e↵ect.

We assume that the spins at the left end of the ladder couple with equal amplitude to

the local spin density in the normal metal, i.e.,

Ĥc = �⌘a3e
X
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y
m,0 + ŝ
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where Rm is the interfacial coordinate of the m-th leg at the y = 0 surface, ae is the lattice

scale of the electron bath and

ŝ(x) =
1

2
 ̂

†
�(x)⌧��0 ̂�0(x) ,

is the electron spin density at position x (in units of ~). We will takeRm = (0, 0, (�1)
m�1

(al/2)),

where al is the lattice scale of the spin ladder.
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FIG. 1. A spin ladder exchange-coupled at its left end to an semi-infinite 3d electron gas. Note

that the spin quantization axes are defined di↵erently for the two subsystems.
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δ/J = 10−3 is used to account for scattering and impurity effects. Here, we have set h̄ = 1, such that both energies and frequencies are measured
in units of J . The topological quantum paramagnet occurs for |hy |/J < 0.1.

respectively. Within the topological phase, i.e., the topological
quantum paramagnet, which occurs for |hy | < 0.1, there are
in-gap localized end states around !/J = 1. (Here we set
h̄ = 1, such that both energies and frequencies are measured
in units of J .) Hence, we expect sharp peaks in the imaginary
part − Im{χ}, as is seen in Fig. 3. Correspondingly, the real
part Re{χ} exhibits 1/! singularities at !/J = 1. Such peaks

are absent in the topologically trivial paramagnetic phase, due
to the absence of the localized end states. The appearance of
these peaks provide a clear distinguishing feature to identify
the topological quantum paramagnetic phase using SHNS.
Note that apart from the sharp features due to the topological
excitation at the end of the ladder, there are two broad peaks
in Fig. 3 (broad features in Fig. 4) arising from bulk triplon

R
e

R
e

R
e

R
e

FIG. 4. Real part of the spin correlator χ (!), Eq. (14), for the same parameters as in Fig. 3. The topological quantum paramagnet occurs
for |hy |/J < 0.1.

064401-4

DARSHAN G. JOSHI, ANDREAS P. SCHNYDER, AND SO TAKEI PHYSICAL REVIEW B 98, 064401 (2018)

Im
Im Im

Im

FIG. 3. The real part of the second derivative of the charge noise spectrum, Eq. (7), measured across the normal metal film is proportional
to the imaginary part of the spin correlator χ (!), Eq. (14). The sharp peak at !/J = 1 is from topological end excitation, while the broad
peaks arise from bulk triplons. Parameters used are K/J = 0.01, D/J = "/J = 0.1. A phenomenological Lorentzian broadening with width
δ/J = 10−3 is used to account for scattering and impurity effects. Here, we have set h̄ = 1, such that both energies and frequencies are measured
in units of J . The topological quantum paramagnet occurs for |hy |/J < 0.1.

respectively. Within the topological phase, i.e., the topological
quantum paramagnet, which occurs for |hy | < 0.1, there are
in-gap localized end states around !/J = 1. (Here we set
h̄ = 1, such that both energies and frequencies are measured
in units of J .) Hence, we expect sharp peaks in the imaginary
part − Im{χ}, as is seen in Fig. 3. Correspondingly, the real
part Re{χ} exhibits 1/! singularities at !/J = 1. Such peaks

are absent in the topologically trivial paramagnetic phase, due
to the absence of the localized end states. The appearance of
these peaks provide a clear distinguishing feature to identify
the topological quantum paramagnetic phase using SHNS.
Note that apart from the sharp features due to the topological
excitation at the end of the ladder, there are two broad peaks
in Fig. 3 (broad features in Fig. 4) arising from bulk triplon

R
e

R
e

R
e

R
e

FIG. 4. Real part of the spin correlator χ (!), Eq. (14), for the same parameters as in Fig. 3. The topological quantum paramagnet occurs
for |hy |/J < 0.1.

064401-4

DARSHAN G. JOSHI, ANDREAS P. SCHNYDER, AND SO TAKEI PHYSICAL REVIEW B 98, 064401 (2018)

Im
Im Im

Im

FIG. 3. The real part of the second derivative of the charge noise spectrum, Eq. (7), measured across the normal metal film is proportional
to the imaginary part of the spin correlator χ (!), Eq. (14). The sharp peak at !/J = 1 is from topological end excitation, while the broad
peaks arise from bulk triplons. Parameters used are K/J = 0.01, D/J = "/J = 0.1. A phenomenological Lorentzian broadening with width
δ/J = 10−3 is used to account for scattering and impurity effects. Here, we have set h̄ = 1, such that both energies and frequencies are measured
in units of J . The topological quantum paramagnet occurs for |hy |/J < 0.1.

respectively. Within the topological phase, i.e., the topological
quantum paramagnet, which occurs for |hy | < 0.1, there are
in-gap localized end states around !/J = 1. (Here we set
h̄ = 1, such that both energies and frequencies are measured
in units of J .) Hence, we expect sharp peaks in the imaginary
part − Im{χ}, as is seen in Fig. 3. Correspondingly, the real
part Re{χ} exhibits 1/! singularities at !/J = 1. Such peaks

are absent in the topologically trivial paramagnetic phase, due
to the absence of the localized end states. The appearance of
these peaks provide a clear distinguishing feature to identify
the topological quantum paramagnetic phase using SHNS.
Note that apart from the sharp features due to the topological
excitation at the end of the ladder, there are two broad peaks
in Fig. 3 (broad features in Fig. 4) arising from bulk triplon

R
e

R
e

R
e

R
e

FIG. 4. Real part of the spin correlator χ (!), Eq. (14), for the same parameters as in Fig. 3. The topological quantum paramagnet occurs
for |hy |/J < 0.1.

064401-4

DARSHAN G. JOSHI, ANDREAS P. SCHNYDER, AND SO TAKEI PHYSICAL REVIEW B 98, 064401 (2018)

Im
Im Im

Im

FIG. 3. The real part of the second derivative of the charge noise spectrum, Eq. (7), measured across the normal metal film is proportional
to the imaginary part of the spin correlator χ (!), Eq. (14). The sharp peak at !/J = 1 is from topological end excitation, while the broad
peaks arise from bulk triplons. Parameters used are K/J = 0.01, D/J = "/J = 0.1. A phenomenological Lorentzian broadening with width
δ/J = 10−3 is used to account for scattering and impurity effects. Here, we have set h̄ = 1, such that both energies and frequencies are measured
in units of J . The topological quantum paramagnet occurs for |hy |/J < 0.1.

respectively. Within the topological phase, i.e., the topological
quantum paramagnet, which occurs for |hy | < 0.1, there are
in-gap localized end states around !/J = 1. (Here we set
h̄ = 1, such that both energies and frequencies are measured
in units of J .) Hence, we expect sharp peaks in the imaginary
part − Im{χ}, as is seen in Fig. 3. Correspondingly, the real
part Re{χ} exhibits 1/! singularities at !/J = 1. Such peaks

are absent in the topologically trivial paramagnetic phase, due
to the absence of the localized end states. The appearance of
these peaks provide a clear distinguishing feature to identify
the topological quantum paramagnetic phase using SHNS.
Note that apart from the sharp features due to the topological
excitation at the end of the ladder, there are two broad peaks
in Fig. 3 (broad features in Fig. 4) arising from bulk triplon

R
e

R
e

R
e

R
e

FIG. 4. Real part of the spin correlator χ (!), Eq. (14), for the same parameters as in Fig. 3. The topological quantum paramagnet occurs
for |hy |/J < 0.1.

064401-4

• voltage noise correction at low temperatures:

Ss(⌦, T ⇡ 0) ⇡ 2i

✓
J v0mkF
2⇡2h̄

◆2 X

j

Z 1

�1
d⌫(⌦� ⌫)

h
�+�
jj (⌫) + ��+

jj (⌫)
i
✓(⌦� ⌫)

<latexit sha1_base64="r2MIree1TME3l6NwJFWT9LJjzy4="></latexit>

I. SETUP AND THEORY

The heterostructure consists of a spin ladder (that supports topological triplon excita-

tions in a certain parameter regime) exchange-coupled at one end to a normal metal. For

convenience, we define the spin quantization axes in the spin ladder and the normal metal

di↵erently, as shown in Fig. 1. In the geometry of the figure, z polarized spin current flowing

into the normal metal from the spin ladder gives rise to a charge current flowing along the

x axis due to inverse spin Hall e↵ect.

We assume that the spins at the left end of the ladder couple with equal amplitude to

the local spin density in the normal metal, i.e.,
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where Rm is the interfacial coordinate of the m-th leg at the y = 0 surface, ae is the lattice

scale of the electron bath and
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is the electron spin density at position x (in units of ~). We will takeRm = (0, 0, (�1)
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where al is the lattice scale of the spin ladder.
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to the imaginary part of the spin correlator χ (!), Eq. (14). The sharp peak at !/J = 1 is from topological end excitation, while the broad
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δ/J = 10−3 is used to account for scattering and impurity effects. Here, we have set h̄ = 1, such that both energies and frequencies are measured
in units of J . The topological quantum paramagnet occurs for |hy |/J < 0.1.

respectively. Within the topological phase, i.e., the topological
quantum paramagnet, which occurs for |hy | < 0.1, there are
in-gap localized end states around !/J = 1. (Here we set
h̄ = 1, such that both energies and frequencies are measured
in units of J .) Hence, we expect sharp peaks in the imaginary
part − Im{χ}, as is seen in Fig. 3. Correspondingly, the real
part Re{χ} exhibits 1/! singularities at !/J = 1. Such peaks

are absent in the topologically trivial paramagnetic phase, due
to the absence of the localized end states. The appearance of
these peaks provide a clear distinguishing feature to identify
the topological quantum paramagnetic phase using SHNS.
Note that apart from the sharp features due to the topological
excitation at the end of the ladder, there are two broad peaks
in Fig. 3 (broad features in Fig. 4) arising from bulk triplon
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in units of J . The topological quantum paramagnet occurs for |hy |/J < 0.1.

respectively. Within the topological phase, i.e., the topological
quantum paramagnet, which occurs for |hy | < 0.1, there are
in-gap localized end states around !/J = 1. (Here we set
h̄ = 1, such that both energies and frequencies are measured
in units of J .) Hence, we expect sharp peaks in the imaginary
part − Im{χ}, as is seen in Fig. 3. Correspondingly, the real
part Re{χ} exhibits 1/! singularities at !/J = 1. Such peaks

are absent in the topologically trivial paramagnetic phase, due
to the absence of the localized end states. The appearance of
these peaks provide a clear distinguishing feature to identify
the topological quantum paramagnetic phase using SHNS.
Note that apart from the sharp features due to the topological
excitation at the end of the ladder, there are two broad peaks
in Fig. 3 (broad features in Fig. 4) arising from bulk triplon

R
e

R
e

R
e

R
e

FIG. 4. Real part of the spin correlator χ (!), Eq. (14), for the same parameters as in Fig. 3. The topological quantum paramagnet occurs
for |hy |/J < 0.1.
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• voltage noise correction at low temperatures:
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I. SETUP AND THEORY

The heterostructure consists of a spin ladder (that supports topological triplon excita-

tions in a certain parameter regime) exchange-coupled at one end to a normal metal. For

convenience, we define the spin quantization axes in the spin ladder and the normal metal

di↵erently, as shown in Fig. 1. In the geometry of the figure, z polarized spin current flowing

into the normal metal from the spin ladder gives rise to a charge current flowing along the

x axis due to inverse spin Hall e↵ect.

We assume that the spins at the left end of the ladder couple with equal amplitude to

the local spin density in the normal metal, i.e.,

Ĥc = �⌘a3e
X

m=1,2

h
ŝ
y
(Rm)Ŝ

x
m,0 + ŝ

z
(Rm)Ŝ

y
m,0 + ŝ

x
(Rm)Ŝ

z
m,0

i
,

where Rm is the interfacial coordinate of the m-th leg at the y = 0 surface, ae is the lattice

scale of the electron bath and

ŝ(x) =
1

2
 ̂

†
�(x)⌧��0 ̂�0(x) ,

is the electron spin density at position x (in units of ~). We will takeRm = (0, 0, (�1)
m�1

(al/2)),

where al is the lattice scale of the spin ladder.

normal metal spin ladder

J

K

D
m = 1

m = 2

�

j = 0

� x
z

y

spin quantization axis
in spin ladder

spin quantization axis
in normal metal

�
x

z

y

y = 0y = �d

µ(y)

FIG. 1. A spin ladder exchange-coupled at its left end to an semi-infinite 3d electron gas. Note

that the spin quantization axes are defined di↵erently for the two subsystems.
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FIG. 1. (Color online) (a) Schematic representation of the crystal
structure of BiCu2PO6. The unit cell is orthorhombic, space group
Pnma, with a = 11.755 Å, b = 5.16 Å, and c = 7.79 Å at 6 K.23

(b) Perspective view of the ladder unit in the b–c plane. (c) Projection
into the a–c plane showing the zig-zag chains of Cu2+ ions.

invariably exist. Such interactions are often a negligible
perturbation to the isotropic Heisenberg interaction, as in
cuprate superconductors,27,28 but can sometimes alter the
magnetic properties in a fundamental way. As an example, for
compounds that lack local inversion symmetries anisotropic
Dzyaloshinksky-Moriya (DM)29,30 interactions are permitted
in the magnetic Hamiltonian. Depending on the particular
crystallographic symmetries the DM interaction can induce
a staggered field.31 In 1D chains this staggered field results
in an effective confinement potential between spinons and the
appearance of incommensurate gapped modes on application
of a magnetic field.31–33 The staggered field also has a drastic
effect for spin ladders. In contrast to a spin ladder in a uniform
magnetic field, which transitions to a gapless phase above a
critical field, the presence of a staggered field is predicted to
lead to a quantum phase transition between two gapped phases
above and below the critical field.34

The numerous exchange pathways in BiCu2PO6 complicate
interpretation of thermodynamic data, and important details
including interladder coupling and anisotropic interactions
are often neglected in the analysis. In order to determine
the microscopic spin Hamiltonian of a complex magnetic
system with competing interactions and anisotropic exchange
couplings, INS measurements using a single-crystal sample
are essential.

We have conducted an extensive neutron-scattering study
of the magnetic excitation spectrum in BiCu2PO6. Our data
confirm that BiCu2PO6 is appropriately described by weakly
interacting two-leg ladders with incommensurate dynamic
correlations driven by frustration. In contrast to the single triply
degenerate excitation branch expected for an isotropic ladder,
we observe two branches of steeply dispersing, long-lived
excitations. The excitation gap of each mode, directly probed
by INS, was measured to be !1 = 1.90(9) meV and !2 =
3.95(8) meV; this differs significantly from the ∼2.9 meV
gap extracted from thermodynamic measurements,20,23,24 in-
dicating that current models are inadequate to describe the
ground state of BiCu2PO6. Furthermore, the temperature
dependence of the incommensurate modes is consistent with

a description in terms of thermal activation into singly and
doubly degenerate modes. We argue that, in addition to
frustration, strong anisotropic interactions are important for
understanding the physics of this material.

II. EXPERIMENTAL DETAILS

Experiments were carried out on a 4.5-g single-crystal
sample grown using the traveling floating zone method. The
sample mosaic was measured by neutron scattering to be
0.2◦ at T = 6 K. Measurements were performed on the C5
DUALSPEC triple axis spectrometer at the Canadian Neutron
Beam Centre at Chalk River Laboratories and on the HB1
triple axis spectrometer at the High Flux Isotope Reactor
(HFIR). Both instruments employed a vertically focusing
pyrolytic graphite monochromator, and C5 was equipped
with a flat graphite analyzer while HB1 utilized a fixed
vertically focusing analyzer. On C5 the sample was mounted
in the (0,k,l) scattering plane and the spectrometer was
operated at a fixed final energy of 14.56 meV. Experiments
on HB1 were performed with the sample mounted in both
the (h,k,2k) and (0,k,1) horizontal scattering planes at a
fixed final energy of 14.7 meV. Temperature control was
provided by a closed cycle cryostat. All data were corrected
for higher-order wavelength neutrons in the incident beam
monitor.35 Intensities were placed on an absolute scale by
normalization with the integrated intensity of a transverse
acoustic phonon measured near the (004) Bragg peak on the
respective instrument.

The crystallographic unit cell of BiCu2PO6 is orthorhom-
bic, space group Pnma, with a = 11.755 Å, b = 5.16 Å,
and c = 7.79 Å. Along the zig-zag chains NN Cu2+ ions
in BiCu2PO6 are separated by b/2 so that the momentum
of magnetic excitations in the b∗ direction is indexed using
k̃ = q · b/2 = πk.

III. EXPERIMENTAL RESULTS

A. Spin excitation spectra

The momentum and energy dependence of spin excitations
in BiCu2PO6 were surveyed through a series of constant-q and
constant energy transfer scans. No evidence for elastic mag-
netic scattering at T = 6 K was found, indicating the absence
of static magnetic correlations in BiCu2PO6. Representative
scans taken in proximity of the spin gap at T = 6 K are shown
in Fig. 2. Throughout most of the Brillouin zone the scattering
intensity is dominated by two well-defined modes which are
highly dispersive near the minimum of the excitation spectra.
The dispersion of these modes is not commensurate with the
structural unit cell and the scattering intensity vanishes as the
temperature is increased above 60 K, where a broad maxima
in the magnetic susceptibility was observed,20 confirming the
magnetic origin.

Constant energy transfer scans detailing the inelastic scat-
tering in the neighborhood of the incommensurate wave vector
are shown in Fig. 3. These scans highlight the incommensurate
dynamic correlations in BiCu2PO6 and the highly dispersive
nature of the low-energy excitations. Below the gap the
inelastic signal decreases to background, while at the gap
energy the dynamic correlations give rise to a resolution

024402-2

candidate material
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FIG. 1. (Color online) Magnonic crystal with chiral edge modes.
Periodic array of holes is introduced into YIG, where iron (Fe) is filled
inside every hole. Chiral spin-wave edge modes are propagating along
the boundary in a unidirectional way (light purple arrow).

where β
†
k ≡ [β†

1,k, . . . ,β
†
N,k] denote spin-wave (boson) cre-

ation operators. Describing volume-type modes, the operators
are already Fourier-transformed in a two-dimensional space
with the periodic boundary conditions and the wave vector
k ≡ (kx,ky). N is a number of internal degrees of freedom
considered within a unit cell. A 2N by 2N Hermitian matrix
(H k) stands for a bosonic Bogoliubov–de Gennes (BdG)
Hamiltonian, whose explicit form will be derived from a
linearized Landau-Lifshitz equation later. With the magnetic
dipolar interaction, the Hamiltonian thus derived acquires not
only N by N normal parts (particle-hole channel), ak and a∗

−k,
but also N by N anomalous parts (particle-particle channel),
bk and b∗

−k,

H k ≡
[

ak bk

b∗
−k a∗

−k

]
.

Such a bosonic BdG Hamiltonian is diagonalized in terms
of a paraunitary matrix T k instead of a unitary matrix,33

T †
k H k T k =

[
Ek

E−k

]
, (2)

with [γ †
k,γ −k]T †

k = [β†
k,β−k]. Ek is a diagonal matrix, whose

diagonal element gives a dispersion relation for respective
volume-mode band. The orthogonality and completeness of a
new basis (γ field) are derived as

T †
kσ 3T k = σ 3, T kσ 3T †

k = σ 3, (3)

respectively, where a diagonal matrix σ 3 takes ±1 in the
particle/hole space, i.e., [σ 3]jm = δjmσj with σj = +1 for j =
1, . . . ,N and σj = −1 for j = N + 1, . . . ,2N . This additional
structure comes from the fact that the magnon obeys the boson
statistics. Each column vector encoded in the paraunitary
matrix T k stands for the (periodic part of) Bloch wave function
for the respective volume-mode band.

Provided that a Hermite matrix H k is unitarily equivalent
to a positive-definite diagonal matrix, a paraunitary matrix T k
which diagonalizes H k can be obtained by a method based
on the Cholesky decomposition.33 In the method, we first
decompose H k into a product between an upper triangle matrix
K k and its Hermite conjugate, H k = K †

k K k. The unitarily
positive definiteness of H k always allows this decomposition
and also guarantees the existence of K−1

k . We next introduce
a unitary matrix U k which diagonalizes a Hermite matrix

W k ≡ K kσ 3 K †
k,

U†
kW kU k =

[
Ek

−E−k

]
.

Owing to Sylvester’s law of inertia, both Ek and E−k can be
made positive-definite N by N diagonal matrices. One can see
a posteriori that these two diagonal matrices are nothing but
those in the right-hand side of Eq. (2). Namely, the following
paraunitary matrix satisfies Eq. (3):33

T k = K−1
k U k

[
E1/2

k

E1/2
−k

]

(4)

and it diagonalizes the Hamiltonian as

H kT k = σ 3T k

[
Ek

−E−k

]
. (5)

The upper N by N diagonal matrix in the right-hand side, Ek,
is positive definite, so we will refer to them as (dispersions
for) “particle bands,” while the lower N by N diagonal matrix,
−E−k, is negative definite, whose diagonal elements are thus
referred to as (dispersion for) “hole bands.” Due to the trivial
redundancy, σ 1 H∗

kσ 1 = H−k with [σ 1]jm = δ|j−m|,N , either
one of these two N by N diagonal matrices gives the full
information of the dispersions for the volume-mode bands.

B. Chern integers in bosonic BdG systems

To introduce the Chern number for the j th volume-mode
band, let us first define a projection operator Pj in the 2N -
dimensional vector space, which filters out those bands other
than the j th volume-mode band at each momentum point k,

Pj ≡ T k$jσ 3T †
kσ 3. (6)

Here $j is a diagonal matrix taking +1 for the j th diagonal
component and zero otherwise. Equation (3) suggests that the
operator obeys

∑
j P j = 1 and Pj Pm = δjm Pj . In terms of

the projection operator, the Chern number for the j th band is
given as follows:34

Cj ≡ iεµν

2π

∫

BZ
dkTr[(1 − P j )(∂kµ

Pj )(∂kν
Pj )], (7)

where the integral is over the first Brillouin zone (BZ) in the
two-dimensional k space.

Equation (7) is integer-valued and characterizes a certain
global phase structure associated with a Bloch wave function
over the BZ. To see this, we follow the same argument as in the
quantum Hall case,35,36 and introduce field strength (Berry’s
curvature) Bj and gauge connection (gauge field) (Aj,x,Aj,y)
for each volume-mode band,

Bj (k) ≡ ∂kx
Aj,y(k) − ∂ky

Aj,x(k), (8)

Aj,ν(k) ≡ iTr[$jσ 3T †
kσ 3(∂kν

T k)], (9)

with j = 1, . . . ,2N . The Chern number for a volume-mode
band reduces to an integral of the respective Berry’s curvature
over the BZ,

Cj = 1
2π

∫

BZ
d2kBj (k). (10)
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excitation is decoupled from the rest of the lattice by
frustrated hopping amplitudes to neighboring vertices.
Figure 1(b) shows the dispersion of the spin wave exci-
tation spectrum for the nearest-neighbor Heisenberg model
on the kagome lattice, where one notes the perfectly flat
band on top, which corresponds to the localized excitation.
One also sees that the middle band is dispersive and meets
the flat band at quadratic touching points. Interestingly,
these touching points are protected by real space topology
[17], where additional interaction terms may open a gap
only if they remove the perfect flatness of the top band.
Using inelastic neutron scattering, we directly measure

the spin wave dispersion relations in a kagome ferromagnet.
The material that we study is Cu[1,3-benzenedicarboxylate

(bdc)], a metal-organic framework compound featuring
S ¼ 1=2 Cu2þ ions with an ideal kagome lattice geometry
[19]. The lack of inversion symmetry between magnetic Cu
ions allows for an additional DM interaction. Our results
show that this additional perturbation is responsible for
opening up gaps between the three magnon bands when the
magneticmoments are aligned out of the kagome plane [20],
as shown in Fig. 1(d). Most interestingly, this type of
interaction should yield topologically nontrivial bulk bands
with resultant boundary modes that allow for chiral magnon
transport on the edge [15], as schematically depicted in
Fig. 1(e). Additionally, the DM interaction results in a Hall
effect for the bulk magnons, as has been observed in
ferromagnetic materials with a pyrochlore lattice, a 3D
lattice containing kagome planes along the [111] direc-
tion [21,22].
Neutron experiments were performed on a ~c axis-aligned

sample of Cu(1,3-bdc), which was deuterated [23].
Measurements were taken with a magnetic field applied
perpendicular to the kagome plane on the time-of-flight
spectrometer LET at the Rutherford Lab [28], and with a
magnetic field applied parallel to the kagome plane on the
triple-axis spectrometer SPINS at the NIST Center for
Neutron Research. Figure 2(a) shows scans through the
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FIG. 1 (color online). Spin wave excitations in the kagome
lattice ferromagnet. (a) A localized spin wave excitation supported
by the kagome lattice. Because of the kagome geometry, excited
(red) spins are decoupled from the rest of the lattice because a
rotation of the neighboring ground-state (black) spins does not
lower the overall energy of the spin configuration. Dashed lines
indicate the excited spin precession path. (b) The spin wave
dispersion of the kagome lattice ferromagnet, which consists of
two dispersive modes and a perfectly flat mode, corresponding to
the localized excitation shown in (a). Arrows show the locations of
touch points between neighboring bands along ½−K2K0$. (c) Out-
of-plane component of the Dzyaloshinskii-Moriya (DM) vectors
(Dz) on the kagome lattice, which have the same direction and
magnitude for every bond because of the lattice symmetries.
(d) Dispersion of the Heisenberg ferromagnet with DM interaction
on the kagome lattice with Dz=J ¼ 0.15. Arrows are at the same
locations as in (b) and show the gaps that open between bands due
to the DM interaction. (e) Topologically protected chiral magnon
edgemodes.Magnons propagate around the edge of the lattice in a
single direction.
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FIG. 2 (color online). Ground-state spin configuration of
Cu(1,3-bdc). (a),(b) Elastic neutron scattering scans through the
magnetic Bragg peaks measured at T ¼ 70 mK at the (a) (0 0 1)
and (b) (0 0 4) Bragg positions. Application of a magnetic field
parallel to the kagome plane quickly suppresses the Bragg peak at
(0 0 1) and increases intensity of the Bragg peak at (0 0 4). (c),(d)
Ground-state spin configuration of Cu(1,3-bdc), where spin-1=2
Cu2þ ions form a kagome lattice. (c) Zero magnetic field
configuration. Spins within each plane are ordered ferromagneti-
cally, and neighboring planes ordered antiferromagnetically. Spins
point parallel to the kagome plane. (d) A small magnetic field can
polarize and reorient all spins in the direction of the applied field.
Here the field is applied perpendicular to the kagome plane.
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Topological magnon bands in  
Kagome lattice ferromagnet

Topological magnon bands in  
a magnonic crystal

and Szi ¼ S − ni with ni ¼ d†i di yields the following effec-
tive magnon Hamiltonian

Hm ¼ ð3JSþ BÞ
X

i

d†i di − JS
X

hi;ji
ðd†i dj þ H:c:Þ

−DS
X

⟪i;j⟫

ðiνijd†i dj þ H:c:Þ; ð2Þ

up to second order in the magnon operators di and d
†
i . In this

approximation, the Hamiltonian reduces to the Haldane
model [12].
The topological features of the magnon bands can be

readily captured in the momentum representation. Let
Ψk ¼ ðak; bkÞ be the spinor operators in the Fourier space,
where a and b represent magnon annihilation operators on
the sublattices A and B, respectively. Fourier transform of
the Hamiltonian (2) then reads

Hm ¼
X

k∈B.Z.
Ψ†

k½ð3JSþ BÞI þ hðkÞ · τ&Ψk; ð3Þ

where τ is a pseudovector of the Pauli matrices and

hðkÞ¼
X

j

0

BB@

−JScos½k ·αj&
JSsin½k ·αj&
2DSsin½k ·βj&

1

CCA¼
!
3

ffiffiffi
3

p
DSẑ k¼K

−3
ffiffiffi
3

p
DSẑ k¼K0

;

ð4Þ

where αi and βi are defined in Fig. 1(a), K≡ ð4π=3a; 0Þ,
and K0 ≡ ð2π=3a; 2π=

ffiffiffi
3

p
aÞ. The dispersions of the upper

and the lower energy band are given by

E'
mðkÞ ¼ 3JSþ B' jhðkÞj: ð5Þ

In the absence of SOC (D ¼ 0), the upper and the lower
band meet at two points, K and K0, forming linearly
dispersed bands [15,16]. SOC opens an energy gap Δso ¼
6

ffiffiffi
3

p
DS at these points, making the band structure topo-

logically nontrivial [2]. Figures 1(b) and 1(c) show the one-
dimensional projection of the magnon bands E'ðkÞ and the
direction of hðkÞ, respectively, for the valuesD ¼ 0.1J and
B ¼ 0 [17].
The Berry curvatures of the upper and the lower

magnon bands can be calculated according to the formula
Ω'

m ¼ ∓ n̂ · ð∂kx n̂ × ∂ky n̂Þ=2, where n̂ is the unit vector
along h [18]. Figure 1(d) plots the Berry curvature of the
upper band. Notice that the Berry curvature is large around
the corners of the Brillouin zone, K and K0, where the
vector n exhibits nontrivial topological textures that wrap a
half of the unit sphere. The Chern numbers [5] of the bands
are evaluated as C' ¼ ð1=2πÞ

R
BZΩ'

md2k ¼ '1.
Spinon picture.—While the magnon picture is valid at

sufficiently low temperatures where the system is ordered,
it fails when the system is disordered due to thermal
fluctuations. For high temperatures comparable to the
exchange strength J, the Schwinger-boson representation
of spins [10] provides an alternative approach to study
the topological features of the spin system. The corre-
sponding transformation reads Sþi ¼ c†i;↑ci;↓, S

−
i ¼ c†i;↓ci;↑

and Szi ¼ ðc†i;↑ci;↑ − c†i;↓ci;↓Þ=2. Here, ci;s (c
†
i;s) represents

the annihilation (creation) operator of spin-1=2 up or down
bosons at the site i, which are referred to as Schwinger
bosons or bosonic spinons. The local number constraint,P

sc
†
i;sci;s ¼ 2S, needs to be imposed to fulfill the spin-S

algebra. The Hamiltonian (1) in the spinon picture reads

Hs ¼ −2J
X

hi;ji
χ†ijχij −

B
2

X

i

ðc†i;↑ci;↑ − c†i;↓ci;↓Þ

−D
2

X

⟪i;j⟫

iνijðχ†ij;↑χij;↓ − χ†ij;↓χij;↑Þ

þ
X

i

λiðc†i;↑ci;↑ þ c†i;↓ci;↓ − 2SÞ; ð6Þ

up to a constant, where χij;s ¼ c†i;scj;s are operators defined
for pairs of sites for each spin s, χij ¼ ðχij;↑ þ χij;↓Þ=2, and
λi is the Lagrange multiplier related to the above holonomic
constraint.
As the first and third terms are quartic in the spinon

operators, we take the mean-field approach [19]. We
choose the Hartree-Fock decoupling [20] that retains the
symmetries of the original Hamiltonian by conserving the

(a)

(c) (d)

(b)

FIG. 1. (a) The honeycomb lattice structure and the relative
sign νij of the DM interaction. (b) One-dimensional projection of
the magnon bands [Eq. (5)], which are calculated with a ribbon
geometry with zigzag terminations and 30 unit cells width.
(c) The direction of the vector field hðkÞ [Eq. (4)]. (d) The
Berry curvature of the upper band, Ωþ. For (b)–(d), the
parameters D ¼ 0.1J and B ¼ 0 are used. The shaded honey-
comb in (c) is the first Brillouin zone. Two Dirac points, K and
K0 are denoted in (b) and (c). See the main text for detailed
discussions.
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the honeycomb ferromagnet

15



application to quantum spin liquids
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kagomé quantum antiferromagnet
• nearest-neighbor  Heisenberg antiferromagnet on the kagomé lattice.S = 1/2

H = J

X

hjj0i

Sj · Sj0

<latexit sha1_base64="S5Uo3Ljia5aXXgigvBQea68Mdpw="></latexit>

• DMRG studies suggest a quantum spin liquid state with fully gapped excitations.
S. Yan et al., Science 332 1173 (2011)
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• analytical description via Schwinger-boson spin representation:

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991)  
S. Sachdev, Phys. Rev. B 45 12377 (1992)

 gapped quantum spin liquidZ2

Sj = 1
2b

†
j�⌧��0bj�0 ) H = J

4

X

hjj0i

(b†j�⌧��0bj�0) · (b†j0�⌧��0bj0�0)

<latexit sha1_base64="bsuUATy9D1CGz89KtJIukeBCxqk="></latexit> X

�=",#
b†j�bj� = 1
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• analytical description via Schwinger-boson spin representation:

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991)  
S. Sachdev, Phys. Rev. B 45 12377 (1992)
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Figure 3 | Qualitative comparison between experimental measurements1 and our theoretical results for the dynamic structure factor S(k,!).
a,b, Experimental data at fixed frequency are shown for !=0.75 meV (a) and !=6 meV (b). c,d, Theoretical results for the Q1 =Q2 spin liquid at fixed
frequency are plotted for !=0.37J (c) and !=0.6J (d). The extended Brillouin zone is indicated by the dashed hexagons. Note that the peak at the M
point at low frequencies, as well as the flatness of S(k, !) between the M and K points at higher frequencies is captured by our theory. e,f, Cuts of our
theoretical results for S(k, !) along high-symmetry directions at di�erent frequencies are plotted between the M and K point (e), as well as between the 0

and M point (f), again showing the peak at the M point at low frequencies. g, Details of the calculated structure factor as a function of frequency for various
momenta between the M (bottom curve) and K point (top curve). Note that all curves in g are shifted by 0.12 J with respect to each other for better
visibility. All theoretical data shown was computed for the Q1 =Q2 state with a spinon–vison interaction strength g0 =0.6 and other parameters as
in Fig. 1.

spinon bands come in three degenerate pairs owing to the SU(2) spin-symmetry.
Furthermore, note that the flat vison band is not renormalized at arbitrary order
in the spinon–vison coupling.

We emphasize here that a self-consistent computation of the spinon
self-energy is necessary, because the real part of 6(k,!) is large and broadens the
spinon bands. A non-self-consistent computation thus leads to sharp spinon
excitations above the bare spinon band, which are unphysical as they would decay
immediately via vison pair production. A di�erent approximation, which
circumvents this problem, would be to calculate 6(k,!) non-self-consistently and
neglect the real part completely. This approximation violates sum rules however,
as the integrated spectral weight of the spinon is no longer unity (for a detailed
discussion, see the Supplementary Methods).

Note that we do not determine the parameters |Q1| and � variationally.
Instead, we use them to fix the spinon gap as well as the spinon bandwidth. |Q1|
is restricted to values between 0 and 1/

p
2 and quantifies antiferromagnetic

correlations of nearest-neighbour spins (|Q1|=1/
p
2 if nearest-neighbour spins

form a singlet). All data shown in this paper was computed for |Q1|=0.4, and �

has been adjusted such that the spinon gap takes the value �s/J '0.05. As
mentioned in the introduction, we assume that the vison gap �v is small
owing to evidence of proximity to a VBS state, and we chose �v/J =0.025 for
all data shown in this Article—namely, the vison gap is roughly half the
spinon gap.

Received 23 August 2013; accepted 10 January 2014;
published online 9 March 2014; corrected after print 22 April 2016

References
1. Han, T-H. et al. Fractionalized excitations in the spin-liquid state of a

kagome-lattice antiferromagnet. Nature 492, 406–410 (2012).
2. Sachdev, S. Kagome- and triangular-lattice Heisenberg antiferromagnets:

Ordering from quantum fluctuations and quantum-disordered ground states
with unconfined bosonic spinons. Phys. Rev. B 45, 12377 (1992).

3. Wang, F. & Vishwanath, A. Spin-liquid states on the triangular and Kagome
lattices: A projective-symmetry-group analysis of Schwinger boson states.
Phys. Rev. B 74, 174423 (2006).

4. Lu, Y-M., Ran, Y. & Lee, P. A. Z2 spin liquids in the S=1/2 Heisenberg model
on the kagome lattice: A projective symmetry-group study of Schwinger
fermion mean-field states. Phys. Rev. B 83, 224413 (2011).

5. Iqbal, Y., Becca, F. & Poilblanc, D. Projected wave function study of Z2 spin
liquids on the kagome lattice for the spin-1/2 quantum Heisenberg
antiferromagnet. Phys. Rev. B 84, 020407 (2011).

6. Tay, T. & Motrunich, O. I. Variational study of J1 � J2 Heisenberg model on
kagome lattice using projected Schwinger-boson wave functions. Phys. Rev. B
84, 020404(R) (2011).

7. Tay, T. & Motrunich, O. I. Sign structures for short-range RVB states on small
kagome clusters. Phys. Rev. B 84, 193102 (2011).

8. Hao, Z. & Tchernyshyov, O. Spin-1/2 Heisenberg antiferromagnet on the
kagome lattice: Z2 spin liquid with fermionic spinons. Phys. Rev. B 87,
214404 (2013).

9. Messio, L., Cepas, O. & Lhullier, C. Schwinger-boson approach to the kagome
antiferromagnet with Dzyaloshinskii–Moriya interactions: Phase diagram and
dynamical structure factors. Phys. Rev. B 81, 064428 (2010).

10. Dodds, T., Bhattacharjee, S. & Kim, Y. B. Quantum spin liquids in the absence
of spin-rotation symmetry: Application to Herbertsmithite. Phys. Rev. B 88,
224413 (2013).

11. Senthil, T. & Fisher, M. P. A. Z2 gauge theory of electron fractionalization in
strongly correlated systems. Phys. Rev. B 62, 7850–7881 (2000).

12. Shores, M. P., Nytko, E. A., Bartlett, B. M. & Nocera, D. G. A structurally
perfect s=1/2 kagome antiferromagnet. J. Am. Chem. Soc. 127,
13462–13463 (2005).

13. De Vries, M. A. et al. Scale-free antiferromagnetic fluctuations in the
s=1/2 kagome antiferromagnet herbertsmithite. Phys. Rev. Lett. 103,
237201 (2009).

14. Helton, J. S. et al. Spin dynamics of the spin�1/2 kagome lattice
antiferromagnet ZnCu3(OH)6Cl2. Phys. Rev. Lett. 98, 107204 (2007).

15. Read, N. & Chakraborty, B. Statistics of the excitations of the
resonating-valence-bond state. Phys. Rev. B 40, 7133–7140 (1989).

16. Kivelson, S. Statistics of holons in the quantum hard-core dimer gas. Phys.
Rev. B 39, 259–264 (1989).

17. Read, N. & Sachdev, S. Large-N expansion for frustrated quantum
antiferromagnets. Phys. Rev. Lett. 66, 1773–1776 (1991).

18. Wen, X-G. Mean-field theory of spin-liquid states with finite energy gap and
topological orders. Phys. Rev. B 44, 2664–2672 (1991).

19. Nikolic, P. & Senthil, T. Physics of low-energy singlet states of the
kagome lattice quantum Heisenberg antiferromagnet. Phys. Rev. B 68,
214415 (2003).

20. Huh, Y., Punk, M. & Sachdev, S. Vison states and confinement
transitions of Z2 spin liquids on the kagome lattice. Phys. Rev. B 84,
094419 (2011).

21. Yan, S., Huse, D. A. &White, S. R. Spin-liquid ground state of the s=1/2
kagome Heisenberg antiferromagnet. Science 332, 1173–1176 (2011).

22. Jiang, H. C., Wang, Z. & Balents, L. Identifying topological order by
entanglement entropy. Nature Phys. 8, 902–905 (2012).

292

© 2016 Macmillan Publishers Limited. All rights reserved

NATURE PHYSICS | VOL 10 | APRIL 2014 | www.nature.com/naturephysics

LETTERS
PUBLISHED ONLINE: 9 MARCH 2014 | DOI: 10.1038/NPHYS2887

Topological excitations and the dynamic structure
factor of spin liquids on the kagome lattice
Matthias Punk1,2, Debanjan Chowdhury1 and Subir Sachdev1*
Recent neutron scattering experiments on the spin-1/2kagome
lattice antiferromagnet ZnCu3(OH)6Cl2 (Herbertsmithite)
provide the first evidence of fractionalized excitations in
a quantum spin liquid state in two spatial dimensions1. In
contrast to existing theoretical models of both gapped and
gapless spin liquids2–8, which give rise to sharp dispersing
features in the dynamic structure factor9,10, the measured
dynamic structure factor reveals an excitation continuum
that is remarkably flat as a function of frequency. Here we
show that many experimentally observed features can be
explained by the presence of topological vison excitations in a
Z2 spin liquid11. These visons form flat bands on the kagome
lattice, and thus act as a momentum sink for spin-carrying
excitations that are probed by neutron scattering.We compute
the dynamic structure factor for two di�erent Z2 spin liquids2
and find that our results for one of them are in qualitative
agreement with the neutron scattering experiments above a
very low energy cuto�, below which the structure factor is
probably dominated by impurities.

Herbertsmithite, a layered spin-1/2 kagome lattice antiferro-
magnet12, is one of the strongest contenders for an experimental
realization of a spin liquid state13. Indeed, no sign of magnetic
ordering is observed down to temperatures around 50 mK, whereas
the natural energy scale set by the magnetic exchange coupling
J ⇠ 200 K is four orders of magnitude larger14. Neutron scattering
experiments1 on single crystals of this material are consistent with
a continuum of fractionalized spinon excitations as expected in a
quantum spin liquid state. However, mean-field theories predict
a vanishing structure factor below the onset of the two-spinon
continuum, which is at a finite energy even for gapless spin liquids,
apart from the small set of crystal momenta where the spinon gap
closes. This is in stark contrast to experiments, where the measured
structure factor is finite and almost constant as a function of
frequency down to energies of the order of ⇠ J/10 (ref. 1).

Here we propose an explanation for the lack of a momentum-
dependent spinon continuum threshold via the interaction of
spinons with another set of excitations which form a (nearly) flat
band. Such localized excitations act as a momentum sink for the
spinons, thereby flattening the dynamic structure factor. So far, the
only theoretical model for a spin liquid state on the kagome lattice
which naturally gives rise to a flat excitation band at low energies
consists of the Z2 spin liquids2–4. Besides spinons, these states exhibit
gapped vortex excitations15,16 of an emergent Z2 gauge field17,18, so-
called visons11, which indeedhave a lowest energy band that is nearly
flat19,20. Because the visons carry neither charge nor spin, they do not
couple directly to neutrons. They interact with spinons, however,
and we show that this coupling is responsible for flattening the
dynamic structure factor and removing the sharp onset at the two-
spinon continuum, in accordance with experimental results. Note

that the vison gap has to be small for this mechanism to work. This
assumption is justified by numerical densitymatrix renormalization
group calculations21–23, which indicate that a Z2 spin liquid ground-
state on the kagome lattice is proximate to a valence bond solid
(VBS) transition, at which the vison gap vanishes.

Model
Our aim is to compute the dynamic structure factor for two Z2
spin liquids that have been discussed in detail in ref. 2. We start
from the standard bosonic spin liquid mean-field theory of the
spin-1/2 antiferromagneticHeisenbergmodel on the kagome lattice.
Using a Schwinger-boson representation of the spin-1/2 operators
Si =b†

i↵� ↵�bi�/2, where � denotes the vector of Pauli matrices and
b†
i↵ is the creation operator of a bosonwith spin↵ on lattice site i, and
performing a mean-field decoupling in the spin-singlet channel, the
Heisenberg Hamiltonian can be written as

Hb =�J
X

hi,ji
Q⇤

ij "↵� bi↵bj� +h.c.+�
X

i

b†
i↵bi↵

with Q⇤
ij = h"↵� b†

i↵b†
j�i/2, "↵� is the fully antisymmetric tensor of

SU(2), h.c. is the hermitian conjugate term and � denotes the
Lagrange multiplier that fixes the constraint of one Schwinger
boson per lattice site. Sums over Greek indices are implicit. To
study the e�ect of vison excitations on the spinons, we have to
include phase fluctuations of the mean-field variables Qij in our
theory. The Z2 spin liquid corresponds to the Higgs phase of the
resulting emergent gauge theory, where the phase fluctuations are
described by an Ising bond variable � z

ij . The Hamiltonian describing
bosonic spinons and their coupling to the Ising gauge field takes
the form

H = �J
X

hi,ji
� z
ij

�
Q⇤

ij "↵� bi↵bj� +h.c.
�+�

X

i

b†
i↵bi↵

+K
X

plaq.

Y

plaq.

� z
ij �h

X

hi,ji
� x
ij (1)

where the terms on the second line are responsible for the dynamics
of the gauge field � z

ij . K and h are phenomenological parameters
that set the energy scale for fluctuations of the Z2 gauge field. Vison
excitations are vortices of this emergent Z2 gauge field—that is,
excitations where the product

Q
� z
ij on a plaquette changes sign.

For practical calculations it is more convenient to switch to a dual
description of the Z2 gauge field in terms of its vortex excitations24,
where the pure gauge field terms in the second line of equation (1)
take the form of a fully-frustrated Ising model on the dice lattice.
This model has been studied in detail in refs 19 and 20 and gives
rise to three flat vison bands if restricted to nearest-neighbour vison
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use mean-field parameters  and  obtained by Punk et al.Q λ

•  model gives dynamical spin structure predictions in good agreement with inelastic 
neutron scattering measurements.
Z2

T.-H. Han et al., Nature 492, 406 (2012) 
M. Punk et al., Nature Phys. 10, 289 (2016)
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model in the gapless spin liquid phase, and a model consist-
ing of gapless fermionic spin excitations coupled to an emer-
gent U(1) gauge field. We consider a gapped ground state
in our approach to the kagomé lattice antiferromagnet owing
to DMRG studies that indicate the presence of a gap [27], in
addition to gapped out flux excitations, and utilize a bosonic
parton mean-field theory [25] when characterizing the emer-
gent low energy spin excitations. In so doing, we show that
our proposed bilayer system can successfully quantify any
spinon gap present. Our treatment of the bare, gapless Ki-
taev model considers the isotropic point of the quantum spin
liquid phase, where all bond interactions are equal in strength,
and assumes a flux-free background — a valid assumption for
temperatures lower than 1% of the bond strength [55, 56].
Under these considerations we find that when coupled to a
normal metal, the presence of a Kitaev QSL @should pro-
duce a characteristic T 3 temperature scaling of the dc resis-
tance measured across the metal. Finally, motivated by the
fact that the slave-rotor representation [57] of the Hubbard
model on a triangular lattice results in stable QSL mean-field
states comprised of a spinon fermi surface coupled to a U(1)
gauge field [35] that may apply to existing candidate mate-
rials (e.g., -(BEDT-TTF)2-Cu2(CN)3 and YbMgGaO4), we
examine this QSL model theoretically in our proposed bilayer
system. We find that a QSL model coupling gapless fermions
with a Fermi surface to an emergent U(1) gauge field pro-
duces a subdominant ⌦4/3 frequency correction to the ac volt-
age noise power spectrum measured across the normal metal
that our proposed system can educe.

A. Setup

The fluctuation-dissipation theorem (FDT) requires that
dissipation in a quantity gives rise to fluctuations of that quan-
tity. This is the starting point for the concept behind our
proposal. So consider coupling an insulating spin system
to a strongly spin orbit coupled heavy metal conductor, as
depicted in Fig. 1. The addition of the spin system gives
rise to increased spin dissipation, which, as a result of the
FDT, contributes additional spin fluctuations inside the nor-
mal metal. The key point is that if strong spin orbit inter-
actions are present in the conductor (as in, e.g., Pt, Ta, W),
then the FDT requires that spin fluctuations across the inter-
face will give rise to voltage fluctuations in the conductor via
the ISHE, S V = S (0)

V + �S V , where S V is the total voltage
noise in the metal in thermal equilibrium, S (0)

V is the total noise
present in the bare metal, and �S V is the portion of the noise
that arises due to the presence of the quantum magnet.

In the quantum limit — when the sample is cooled to as
low a temperature as possible — background thermal noise in
the metal is strongly suppressed, and S (0)

V = 4~⌦R(⌦)✓(⌦).
Note that the Heaviside step function ✓(⌦) signifies that only
positive frequencies are possible in the quantum limit. This
indicates that the metal is able to absorb spin quasiparticles
from the coupled bath — i.e., the QSL — but is unable to emit
them into the bath [54]. The voltage fluctuations present in the
metal are thus entirely due to the presence of the QSL candi-
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FIG. 1. (Color online) A cartoon of the proposed system: a quantum
spin liquid to normal metal bilayer in equilibrium, where fluctuating
spin current Is across the interface becomes fluctuating charge cur-
rent Ic (or fluctuating voltage) in the normal metal via the inverse spin
Hall e↵ect and results in measurable modifications to the resistance
of the metal.

date material and any background quantum noise. We assume
that for temperatures in the quantum limit the base resistance
is essentially constant and known in a given strongly spin or-
bit coupled normal metal, e.g., Pt [58], Ta, and W [59], and
therefore any quantum background noise linear in frequency
that arises can be accounted for and removed, exposing �S V .

In what comes, we will compute �S V , the enhancement to
the ac power spectrum of the voltage noise in a strongly spin
orbit coupled metal interfaced with a general quantum magnet
possessing no long-ranged order, and then apply our results
to some well-known QSL models. Characteristic features in
the frequency distribution will then allow for discriminating
between the QSL ground states of the various candidate ma-
terials via a relatively straightforward near-equilibrium mea-
surements of the voltage noise power spectrum present in the
metal layer. For ease of reference, we now summarize our
results and predictions for the QSL models under consider-
ation without developing the technical framework. Readers
interested in the technical details are referred to subsequent
sections.

B. Summary of Results

The proposed heterostructure provides a method of probing
the low energy density of states of a candidate QSL material.
In characterizing the bilayer, we have utilized three represen-
tative QSL models: the S = 1/2 Heisenberg antiferromagnet
on the kagomé lattice, the Kitaev honeycomb model in the
gapless phase, and a model consisting of a spinon Fermi sur-
face with spinons coupled to an emergent U(1) gauge field. In
each case, we have derived predictions for the frequency scal-
ing one should expect when measuring the ac voltage noise
power spectrum present in a strongly spin orbit coupled metal
a�xed to a QSL compound if the compound in question is
well-characterized by one of these models. In this way, our
proposal can act as a tool for assessing the relevance of a par-
ticular QSL model to a given candidate material.

The main result for our treatment of the gapped, nearest
neighbor Heisenberg kagomé lattice model in the proposed
bilayer is presented in Fig. 3. We show that it is possible to
extract any spinon gap present owing to the total suppression
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spinon Fermi surface + U(1) gauge field
• spinon metal coupled to gapless U(1) gauge field (photons):
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- slave-rotor representation of the half-filled Hubbard model on the triangular lattice. 
- fluctuations around a mean-field QSL state leads to a model of fermionic spinons with a 

Fermi surface and coupled to gapless gauge fluctuations.
S.-S. Lee and P. A. Lee, Phys. Rev. Lett. 95, 036403 (2005)  

P. A. Lee and N. Nagaosa, Phys. Rev. B 46, 5621 (1992) 
J. Polchinski, Nuclear Physics B 422, 617 (1994)

• maybe relevant to quantum magnets on the triangular lattice.
- linear-  low temperature specific heat and metal-like thermal conductivity even though 

electrically insulating, e.g., EtMe3Sb[Pd(dmit)2]2
T

Highly Mobile Gapless Excitations
in a Two-Dimensional Candidate
Quantum Spin Liquid
Minoru Yamashita,1* Norihito Nakata,1 Yoshinori Senshu,1 Masaki Nagata,1
Hiroshi M. Yamamoto,2,3 Reizo Kato,2 Takasada Shibauchi,1 Yuji Matsuda1*

The nature of quantum spin liquids, a novel state of matter where strong quantum fluctuations
destroy the long-range magnetic order even at zero temperature, is a long-standing issue in
physics. We measured the low-temperature thermal conductivity of the recently discovered
quantum spin liquid candidate, the organic insulator EtMe3Sb[Pd(dmit)2]2. A sizable linear
temperature dependence term is clearly resolved in the zero-temperature limit, indicating the
presence of gapless excitations with an extremely long mean free path, analogous to excitations
near the Fermi surface in pure metals. Its magnetic field dependence suggests a concomitant
appearance of spin-gap–like excitations at low temperatures. These findings expose a highly
unusual dichotomy that characterizes the low-energy physics of this quantum system.

Spin systems confined to low dimensions
exhibit a rich variety of quantum phenome-
na. Particularly intriguing are quantum

spin liquids (QSLs), antiferromagnets with quan-
tum fluctuation–driven disordered ground states,
which have been attracting tremendous attention
for decades (1). The notion of QSLs is now firmly
established in one-dimensional (1D) spin sys-
tems. In dimensions greater than one, it is widely
believed that QSL ground states emerge when in-
teractions among themagnetic degrees of freedom
are incompatible with the underlying crystal ge-
ometry, leading to a strong enhancement of quan-
tum fluctuations. In 2D, typical examples of systems
where such geometrical frustrations are present
are the triangular and kagomé lattices. Largely trig-
gered by the proposal of the resonating-valence-
bond theory on a 2D triangular lattice and its possible
application to high-transition temperature cuprates
(2), realizing QSLs in 2D systems has been a
long-sought goal. However, QSL states are hard
to achieve experimentally because the presence
of small but finite 3D magnetic interactions
usually results in some ordered (or frozen) state.
Two recently discovered organic insulators,
k-[bis(ethylenedithio)-tetrathiafulvalene]2Cu2(CN)3
[k-(BEDT-TTF)2Cu2(CN)3] (3) and EtMe3Sb[Pd
(dmit)2]2 (4, 5), both featuring 2D spin-1/2
Heisenberg triangular lattices, are believed to be
promising candidate materials that are likely to
host QSLs. In both compounds, nuclear magnetic
resonance (NMR) measurements have shown no

long-range magnetic order down to a temperature
corresponding to J/12,000, where J (~250 K for
both compounds) is the nearest-neighbor spin
interaction energy (exchange coupling) (3, 5). In a
triangular lattice antiferromagnet, the frustration
brought on by the nearest-neighbor Heisenberg

interaction is known to be insufficient to destroy
the long-range ordered ground state (6). This has
led to the proposals of numerous scenarios which
might stabilize a QSL state: spinon Fermi surface
(7, 8), algebraic spin liquid (9), spin Bose metal
(10), ring-exchange model (11), Z2 spin liquid
state (12), chiral spin liquid (13), Hubbard model
with a moderate onsite repulsion (14, 15), and
one-dimensionalization (16, 17). Nevertheless,
the origin of the QSL in the organic compounds
remains an open question.

To understand the nature of QSLs, knowledge
of the detailed structure of the low-lying elemen-
tary excitations in the zero-temperature limit, par-
ticularly the presence or absence of an excitation
gap, is of primary importance (18). Such infor-
mation bears immediate implications on the spin
correlations of the ground state, as well as the
correlation length scale of the QSL. For example,
in 1D spin-1/2 Heisenberg chains, the elementary
excitations are gapless spinons (chargeless spin-
1/2 quasiparticles) characterized by a linear en-
ergy dispersion and a power-law decay of the spin
correlation (19), whereas in the integer spin case
such excitations are gapped (20). In the organic
compound k-(BEDT-TTF)2Cu2(CN)3, where the
first putative QSL state was reported (3), the pres-
ence of the spin excitation gap is controversial
(18, 21). In this compound, the stretched, non-

REPORTS
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Non-magnetic layer
(EtMe3Sb, Et2Me2Sb)

Pd(dmit)2 moleculeA

B C

Fig. 1. The crystal structure of EtMe3Sb[Pd(dmit)2]2 and Et2Me2Sb[Pd(dmit)2]2. (A) A view parallel
to the 2D magnetic Pd(dmit)2 layer, separated by layers of a nonmagnetic cation. (B) The spin
structure of the 2D planes of EtMe3Sb[Pd(dmit)2]2 (dmit-131), where Et = C2H5, Me = CH3, and
dmit = 1,3-dithiole-2-thione-4,5-dithiolate. Pd(dmit)2 are strongly dimerized (table S1), forming
spin-1/2 units [Pd(dmit)2]2

– (blue arrows). The antiferromagnetic frustration gives rise to a state in
which none of the spins are frozen down to 19.4 mK (4). (C) The spin structure of the 2D planes of
Et2Me2Sb[Pd(dmit)2]2 (dmit-221). A charge order transition occurs at 70 K, and the units are
separated as neutral [Pd(dmit)2]2

0 and divalent dimers [Pd(dmit)2]2
2–. The divalent dimers form

intradimer valence bonds, showing a nonmagnetic spin singlet (blue arrows) ground state with a
very large excitation gap (24).

4 JUNE 2010 VOL 328 SCIENCE www.sciencemag.org1246

 o
n 

M
ay

 9
, 2

01
3

w
w

w
.s

ci
en

ce
m

ag
.o

rg
D

ow
nl

oa
de

d 
fro

m
 

M. Yamashita et al., Science 328, 1246 (2010)  
S. Yamashita et al., Nature Comm. 2, 275 (2011)

ARTICLE

�NATURE COMMUNICATIONS | 2:275 | DOI: 10.1038/ncomms1274 | www.nature.com/naturecommunications

© 2011 Macmillan Publishers Limited. All rights reserved.

Received 31 Aug 2010 | Accepted 14 Mar 2011 | Published 12 Apr 2011 DOI: 10.1038/ncomms1274

In frustrated magnetic systems, long-range ordering is forbidden and degeneracy of energy 
states persists, even at extremely low temperatures. Under certain conditions, these systems 
form an exotic quantum spin-liquid ground state, in which strongly correlated spins fluctuate 
in the spin lattices. Here we investigate the thermodynamic properties of an anion radical spin 
liquid of EtMe3Sb[Pd(dmit)2]2, where dmit represents 1,3-dithiole-2-thione-4,5-dithiolate. 
This compound is an organic dimer-based Mott insulator with a two-dimensional triangular 
lattice structure. We present distinct evidence for the formation of a gapless spin liquid by 
examining the T-linear heat capacity coefficient, G , in the low-temperature heat capacity. Using 
comparative analyses with K-(BEDT-TTF)2Cu2(CN)3, a generalized picture of the new spin liquid 
in dimer-based organic systems is discussed. We also report anomalous enhancement of G, 
produced by a kind of criticality inherent to the Pd(dmit)2 phase diagram. 
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spinon Fermi surface + U(1) gauge field
• local dynamic spin structure factor:

• to two-loop order 9

In the zero temperature limit the integral is straightforward,
and the zeroth order ac noise correction becomes

S (0)
s (⌦, 0) =

N
3⇡

 
Jv0mkF

2⇡2~

!2 ✓msas

~

◆2
⌦3 . (33)

2. Gauge field correction to the noise

The next non-zero correction to the susceptibility arises due
to gauge field renormalization and is given by the second order
expansion using Eq. (29) as the perturbation,
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2

Z
dt ei⌫t

⇥ hTKc̄i#"(t�)ci"#(t�)c̄i"#(0+)ci#"(0+)S 2
inti . (34)

Expanding this gives five possible diagrams, only three of
which contribute and must therefore be considered; these
three are diagrammatically depicted in Fig. 6. It is important
when calculating gauge invariant quantities to sum over all
three contributing diagrams, because only then do the diver-
gences cancel exactly [63, 79]. Accounting for the required
diagrams (see Appendix C), we take �(2)(⌫) =

P
i[�
+�(2)
ii (⌫) +

��+(2)
ii (⌫)] to arrive at the expression
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We can then express the second order ac voltage noise correc-
tion as

�S (2)
s (⌦,T ) = ◆N
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!2 m2
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Thus we can express the total ac correction to the volt-
age noise across the heavy metal sample as S s(⌦,T ) =
S (0)

s (⌦,T ) + �S (2)
s (⌦,T ).

We now move into the zero temperature limit. By section-
ing o↵ the q integral, completing it, and expanding the result
for ~! ⌧ EFs, to lowest order in ! we find

Z
1

0

dq
kFs

h
dR
�q(�!) � dA

�q(�!)
i "

1 �
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FIG. 6. Three diagrams contributing to the O(1/N) correction to
the spin susceptibility generated by the presence of U(1) gauge field
fluctuations.

where the spinon Fermi energy can be expressed in terms of
the spinon Fermi frequency as EFs = ~⌦Fs. The total correc-
tion to the ac voltage noise arising due to fermions coupling
to an emergent U(1) gauge field is therefore

�S (2)
s (⌦, 0) = 2.798N
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Examining the function F(⌫,!) in the zero temperature limit,
we find

F(⌫,!) =
Z 0
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d!0
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h
2 sgn (!)

� sgn
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�
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, (40)

which allows completion of each of the integrals. Thus, the
ac noise correction due to gauge fluctuations for ⌦ ⌧ ⌦Fs
becomes

�S (2)
s (⌦, 0) = 0.314

N
N
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(41)
We can therefore see from the zeroth and second order cal-

culations that the total ac voltage fluctuations generated across
the normal metal sample when interfaced with a QSL ma-
terial possessing an emergent U(1) gauge field will have a
⌦3 lowest order temperature dependence modified by a ⌦4/3

subdominant component. The total ac noise correction gen-
erated is given by the sum of the two terms, S s(⌦, 0) =
S (0)

s (⌦, 0) + �S (2)
s (⌦, 0), such that the power spectrum of the

enhancement becomes
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N
3⇡

 
Jv0mkF

2⇡2~

!2 ✓msas

~

◆2
⌦3

⇥

2
6666641 +

0.075
N

 
⌦

⌦Fs

!4/33777775 , (42)

when considering the regime ⌦ ⌧ ⌦Fs. This serves to en-
hance the voltage noise generated in the metal contact by the
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spinon Fermi surface + U(1) gauge field
• local dynamic spin structure factor:

• to two-loop order 9

In the zero temperature limit the integral is straightforward,
and the zeroth order ac noise correction becomes

S (0)
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2. Gauge field correction to the noise

The next non-zero correction to the susceptibility arises due
to gauge field renormalization and is given by the second order
expansion using Eq. (29) as the perturbation,
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Expanding this gives five possible diagrams, only three of
which contribute and must therefore be considered; these
three are diagrammatically depicted in Fig. 6. It is important
when calculating gauge invariant quantities to sum over all
three contributing diagrams, because only then do the diver-
gences cancel exactly [63, 79]. Accounting for the required
diagrams (see Appendix C), we take �(2)(⌫) =

P
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We can then express the second order ac voltage noise correc-
tion as
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Thus we can express the total ac correction to the volt-
age noise across the heavy metal sample as S s(⌦,T ) =
S (0)

s (⌦,T ) + �S (2)
s (⌦,T ).

We now move into the zero temperature limit. By section-
ing o↵ the q integral, completing it, and expanding the result
for ~! ⌧ EFs, to lowest order in ! we find
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FIG. 6. Three diagrams contributing to the O(1/N) correction to
the spin susceptibility generated by the presence of U(1) gauge field
fluctuations.

where the spinon Fermi energy can be expressed in terms of
the spinon Fermi frequency as EFs = ~⌦Fs. The total correc-
tion to the ac voltage noise arising due to fermions coupling
to an emergent U(1) gauge field is therefore
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Examining the function F(⌫,!) in the zero temperature limit,
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which allows completion of each of the integrals. Thus, the
ac noise correction due to gauge fluctuations for ⌦ ⌧ ⌦Fs
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We can therefore see from the zeroth and second order cal-

culations that the total ac voltage fluctuations generated across
the normal metal sample when interfaced with a QSL ma-
terial possessing an emergent U(1) gauge field will have a
⌦3 lowest order temperature dependence modified by a ⌦4/3

subdominant component. The total ac noise correction gen-
erated is given by the sum of the two terms, S s(⌦, 0) =
S (0)
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In the zero temperature limit the integral is straightforward,
and the zeroth order ac noise correction becomes
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2. Gauge field correction to the noise

The next non-zero correction to the susceptibility arises due
to gauge field renormalization and is given by the second order
expansion using Eq. (29) as the perturbation,
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Expanding this gives five possible diagrams, only three of
which contribute and must therefore be considered; these
three are diagrammatically depicted in Fig. 6. It is important
when calculating gauge invariant quantities to sum over all
three contributing diagrams, because only then do the diver-
gences cancel exactly [63, 79]. Accounting for the required
diagrams (see Appendix C), we take �(2)(⌫) =
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We can then express the second order ac voltage noise correc-
tion as
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Thus we can express the total ac correction to the volt-
age noise across the heavy metal sample as S s(⌦,T ) =
S (0)

s (⌦,T ) + �S (2)
s (⌦,T ).

We now move into the zero temperature limit. By section-
ing o↵ the q integral, completing it, and expanding the result
for ~! ⌧ EFs, to lowest order in ! we find
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FIG. 6. Three diagrams contributing to the O(1/N) correction to
the spin susceptibility generated by the presence of U(1) gauge field
fluctuations.

where the spinon Fermi energy can be expressed in terms of
the spinon Fermi frequency as EFs = ~⌦Fs. The total correc-
tion to the ac voltage noise arising due to fermions coupling
to an emergent U(1) gauge field is therefore

�S (2)
s (⌦, 0) = 2.798N
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Examining the function F(⌫,!) in the zero temperature limit,
we find

F(⌫,!) =
Z 0
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which allows completion of each of the integrals. Thus, the
ac noise correction due to gauge fluctuations for ⌦ ⌧ ⌦Fs
becomes

�S (2)
s (⌦, 0) = 0.314

N
N
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We can therefore see from the zeroth and second order cal-

culations that the total ac voltage fluctuations generated across
the normal metal sample when interfaced with a QSL ma-
terial possessing an emergent U(1) gauge field will have a
⌦3 lowest order temperature dependence modified by a ⌦4/3

subdominant component. The total ac noise correction gen-
erated is given by the sum of the two terms, S s(⌦, 0) =
S (0)

s (⌦, 0) + �S (2)
s (⌦, 0), such that the power spectrum of the

enhancement becomes

S s(⌦, 0) =
N
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when considering the regime ⌦ ⌧ ⌦Fs. This serves to en-
hance the voltage noise generated in the metal contact by the

Ss(⌦, 0) =
N
3⇡

✓
J v0mkF
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Kitaev honeycomb model
• exactly solvable model of a quantum spin liquid:

HK =
X
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FIG. 3. A numerical plot showing S s(⌦, 0) in the HKLM as a
function of ac frequency normalized by the mean field coupling,
� = 0.695J. The main plot shows the computed sum, and the in-
set zooms in on the low frequency regime. The graph is identically
zero until a critical frequency of twice the gap energy is achieved,
~⌦c = 2�s = 0.158�, at which point it becomes possible to create
spinon pairs in the QSL and noise enhancement commences.

required in order to drive the interfacial equilibrium noise gen-
erated as a result of the SMR-like mechanism we are consid-
ering. Figure 3 shows that no noise enhancement is expected
until probing frequencies greater than the critical frequency
⌦c = 2�s/~, at which point production of a pair of spinons
can occur in the QSL and an enhancement in the noise begins
to manifest. Therefore probing this region of the frequency
range for a given material that is adequately modeled by the
HKLM should allow for a direct estimate of the spin gap, �s,
present in that material.

B. The Kitaev Honeycomb Model

A second example of a Z2 QSL is the Kitaev model on the
honeycomb lattice (see Fig. 4), where exchange frustration
arising due to the inability to simultaneously satisfy all Kitaev
interactions along neighboring bonds can drive the system into
a QSL phase. The Kitaev spin liquid is exactly solvable, and
we select this example for consideration in our proposed sys-
tem for that reason, in addition to the fact that there are po-
tential material candidates available currently [13, 24]. Fur-
thermore, we restrict our investigation to the gapless phase,
where the Kitaev exchange couplings are equal, and note that
the vison excitations reflecting the emergent Z2 gauge field
are gapped out. We give a short overview of the approach
to solving the Kitaev model following Refs. 29 and 70, and
then apply the solution to extracting an observable out of our
proposed heterostructure.

The Kitaev model on the honeycomb lattice is given by [29]

HK =
X

�,hi, ji�

K�S
�
i S �j , (18)

where � = {x, y, z} represents the di↵erent nearest neighbor

n1n2

A

B

FIG. 4. (Color online) The Kitaev honeycomb lattice, where the two
sub-lattices are shown by the purple (sub-lattice A) and orange (sub-
lattice B) dots. Representative x-, y-, and z-links are depicted. The
flux operator on plaquette p, Wp, is shown, n1 and n2 are the prim-
itive lattice vectors, and a is the lattice spacing. Also depicted is a
representative unit cell enclosed in the dashed box.

bond directions (see Fig. 4) at each lattice point with inter-
action strength K�. In understanding the gapless spin liq-
uid phase of the Kitaev model, parton mean-field theories
have been proposed [29, 71] that characterize the emergent
excitations as Dirac fermions [70] arising in tandem with an
emergent gapped flux. This can be seen by first representing
the spin operators in terms of four Majorana fermions, i.e.,
S �i = ◆ fi�ci with { fi�, fi0�0 } = 2�ii0���0 , {ci, ci0 } = 2�ii0 , and
{ fi�, ci0 } = 0, which then gives S �i S �j = �◆ûi jcic j, where ûi j =

◆
P
� fi� f j� is the bond operator. Noting that the bond operators

commute with each other and with any bilinear operator con-
taining ci, it is possible to replace them with their eigenvalues
±1. One thus obtains S �i S �j = ±◆cic j, and HK becomes bilinear
in the Majorana fermions. Second, we note that the so-called
flux operator on a plaquette Wp = f1x f2y f3z f4x f5y f6z, where
the subscript p labels the plaquette number, commutes with
the Hamiltonian and is therefore an integral of motion. When
a plaquette has an even number of bonds, as Fig. 4 makes
clear is the case for the honeycomb lattice, its eigenvalues are
±1. Finally, we note that the spin representation in terms of
four Majorana fermions enlarges the Hilbert space from two
to four, and must therefore be constrained in order to recover
the physical Hilbert space. This constraint is enforced via a
projection operator Pi = (1/2)(1 + fix fiy fizci) for each site i,
which requires that the initial spin algebra be conserved. Ef-
fectively, what has been done is to reduce the initial Hamilto-
nian to a noninteracting Dirac fermion hopping Hamiltonian
in a static Z2 gauge field, where the choice of values for ûi j
amounts to fixing a gauge, and the gauge invariant quantities
are the plaquette operators Wp.

A theorem by Lieb [72] guarantees that if the number of
sites per plaquette is 2 mod 4, then the ground state is in the
flux-free sector, i.e., where it is possible to set ûi j = 1. The
ground state is therefore described by the free Majorana hop-
ping Hamiltonian,

HK = ◆K
X

hi, ji
cic j , (19)

• gapless quantum spin liquid ground state at the isotropic point : can 
be mapped to a gas of gapless Majorana-Dirac fermions (spinons) hopping on the 
honeycomb lattice.

Kx = Ky = Kz ≡ K

H
(0)
K = iK

X

hi,ji

cicj
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local dynamic spin structure factor
• dynamic local spin structure factor can be viewed as a quantum quench problem: re-

arrangement of Majorana fermion gas following sudden appearance of magnetic fluxes 
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model in the gapless spin liquid phase, and a model consist-
ing of gapless fermionic spin excitations coupled to an emer-
gent U(1) gauge field. We consider a gapped ground state
in our approach to the kagomé lattice antiferromagnet owing
to DMRG studies that indicate the presence of a gap [27], in
addition to gapped out flux excitations, and utilize a bosonic
parton mean-field theory [25] when characterizing the emer-
gent low energy spin excitations. In so doing, we show that
our proposed bilayer system can successfully quantify any
spinon gap present. Our treatment of the bare, gapless Ki-
taev model considers the isotropic point of the quantum spin
liquid phase, where all bond interactions are equal in strength,
and assumes a flux-free background — a valid assumption for
temperatures lower than 1% of the bond strength [55, 56].
Under these considerations we find that when coupled to a
normal metal, the presence of a Kitaev QSL @should pro-
duce a characteristic T 3 temperature scaling of the dc resis-
tance measured across the metal. Finally, motivated by the
fact that the slave-rotor representation [57] of the Hubbard
model on a triangular lattice results in stable QSL mean-field
states comprised of a spinon fermi surface coupled to a U(1)
gauge field [35] that may apply to existing candidate mate-
rials (e.g., -(BEDT-TTF)2-Cu2(CN)3 and YbMgGaO4), we
examine this QSL model theoretically in our proposed bilayer
system. We find that a QSL model coupling gapless fermions
with a Fermi surface to an emergent U(1) gauge field pro-
duces a subdominant ⌦4/3 frequency correction to the ac volt-
age noise power spectrum measured across the normal metal
that our proposed system can educe.

A. Setup

The fluctuation-dissipation theorem (FDT) requires that
dissipation in a quantity gives rise to fluctuations of that quan-
tity. This is the starting point for the concept behind our
proposal. So consider coupling an insulating spin system
to a strongly spin orbit coupled heavy metal conductor, as
depicted in Fig. 1. The addition of the spin system gives
rise to increased spin dissipation, which, as a result of the
FDT, contributes additional spin fluctuations inside the nor-
mal metal. The key point is that if strong spin orbit inter-
actions are present in the conductor (as in, e.g., Pt, Ta, W),
then the FDT requires that spin fluctuations across the inter-
face will give rise to voltage fluctuations in the conductor via
the ISHE, S V = S (0)

V + �S V , where S V is the total voltage
noise in the metal in thermal equilibrium, S (0)

V is the total noise
present in the bare metal, and �S V is the portion of the noise
that arises due to the presence of the quantum magnet.

In the quantum limit — when the sample is cooled to as
low a temperature as possible — background thermal noise in
the metal is strongly suppressed, and S (0)

V = 4~⌦R(⌦)✓(⌦).
Note that the Heaviside step function ✓(⌦) signifies that only
positive frequencies are possible in the quantum limit. This
indicates that the metal is able to absorb spin quasiparticles
from the coupled bath — i.e., the QSL — but is unable to emit
them into the bath [54]. The voltage fluctuations present in the
metal are thus entirely due to the presence of the QSL candi-

�
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FIG. 1. (Color online) A cartoon of the proposed system: a quantum
spin liquid to normal metal bilayer in equilibrium, where fluctuating
spin current Is across the interface becomes fluctuating charge cur-
rent Ic (or fluctuating voltage) in the normal metal via the inverse spin
Hall e↵ect and results in measurable modifications to the resistance
of the metal.

date material and any background quantum noise. We assume
that for temperatures in the quantum limit the base resistance
is essentially constant and known in a given strongly spin or-
bit coupled normal metal, e.g., Pt [58], Ta, and W [59], and
therefore any quantum background noise linear in frequency
that arises can be accounted for and removed, exposing �S V .

In what comes, we will compute �S V , the enhancement to
the ac power spectrum of the voltage noise in a strongly spin
orbit coupled metal interfaced with a general quantum magnet
possessing no long-ranged order, and then apply our results
to some well-known QSL models. Characteristic features in
the frequency distribution will then allow for discriminating
between the QSL ground states of the various candidate ma-
terials via a relatively straightforward near-equilibrium mea-
surements of the voltage noise power spectrum present in the
metal layer. For ease of reference, we now summarize our
results and predictions for the QSL models under consider-
ation without developing the technical framework. Readers
interested in the technical details are referred to subsequent
sections.

B. Summary of Results

The proposed heterostructure provides a method of probing
the low energy density of states of a candidate QSL material.
In characterizing the bilayer, we have utilized three represen-
tative QSL models: the S = 1/2 Heisenberg antiferromagnet
on the kagomé lattice, the Kitaev honeycomb model in the
gapless phase, and a model consisting of a spinon Fermi sur-
face with spinons coupled to an emergent U(1) gauge field. In
each case, we have derived predictions for the frequency scal-
ing one should expect when measuring the ac voltage noise
power spectrum present in a strongly spin orbit coupled metal
a�xed to a QSL compound if the compound in question is
well-characterized by one of these models. In this way, our
proposal can act as a tool for assessing the relevance of a par-
ticular QSL model to a given candidate material.

The main result for our treatment of the gapped, nearest
neighbor Heisenberg kagomé lattice model in the proposed
bilayer is presented in Fig. 3. We show that it is possible to
extract any spinon gap present owing to the total suppression
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Heisenberg picture ci(t ) = eιHxt/h̄cie−ιHxt/h̄, we write
〈
Sx

A0(t )Sx
A0(0)

〉
= e−ι"F t/h̄〈cA0(t )cA0(0)〉x,

〈
Sx

A0(t )Sx
B0(0)

〉
= −ιe−ι"F t/h̄〈cA0(t )cB0(0)〉x,

(31)

where the two-flux gap energy "F ≈ 0.26K is the energy
required to insert the fluxes [38].

Replacing the Majorana operators in the correlation func-
tions with the complex fermions bk allows us to rewrite the
total susceptibility Eq. (28) as

χ (ν) = −16ιNu

∫
dteι(ν−"F /h̄)t 〈b0(t )b†

0(0)〉x. (32)

The last correlator can be obtained by solving a Dyson equa-
tion, details of which can be found in Appendix C. Utilizing
the result, we produce (at zero temperature)

χ (ν) =
16h̄θ (h̄ν − "F )

[
gR

11(h̄ν − "F ) − gA
11(h̄ν − "F )

]
[
1 + 4K

Nu
gR

11(h̄ν − "F )
][

1 + 4K
Nu

gA
11(h̄ν − "F )

] ,

(33)
where the local retarded Green function gR

11(ω) is derived in
Appendix C and is given by

gR
11(x) =

∑

k

x + 2εk

(x + ι0+)2 − 4|sk|2
= gA∗

11 (x). (34)

The ac noise correction generated in the metal by proximity to
a gapless Kitaev spin liquid can now be calculated by utilizing
Eq. (33) in Eq. (8) in the quantum limit. We find

Ss((, 0) = 32ι

h̄

(
J v0mkF

2π2h̄

)2 ∫
dε(h̄( − ε)θ (h̄( − ε)

×
θ (ε − "F )

[
gR

11(ε − "F ) − gA
11(ε − "F )

]
[
1 + 4K

Nu
gR

11(ε − "F )
][

1 + 4K
Nu

gA
11(ε − "F )

] ,

(35)

which can be measured electrically as ac resistance via
Eq. (1).

Figure 6 depicts our numerical evaluation of Eq. (35) in
the main plot, with the critical frequency (c = "F /h̄ marked.
The figure displays our primary result for the gapless Kitaev
spin liquid compound, namely, that even in the ostensibly
gapless case the ac noise correction generated in the metal
is suppressed until frequencies greater than the two-flux gap,
"F . Equivalently, via the FDT, measurement of the ac resis-
tance enhancement in the metal near the critical frequency (c
should expose the two-flux gap when measured utilizing the
proposed heterostructure.

That a completely suppressed region occurs seems odd
given that the fermion spectrum sk is gapless, however while
inserting a fermion into the lattice requires no extra energy
input, it also requires the addition of a flux in each of the adja-
cent plquettes. These fluxes are gapped, and so an indirect gap
appears even for the fermions. This outcome has been noted
previously [40,77], however the proposed bilayer system of-
fers a method for quantifying the flux gap experimentally.

IV. PHYSICAL ESTIMATES

In this section, we estimate the expected signal strength
of the voltage noise arising across the heavy metal layer of

FIG. 6. A numerical plot showing Ss((, 0) for the Kitaev model
as a function of ac frequency normalized by the isotropic interaction
strength, K . The main plot shows the computed sum. The graph is
identically zero until a critical frequency equal to the gap energy is
achieved, h̄(c = "F ≈ 0.26K , at which point it becomes possible to
inject flux pairs into the QSL and noise enhancement commences.
Here, Nu = 4 × 104 has been used. The inset is the ac susceptibility
χ ((, 0) in the case of the Kitaev model, which can be extracted via
numerical differentiation of Eq. (8), and is in good agreement with
previous works [40].

our proposed bilayer system as a result of the proximity of
a QSL state characterized by each of the three models we
examine, noting that Eq. (1) connects the voltage noise and
the ac resistance.

The variable * in Eq. (9) is a conversion parameter con-
necting the charge and spin sectors via the ISHE. We estimate
the strength of * by first assuming, given Pt with a spin
diffusion length λ = 2 nm and thickness d = 7 nm, a spin
current density profile of

js(x, t ) = NIs(t )
sinh ((d − x)/λ)

sinh (d/λ)
, (36)

where N is the number of QSL spins per unit area on the
interface and Is(t ) is the spin current per QSL spin entering the
interface. We model the spin to charge current conversion via
the ISHE, so that we have jc(x, t ) = θSH(2e/h̄) js(x, t ), where
θSH is the spin Hall angle. Integrating over the cross-sectional
area of the metal and multiplying by the resistivity ρ reveals
the total voltage generated across the metal:

Vc(t ) = θSH

(
2eλ
dh̄

)
NlρIs(t ) tanh

(
d
2λ

)
, (37)

where l is the length of the metal layer. Then we can reexpress
Eq. (9) using voltage noise, δSV = 〈Vc(t )Vc(0)〉, by writing

δSV ((, T ) =
[
θSH

2e
h̄

Nρl
λ

d
tanh

(
d
2λ

)]2

Ss((, T ). (38)

In Pt θSH ≈ 0.1, ρ ≈ 10−8 (m, the lattice spacing a = 4 Å ∼
k−1

F , and the electron effective mass m = 13me [82]. The pref-
actor here characterizes *.

In each QSL case, we assume an exchange coupling
strength of J /kB ∼ 1 K, set the unitless integral component
of Ss ∼ 0.01, and work out N using the lattice spacing of
the QSL spin sites. In the case of herbertsmithite, sample
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summary & outlook

• effect of visons in the  model? 
• incoherent magnon scenario for -RuCl3? 
• microscopic model for how thermal spin current noise at the interface converts into 

measurable voltage noise via ISHE?

Z2
α

• spin Hall noise spectroscopy: probes local spin density of states of a quantum magnet 
via voltage fluctuations using inverse spin Hall effect.

- useful for probing topological edge states in quantum paramagnets. 
- useful for probing spin density of states of quantum spin liquids: test of QSL models against 

candidate materials.

�SV (⌦, T ) = ⇥Ss(⌦, T )
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