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∑
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∑
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α !=α′
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∑
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∑

i ,σ
α<α

′

U ′
i ,α,α′ (ni ,α,σni ,α′,σ + ni ,α,σni ,α′,σ̄)

−

∑
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∑
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∑
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†
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H = J
(

Si · Sj

)

+ ...
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*+,,($)-."-/,($
0+1(&."$(+$

!

|↑, ↓〉 |↓, ↑〉|↑↓, ·〉
($'(234.-4"5,&($) '(234.-4"5,&($)

!
"!

!

|↑, ↓〉 |↓, ↑〉

H = −

∑

ij

Jij (Si · Sj )

−

∑

ij

Dij · (Si × Sj )

−

∑

ijkl

Bij

(

Si · Sj

)2

−

∑

ijk

Yijk

(

Si · Sj

)

(Si · Sk )

−

∑

ijkl

Kijkl

(

Si · Sj

)

(Sk · Sl )
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Y3×3 = + (t − t
′)2

· (t2 + 2tt
′ + 3t

′2) ·

[

−

1

(U + 2JH )2
·

(

16

9(2U + 3JH + U ′)
+

8

9(2U + 4JH − U ′ + J ′

H
)

+
16

81JH

)

+
16

243(U + 2JH )J2
H

−

16

243(5JH + U)J2
H

]

+
1

(U + 2JH )2
·

[

−

8t4 + 64t2t ′2 + 32tt ′3 + 40t ′4

9(2U + 4JH − U ′
− J ′

H
)

+
16t ′2(t ′ + 2t)2

9(U + 2JH − U ′
− J ′

H
)

+
64t4 + 384t2t ′2 + 128tt ′3 + 288t ′4

27(U + 2JH )

]
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H3 = −

∑

ijk

Yijk

(

Si · Sj

)

(Si · Sk )
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! 5-./')-%#"&)#,''n
†
3,1,↓n

†
1,2,↑c

†
3,2,↓c

†
2,2,↑c

†
2,1,↑c

†
1,1,↓c1,1,↑c2,1,↓c2,2,↓c3,2,↑
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1

2

∑

ij

Jij mi · mj +
∑

ij

Dij (mi × mj ) +
∑

ij

Cij (mi · mj )(mi × mj ) + · · ·
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E!"# ([n], {M}) −→ E!"# ([n], {M + δM}) = E!"# ([n], {M})+δE$% ({M + δM}) +O((δM)2(δn)2)

Gij = Aij σ0 + Bij · σ

G
ji

G
ij

t
i

t
j ln(1 − x) = −x −

x
2

2
−

x
3

3
−

x
4

4
− · · ·

!"#$%&'()*+",%& &#&*$- δE!" = −

1

π
Im

∫
ǫF

−∞

dǫ Tr ln [1 − G(ǫ)δt(ǫ)]

δti(ǫ) = t
s

i
(ǫ) δSi · σ
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δEijδS

./%%&,+"#$ ! 0
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δtjδti → Si ⋆ Sj =

∑

ij

[

J
iso

ij δSi · δSj + Dij ·

(

δSi × δSj + δSi · J
ani

ij · δSj

)]

3"+4

J
iso

ij =−

1

π

Im Tr

∫

ǫF

−∞

dǫ
{

Aij(ǫ)t
s
j (ǫ)Aji(ǫ)t

s
i (ǫ) +

[

Bij(ǫ)t
s
j (ǫ)

]

· [Bji(ǫ)t
s
i (ǫ)]

}

Dij = −

1

π

Re Tr

∫

ǫF

−∞

dǫ
{

Aij(ǫ)t
s
j (ǫ)Bji(ǫ)t

s
i (ǫ) − Bij(ǫ)t

s
j (ǫ)Aji(ǫ)t

s
i (ǫ)

}

5#$%6 /*7&* +&*10' δE2!spin = −

1

2π
Im Tr

∫
ǫF

−∞

dǫ
∑

ij

Gij(ǫ)δtj(ǫ)Gji(ǫ)δti(ǫ)

!"#$%&'()*+!"#$"%&'",-'"#./00"#!!1#233#456567
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H = −

∑

ij

Jij (Si · Sj )

−

∑

ij

Dij · (Si × Sj )

−

∑

ijkl

Kijkl [
(

Si · Sj

)

(Sk · Sl )

+ (Si · Sl )
(

Sj · Sk

)

− (Si · Sk )
(

Sj · Sl

)

]

−

∑

ij

Bij (Si · Sj )
2

−

∑

i

Ki S2
i sin2φi

!"#$%"&!"#$%&'&()*+,"&-./0#10&2'&234&567338

!"#$%&'!()&*!+%#*),&

-.()&*!+%#*),&

%&)/,*+,01

23/0)&()&*!+%#*),&

4)56%7+%*)#()&*!+%#*),&

9:0.#;)&!"#$%&'-<=&37>'&7>267?&567368

!"#$%&'''(

)*+#,&''-(

!"#$%&'()*+),)(%-./-.0'1#20-*.(

−

∑

ijkl

Kijkl [
(

Si · Sj

)

(Sk · Sl )

+ (Si · Sl )
(

Sj · Sk

)

− (Si · Sk )
(

Sj · Sl

)

]

−

∑

ij

Bij (Si · Sj )
2



!"#$%"&'()*+,#()*-./'(&0%"12'3'4545#56#78 79:'(&;<&0=&2'4545>>>:?@#AB&$%CD:E&F;G%F;G%#7 )1G&'47

15 atoms per unit cell

!" #$%$&'(") $%*+),---./*#'0%"1+2 3%+1 2"&&

!"#$

A

B

[110]

University of Hamburg 

K. von Bergmann

exp. magnetic unit cell

|A| ≈ |B| ≈ 1 nm
! 45" to close packed row
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!"#$%!"#&'(%)'()*('+#,$! -,& -./#&01112

!"#$%&"#'()*

+,#&,$-,'.%/01,)%!

"#$%&'()*+,$%+*-#!

!

Γ

"

H = −

∑

ij

Jij (Si · Sj )
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!"!#$%&'(")#*+,)*("-&)(&).!&-/%#0*(" 12))*'!

! "#$%&

!

"

"'()*+,*+-./&0-*1+

!"#$%&'()*+,,&-.)

/.0&(./)1#)!"2)#

! "#$%&

!

"

!"#$%&'()*+,,&-.)

0'$)#345!

!6&()!6&$+*!

.203&+4.,.+./45

7)8%.9:

7)8%.9:
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!"#$%"&%'()*#"+,-.+/--01"!-)*%-.23%

!"#$%&'()$*"
+*,"#-(+.*+&/$%-0

%&'()$*"

+.*+&/$%-0

%&'()$*"

+.*+&/$%-0

%&'()$*"

!"#$%&'()$*"
+*,"#-(+.*+&/$%-0

%&'()$*"

!"#$%&"#'()%*+,-.'%/%0123(4
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!"# !"#$%&'# (!"#

!"#$%&'() *'($+,+&#-'.(+,(/0122234((*'5/012223

)

!"#$%&' !"#$%&()*+,-.)/010%-)/2"'3')4)!"#()5565)75899:
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Γ K M Γ
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e
]

!"# !"#$%&'# (!"#

)*+,-.-&#

!!""

)*+,-.-&#

!!""

/*+,-.-&#

)
!"#$%&' !"#$%&()*+,-.)/010%-)/2"'3')4)!"#()5565)75899:

)

!"#$%&'() *'($+,+&#-'.(+,(/0122234((*'5/012223
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Γ K M Γ

−20

0

20

40

E
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−
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F
M

  [
m

e
V

/F
e
]

!"# !"#$%&'# (!"#

)*+,-.-&#

!!""

)*+,-.-&#

!!""

/*+,-.-&#

∆E(3/4ΓK) = 4 (2K − B)

∆E(1/2ΓM) = 4 (2K − B)

∆E(M) = 16/3 (2K + B)

!"#$%&' !"#$%&()*+,-.)/010%-)/2"'3')4)!"#()5565)75899:

)

!"#$%&'() *'($+,+&#-'.(+,(/0122234((*'5/012223
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Γ K M Γ

−20
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−
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  [
m
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/F
e
]

!"#$%&%'(

!!""

!"#$%&%'(

!!""

)"#$%&%'(

!"#$%&'(!"#$%&)(*+,-.(/010%-(/2"'3'(4(!"#)(5565(75899:

∆E(3/4ΓK) = 4 (2K − B) + 4 Y3spin

∆E(1/2ΓM) = 4 (2K − B) − 4 Y3spin

∆E(M) = 16/3 (2K + B) − 16/3 Y3spin

J1 = 3.80 meV

B = 3.39 meV

K = 0.07 meV

Y3spin = 4.00 meV

*+

!"#$%&'() *'($+,+&#-'.(+,(/0122234((*'5/012223
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!"#$%#!%#&'()*(+%,(#-./%0-
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!"#$%&'("#%)*+%&)*,-.)%/&+0-1/,#+

/&*+2233 #)-)*+/1*,+)4*+/)4*,

) + 4 Y3spin ) − 4 Y3spin

!"#$%&'''(
2233 #)-)*+#)-5%6%7*3+58
!"#$%&'("#%)*+%&)*,-.)%/&

!"#$%&'()*'+#,"#-./0*11+#,"#234405''+#6"##$)00)%+#7"#-)89)%1+#,"#:3;1+#6"#$<=>)%1+#,"#?&/0)+#?"#!(3'5@*+#6"#
$<;)(+#2"#!"#!(9%*1/)'+#,"#?3A)+#B"#?*/(05C)%+#5'A#-"#?(<;)(#DEF#!"#+#GHIGHG#JGHKLM

−

∆E(1/2ΓM) = 4 (2K − B)∆E(3/4ΓK) = 4 (2K − B) + 4

!"#$%&'(&)%&*%+,$-.#% "./%&-,/"(.0

4%94*,"/,3*,+*:.4-&9*+%&)*,-.)%/&#+.-&+5*+.-6.26-)*3+58

$*,0/,;%&9+<=>+.-6.26-)%/&#+0/,+#%&96*"?+@#$%&"#$%,-6#A+-&3+

;26)%"?+@2233B+(?B+CA+#)-)*#+0,/;+)4*%,+*&*,98+3%00*,*&.*#
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!"#$%&' ()

!"#"$%"&'"()*+,('$"-

!"#$%&&'(#")*+%,&#(-,.#.'#/%0

1"2'&3#4",."&5"06#7&("0%$(,'&.

./'*+0&)1,/+"2)&'"()*+,('$"

!"#$%#&'()"*(+'#%,-".,#)/

Dij · (Si × Sj)

!"#!"#$%$#%&'$#(&')*$#!"+#,-.#/0-,,1

3)4)

56 -#7*8'$"-

2&345&64 !"#$%$#%&37#8)''$#!#+#9:;<#/0-,91

9"4)

:6 -;'"&()1(<*)

.$8;0)1&8+2")(',&()1(<*)- =*$8 )1$(',&'"()*+,('$"-

!"#"

!"#$%&#&%'($)*"+,(-.&//,

!"#+&%&#&%'($)*./0(&1%+2*0%..%+2

$%#"

+/&*"+,(-.&//,
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!"#$%&'()'$&%*"(&'+$,)'$)-./)(+!0+1$2,

!"#$#%#&'($)*$+#,-#%.#&'$,%/#&01/,)%

M1

M2

M3

M4

Ge1

Ge1

Ge3

Ge4

Ge2

Ge3

Ge4

Ge2

!"#$%&'(()

!"#$%&'()*"+,'-.&/"0
!"1'"$(2#34

"! 5 67829:";2(4"$<)3"2&"
!!" #$%&4"$(2#4"

*+,$#-.(+,%/01%2,3',)

(='"$&%9'3"28"'$*="3>)&"
$;'";'8';;':"(2"(='"
3?##'(;?":);'*()2&""! )3"
(='"3$#'@

!!
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!

"

4&(-/05$0%6$70'%#/,1$-/&81/8&#
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2;:';"#$%&'()*")&(';$*()2&34

A E=$("$;'"(=23'"#$%&'()*")&(';$*()2&3F

E
!"

= −

1

2

∑

ij

Jij Si · Sj = !"#$%

Si(θ,φ) =





nix sin(θ) cos(φ)
niy sin(θ) sin(φ)

niz cos(θ)




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9,&-/2:&,%1,:5#-$;<9!=$&#-85/-$

φ = 45
◦

0° 45° 90° 135° 180°

0

5

10

15

FeGe

E
n
er

g
y
 (

m
eV

)

Without SOI
With SOI

0° 45° 90° 135° 180°

0

20

40

60

MnGe

E
n
er

g
y
 (

m
eV

)

Without SOI
With SOI

φ = 45
◦



!"#$%"&'()*+,#()*-./'(&0%"12'3'4545#56#78 79:'(&;<&0=&2'4545>>>:?@#AB&$%CD:E&F;G%F;G%#7 )1G&'HI
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!!""#$%&$'&()*+,-&'.,/&$+)0#,1

E4 = −
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!"#$%&&'())#!"#$%&'#*+, !"!-#./0012#3/./.4
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!"#!$%&'"('#$)'*#&$+,!&*"#

Sj

Si Sk

!"#$%&'(!"#$%&' )%'*+%*(!"#,(-./0(1-2234

)&'+56$,(7"#"68",(9:;($%,(33<=23(1-2234

!"#$%&'()**)+%, !"##$%&'$%'%"%("))$%*+,'-+(./

&,"0%1'&*%*,+2*3'*4*,&*%2'54+&%*2$('6$*)17

!"#$#%&!'()&

"*(%#$(+,
χ△ = Si · (Sj × Sk )B!"

∝ n̂ · (∂x n̂ × ∂y n̂)
!!"#$%&'
←−

!"#$%&'(!(!!

←−L
!"
△

= κ
!"
△

B
#$
△

)*+$,$#$-./0#*
$12.+0#*"3"/4,+.2.#.+5
κ
!"

!"#$%
!&'&(&)*+,(%"-.*/,(%#&012/

"!#$%&'()*+!"#$"%&'",-'!#./00!#!!1#233#456567

! !"#$%&'(#)%"*%+*",-*(.)$/0*)"#,$/(#)%"*1*
!"#"$"%&'($)'*&+($,&-!.+('!&"-,

o 2.)$/032.)$/0*!"#,$/(#)%"*422!5*

o 67)"3(.)$/0*!"#,$/(#)%"****462!5

! 8.,"%9,"%0%:)(/0*)"#$%&'(#)%"*

! !";,<#):/#)%"*%+*=>?3@,A,B*C"A,

! 6D,#(.*%+*9%$,*$):%$%'<*&,$);/#)%"*

>"+?*(!"#$%&' 9:@("&,(3-333A1:4(1-23<4B((((((

)%'C(:*DC(%,(A32/=(1-23/4
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!"!#$!%&'()!*+ ,%+'&-.-*-$)/,*'-#0)&,*'"-"!%&

!"#$%&'#()*#+,

-./(0/$+12%3#/*4

χijk = Si · [Sj × Sk ]

B
!"

∼ χijk τ ijk = Si ·[Sj×Sk ]

56"6*60#7)*18(9#+)*1.6./$+

L
!"
ijk = κ

!"
ijk Si · [Sj × Sk ] τ ijk

5'/1+6+)*158:1"/(1)+6.1;#+/

L
!"
i =

∑

j,k

L
!"
ijk =

=

∑

j,k

κ
!"
ijk χijk τ ijk

!"#$" %&'()*!"#$+",*-./"*0)1"*!,*23456*784359

:"*0"*;<=*!"#$%",*>?@@<'"*$ABC"*",*D4*784369

E" F&G<.A/*!"#$%&'#-./)'.)*#$",*8H5I*784439

J"*%?KK@&''*!"#$%",*$ABC"*0)L"*M*$#,*484243709*7843H9

J"*N"*-"*O/&C*!"#$%",*P&Q"*>?@@<'"*!,*3ID3I*7843D9
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!"#$%&'#()*#+,

-./(0/$+12%3#/*4

χijk = Si · [Sj × Sk ]

B
!"

∼ χijk τ ijk = Si ·[Sj×Sk ]

56"6*60#7)*18(9#+)*1.6./$+
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ijk = κ

!"
ijk Si · [Sj × Sk ] τ ijk

5'/1+6+)*158:1"/(1)+6.1;#+/
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ijk χijk τ ijk

!"#$%&'(!)*+(,-.%(!/",-*/(0!%1&*(2

!"#$%
!"#$%&'()*+,(-./%()0"-.+0(1)%2&345

E
!"

= κ
!"

∑

i

L
#$
i

· Si =

=
∑

i(jk)

κ
!"
ijk (τ ijk ·Si) [Si ·(Sj×Sk)]

!"#$%8(9#+1-33/7+;

! !"# "#$%&'$()*+,'+$-)#"%'$".%'+/0%"*.1$/+"#'#$/#$/$+'#23%$
*4$/$,"+'0%$0*253".6$7'%8''.$%&'$$%& /.,$3*0/3$#5".#$

! !"# "#$+*%/%"*./339$/."#*%+*5"0$".%'+/0%"*.

! !"#'()*+,-.'/+/01+23)/)-'.4-,14,-5.'
+('.1)3)-'.26/'176-)3648'+('.2516(61'.69/

! !"# ,'5'.,#$*.$#5".)*+7"%$0*253".6$:;<=>

!"#$" %&'()*!"#$+",*-./"*0)1"*!,*23456*784359

:"*0"*;<=*!"#$%",*>?@@<'"*$ABC"*",*D4*784369

E" F&G<.A/*!"#$%&'#-./)'.)*#$",*8H5I*784439

J"*%?KK@&''*!"#$%",*$ABC"*0)L"*M*$#,*484243709*7843H9

J"*N"*-"*O/&C*!"#$%",*P&Q"*>?@@<'"*!,*3ID3I*7843D9
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!"#$%&'()*+,&'()*+%(!-")*&-(.!%/&&(0
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!"#$%&'($)*+!,-.$*
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M12 I1 · I2

#$%%&'()*$%%&'(+,'(&%-*(,.'
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2
[Si · (Sj × Sk)] τ

†
ijk κ

CC

ii′
τi′j′k′ [Si′ · (Sj′ × Sk′)]

!"#$%&'("#$%&)#*+,$%(+#-*).!!/0
! !!" "#$%&'$()*+,'+$()#"%'$"-%'+./%"*-$

! #$%&'()*)+$+,)*-.+/*01*2$34,+.5*
+,6+'(,

! "#$%&$'()*+,*-$./$0$!"# 0,-$+*12%+*&$,($
34"$0,-$,($*5#*+,06$789%*6-:

! "#$%&$+(#0#%(,066/$%,)0+%0,#$;<%+06$%,#*+0;#%(,
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!"#$#%&"'(%#$()* χ△ = Si · (Sj × Sk) −→ χ(r) ∝ F(r) · τ(r)
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fβγ = m ·
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∂rβ
×
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]

!"#$ α, β, γ, ∈ {x , y , z}
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∑
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dr q
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