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Motivation

• How quantum are magnetic materials, in and out of equilibrium, from the 
quantum-information perspective? 

• New experimental probes of materials (optical, electrical)? 

• Can dynamic instabilities (microwave or thermoelectrically induced), 
including magnon BEC, be useful in tuning quantum entanglement? 

• The role of dissipation (non-Hermitian dynamics: exceptional points etc.)

spin entanglement
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We theoretically study the entanglement between two arbitrary spins in a magnetic material where magnons
naturally form a general squeezed coherent state in the presence of an applied magnetic field and axial
anisotropies. Employing concurrence as a measure of entanglement, we demonstrate that spins are generally
entangled in thermodynamic equilibrium, with the amount of entanglement controlled by the external fields and
anisotropies. As a result, the magnetic medium can serve as a resource to store and process quantum information.
We furthermore show that the entanglement can jump discontinuously when decreasing the transverse magnetic
field. This tunable entanglement can be potentially used as an efficient switch in quantum-information processing
tasks.
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I. INTRODUCTION

Entanglement [1,2] is a measure of how much quantum
information is stored in a quantum state and is one of the
most fundamental properties that distinguish a quantum phe-
nomenon from its classical counterpart. It was under severe
skepticism, however, since the discovery of quantum me-
chanics [3] due to its nonlocality that appeared to violate
the local-realism view of causality. Following the derivation
of Bell’s inequalities, which rendered the nonlocal features
of quantum theory accessible to experimental verification,
numerous experiments in different systems have been carried
out, including photons, neutrinos, electrons, molecules as
large as buckyballs, and even small diamonds, unequivocally
demonstrating the existence of quantum entanglement [4–10].
In parallel with these developments, quantum entanglement
has come to be recognized as a valuable resource in quantum-
information processing [11]. For example, a quantum com-
puter can be much faster and more powerful than a classical
one for certain computational tasks by taking advantage of
the superposition and entanglement in a quantum system [12].
Moreover, we can realize several quantum protocols, such as
teleportation, exclusively with the help of entangled states
[13]. These merits of entanglement in quantum-information
science stimulate the research trying to coherently prepare and
manipulate it in various systems.

A magnon Bose-Einstein condensate (BEC) [14], where
quanta of spin waves condense into a single state, may be
taken as a platform to look for controllable entanglement [15]
since particles in a condensate are distributed over space in a
coherent way. A magnon BEC is attractive in practice, as it can
be driven by microwave [16–22] or electronic [23,24] pump-
ing in an insulating ferromagnet through a quasiequilibration
process at room temperature. Without magnon pumping, we
can also achieve a magnon BEC in equilibrium by introducing
an easy-plane anisotropy in the magnetic system [25]. As we
show in this paper, magnons condense by forming a general
squeezed coherent state when the system is subjected to

external magnetic fields and anisotropies. A squeezed coher-
ent state [26], akin to a coherent state, is a minimum uncer-
tainty state but with uncertainties of conjugate operators being
different. This state has been investigated extensively in quan-
tum optics, resulting in many applications. For example, it can
be used to improve the precision of atom clocks [27,28] and
quantum-information processing in the continuous-variables
regime [29].

In this paper, we study the entanglement of two arbitrary
spins in a magnetic system (assuming the number of spin sites
is N0), utilizing the concurrence C [2,30] as a measure of
entanglement, where magnons are condensed into a general
squeezed coherent state. The average number of condensed
magnons in such a state can be tuned by the external field
and magnetic anisotropies [26]. We distinguish between two
types of magnons: coherent magnons related to a uniform
order-parameter tilting and squeezed magnons related to the
anisotropic squeezing effect [see Eq. (11) below]. From nu-
merical analysis, we find that the system transits abruptly to
a highly entangled state from an unentangled state when we
decrease the number of coherent magnons (denoted by Nc)
across a critical value that is determined by the number of
squeezed magnons (denoted by Ns):

Nc =
√

2N0Ns. (1)

This can potentially be used as a switch in quantum-
information processing tasks. Whereas a simple coherent state
has no entanglement, a squeezed vacuum state is entangled
with concurrence

C = 2
N0

√
Ns√

Ns + 1 +
√

Ns
. (2)

This concurrence will increase as the number of squeezed
magnons rises. Resembling squeezed light in quantum optics
[29,31,32], our squeezed coherent magnetic states can also
serve as an essential resource to realize continuous-variables
protocols for quantum communication, unconditional quan-
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exchange+Zeeman

In the magnon expansion:

anisotropy transverse field

Let us start at zero temperature and a small macrospin nanomagnet
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squeezing displacement

is the total number of spin-1/2 sitesN0
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magnon number:

h
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• Transverse field    alone would produce a coherent state with magnon #: 

• A sole anisotropy     would result in a squeezed state with magnon #:

Nc = N0(h/2B)2
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resonance frequency:

Coherent vs squeezed magnons



Squeezed coherent state
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displacement operator:

squeezing operator:
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ẑ
<latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit>

ẑ
<latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit>

~S
<latexit sha1_base64="xREkmjcJ+WgPaXU87Q7qSUgf53s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZY+zfrniVt0FyDrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwVuqlGhPKxnSIXUsljVD72eLcGbmwyoCEsbIlDVmovycyGmk9jQLbGVEz0qveXPzP66YmvPEzLpPUoGTLRWEqiInJ/Hcy4AqZEVNLKFPc3krYiCrKjE2oZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMxPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP3mqj6U=</latexit><latexit sha1_base64="xREkmjcJ+WgPaXU87Q7qSUgf53s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZY+zfrniVt0FyDrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwVuqlGhPKxnSIXUsljVD72eLcGbmwyoCEsbIlDVmovycyGmk9jQLbGVEz0qveXPzP66YmvPEzLpPUoGTLRWEqiInJ/Hcy4AqZEVNLKFPc3krYiCrKjE2oZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMxPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP3mqj6U=</latexit><latexit sha1_base64="xREkmjcJ+WgPaXU87Q7qSUgf53s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZY+zfrniVt0FyDrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwVuqlGhPKxnSIXUsljVD72eLcGbmwyoCEsbIlDVmovycyGmk9jQLbGVEz0qveXPzP66YmvPEzLpPUoGTLRWEqiInJ/Hcy4AqZEVNLKFPc3krYiCrKjE2oZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMxPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP3mqj6U=</latexit><latexit sha1_base64="xREkmjcJ+WgPaXU87Q7qSUgf53s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZY+zfrniVt0FyDrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwVuqlGhPKxnSIXUsljVD72eLcGbmwyoCEsbIlDVmovycyGmk9jQLbGVEz0qveXPzP66YmvPEzLpPUoGTLRWEqiInJ/Hcy4AqZEVNLKFPc3krYiCrKjE2oZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMxPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP3mqj6U=</latexit>

Sx
<latexit sha1_base64="8L2Qyre2wPOYCzzuPaQqIxSlL6o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68Vip/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqpXn946pXKbsWdgSwTLydlyFHrlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFc+teHcX5ep1HkcBjuEEzsCDS6jCLdSgAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA9aY3B</latexit><latexit sha1_base64="8L2Qyre2wPOYCzzuPaQqIxSlL6o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68Vip/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqpXn946pXKbsWdgSwTLydlyFHrlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFc+teHcX5ep1HkcBjuEEzsCDS6jCLdSgAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA9aY3B</latexit><latexit sha1_base64="8L2Qyre2wPOYCzzuPaQqIxSlL6o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68Vip/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqpXn946pXKbsWdgSwTLydlyFHrlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFc+teHcX5ep1HkcBjuEEzsCDS6jCLdSgAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA9aY3B</latexit><latexit sha1_base64="8L2Qyre2wPOYCzzuPaQqIxSlL6o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68Vip/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqpXn946pXKbsWdgSwTLydlyFHrlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFc+teHcX5ep1HkcBjuEEzsCDS6jCLdSgAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA9aY3B</latexit>

Sy
<latexit sha1_base64="uP9f+4rH7YjM4O/pts1S8gFUEyQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe0sWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHkyXoR3QoecgZNVZqNB6zfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK7WbPI4inMApnIMHV1CDO6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA+7Y3C</latexit><latexit sha1_base64="uP9f+4rH7YjM4O/pts1S8gFUEyQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe0sWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHkyXoR3QoecgZNVZqNB6zfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK7WbPI4inMApnIMHV1CDO6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA+7Y3C</latexit><latexit sha1_base64="uP9f+4rH7YjM4O/pts1S8gFUEyQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe0sWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHkyXoR3QoecgZNVZqNB6zfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK7WbPI4inMApnIMHV1CDO6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA+7Y3C</latexit><latexit sha1_base64="uP9f+4rH7YjM4O/pts1S8gFUEyQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe0sWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHkyXoR3QoecgZNVZqNB6zfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK7WbPI4inMApnIMHV1CDO6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA+7Y3C</latexit>

Sx
<latexit sha1_base64="8L2Qyre2wPOYCzzuPaQqIxSlL6o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68Vip/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqpXn946pXKbsWdgSwTLydlyFHrlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFc+teHcX5ep1HkcBjuEEzsCDS6jCLdSgAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA9aY3B</latexit><latexit sha1_base64="8L2Qyre2wPOYCzzuPaQqIxSlL6o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68Vip/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqpXn946pXKbsWdgSwTLydlyFHrlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFc+teHcX5ep1HkcBjuEEzsCDS6jCLdSgAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA9aY3B</latexit><latexit sha1_base64="8L2Qyre2wPOYCzzuPaQqIxSlL6o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68Vip/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqpXn946pXKbsWdgSwTLydlyFHrlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFc+teHcX5ep1HkcBjuEEzsCDS6jCLdSgAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA9aY3B</latexit><latexit sha1_base64="8L2Qyre2wPOYCzzuPaQqIxSlL6o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68Vip/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqpXn946pXKbsWdgSwTLydlyFHrlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFc+teHcX5ep1HkcBjuEEzsCDS6jCLdSgAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA9aY3B</latexit>

Sx
<latexit sha1_base64="8L2Qyre2wPOYCzzuPaQqIxSlL6o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68Vip/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqpXn946pXKbsWdgSwTLydlyFHrlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFc+teHcX5ep1HkcBjuEEzsCDS6jCLdSgAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA9aY3B</latexit><latexit sha1_base64="8L2Qyre2wPOYCzzuPaQqIxSlL6o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68Vip/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqpXn946pXKbsWdgSwTLydlyFHrlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFc+teHcX5ep1HkcBjuEEzsCDS6jCLdSgAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA9aY3B</latexit><latexit sha1_base64="8L2Qyre2wPOYCzzuPaQqIxSlL6o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68Vip/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqpXn946pXKbsWdgSwTLydlyFHrlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFc+teHcX5ep1HkcBjuEEzsCDS6jCLdSgAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA9aY3B</latexit><latexit sha1_base64="8L2Qyre2wPOYCzzuPaQqIxSlL6o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68Vip/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqpXn946pXKbsWdgSwTLydlyFHrlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFc+teHcX5ep1HkcBjuEEzsCDS6jCLdSgAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA9aY3B</latexit>

Sy
<latexit sha1_base64="uP9f+4rH7YjM4O/pts1S8gFUEyQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe0sWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHkyXoR3QoecgZNVZqNB6zfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK7WbPI4inMApnIMHV1CDO6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA+7Y3C</latexit><latexit sha1_base64="uP9f+4rH7YjM4O/pts1S8gFUEyQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe0sWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHkyXoR3QoecgZNVZqNB6zfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK7WbPI4inMApnIMHV1CDO6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA+7Y3C</latexit><latexit sha1_base64="uP9f+4rH7YjM4O/pts1S8gFUEyQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe0sWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHkyXoR3QoecgZNVZqNB6zfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK7WbPI4inMApnIMHV1CDO6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA+7Y3C</latexit><latexit sha1_base64="uP9f+4rH7YjM4O/pts1S8gFUEyQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe0sWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHkyXoR3QoecgZNVZqNB6zfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK7WbPI4inMApnIMHV1CDO6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA+7Y3C</latexit>

Sy
<latexit sha1_base64="uP9f+4rH7YjM4O/pts1S8gFUEyQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe0sWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHkyXoR3QoecgZNVZqNB6zfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK7WbPI4inMApnIMHV1CDO6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA+7Y3C</latexit><latexit sha1_base64="uP9f+4rH7YjM4O/pts1S8gFUEyQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe0sWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHkyXoR3QoecgZNVZqNB6zfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK7WbPI4inMApnIMHV1CDO6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA+7Y3C</latexit><latexit sha1_base64="uP9f+4rH7YjM4O/pts1S8gFUEyQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe0sWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHkyXoR3QoecgZNVZqNB6zfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK7WbPI4inMApnIMHV1CDO6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA+7Y3C</latexit><latexit sha1_base64="uP9f+4rH7YjM4O/pts1S8gFUEyQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dK7Qe0sWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHkyXoR3QoecgZNVZqNB6zfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYf0KV4UzgtNRLNSaUjekQu5ZKGqH2J/NTp+TMKgMSxsqWNGSu/p6Y0EjrLApsZ0TNSC97M/E/r5ua8NqfcJmkBiVbLApTQUxMZn+TAVfIjMgsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK7WbPI4inMApnIMHV1CDO6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA+7Y3C</latexit>

1/2
<latexit sha1_base64="rlpHHpLQSei57ggxUOFYcoYvWAg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB++i1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVc+teveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBYC40q</latexit><latexit sha1_base64="rlpHHpLQSei57ggxUOFYcoYvWAg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB++i1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVc+teveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBYC40q</latexit><latexit sha1_base64="rlpHHpLQSei57ggxUOFYcoYvWAg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB++i1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVc+teveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBYC40q</latexit><latexit sha1_base64="rlpHHpLQSei57ggxUOFYcoYvWAg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB++i1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVc+teveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBYC40q</latexit>

�/2
<latexit sha1_base64="KhRf1Uim6XRgQ6ZdURctsele21s=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqe4WQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eM+EWtX654VW8OvEr8nFQgR6Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdB1kXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbRqVd+r+veXlfpNHkcRTuAUzsGHK6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A/PLjrQ=</latexit><latexit sha1_base64="KhRf1Uim6XRgQ6ZdURctsele21s=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqe4WQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eM+EWtX654VW8OvEr8nFQgR6Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdB1kXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbRqVd+r+veXlfpNHkcRTuAUzsGHK6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A/PLjrQ=</latexit><latexit sha1_base64="KhRf1Uim6XRgQ6ZdURctsele21s=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqe4WQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eM+EWtX654VW8OvEr8nFQgR6Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdB1kXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbRqVd+r+veXlfpNHkcRTuAUzsGHK6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A/PLjrQ=</latexit><latexit sha1_base64="KhRf1Uim6XRgQ6ZdURctsele21s=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqe4WQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eM+EWtX654VW8OvEr8nFQgR6Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdB1kXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbRqVd+r+veXlfpNHkcRTuAUzsGHK6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A/PLjrQ=</latexit>

�/2
<latexit sha1_base64="KhRf1Uim6XRgQ6ZdURctsele21s=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqe4WQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eM+EWtX654VW8OvEr8nFQgR6Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdB1kXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbRqVd+r+veXlfpNHkcRTuAUzsGHK6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A/PLjrQ=</latexit><latexit sha1_base64="KhRf1Uim6XRgQ6ZdURctsele21s=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqe4WQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eM+EWtX654VW8OvEr8nFQgR6Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdB1kXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbRqVd+r+veXlfpNHkcRTuAUzsGHK6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A/PLjrQ=</latexit><latexit sha1_base64="KhRf1Uim6XRgQ6ZdURctsele21s=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqe4WQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eM+EWtX654VW8OvEr8nFQgR6Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdB1kXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbRqVd+r+veXlfpNHkcRTuAUzsGHK6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A/PLjrQ=</latexit><latexit sha1_base64="KhRf1Uim6XRgQ6ZdURctsele21s=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqe4WQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eM+EWtX654VW8OvEr8nFQgR6Nf/uoNFE1jJi0VxJiu7yU2yIi2nAo2LfVSwxJCx2TIuo5KEjMTZPNrp/jMKQMcKe1KWjxXf09kJDZmEoeuMyZ2ZJa9mfif101tdB1kXCapZZIuFkWpwFbh2et4wDWjVkwcIVRzdyumI6IJtS6gkgvBX355lbRqVd+r+veXlfpNHkcRTuAUzsGHK6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A/PLjrQ=</latexit>

~S
<latexit sha1_base64="xREkmjcJ+WgPaXU87Q7qSUgf53s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZY+zfrniVt0FyDrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwVuqlGhPKxnSIXUsljVD72eLcGbmwyoCEsbIlDVmovycyGmk9jQLbGVEz0qveXPzP66YmvPEzLpPUoGTLRWEqiInJ/Hcy4AqZEVNLKFPc3krYiCrKjE2oZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMxPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP3mqj6U=</latexit><latexit sha1_base64="xREkmjcJ+WgPaXU87Q7qSUgf53s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZY+zfrniVt0FyDrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwVuqlGhPKxnSIXUsljVD72eLcGbmwyoCEsbIlDVmovycyGmk9jQLbGVEz0qveXPzP66YmvPEzLpPUoGTLRWEqiInJ/Hcy4AqZEVNLKFPc3krYiCrKjE2oZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMxPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP3mqj6U=</latexit><latexit sha1_base64="xREkmjcJ+WgPaXU87Q7qSUgf53s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZY+zfrniVt0FyDrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwVuqlGhPKxnSIXUsljVD72eLcGbmwyoCEsbIlDVmovycyGmk9jQLbGVEz0qveXPzP66YmvPEzLpPUoGTLRWEqiInJ/Hcy4AqZEVNLKFPc3krYiCrKjE2oZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMxPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP3mqj6U=</latexit><latexit sha1_base64="xREkmjcJ+WgPaXU87Q7qSUgf53s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZY+zfrniVt0FyDrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwVuqlGhPKxnSIXUsljVD72eLcGbmwyoCEsbIlDVmovycyGmk9jQLbGVEz0qveXPzP66YmvPEzLpPUoGTLRWEqiInJ/Hcy4AqZEVNLKFPc3krYiCrKjE2oZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMxPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP3mqj6U=</latexit> ~S

<latexit sha1_base64="xREkmjcJ+WgPaXU87Q7qSUgf53s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZY+zfrniVt0FyDrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwVuqlGhPKxnSIXUsljVD72eLcGbmwyoCEsbIlDVmovycyGmk9jQLbGVEz0qveXPzP66YmvPEzLpPUoGTLRWEqiInJ/Hcy4AqZEVNLKFPc3krYiCrKjE2oZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMxPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP3mqj6U=</latexit><latexit sha1_base64="xREkmjcJ+WgPaXU87Q7qSUgf53s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZY+zfrniVt0FyDrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwVuqlGhPKxnSIXUsljVD72eLcGbmwyoCEsbIlDVmovycyGmk9jQLbGVEz0qveXPzP66YmvPEzLpPUoGTLRWEqiInJ/Hcy4AqZEVNLKFPc3krYiCrKjE2oZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMxPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP3mqj6U=</latexit><latexit sha1_base64="xREkmjcJ+WgPaXU87Q7qSUgf53s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZY+zfrniVt0FyDrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwVuqlGhPKxnSIXUsljVD72eLcGbmwyoCEsbIlDVmovycyGmk9jQLbGVEz0qveXPzP66YmvPEzLpPUoGTLRWEqiInJ/Hcy4AqZEVNLKFPc3krYiCrKjE2oZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMxPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP3mqj6U=</latexit><latexit sha1_base64="xREkmjcJ+WgPaXU87Q7qSUgf53s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZY+zfrniVt0FyDrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwVuqlGhPKxnSIXUsljVD72eLcGbmwyoCEsbIlDVmovycyGmk9jQLbGVEz0qveXPzP66YmvPEzLpPUoGTLRWEqiInJ/Hcy4AqZEVNLKFPc3krYiCrKjE2oZEPwVl9eJ62rqudWvYfrSv02j6MIZ3AOl+BBDepwDw1oAoMxPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP3mqj6U=</latexit>

(a) coherent state (b) squeezed vacuum  
state

(c) squeezed coherent  
state

|↵|
<latexit sha1_base64="Dk0gxydudu4Y8bM/xW795X9vE9g=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUCbbTbt0s4m7G6Gk/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbmd+64kpzWP5YMYJ8yMcSB5yisZK7UkXRTLESa9ccavuHGSVeDmpQI56r/zV7cc0jZg0VKDWHc9NjJ+hMpwKNi11U80SpCMcsI6lEiOm/Wx+75ScWaVPwljZkobM1d8TGUZaj6PAdkZohnrZm4n/eZ3UhNd+xmWSGibpYlGYCmJiMnue9Lli1IixJUgVt7cSOkSF1NiISjYEb/nlVdK8qHpu1bu/rNRu8jiKcAKncA4eXEEN7qAODaAg4Ble4c15dF6cd+dj0Vpw8plj+APn8wdTI5Ak</latexit><latexit sha1_base64="Dk0gxydudu4Y8bM/xW795X9vE9g=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUCbbTbt0s4m7G6Gk/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbmd+64kpzWP5YMYJ8yMcSB5yisZK7UkXRTLESa9ccavuHGSVeDmpQI56r/zV7cc0jZg0VKDWHc9NjJ+hMpwKNi11U80SpCMcsI6lEiOm/Wx+75ScWaVPwljZkobM1d8TGUZaj6PAdkZohnrZm4n/eZ3UhNd+xmWSGibpYlGYCmJiMnue9Lli1IixJUgVt7cSOkSF1NiISjYEb/nlVdK8qHpu1bu/rNRu8jiKcAKncA4eXEEN7qAODaAg4Ble4c15dF6cd+dj0Vpw8plj+APn8wdTI5Ak</latexit><latexit sha1_base64="Dk0gxydudu4Y8bM/xW795X9vE9g=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUCbbTbt0s4m7G6Gk/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbmd+64kpzWP5YMYJ8yMcSB5yisZK7UkXRTLESa9ccavuHGSVeDmpQI56r/zV7cc0jZg0VKDWHc9NjJ+hMpwKNi11U80SpCMcsI6lEiOm/Wx+75ScWaVPwljZkobM1d8TGUZaj6PAdkZohnrZm4n/eZ3UhNd+xmWSGibpYlGYCmJiMnue9Lli1IixJUgVt7cSOkSF1NiISjYEb/nlVdK8qHpu1bu/rNRu8jiKcAKncA4eXEEN7qAODaAg4Ble4c15dF6cd+dj0Vpw8plj+APn8wdTI5Ak</latexit><latexit sha1_base64="Dk0gxydudu4Y8bM/xW795X9vE9g=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUCbbTbt0s4m7G6Gk/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbmd+64kpzWP5YMYJ8yMcSB5yisZK7UkXRTLESa9ccavuHGSVeDmpQI56r/zV7cc0jZg0VKDWHc9NjJ+hMpwKNi11U80SpCMcsI6lEiOm/Wx+75ScWaVPwljZkobM1d8TGUZaj6PAdkZohnrZm4n/eZ3UhNd+xmWSGibpYlGYCmJiMnue9Lli1IixJUgVt7cSOkSF1NiISjYEb/nlVdK8qHpu1bu/rNRu8jiKcAKncA4eXEEN7qAODaAg4Ble4c15dF6cd+dj0Vpw8plj+APn8wdTI5Ak</latexit>

| i = D(↵)S(⇣)|0i

<latexit sha1_base64="NXlpYvLHYYjgLxctbo08J/8+s20=">AAAB1XicZU9NT8JAFHzrJ+JX1aMXIwfhQlqD0YMmJHrwiFE+EtqQ7fKADdvtprslYuFmvBmP/hCv+kP8NyL2UpnTZObNy4yvBNfGtr/J0vLK6tp6biO/ubW9s2vt7Td0GEcM6ywUYdTyqUbBJdYNNwJbKkIa+AKb/vD612+OMNI8lA9mrNALaF/yHmfUzKSOdTJxleZuRGVf4NVN0aVCDWjpvug+oaGliZ1aHatgl+05jhaJk5ICpKh1rHe3G7I4QGmYoFq3HVsZL6GR4UzgNO/GGhVlQ9rHdnfElZY0QO0lj/NNGT+hgdbjwF8QA2oG2U+x6V14CZcqNihZNjDuhdLo6WyJ87/3Immclp1K+eyuUqhepptycAjHUAQHzqEKt1CDOjB4hQ/4hC/SJFPyTF7+TpdImjmADMjbD97QhxM=</latexit>

S(⇣) = e[⇣
⇤a2�⇣(a†)2]/2

<latexit sha1_base64="wiEQADgOrALYmCdU1t4bLbG8tFo=">AAAB3nicZY9LT8JQEIWn+EJ8VV26IbIBE7FtMLrQhMSNS4zySGiLt5eh3tDeNr23RGzYujPu1B/jVv+D/0aBbipn9WXOnMkcJ/SYkJr2o+SWlldW1/LrhY3Nre0ddXevJYI4otikgRdEHYcI9BjHpmTSw04YIfEdD9vO8Grqt0cYCRbwOzkO0fKJy9mAUSL/Rj1Vuy2bTyhJ5RLtpFucsX1EbON4zmVim33iuhhVbMM6MSY9taRVtZmKi6CnUIJUjZ76bvYDGvvIJfWIEF1dC6WVkEgy6uGkYMYCQ0KHxMVuf8RCwYmPwkoeZ+UyfkJ8Ica+szD0iXzIXorl4NxKGA9jiZxmA+NBwKWYNtH//70ILaOq16qnN7VS/SLtlIcDOIQy6HAGdbiGBjSBwht8whd8K/fKs/KivM5Xc0qa2YeMlI9f6l+JPA==</latexit>

The coherent state is merely a tilted magnet

the ellipse aspect ratio is e2|⇣|
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• While displacing (tilting) a magnetic state is clearly inconsequential to 
entanglement, squeezing does produce a finite entanglement of 
formation 

• The associated two-spin concurrence is: 

• Most interestingly, squeezing a displaced state exhibits a jump-like 
behavior in concurrence (with doubling of the above limiting 
concurrence) at the threshold determined by:

Ns = N2
c /2N0
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The total magnon #:
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Entanglement in the squeezed coherent state

C =
2

N0

p
Nsp

Ns + 1 +
p
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! 1

N0
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@ large Ns
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largest possible value for 
equally-shared entanglement

zero displacement case
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The doubling of the concurrence by displacing the squeezed state is due 
to accessing the odd-parity magnon states, which are absent in the 
squeezed-vacuum state
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FIG. 2. (a) Concurrence C as a function of the number of
squeezed magnons Ns = sinh2 r for different numbers of coherent
magnons Nc = |α|2. |α| = 0 corresponds to the squeezed vacuum
state [see Eq. (20)], where the maximal concurrence is 1/N0. As we
increase the number of coherent magnons, the physics is dominated
by the coherent part when the number of squeezed magnons is
small. As a result, the concurrence is zero. However, the presence
of the coherent part can increase the upper bound of the concurrence
once the number of squeezed magnons is above some critical value
sinh2 rc, which depends on the amount of coherent magnons we put
into the system. (b) Critical values (Ns)1/4 =

√
sinh rc as a function

of |α|, which can be fitted using a linear relation. When the number
of coherent magnons is larger than

√
2N0Ns, the coherent part

dominates the physics, and the concurrence is zero. Otherwise, we
have a finite concurrence. In the numerical study, we set N0 = 108.

D(α)S(r)|0〉 as our ground state. We will see that in contrast
to the coherent states that retain their (trivial) entanglement
character under displacement, displacing a squeezed state
does have a nontrivial effect. Unlike the states we discussed
above, however, it is difficult to obtain an analytic expression
for the concurrence in this case. Therefore, we obtain the
concurrence C numerically by plotting it as a function of r for
different values of |α| [see Fig. 2(a)], where we assume the
anisotropy K > 0 without loss of generality. While increasing
the value of |α| from zero, we have zero concurrence under
a critical value of rc = rc(|α|) [see Fig. 2(b)] and nonzero
concurrence above rc. The maximal concurrence will increase
to 2/N0 from 1/N0 as we increase the number of coherent
magnons. Thus, we can see that the coherent magnons will
unlink the quantum correlations between spins established by
a small number of squeezed magnons. This is because the
coherent magnons dominate the physics when the number
of squeezed magnons is small. However, coherent magnons
will be beneficial for information storage when the number of

squeezed magnons is large. The upper bound of the concur-
rence rises since the coherent part involves states with both
parities, unlike squeezed vacuum states which only involve
even-parity states {|2k〉}, and thus increases the upper bound.
We remark that, in contrast to the discussion in Sec. IV B,
where the displacement operation does not yield entanglement
since it is acting on a trivial state (Fock vacuum state), the
displacement operator here results in nontrivial entanglement
behavior as it acts on a squeezed state which is entangled.

To determine this transition, we study the critical value
N1/4

s =
√

sinh rc numerically and plot it as a function of |α|
which can be fitted well with a linear relation [see Fig. 2(b)].
We conclude that there is no entanglement when

Nc !
√

2N0Ns. (21)

Otherwise, we have nonzero entanglement. This transition is
discontinuous, as implied by Fig. 2(a). When |α| is large, N0C
is a step function of r, which can be potentially used as an
efficient switch in quantum-information processing tasks.

E. Thermodynamic limit

In the thermodynamic limit, one can see that the entan-
glement between two arbitrary spins due to the q = 0 mode
vanishes from our discussion above. Under the circumstances,
nonzero-wave-number modes should be taken into account,
and we can show that the concurrence between a spin at Ri
and a spin at R j in d dimension is given by

Ci j = max{0, T (γ , λ, η)}, (22)

where

T (γ , λ, η) ≈ 1
(2π )d

∣∣∣∣

∫

B.Z.
dd q

η cos(γ R̂ · q)
√

(1 + 2λ2q2)2 − η2

∣∣∣∣

+ 1
(2π )d

∫

B.Z.
dd q

[

1 − 1 + 2λ2q2

√
(1 + 2λ2q2)2 − η2

]

.

(23)

The derivation is given in Appendix B. Here, γ = |R| =
|Ri − R j | and λ =

√
J/B are the distance between two spins

and the exchange length. η = |K|/B < 1 is a dimensionless
parameter, and R̂ = (Ri − R j )/|R|. B.Z. represents the Bril-
louin zone. Figure 3(a) visualizes the distance γ dependence
of concurrence Ci j in dimensions d = 1, d = 2, and d = 3.
It suggests that Ci j is smaller when the dimension is higher.
From Fig. 3(b), we can see that, keeping other parameters
fixed, Ci j will decrease to zero as we increase the distance
γ to a critical value γc, which is proportional to the exchange
length λ. In other words, spins within the exchange length can
communicate and entangle with each other. Note that, in the
limit of diverging exchange length λ → ∞, the overall value
of concurrence will vanish even though spins can entangle
with each other over a long distance.
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Entanglement jump by squeezing



Fock state

• For an    -magnon Fock state, we find the concurrence: 

• It reduces from the maximal allowed value by 1/2, when      increases 

• Agrees with the well known result for the Dicke state, which is a 
generalization of a maximally-entangled Bell state, obtained by flipping 
out of       spin-1/2 states in a symmetric fashion

N
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           is the maximally-entangled state, which saturates the upper bound 
of           for concurrence (when the entanglement is symmetrically shared):2/N0
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Formalism
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square roots of eigenvalues, 
in decreasing order, of

is evaluated by expressing the spin operators 

in terms of the magnon operators and calculating the resultant correlators

k± = (1± �z)/2 , �± = (�x ± i�y)/2
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(a)

(b)

FIG. 3. (a) Concurrence as a function of the distance γ between
two spins in dimensions d = 1, d = 2, and d = 3. The overall value
of the concurrence will decrease as we increase the dimension of
our system. In a given dimension, the concurrence is finite but will
decrease as we increase the distance between these two spins within a
critical distance γc, beyond which the concurrence vanishes. We have
set λ = 10, η = 0.5, and R̂ = x̂ in higher dimension. (b) Critical
distance γc as a function of the correlation length λ, which can be
fitted well with a linear relation. We have set η = 0.5.

F. Remarks

Let us modify H1 and H2 to allow for more general
squeezed coherent states,

H1 = K
w

∑

〈i j〉

[
cos θ1

(
Sx

i Sx
j − Sy

i Sy
j

)
+ 2 sin θ1Sx

i Sy
j

]
, (24)

H2 = −h cos θ2

∑

i

Sx
i − h sin θ2

∑

i

Sy
i . (25)

Comparing (24) and (25) with the original Hamilto-
nian (3), we have rotated the in-plane magnetic field
and anisotropy by θ2 and θ1/2, respectively, H1 →
U (θ1/2)H1U (θ1/2)† and H2 → U (θ2)H2U (θ2)†, with U (θ ) =∏

i e−iθSz
i being the rotation operator. Therefore, the entan-

glement should depend on only the physical angle θ2 − θ1/2.
The ground state of this Hamiltonian, in the large-exchange-
coupling limit (so that we can neglect nonzero-wave-
number modes [49]), is given by |ψ〉 = D(α)S(ζ )|0〉, with
ζ = reiθ1 and α =

√
N0h[eiθ2 cosh 2r − ei(θ1−θ2 ) sinh 2r]/2ω,

where ω =
√

B2 − K2 and r is determined by tanh 2r = K/B.
We recover what we have obtained before [see Eq. (10)] when
θ1 = θ2 = 0, as expected. We point out that, by taking this an-
gle dependence into account, the behavior of the concurrence

FIG. 4. Concurrence as a function of one angle (setting the other
angle to zero). For the pink dashed curve, we plot the concurrence as
a function of the angle φ and set θ = 0. For the black solid curve, we
plot the concurrence as a function of the angle θ and set φ = 0. We
find that concurrence is periodic with period 2π in φ and π in θ . In
both cases, we set Ns = sinh2 4, Nc = 9 × 104, and N0 = 108.

does not get modified qualitatively since its angular variation
is much smaller than the absolute value (see Fig. 4).

The above Hamiltonian realizes the general squeezed co-
herent state D(α)S(ζ )|0〉, with α = |α|eiθ and ζ = reiφ being
complex valued, where D(α) = eαa†−α∗a is the displacement
operator and S(ζ ) = e[ζ ∗a2−ζ (a† )2]/2 is the squeezing operator.
The entanglement in such states depends on only |φ/2 − θ |
instead of depending on these two angles separately. This
is implied by Fig. 1(c), where the only physical angle is
|φ/2 − θ |. More explicitly, we have D(|α|eiθ )S(reiφ )|0〉 →
D(|α|ei(θ−φ/2))S(r)|0〉 under a gauge transformation a →
aeiφ/2, which will not alter any physics of the system.
We find numerically the concurrence is periodic with pe-
riod 2π in φ (the pink curve in Fig. 4) and π in θ (the
black curve in Fig. 4). This is consistent with what we dis-
cussed above where ζ = reiθ1 and α =

√
N0h[eiθ2 cosh 2r −

ei(θ1−θ2 ) sinh 2r]/2ω. Under the gauge transformation, we
have the ground state D(αe−iθ1/2)S(r)|0〉, where αe−iθ1/2 =√

N0h[ei(θ2−θ1/2) cosh 2r − e−i(θ2−θ1/2) sinh 2r]/2ω, and thus,
the entanglement depends on only the physical angle θ2 −
θ1/2.

A few ways were recently proposed to store and control
quantum information in magnetic systems. For example, topo-
logical defects can be used as quantum information carriers
[50], and two spins can be coupled via the spin-superfluid
mode harbored by an antiferromagnetic domain wall [51].
Our discussion can also be applied to entangle two distant
spin qubits (see Fig. 5). Let us consider the situation where
two spin qubits are placed in the vicinity of a ferromagnetic
insulator. Then, we turn on the coupling J̃ between spin qubits
and the insulator strong enough so that the two spins are
entangled as if they are part of the magnetic insulator. Upon
the sufficiently rapid turnoff of the coupling, we can obtain the
isolated system of the two spin qubits that remain entangled.

V. SUMMARY AND OUTLOOK

The purpose of this paper was to investigate the entan-
glement generation and entanglement control in a magnetic
system. In the low-temperature regime T ( J , magnons form
a general squeezed coherent state, which is a minimum
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concurrence as a function of distance 
(in units of lattice spacing)
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t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

spin A spin B

CAB
<latexit sha1_base64="H8CnNMR6LJPS9QS3mIiScK3De9o=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LK2G5cV7APaECbTSTt0Mgkzk0IJ+RM3LhRx65+482+ctFlo9cDA4Zx7uWdOkHCmtON8WZWNza3tnepubW//4PDIPj7pqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+YtQu/P6dSsVg86kVCvQhPBAsZwdpIvm2PIqynBPOsnfvZXSv37brTcJZAf4lbkjqU6Pj252gckzSiQhOOlRq6TqK9DEvNCKd5bZQqmmAywxM6NFTgiCovWybP0YVRxiiMpXlCo6X6cyPDkVKLKDCTRU617hXif94w1eGtlzGRpJoKsjoUphzpGBU1oDGTlGi+MAQTyUxWRKZYYqJNWTVTgrv+5b+kd9VwnYb7cF1vtso6qnAG53AJLtxAE+6hA10gMIcneIFXK7OerTfrfTVascqdU/gF6+MbjKKTlg==</latexit><latexit sha1_base64="H8CnNMR6LJPS9QS3mIiScK3De9o=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LK2G5cV7APaECbTSTt0Mgkzk0IJ+RM3LhRx65+482+ctFlo9cDA4Zx7uWdOkHCmtON8WZWNza3tnepubW//4PDIPj7pqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+YtQu/P6dSsVg86kVCvQhPBAsZwdpIvm2PIqynBPOsnfvZXSv37brTcJZAf4lbkjqU6Pj252gckzSiQhOOlRq6TqK9DEvNCKd5bZQqmmAywxM6NFTgiCovWybP0YVRxiiMpXlCo6X6cyPDkVKLKDCTRU617hXif94w1eGtlzGRpJoKsjoUphzpGBU1oDGTlGi+MAQTyUxWRKZYYqJNWTVTgrv+5b+kd9VwnYb7cF1vtso6qnAG53AJLtxAE+6hA10gMIcneIFXK7OerTfrfTVascqdU/gF6+MbjKKTlg==</latexit><latexit sha1_base64="H8CnNMR6LJPS9QS3mIiScK3De9o=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LK2G5cV7APaECbTSTt0Mgkzk0IJ+RM3LhRx65+482+ctFlo9cDA4Zx7uWdOkHCmtON8WZWNza3tnepubW//4PDIPj7pqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+YtQu/P6dSsVg86kVCvQhPBAsZwdpIvm2PIqynBPOsnfvZXSv37brTcJZAf4lbkjqU6Pj252gckzSiQhOOlRq6TqK9DEvNCKd5bZQqmmAywxM6NFTgiCovWybP0YVRxiiMpXlCo6X6cyPDkVKLKDCTRU617hXif94w1eGtlzGRpJoKsjoUphzpGBU1oDGTlGi+MAQTyUxWRKZYYqJNWTVTgrv+5b+kd9VwnYb7cF1vtso6qnAG53AJLtxAE+6hA10gMIcneIFXK7OerTfrfTVascqdU/gF6+MbjKKTlg==</latexit><latexit sha1_base64="H8CnNMR6LJPS9QS3mIiScK3De9o=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LK2G5cV7APaECbTSTt0Mgkzk0IJ+RM3LhRx65+482+ctFlo9cDA4Zx7uWdOkHCmtON8WZWNza3tnepubW//4PDIPj7pqTiVhHZJzGM5CLCinAna1UxzOkgkxVHAaT+YtQu/P6dSsVg86kVCvQhPBAsZwdpIvm2PIqynBPOsnfvZXSv37brTcJZAf4lbkjqU6Pj252gckzSiQhOOlRq6TqK9DEvNCKd5bZQqmmAywxM6NFTgiCovWybP0YVRxiiMpXlCo6X6cyPDkVKLKDCTRU617hXif94w1eGtlzGRpJoKsjoUphzpGBU1oDGTlGi+MAQTyUxWRKZYYqJNWTVTgrv+5b+kd9VwnYb7cF1vtso6qnAG53AJLtxAE+6hA10gMIcneIFXK7OerTfrfTVascqdU/gF6+MbjKKTlg==</latexit>

entangled

h

B
J̃

<latexit sha1_base64="fGA20hNwIF3YatLJBbEJGopSiZM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iqYGulDWWz2bRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkANlyLmLRQoeSfVnKpA8odgdD31H564NiKJ73Gccl/RQSwiwSha6bGHQoY8v530qzW37s5AlolXkBoUaParX70wYZniMTJJjel6bop+TjUKJvmk0ssMTykb0QHvWhpTxY2fzw6ekBOrhCRKtK0YyUz9PZFTZcxYBbZTURyaRW8q/ud1M4wu/VzEaYY8ZvNFUSYJJmT6PQmF5gzl2BLKtLC3EjakmjK0GVVsCN7iy8ukfVb33Lp3d15rXBVxlOEIjuEUPLiABtxAE1rAQMEzvMKbo50X5935mLeWnGLmEP7A+fwB/WiQhA==</latexit><latexit sha1_base64="fGA20hNwIF3YatLJBbEJGopSiZM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iqYGulDWWz2bRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkANlyLmLRQoeSfVnKpA8odgdD31H564NiKJ73Gccl/RQSwiwSha6bGHQoY8v530qzW37s5AlolXkBoUaParX70wYZniMTJJjel6bop+TjUKJvmk0ssMTykb0QHvWhpTxY2fzw6ekBOrhCRKtK0YyUz9PZFTZcxYBbZTURyaRW8q/ud1M4wu/VzEaYY8ZvNFUSYJJmT6PQmF5gzl2BLKtLC3EjakmjK0GVVsCN7iy8ukfVb33Lp3d15rXBVxlOEIjuEUPLiABtxAE1rAQMEzvMKbo50X5935mLeWnGLmEP7A+fwB/WiQhA==</latexit><latexit sha1_base64="fGA20hNwIF3YatLJBbEJGopSiZM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iqYGulDWWz2bRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkANlyLmLRQoeSfVnKpA8odgdD31H564NiKJ73Gccl/RQSwiwSha6bGHQoY8v530qzW37s5AlolXkBoUaParX70wYZniMTJJjel6bop+TjUKJvmk0ssMTykb0QHvWhpTxY2fzw6ekBOrhCRKtK0YyUz9PZFTZcxYBbZTURyaRW8q/ud1M4wu/VzEaYY8ZvNFUSYJJmT6PQmF5gzl2BLKtLC3EjakmjK0GVVsCN7iy8ukfVb33Lp3d15rXBVxlOEIjuEUPLiABtxAE1rAQMEzvMKbo50X5935mLeWnGLmEP7A+fwB/WiQhA==</latexit><latexit sha1_base64="fGA20hNwIF3YatLJBbEJGopSiZM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iqYGulDWWz2bRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkANlyLmLRQoeSfVnKpA8odgdD31H564NiKJ73Gccl/RQSwiwSha6bGHQoY8v530qzW37s5AlolXkBoUaParX70wYZniMTJJjel6bop+TjUKJvmk0ssMTykb0QHvWhpTxY2fzw6ekBOrhCRKtK0YyUz9PZFTZcxYBbZTURyaRW8q/ud1M4wu/VzEaYY8ZvNFUSYJJmT6PQmF5gzl2BLKtLC3EjakmjK0GVVsCN7iy8ukfVb33Lp3d15rXBVxlOEIjuEUPLiABtxAE1rAQMEzvMKbo50X5935mLeWnGLmEP7A+fwB/WiQhA==</latexit>

J̃
<latexit sha1_base64="fGA20hNwIF3YatLJBbEJGopSiZM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iqYGulDWWz2bRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkANlyLmLRQoeSfVnKpA8odgdD31H564NiKJ73Gccl/RQSwiwSha6bGHQoY8v530qzW37s5AlolXkBoUaParX70wYZniMTJJjel6bop+TjUKJvmk0ssMTykb0QHvWhpTxY2fzw6ekBOrhCRKtK0YyUz9PZFTZcxYBbZTURyaRW8q/ud1M4wu/VzEaYY8ZvNFUSYJJmT6PQmF5gzl2BLKtLC3EjakmjK0GVVsCN7iy8ukfVb33Lp3d15rXBVxlOEIjuEUPLiABtxAE1rAQMEzvMKbo50X5935mLeWnGLmEP7A+fwB/WiQhA==</latexit><latexit sha1_base64="fGA20hNwIF3YatLJBbEJGopSiZM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iqYGulDWWz2bRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkANlyLmLRQoeSfVnKpA8odgdD31H564NiKJ73Gccl/RQSwiwSha6bGHQoY8v530qzW37s5AlolXkBoUaParX70wYZniMTJJjel6bop+TjUKJvmk0ssMTykb0QHvWhpTxY2fzw6ekBOrhCRKtK0YyUz9PZFTZcxYBbZTURyaRW8q/ud1M4wu/VzEaYY8ZvNFUSYJJmT6PQmF5gzl2BLKtLC3EjakmjK0GVVsCN7iy8ukfVb33Lp3d15rXBVxlOEIjuEUPLiABtxAE1rAQMEzvMKbo50X5935mLeWnGLmEP7A+fwB/WiQhA==</latexit><latexit sha1_base64="fGA20hNwIF3YatLJBbEJGopSiZM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iqYGulDWWz2bRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkANlyLmLRQoeSfVnKpA8odgdD31H564NiKJ73Gccl/RQSwiwSha6bGHQoY8v530qzW37s5AlolXkBoUaParX70wYZniMTJJjel6bop+TjUKJvmk0ssMTykb0QHvWhpTxY2fzw6ekBOrhCRKtK0YyUz9PZFTZcxYBbZTURyaRW8q/ud1M4wu/VzEaYY8ZvNFUSYJJmT6PQmF5gzl2BLKtLC3EjakmjK0GVVsCN7iy8ukfVb33Lp3d15rXBVxlOEIjuEUPLiABtxAE1rAQMEzvMKbo50X5935mLeWnGLmEP7A+fwB/WiQhA==</latexit><latexit sha1_base64="fGA20hNwIF3YatLJBbEJGopSiZM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi3iqYGulDWWz2bRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzglQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkANlyLmLRQoeSfVnKpA8odgdD31H564NiKJ73Gccl/RQSwiwSha6bGHQoY8v530qzW37s5AlolXkBoUaParX70wYZniMTJJjel6bop+TjUKJvmk0ssMTykb0QHvWhpTxY2fzw6ekBOrhCRKtK0YyUz9PZFTZcxYBbZTURyaRW8q/ud1M4wu/VzEaYY8ZvNFUSYJJmT6PQmF5gzl2BLKtLC3EjakmjK0GVVsCN7iy8ukfVb33Lp3d15rXBVxlOEIjuEUPLiABtxAE1rAQMEzvMKbo50X5935mLeWnGLmEP7A+fwB/WiQhA==</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

y
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Spins A, B could be proximal NV centers or other imbedded quantum 
impurities or quantum dots, whose spectral properties and/or effective 
interaction     with the magnetic substrate could be dynamically tunedJ̃
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FIG. 1. (a) The proposed hybrid quantum system: An antiferro-
magnetic film harbors a DW of width λ along the x axis. This soliton
interpolates between the ground states with lz = ±1 at y → ∓∞,
where l is the Néel order parameter. The x-dependent variables
(Y, ") identify, respectively, the y position and the azimuthal angle
of the order parameter at the DW center. Two QI spins, placed
at a height d above the DW and distance L from each other,
interact magnetostatically with the film’s spin density m. The axial-
symmetry breaking magnetic field h is applied along the y direction.
(b) Dispersions of the collective spin modes in the film. Dark green
line: Bulk spin-wave (SW) dispersion with energy gap #. Blue
line: Dispersion of the spin-superfluid mode in the presence of the
magnetic field h = hy, which opens a gap #s ∝ h. Red line: String
sound mode. (c) The QI spin 1/2 is quantized along the y axis, with
the level splitting of h̄ω.

L from each other and at a height d above the domain wall,
as shown in Figs. 1(a) and 1(c). The QI spin at a position
!ri couples to the stray field B(!ri ) = γ

∫
d!r D(!r,!ri )m(!r) gen-

erated by the antiferromagnetic spin density m(!r) via the
Zeeman interaction. Here, γ (γ̃ ) is the gyromagnetic ratio of
the magnetic film (QI spin) and D the tensorial magnetostatic
Green’s function [22,23]. Starting from the Lagrangian of
a bipartite antiferromagnetic film with uniaxial anisotropy
along the z axis, one can derive the Hamiltonian of each
DW mode by using the collective coordinate approach, i.e.,
focusing on the dynamics of the DW position Y and of the
azimuthal angle " of the Néel order parameter therein [19].

An external magnetic field h = hy sets the QI quantization
axis along the y direction and enforces a Bloch domain wall
configuration, i.e., " = 0. As discussed in detail later, these
choices lead to vanishing coupling between each QI spin and
the DW string mode. Moreover, the magnetic field opens up
a gap #s = γ h in the spin-superfluid dispersion, as shown in
Fig. 1(b). Here, we take the spin-superfluid gap to be much
smaller than the spin-wave bulk gap. Thus, at QI resonance
frequencies comparable with the spin-superfluid gap, we can
neglect the QI coupling with bulk spin waves and focus on its
interaction with the spin-superfluid mode.

For a DW of length &, we focus on the coupling between a
QI spin and a single spin-superfluid mode. The latter can be
quantized in terms of the magnon creation (annihilation) oper-
ator a†

k (ak) with dispersion h̄ωk . The interaction Hamiltonian

becomes

Hint = gσ+ak + H.c., (1)

where σ± = σx̃ ± iσỹ, with σα̃ being the α Pauli matrix in the
QI spin reference frame. Note that, in deriving Eq. (1), we
have assumed g % ω & ωk . The cooperativity associated to
Eq. (1) can be defined as C = g2τsT2 [13], where T2 is the
intrinsic QI dephasing time and τs the DW-mode relaxation
time. We find the coupling g as

g = h̄γ γ̃

2

√
λχ h̄ωk

[
D2

xz(k, d ) + D2
zz(k, d )

]

2&
, (2)

where χ is the static uniform transverse spin susceptibility
and λ the DW width. Here, Dαβ (k, d ) is the one-dimensional
Fourier transform of the magnetostatic Green’s function
Dαβ (!r,!ri ) at the QI position !ri = (0, 0, d ). This function
decreases rapidly as function of the distance d and it is
maximized for k ∼ 1/d .

For a DW of infinite length, we focus on the coupling
between the QI spins and the continuum of the spin-superfluid
mode. The strength of the effective qubit-qubit coupling and
the single-qubit decoherence are parametrized, respectively,
by the real (χ ′) and imaginary (χ ′′) part of the spin-superfluid
dynamical transverse spin susceptibility χzz(k,ω). As dis-
cussed below, we find the coupling Hamiltonian as

Hc =
∫

dk
2π

f (k, d )χ ′
zz(k,ω) cos(kL)σ+

1 σ−
2 + H.c., (3)

with f (k, d ) = [D2
zz(k, d ) + D2

xz(k, d )](γ γ̃ )2/16. In our ge-
ometry, the stray field associated with the spin-superfluid
mode is transverse to the QI quantization axis. Thus, while
there is no QI dephasing due to purely longitudinal coupling,
the spin-superfluid mode gives rise to QI relaxation processes.
The associated QI relaxation rate reads as

T −1
1 (ω) = coth (β h̄ω/2)

∫
dk
π

f (k, d )χ ′′
zz(k,ω). (4)

Equation (4) accounts for processes in which the creation or
annihilation of a magnon gives rise to a QI transition between
its spin states and vice versa. For ω < #s (or ω < #s − 1/τs,
when accounting for magnetic damping), the magnon spectral
density vanishes and the relaxation rate (4) is minimized.
On the other hand, the real part of the spin susceptibility
decays exponentially on the length scale &s = c/

√
#2

s − ω2,
i.e., χ ′

zz(x) ∝ &se−x/&s . Thus, to maximize the ratio between
the effective qubit-qubit coupling and the single-qubit deco-
herence, one needs to set the QI frequency just below the gap,
i.e., ω ! #s (or ω ! #s − 1/τs).

Antiferromagnetic system. At temperatures far below the
Néel temperature, we can describe the low-energy long-
wavelength dynamics of a bipartite antiferromagnet in terms
of the directional Néel order parameter field l(!r, t ), with |l| =
1. The Lagrangian of an isotropic cubic antiferromagnet with
exchange stiffness A and uniaxial anisotropy K can be written
as

L[l, l̇] = χ

2

∫
d!r(l̇ + γ l × h × l)2 − H[l],
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The scalability of quantum networks based on solid-state spin qubits is hampered by the short range of natural
spin-spin interactions. Here, we propose a scheme to entangle distant spin qubits via the soft modes of an
antiferromagnetic domain wall (DW). As spin qubits, we focus on quantum impurities (QIs) placed in the vicinity
of an insulating antiferromagnetic thin film. The low-energy modes harbored by the DW are embedded in the
antiferromagnetic bulk, whose intrinsic spin-wave dynamics have a gap that can exceed the THz range. By setting
the QI frequency and the temperature well within the bulk gap, we focus on the dipolar interaction between the
QI and two soft modes localized at the DW. One is a stringlike mode associated with transverse displacements of
the DW position, while the dynamics of the other, corresponding to planar rotations of the Néel order parameter,
constitute a spin superfluid. By choosing the geometry in which the QI does not couple to the string mode, we
use an external magnetic field to control the gap of the spin superfluid and the qubit-qubit coupling it engenders.
We suggest that a tunable micron-range coherent coupling between qubits can be established using common
antiferromagnetic materials.

DOI: 10.1103/PhysRevB.99.140403

Introduction. The discovery of quantum-impurity (QI)
model systems, such as NV color centers [1] and spin qubits
in silicon [2], which show long coherence times and can
be efficiently initialized and read out [3,4], has stimulated
a vast interest within the field of quantum computing [5–8].
Direct coherent coupling between single NV centers has been
already observed by several groups [9–11]. However, due to
its dipolar nature, such spin-spin coupling extends only up
to tens of nanometers. This distance requirement for their
interaction limits the implementation of large-scale quantum
entanglement schemes, where the ability of addressing each
qubit individually must also be preserved. To circumvent
this drawback, numerous proposals for the coherent coupling
of atomistic qubits revolve around hybrid quantum devices,
where distant qubits interact indirectly via, e.g., mechanical
resonators [12,13], superconducting flux qubits [14], photons
[15], metallic gates [16] or spin waves [17].

While the interaction between NV centers and spin waves
has recently allowed one to probe a range of magnetic
phenomena with high spatiotemporal resolution [18], hybrid
architectures relying on magnetic insulators as building blocks
remain relatively unexplored. In Ref. [17], spin waves in mi-
crofabricated ferromagnetic waveguides have been proposed
to mediate long-distance coupling between spin qubits. In
this Rapid Communication, we instead suggest to employ
low-energy excitations associated with extended spin textures,
such as domain walls, in an otherwise homogeneous magnetic
background.

Specifically, we consider an antiferromagnetic insulating
film with uniaxial anisotropy, which supports an extended
domain wall (DW), as depicted in Fig. 1(a). The antiferro-
magnetic DW harbors two types of Goldstone modes asso-
ciated with its real- and spin-space dynamics [19]. These
are respectively related to the zero modes associated with
the DW displacement Y and the azimuthal angle ! of the

Néel order parameter therein. Two QI spins, placed above
the DW, interact dipolarly with the collective spin modes of
the antiferromagnetic system, whose dispersion relations are
shown in Fig. 1(b). By setting the QI resonance frequency
within the bulk gap, which is of the order of 0.1–1 THz in
many of the common antiferromagnetic materials [20], we can
focus on the excitations endowed by the DW for both qubit
decoherence and qubit-qubit coupling. The string mode is a
translational-symmetry restoring Goldstone mode that cannot
be easily gapped (unless we pin the DW position), which
may pose problems for controlling the relative importance of
the coherent coupling and the decoherence [19]. We show,
however, that in the appropriate geometry, the string mode
decouples from the spin qubits, at the leading order. There-
fore, the U (1)-symmetry restoring Goldstone mode, whose
dynamics realizes spin superfluidity [21], is left to control
both the effective qubit-qubit coupling and qubit decoherence.
These can thus be tuned via an in-plane magnetic field, which
opens a gap in the spin-superfluid spectrum.

In this Rapid Communication, we address two distinct but
related problems. First, we consider a spin qubit to couple to
a single quantized spin-superfluid mode of a ∼ micron-long
DW. We show that the associated cooperativity can be large,
suggesting that two distant spin qubits can be in principle
coupled coherently via a single superfluid mode. Second, we
look at the interplay between the qubit decoherence and the
qubit-qubit interaction provided by the continuum of modes
in an infinite DW. We find that the spin-superfluid mode can
mediate a two-qubit gate with an operation rate of the order
of tens of kHz, when the qubits are placed at the distance of a
micron from each other. The gate-operational rate is found to
be larger (by a factor ∼102) than the QI decoherence rate due
to the spin-superfluid noise.

Main results. We consider two QI’s with spin-1/2 Si (for
i = 1, 2) with resonance frequency ω, placed at a distance
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Intrinsic entanglement of magnetic materials, even simple ferromagnets, has 
rich structure, which opens new ways to think of the fundamental (quantum) 
material properties

From the quantum-information perspective, it is intriguing to think of magnets 
as natural entanglement reservoirs, which could be distilled for practical tasks 
like quantum teleportation

Thank you!

By imprinting the bulk entanglement onto 
integrated quantum impurities/dots, we can tap 
into established optical and electrical probes to 
measure spin dynamics and spin-spin correlations

anisotropic magnetic medium

Some take-home messages


