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• dynamics non-trivial (eigenstates not shared) once

deterministic 
Schrödinger evolution

for measurement observable
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Small quantum systems: Measurements

• two types of quantum dynamics

stochastic measurement  
evolution
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Small quantum systems: Measurements

• two types of quantum dynamics

stochastic measurement  
evolution

e.g. Mott-insulator to superfluid 
transition in cold atoms

• non-commuting operators lead to (quantum) phase transitions

➡  combine measurement and many particles: similar scenario?
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Many-body systems: Phase transitions
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Entanglement Phase Transitions in Random Circuits
Skinner, Ruhman, Nahum 

PRX (2019)
Li, Chen, Fisher, PRB 

(2018, 2019)

• model and key ingredients:

• randomly chosen local entangling unitary 
gates

• projective local measurement of non-
commuting observables



Entanglement Phase Transitions in Random Circuits
Skinner, Ruhman, Nahum 

PRX (2019)
Li, Chen, Fisher, PRB 

(2018, 2019)

• basic picture: competition in many-body context (measure       )

# unitaries/time

# measurements/time
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<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0

chaotic dynamics product state

<latexit sha1_base64="0IK0BDR2PGwK11MiRRX0tZoMJaw=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04rGC/cB2Ldk024Ym2SXJCnXpv/DiQRGv/htv/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3H5k2PFZ3dpSwQJK+4hGnxDrpvmN4X5Iuf3jqlspexZsCLxI/J2XIUeuWvjq9mKaSKUsFMabte4kNMqItp4KNi53UsITQIemztqOKSGaCbHrxGB87pYejWLtSFk/V3xMZkcaMZOg6JbEDM+9NxP+8dmqjyyDjKkktU3S2KEoFtjGevI97XDNqxcgRQjV3t2I6IJpQ60IquhD8+ZcXSeO04p9XvNuzcvUqj6MAh3AEJ+DDBVThBmpQBwoKnuEV3pBBL+gdfcxal1A+cwB/gD5/ALQjkO8=</latexit>

�z
i

➡volume law entanglement growth ➡area law entanglement growth

<latexit sha1_base64="BrxENt5dkK+F4RHBC8Q5dzR722o=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4Kokouiy6MZlBVsLTQiTySQdOo8wMxFK7cZfceNCEbd+hjv/xmmbhbYeuHA4517uvSfOGdXG876dytLyyupadb22sbm1vePu7nW0LBQmbSyZVN0YacKoIG1DDSPdXBHEY0bu48H1xL9/IEpTKe7MMCchR5mgKcXIWClyD4JcySSij4GmGUcRDRQSGSORW/ca3hRwkfglqYMSrcj9ChKJC06EwQxp3fO93IQjpAzFjIxrQaFJjvAAZaRnqUCc6HA0fWAMj62SwFQqW8LAqfp7YoS41kMe206OTF/PexPxP69XmPQyHFGRF4YIPFuUFgwaCSdpwIQqgg0bWoKwovZWiPtIIWxsZjUbgj//8iLpnDb884Z3e1ZvXpVxVMEhOAInwAcXoAluQAu0AQZj8AxewZvz5Lw4787HrLXilDP74A+czx90VJb0</latexit>Y

i

|�ii
<latexit sha1_base64="QE9fPY8jyGZHJV6/OPfUY4kUUHQ=">AAACCHicbVDLSgMxFM34rPU16tKFwSK4kDIjim6EohuXFewDOsOQSTNtaCYZkoylDF268VfcuFDErZ/gzr8xnc5CWw8EDufcw809YcKo0o7zbS0sLi2vrJbWyusbm1vb9s5uU4lUYtLAggnZDpEijHLS0FQz0k4kQXHISCsc3Ez81gORigp+r0cJ8WPU4zSiGGkjBfaBp2gvRgGFV9BLEySlGJ5AryuGPOeBXXGqTg44T9yCVECBemB/mTBOY8I1Zkipjusk2s+Q1BQzMi57qSIJwgPUIx1DOYqJ8rP8kDE8MkoXRkKaxzXM1d+JDMVKjeLQTMZI99WsNxH/8zqpji79jPIk1YTj6aIoZVALOGkFdqkkWLORIQhLav4KcR9JhLXprmxKcGdPnifN06p7XnXuziq166KOEtgHh+AYuOAC1MAtqIMGwOARPINX8GY9WS/Wu/UxHV2wiswe+APr8wdYi5mO</latexit>

�i =", #

• model and key ingredients:

• randomly chosen local entangling unitary 
gates

• projective local measurement of non-
commuting observables



Entanglement Phase Transitions in Random Circuits
Skinner, Ruhman, Nahum 

PRX (2019)
Li, Chen, Fisher, PRB 

(2018, 2019)

➡Phase transition in entanglement growth at finite competition ratio g

<latexit sha1_base64="D/65IpAnMePmuv/FarEdLDTa3kA=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04sFDRfsB7VKyabYNTbJrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmhYngxnreN1paXlldWy9sFDe3tnd2S3v7DROnmrI6jUWsWyExTHDF6pZbwVqJZkSGgjXD4fXEbz4xbXisHuwoYYEkfcUjTol1UusedwyX+LZbKnsVbwq8SPyclCFHrVv66vRimkqmLBXEmLbvJTbIiLacCjYudlLDEkKHpM/ajioimQmy6b1jfOyUHo5i7UpZPFV/T2REGjOSoeuUxA7MvDcR//PaqY0ug4yrJLVM0dmiKBXYxnjyPO5xzagVI0cI1dzdiumAaEKti6joQvDnX14kjdOKf17x7s7K1as8jgIcwhGcgA8XUIUbqEEdKAh4hld4Q4/oBb2jj1nrEspnDuAP0OcPDT6PUg==</latexit>

S ⇠ L
<latexit sha1_base64="Zmv0G3rDGzb/uVCrDzha6Liq1uQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwFRJRdFl047KifUATymQ6aYdOJmHmRqyh+CtuXCji1v9w5984bbPQ1gMXDufcy733hKngGlz321pYXFpeWS2tldc3Nre27Z3dhk4yRVmdJiJRrZBoJrhkdeAgWCtVjMShYM1wcDX2m/dMaZ7IOximLIhJT/KIUwJG6tj7t9jXPMY+sAfIaSI1OKOOXXEddwI8T7yCVFCBWsf+8rsJzWImgQqiddtzUwhyooBTwUZlP9MsJXRAeqxtqCQx00E+uX6Ej4zSxVGiTEnAE/X3RE5irYdxaDpjAn09643F/7x2BtFFkHOZZsAknS6KMoEhweMocJcrRkEMDSFUcXMrpn2iCAUTWNmE4M2+PE8aJ4535rg3p5XqZRFHCR2gQ3SMPHSOquga1VAdUfSIntErerOerBfr3fqYti5Yxcwe+gPr8wdFP5Ud</latexit>

S ⇠ const.

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

• basic picture: competition in many-body context (measure       )

# unitaries/time

# measurements/time
<latexit sha1_base64="WhlJqAkaDFG5YOwxaw4JZQaW4bY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHgbXvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyYbgLb68TJpnVe+i6t6fV2o3eRxFOIJjOAUPLqEGd1CHBjAI4Rle4c0ZOS/Ou/Mxby04+cwh/IHz+QNPlY02</latexit>g =

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0

chaotic dynamics product state

<latexit sha1_base64="0IK0BDR2PGwK11MiRRX0tZoMJaw=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04rGC/cB2Ldk024Ym2SXJCnXpv/DiQRGv/htv/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3H5k2PFZ3dpSwQJK+4hGnxDrpvmN4X5Iuf3jqlspexZsCLxI/J2XIUeuWvjq9mKaSKUsFMabte4kNMqItp4KNi53UsITQIemztqOKSGaCbHrxGB87pYejWLtSFk/V3xMZkcaMZOg6JbEDM+9NxP+8dmqjyyDjKkktU3S2KEoFtjGevI97XDNqxcgRQjV3t2I6IJpQ60IquhD8+ZcXSeO04p9XvNuzcvUqj6MAh3AEJ+DDBVThBmpQBwoKnuEV3pBBL+gdfcxal1A+cwB/gD5/ALQjkO8=</latexit>

�z
i

➡volume law entanglement growth ➡area law entanglement growth

<latexit sha1_base64="BrxENt5dkK+F4RHBC8Q5dzR722o=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4Kokouiy6MZlBVsLTQiTySQdOo8wMxFK7cZfceNCEbd+hjv/xmmbhbYeuHA4517uvSfOGdXG876dytLyyupadb22sbm1vePu7nW0LBQmbSyZVN0YacKoIG1DDSPdXBHEY0bu48H1xL9/IEpTKe7MMCchR5mgKcXIWClyD4JcySSij4GmGUcRDRQSGSORW/ca3hRwkfglqYMSrcj9ChKJC06EwQxp3fO93IQjpAzFjIxrQaFJjvAAZaRnqUCc6HA0fWAMj62SwFQqW8LAqfp7YoS41kMe206OTF/PexPxP69XmPQyHFGRF4YIPFuUFgwaCSdpwIQqgg0bWoKwovZWiPtIIWxsZjUbgj//8iLpnDb884Z3e1ZvXpVxVMEhOAInwAcXoAluQAu0AQZj8AxewZvz5Lw4787HrLXilDP74A+czx90VJb0</latexit>Y

i

|�ii
<latexit sha1_base64="QE9fPY8jyGZHJV6/OPfUY4kUUHQ=">AAACCHicbVDLSgMxFM34rPU16tKFwSK4kDIjim6EohuXFewDOsOQSTNtaCYZkoylDF268VfcuFDErZ/gzr8xnc5CWw8EDufcw809YcKo0o7zbS0sLi2vrJbWyusbm1vb9s5uU4lUYtLAggnZDpEijHLS0FQz0k4kQXHISCsc3Ez81gORigp+r0cJ8WPU4zSiGGkjBfaBp2gvRgGFV9BLEySlGJ5AryuGPOeBXXGqTg44T9yCVECBemB/mTBOY8I1Zkipjusk2s+Q1BQzMi57qSIJwgPUIx1DOYqJ8rP8kDE8MkoXRkKaxzXM1d+JDMVKjeLQTMZI99WsNxH/8zqpji79jPIk1YTj6aIoZVALOGkFdqkkWLORIQhLav4KcR9JhLXprmxKcGdPnifN06p7XnXuziq166KOEtgHh+AYuOAC1MAtqIMGwOARPINX8GY9WS/Wu/UxHV2wiswe+APr8wdYi5mO</latexit>

�i =", #

• model and key ingredients:

• randomly chosen local entangling unitary 
gates

• projective local measurement of non-
commuting observables



Entanglement Phase Transitions in Random Circuits
Skinner, Ruhman, Nahum 

PRX (2019)
Li, Chen, Fisher, PRB 

(2018, 2019)

➡Phase transition in entanglement growth at finite competition ratio g

<latexit sha1_base64="D/65IpAnMePmuv/FarEdLDTa3kA=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04sFDRfsB7VKyabYNTbJrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmhYngxnreN1paXlldWy9sFDe3tnd2S3v7DROnmrI6jUWsWyExTHDF6pZbwVqJZkSGgjXD4fXEbz4xbXisHuwoYYEkfcUjTol1UusedwyX+LZbKnsVbwq8SPyclCFHrVv66vRimkqmLBXEmLbvJTbIiLacCjYudlLDEkKHpM/ajioimQmy6b1jfOyUHo5i7UpZPFV/T2REGjOSoeuUxA7MvDcR//PaqY0ug4yrJLVM0dmiKBXYxnjyPO5xzagVI0cI1dzdiumAaEKti6joQvDnX14kjdOKf17x7s7K1as8jgIcwhGcgA8XUIUbqEEdKAh4hld4Q4/oBb2jj1nrEspnDuAP0OcPDT6PUg==</latexit>

S ⇠ L
<latexit sha1_base64="Zmv0G3rDGzb/uVCrDzha6Liq1uQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwFRJRdFl047KifUATymQ6aYdOJmHmRqyh+CtuXCji1v9w5984bbPQ1gMXDufcy733hKngGlz321pYXFpeWS2tldc3Nre27Z3dhk4yRVmdJiJRrZBoJrhkdeAgWCtVjMShYM1wcDX2m/dMaZ7IOximLIhJT/KIUwJG6tj7t9jXPMY+sAfIaSI1OKOOXXEddwI8T7yCVFCBWsf+8rsJzWImgQqiddtzUwhyooBTwUZlP9MsJXRAeqxtqCQx00E+uX6Ej4zSxVGiTEnAE/X3RE5irYdxaDpjAn09643F/7x2BtFFkHOZZsAknS6KMoEhweMocJcrRkEMDSFUcXMrpn2iCAUTWNmE4M2+PE8aJ4535rg3p5XqZRFHCR2gQ3SMPHSOquga1VAdUfSIntErerOerBfr3fqYti5Yxcwe+gPr8wdFP5Ud</latexit>

S ⇠ const.

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

• basic picture: competition in many-body context (measure       )

# unitaries/time

# measurements/time
<latexit sha1_base64="WhlJqAkaDFG5YOwxaw4JZQaW4bY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHgbXvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyYbgLb68TJpnVe+i6t6fV2o3eRxFOIJjOAUPLqEGd1CHBjAI4Rle4c0ZOS/Ou/Mxby04+cwh/IHz+QNPlY02</latexit>g =

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0

chaotic dynamics product state

<latexit sha1_base64="0IK0BDR2PGwK11MiRRX0tZoMJaw=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04rGC/cB2Ldk024Ym2SXJCnXpv/DiQRGv/htv/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3H5k2PFZ3dpSwQJK+4hGnxDrpvmN4X5Iuf3jqlspexZsCLxI/J2XIUeuWvjq9mKaSKUsFMabte4kNMqItp4KNi53UsITQIemztqOKSGaCbHrxGB87pYejWLtSFk/V3xMZkcaMZOg6JbEDM+9NxP+8dmqjyyDjKkktU3S2KEoFtjGevI97XDNqxcgRQjV3t2I6IJpQ60IquhD8+ZcXSeO04p9XvNuzcvUqj6MAh3AEJ+DDBVThBmpQBwoKnuEV3pBBL+gdfcxal1A+cwB/gD5/ALQjkO8=</latexit>
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• model and key ingredients:

• randomly chosen local entangling unitary 
gates

• projective local measurement of non-
commuting observables

• Physical pictures
Choi, Bao, Qi, Altman, PRL (2020); Fan et al. arxiv (2020); Li Fisher PRB (2021)

Jian, You, Vasseur Ludwig, PRB (2020), Nahum et al., PRX Quantum (2021)

• quantum error correction
• purification transition
• mapping to stat mech models

Gullans, Huse, PRX (2020); Gopalakrishnan, Gullans arxiv (2020)



Entanglement Phase Transitions in Random Circuits
Skinner, Ruhman, Nahum 

PRX (2019)
Li, Chen, Fisher, PRB 

(2018, 2019)

➡Phase transition in entanglement growth at finite competition ratio g
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• basic picture: competition in many-body context (measure       )
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• model and key ingredients:

• randomly chosen local entangling unitary 
gates

• projective local measurement of non-
commuting observables

• Physical pictures
Choi, Bao, Qi, Altman, PRL (2020); Fan et al. arxiv (2020); Li Fisher PRB (2021)

Jian, You, Vasseur Ludwig, PRB (2020), Nahum et al., PRX Quantum (2021)

• quantum error correction
• purification transition
• mapping to stat mech models

Gullans, Huse, PRX (2020); Gopalakrishnan, Gullans arxiv (2020)

Outline

•Model: monitored fermion chain
•New entanglement transition from log scaling to area law
•Effective field theory for measured Dirac fermions



Entanglement Phase Transition in a 
Monitored Fermion Chain

O. Alberton, M. Buchhold, SD, 
PRL 126, 170602 (2021)

c†l+1cl + c†l cl+1

i�c†l cl

entanglement growth
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Hamiltonian:
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Gaussian white noise

initial state: Néel product state

Monitored Fermion Dynamics
c†l+1cl + c†l cl+1

Bessel function

Ref Keyserlingk

i�c†l cl

• Weak continuous measurements: Quantum state diffusion Belavkin (1987); Gisin, Percival (1993)

Review: Jacobs, Steck,  
Contemp. Phys. (2006)
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Gaussian white noise

initial state: Néel product state

Monitored Fermion Dynamics
c†l+1cl + c†l cl+1

Bessel function

Ref Keyserlingk
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• Weak continuous measurements: Quantum state diffusion

• unitary dynamics: hopping 
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➡ volume law entanglement entropy
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Belavkin (1987); Gisin, Percival (1993)

Review: Jacobs, Steck,  
Contemp. Phys. (2006)
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initial state: Néel product state
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<latexit sha1_base64="+rzoRV5RcVMIZILk6Q5BsaacaKY=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWZEqRuh1o3LCvYBnTJk0rQNzWSG5I5Qpv0UN/6KGxeK6E6/xrSdhbYeCDmccy/JOUEsuAbH+bJyK6tr6xv5zcLW9s7unr1/0NBRoiir00hEqhUQzQSXrA4cBGvFipEwEKwZDG+mfvOBKc0jeQ+jmHVC0pe8xykBI/l22VODyL/GV9gLCQxUmIKa+FU89mLNfcCeIrIvGPZEds/lsW8XnZIzA14mbkaKKEPNtz+9bkSTkEmggmjddp0YOilRwKlgk4KXaBYTOiR91jZUkpDpTjoLOMEnRuniXqTMkYBn6u+NlIRaj8LATE5T6EVvKv7ntRPoXXZSLuMEmKTzh3qJwBDhaVu4yxWjIEaGEKq4+SumA6IIBdNpwZTgLkZeJo2zkntRcu7Oi5VqVkceHaFjdIpcVEYVdItqqI4oekTP6BW9WU/Wi/VufcxHc1a2c4j+wPr+AXp0oy0=</latexit>

⇢A = trB | tih t|

SvN (L/2, L) = tr⇢A log(⇢A)
t!1⇠ L

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

• competition: 
<latexit sha1_base64="tlRjAwOFGa+TeGNWVExNc/sGsSg=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRJRdCMU3YirCvYBTSg300k7dCYJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMknCntON/WwuLS8spqaa28vrG5tW3v7DZVnEpCGyTmsWwHoChnEW1opjltJ5KCCDhtBcPrsd96oFKxOLrXo4T6AvoRCxkBbaSuvd/Hl9gLJZDM64MQkGe3edeuOFVnAjxP3IJUUIF61/7yejFJBY004aBUx3US7WcgNSOc5mUvVTQBMoQ+7RgagaDKzybX5/jIKD0cxtJUpPFE/T2RgVBqJALTKUAP1Kw3Fv/zOqkOL/yMRUmqaUSmi8KUYx3jcRS4xyQlmo8MASKZuRWTAZgotAmsbEJwZ1+eJ82TqntWde5OK7WrIo4SOkCH6Bi56BzV0A2qowYi6BE9o1f0Zj1ZL9a79TFtXbCKmT30B9bnD/a3lOw=</latexit>

g =
�

J

<latexit sha1_base64="pOcm7NFDM6zJ86eQ8fd5NP5Tmv0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhyHplytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWhdVr1Z17y8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8ASOhjRk=</latexit>g

Belavkin (1987); Gisin, Percival (1993)

Review: Jacobs, Steck,  
Contemp. Phys. (2006)

<latexit sha1_base64="vLczeYeZo39Y4BrSVWFPPxJPr54="></latexit>

d| ti = dt(�iĤ � �
2

X

l

M̂
2
l | ti+

X

l

dWlM̂l| ti

Szyniszewski, Romito, 
Schomerus, PRB (2019)

➡ area law entanglement entropy

SvN (L/2, L) = s0

eigenstate of measurement operator

• H = 0: continuous collapse into dark state

• measurement operators
<latexit sha1_base64="RPO1bPV2Fp5ZVzFk3QXjuMu0GFE=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2siim6Eohs3QgV7gSaEyXTaDp1MwsyJUEofw42v4saFIm67822cpgG19YeBj/+cw5nzh4ngGhzny1pYXFpeWS2sFdc3Nre27Z3duo5TRVmNxiJWzZBoJrhkNeAgWDNRjEShYI2wfzOpNx6Z0jyWDzBImB+RruQdTgkYK7BPvB4BfBcIfIUzlAaPPUFkV7Afx1OZEUBgl5yykwnPg5tDCeWqBvbYa8c0jZgEKojWLddJwB8SBZwKNip6qWYJoX3SZS2DkkRM+8PssBE+NE4bd2JlngScub8nhiTSehCFpjMi0NOztYn5X62VQufSH3KZpMAknS7qpAJDjCcp4TZXjIIYGCBUcfNXTHtEEQomy6IJwZ09eR7qp2X3vOzcn5Uq13kcBbSPDtARctEFqqBbVEU1RNETekFv6N16tl6tD+tz2rpg5TN76I+s8TdP4Z67</latexit>

M̂l = n̂l � hn̂lit

<latexit sha1_base64="M/51WuJoYjxQPpXRPgoyqdJMXRg=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5KIoheh6MWLUMF+QBPCZrtpl242YXcilNqDF/+KFw+KePVHePPfuG1z0NYHA4/3ZpiZF6aCa3Ccb6uwtLyyulZcL21sbm3v2Lt7TZ1kirIGTUSi2iHRTHDJGsBBsHaqGIlDwVrh4Grit+6Z0jyRdzBMmR+TnuQRpwSMFNhlr08A3wQCP3ip5gFgTxHZEwxfOIFdcarOFHiRuDmpoBz1wP7yugnNYiaBCqJ1x3VS8EdEAaeCjUtepllK6ID0WMdQSWKm/dH0iTE+NEoXR4kyJQFP1d8TIxJrPYxD0xkT6Ot5byL+53UyiM79EZdpBkzS2aIoExgSPEkEd7liFMTQEEIVN7di2ieKUDC5lUwI7vzLi6R5XHVPq87tSaV2mcdRRGV0gI6Qi85QDV2jOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7A+fwAwUZcn</latexit>

M̂l| ti = 0 for
<latexit sha1_base64="Uwo5/SZSS89E8lqkplIBH2i4QeU=">AAACF3icbVBNS8NAEN34WetX1KOXxSJ4CokoehGKXjxWsB/QhLDZbtulm03YnQgl9l948a948aCIV735b9y2OWjbBwOP92aYmRelgmtw3R9raXlldW29tFHe3Nre2bX39hs6yRRldZqIRLUiopngktWBg2CtVDESR4I1o8HN2G8+MKV5Iu9hmLIgJj3Ju5wSMFJoO9jvE8AyFPjRTzUPwVdE9gTDV3iBGtoV13EnwPPEK0gFFaiF9rffSWgWMwlUEK3bnptCkBMFnAo2KvuZZimhA9JjbUMliZkO8slfI3xslA7uJsqUBDxR/07kJNZ6GEemMybQ17PeWFzktTPoXgY5l2kGTNLpom4mMCR4HBLucMUoiKEhhCpubsW0TxShYKIsmxC82ZfnSePU8c4d9+6sUr0u4iihQ3SETpCHLlAV3aIaqiOKntALekPv1rP1an1Yn9PWJauYOUD/YH39AgR9nzs=</latexit>

n̂l| ti = nl| ti



Gaussian white noise

initial state: Néel product state

Monitored Fermion Dynamics
c†l+1cl + c†l cl+1

Bessel function

Ref Keyserlingk

i�c†l cl

• caveat:               is a random variable 

➡ consider trajectory ensemble to extract information

<latexit sha1_base64="U6S82fNY36EVOxTJGZU9qUsbqMY=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlE0WXRjcsK9gFNKJPppB06mYSZGyHEght/xY0LRdz6E+78G6dtFtp6YOBwzr3cOSdIBNfgON9WaWl5ZXWtvF7Z2Nza3rF391o6ThVlTRqLWHUCopngkjWBg2CdRDESBYK1g9H1xG/fM6V5LO8gS5gfkYHkIacEjNSzDx68RPNeDh7E2OMyhGzsKSIHgvXsqlNzpsCLxC1IFRVo9Owvrx/TNGISqCBad10nAT8nCjgVbFzxUs0SQkdkwLqGShIx7efTDGN8bJQ+DmNlngQ8VX9v5CTSOosCMxkRGOp5byL+53VTCC/9nMskBSbp7FCYCmzyTgrBfa4YBZEZQqji5q+YDokiFExtFVOCOx95kbROa+55zbk9q9avijrK6BAdoRPkogtURzeogZqIokf0jF7Rm/VkvVjv1sdstGQVO/voD6zPH/Y9mFw=</latexit>

| t!1i

• Weak continuous measurements: Quantum state diffusion

• unitary dynamics: hopping 

H = �J

X

l

⇣
c
†
l cl+1 + c

†
l+1cl

⌘

➡ volume law entanglement entropy

A
<latexit sha1_base64="6CxVmKKaOs04YR+CVQhF5c/RRhY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeiz14rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJWrtTyOApzCGVyABzdQhXuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBlbOMyg==</latexit>

B

<latexit sha1_base64="+rzoRV5RcVMIZILk6Q5BsaacaKY=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWZEqRuh1o3LCvYBnTJk0rQNzWSG5I5Qpv0UN/6KGxeK6E6/xrSdhbYeCDmccy/JOUEsuAbH+bJyK6tr6xv5zcLW9s7unr1/0NBRoiir00hEqhUQzQSXrA4cBGvFipEwEKwZDG+mfvOBKc0jeQ+jmHVC0pe8xykBI/l22VODyL/GV9gLCQxUmIKa+FU89mLNfcCeIrIvGPZEds/lsW8XnZIzA14mbkaKKEPNtz+9bkSTkEmggmjddp0YOilRwKlgk4KXaBYTOiR91jZUkpDpTjoLOMEnRuniXqTMkYBn6u+NlIRaj8LATE5T6EVvKv7ntRPoXXZSLuMEmKTzh3qJwBDhaVu4yxWjIEaGEKq4+SumA6IIBdNpwZTgLkZeJo2zkntRcu7Oi5VqVkceHaFjdIpcVEYVdItqqI4oekTP6BW9WU/Wi/VufcxHc1a2c4j+wPr+AXp0oy0=</latexit>

⇢A = trB | tih t|

SvN (L/2, L) = tr⇢A log(⇢A)
t!1⇠ L

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

• competition: 
<latexit sha1_base64="tlRjAwOFGa+TeGNWVExNc/sGsSg=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRJRdCMU3YirCvYBTSg300k7dCYJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMknCntON/WwuLS8spqaa28vrG5tW3v7DZVnEpCGyTmsWwHoChnEW1opjltJ5KCCDhtBcPrsd96oFKxOLrXo4T6AvoRCxkBbaSuvd/Hl9gLJZDM64MQkGe3edeuOFVnAjxP3IJUUIF61/7yejFJBY004aBUx3US7WcgNSOc5mUvVTQBMoQ+7RgagaDKzybX5/jIKD0cxtJUpPFE/T2RgVBqJALTKUAP1Kw3Fv/zOqkOL/yMRUmqaUSmi8KUYx3jcRS4xyQlmo8MASKZuRWTAZgotAmsbEJwZ1+eJ82TqntWde5OK7WrIo4SOkCH6Bi56BzV0A2qowYi6BE9o1f0Zj1ZL9a79TFtXbCKmT30B9bnD/a3lOw=</latexit>

g =
�

J

<latexit sha1_base64="pOcm7NFDM6zJ86eQ8fd5NP5Tmv0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhyHplytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWhdVr1Z17y8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8ASOhjRk=</latexit>g

Belavkin (1987); Gisin, Percival (1993)

Review: Jacobs, Steck,  
Contemp. Phys. (2006)

<latexit sha1_base64="vLczeYeZo39Y4BrSVWFPPxJPr54="></latexit>

d| ti = dt(�iĤ � �
2

X

l

M̂
2
l | ti+

X

l

dWlM̂l| ti

Szyniszewski, Romito, 
Schomerus, PRB (2019)

➡ area law entanglement entropy

SvN (L/2, L) = s0

eigenstate of measurement operator

• H = 0: continuous collapse into dark state

• measurement operators
<latexit sha1_base64="RPO1bPV2Fp5ZVzFk3QXjuMu0GFE=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2siim6Eohs3QgV7gSaEyXTaDp1MwsyJUEofw42v4saFIm67822cpgG19YeBj/+cw5nzh4ngGhzny1pYXFpeWS2sFdc3Nre27Z3duo5TRVmNxiJWzZBoJrhkNeAgWDNRjEShYI2wfzOpNx6Z0jyWDzBImB+RruQdTgkYK7BPvB4BfBcIfIUzlAaPPUFkV7Afx1OZEUBgl5yykwnPg5tDCeWqBvbYa8c0jZgEKojWLddJwB8SBZwKNip6qWYJoX3SZS2DkkRM+8PssBE+NE4bd2JlngScub8nhiTSehCFpjMi0NOztYn5X62VQufSH3KZpMAknS7qpAJDjCcp4TZXjIIYGCBUcfNXTHtEEQomy6IJwZ09eR7qp2X3vOzcn5Uq13kcBbSPDtARctEFqqBbVEU1RNETekFv6N16tl6tD+tz2rpg5TN76I+s8TdP4Z67</latexit>

M̂l = n̂l � hn̂lit

<latexit sha1_base64="M/51WuJoYjxQPpXRPgoyqdJMXRg=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5KIoheh6MWLUMF+QBPCZrtpl242YXcilNqDF/+KFw+KePVHePPfuG1z0NYHA4/3ZpiZF6aCa3Ccb6uwtLyyulZcL21sbm3v2Lt7TZ1kirIGTUSi2iHRTHDJGsBBsHaqGIlDwVrh4Grit+6Z0jyRdzBMmR+TnuQRpwSMFNhlr08A3wQCP3ip5gFgTxHZEwxfOIFdcarOFHiRuDmpoBz1wP7yugnNYiaBCqJ1x3VS8EdEAaeCjUtepllK6ID0WMdQSWKm/dH0iTE+NEoXR4kyJQFP1d8TIxJrPYxD0xkT6Ot5byL+53UyiM79EZdpBkzS2aIoExgSPEkEd7liFMTQEEIVN7di2ieKUDC5lUwI7vzLi6R5XHVPq87tSaV2mcdRRGV0gI6Qi85QDV2jOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7A+fwAwUZcn</latexit>

M̂l| ti = 0 for
<latexit sha1_base64="Uwo5/SZSS89E8lqkplIBH2i4QeU=">AAACF3icbVBNS8NAEN34WetX1KOXxSJ4CokoehGKXjxWsB/QhLDZbtulm03YnQgl9l948a948aCIV735b9y2OWjbBwOP92aYmRelgmtw3R9raXlldW29tFHe3Nre2bX39hs6yRRldZqIRLUiopngktWBg2CtVDESR4I1o8HN2G8+MKV5Iu9hmLIgJj3Ju5wSMFJoO9jvE8AyFPjRTzUPwVdE9gTDV3iBGtoV13EnwPPEK0gFFaiF9rffSWgWMwlUEK3bnptCkBMFnAo2KvuZZimhA9JjbUMliZkO8slfI3xslA7uJsqUBDxR/07kJNZ6GEemMybQ17PeWFzktTPoXgY5l2kGTNLpom4mMCR4HBLucMUoiKEhhCpubsW0TxShYKIsmxC82ZfnSePU8c4d9+6sUr0u4iihQ3SETpCHLlAV3aIaqiOKntALekPv1rP1an1Yn9PWJauYOUD/YH39AgR9nzs=</latexit>

n̂l| ti = nl| ti



initial state: Néel product state

Bessel function

Ref Keyserlingk

Monitored Fermion Dynamics: Extracting Information

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

<latexit sha1_base64="Myj/G2cUnBoaH4Fmn6qaTu4yxCU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9CKeKtgPaEKZbDfp0t1N2N0IJfRvePGgiFf/jDf/jds2B60+GHi8N8PMvDDlTBvX/XJKS8srq2vl9crG5tb2TnV3r62TTBHaIglPVDcETTmTtGWY4bSbKgoi5LQTjm6mfueRKs0S+WDGKQ0ExJJFjICxkh/jK+zHIASc3PWrNbfuzoD/Eq8gNVSg2a9++oOEZIJKQzho3fPc1AQ5KMMIp5OKn2maAhlBTHuWShBUB/ns5gk+ssoAR4myJQ2eqT8nchBaj0VoOwWYoV70puJ/Xi8z0WWQM5lmhkoyXxRlHJsETwPAA6YoMXxsCRDF7K2YDEEBMTamig3BW3z5L2mf1r3zunt/VmtcF3GU0QE6RMfIQxeogW5RE7UQQSl6Qi/o1cmcZ+fNeZ+3lpxiZh/9gvPxDYTPkLI=</latexit>

g = �/J

• usual observables: 

<latexit sha1_base64="zJfhDl0+BoCSutgRXEt+uZBSxno=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVwVWZE0Y1SdeOygn1AZyiZNG1DM5khuSOUtn/jxl9xI6iILv0T0+kI2nogcO6553JzTxALrsFxPq3cwuLS8kp+tbC2vrG5ZW/v1HSUKMqqNBKRagREM8ElqwIHwRqxYiQMBKsH/etJv37PlOaRvINBzPyQdCXvcErASC37whNEdgXzegTwJfZUWuFznOnYizVvAR5lhtG0/vG17KJTclLgeeJmpIgyVFr2i9eOaBIyCVQQrZuuE4M/JAo4FWxc8BLNYkL7pMuahkoSMu0P0zvH+MAobdyJlHkScKr+nhiSUOtBGBhnSKCnZ3sT8b9eM4HOmT/kMk6ASTpd1EkEhghPQsNtrhgFMTCEUMXNXzHtEUUomGgLJgR39uR5UjsquScl5/a4WL7K4sijPbSPDpGLTlEZ3aAKqiKKHtATekVv1qP1bL1bH1NrzspmdtEfWF/f8gelYg==</latexit>

hÂi = h t|Â| ti
<latexit sha1_base64="6zgx199NWF9cY9AFqgXoOUS1cig=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2AR3FhmRNGNUHTjsoK9QKcMmTRtQzOZITkjlLZP4cZXceNCEbfizrcxM52Fth4I+fn+c0jOH8SCa3Ccb6uwtLyyulZcL21sbm3v2Lt7DR0lirI6jUSkWgHRTHDJ6sBBsFasGAkDwZrB8Cb1mw9MaR7JexjFrBOSvuQ9TgkY5Nsn3oAA9tQg8gFf4YkXa+6ngMi+YNgT2Z3TiW+XnYqTFV4Ubi7KKK+ab3953YgmIZNABdG67ToxdMZEAaeCTUteollM6JD0WdtISUKmO+NsrSk+MqSLe5EyRwLO6O+JMQm1HoWB6QwJDPS8l8L/vHYCvcvOmMs4ASbp7KFeIjBEOM0Id7liFMTICEIVN3/FdEAUoWCSLJkQ3PmVF0XjtOKeV5y7s3L1Oo+jiA7QITpGLrpAVXSLaqiOKHpEz+gVvVlP1ov1bn3MWgtWPrOP/pT1+QOm9J8R</latexit>

⇢̂t = | tih t|

<latexit sha1_base64="1kpEi0svZqa++PKc+5brIeZkweo=">AAACD3icbVDLSgMxFM34rPU16tJNsCiuyowouiy6cVnBPqBTSibNtKHJZEjuCGXoH7jxV9y4UMStW3f+jZl2Ftp6IHA45x5y7wkTwQ143reztLyyurZe2ihvbm3v7Lp7+02jUk1ZgyqhdDskhgkeswZwEKydaEZkKFgrHN3kfuuBacNVfA/jhHUlGcQ84pSAlXruSaCsnaezYEgAB3qoeoAngeESB5LAMIwyf9JzK17VmwIvEr8gFVSg3nO/gr6iqWQxUEGM6fheAt2MaOBUsEk5SA1LCB2RAetYGhPJTDeb3jPBx1bp40hp+2LAU/V3IiPSmLEM7WS+oZn3cvE/r5NCdNXNeJykwGI6+yhKBQaF83Jwn2tGQYwtIVRzuyumQ6IJBVth2Zbgz5+8SJpnVf+i6t2dV2rXRR0ldIiO0Cny0SWqoVtURw1E0SN6Rq/ozXlyXpx352M2uuQUmQP0B87nD4A1nPA=</latexit>

⇢̂t ⇠ 1

<latexit sha1_base64="Ch+efR391WKaloUSi8VwDaZ7AXA="></latexit>

hÂi = h t|Â| ti = tr[Â⇢̂t]
statistical average

e.g. trajectories

• Problem: Hermitian measurement operators =>

quantum average

state projector



initial state: Néel product state

Bessel function

Ref Keyserlingk

Monitored Fermion Dynamics: Extracting Information

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

<latexit sha1_base64="Myj/G2cUnBoaH4Fmn6qaTu4yxCU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9CKeKtgPaEKZbDfp0t1N2N0IJfRvePGgiFf/jDf/jds2B60+GHi8N8PMvDDlTBvX/XJKS8srq2vl9crG5tb2TnV3r62TTBHaIglPVDcETTmTtGWY4bSbKgoi5LQTjm6mfueRKs0S+WDGKQ0ExJJFjICxkh/jK+zHIASc3PWrNbfuzoD/Eq8gNVSg2a9++oOEZIJKQzho3fPc1AQ5KMMIp5OKn2maAhlBTHuWShBUB/ns5gk+ssoAR4myJQ2eqT8nchBaj0VoOwWYoV70puJ/Xi8z0WWQM5lmhkoyXxRlHJsETwPAA6YoMXxsCRDF7K2YDEEBMTamig3BW3z5L2mf1r3zunt/VmtcF3GU0QE6RMfIQxeogW5RE7UQQSl6Qi/o1cmcZ+fNeZ+3lpxiZh/9gvPxDYTPkLI=</latexit>

g = �/J

• usual observables: 

<latexit sha1_base64="zJfhDl0+BoCSutgRXEt+uZBSxno=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVwVWZE0Y1SdeOygn1AZyiZNG1DM5khuSOUtn/jxl9xI6iILv0T0+kI2nogcO6553JzTxALrsFxPq3cwuLS8kp+tbC2vrG5ZW/v1HSUKMqqNBKRagREM8ElqwIHwRqxYiQMBKsH/etJv37PlOaRvINBzPyQdCXvcErASC37whNEdgXzegTwJfZUWuFznOnYizVvAR5lhtG0/vG17KJTclLgeeJmpIgyVFr2i9eOaBIyCVQQrZuuE4M/JAo4FWxc8BLNYkL7pMuahkoSMu0P0zvH+MAobdyJlHkScKr+nhiSUOtBGBhnSKCnZ3sT8b9eM4HOmT/kMk6ASTpd1EkEhghPQsNtrhgFMTCEUMXNXzHtEUUomGgLJgR39uR5UjsquScl5/a4WL7K4sijPbSPDpGLTlEZ3aAKqiKKHtATekVv1qP1bL1bH1NrzspmdtEfWF/f8gelYg==</latexit>

hÂi = h t|Â| ti
<latexit sha1_base64="6zgx199NWF9cY9AFqgXoOUS1cig=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2AR3FhmRNGNUHTjsoK9QKcMmTRtQzOZITkjlLZP4cZXceNCEbfizrcxM52Fth4I+fn+c0jOH8SCa3Ccb6uwtLyyulZcL21sbm3v2Lt7DR0lirI6jUSkWgHRTHDJ6sBBsFasGAkDwZrB8Cb1mw9MaR7JexjFrBOSvuQ9TgkY5Nsn3oAA9tQg8gFf4YkXa+6ngMi+YNgT2Z3TiW+XnYqTFV4Ubi7KKK+ab3953YgmIZNABdG67ToxdMZEAaeCTUteollM6JD0WdtISUKmO+NsrSk+MqSLe5EyRwLO6O+JMQm1HoWB6QwJDPS8l8L/vHYCvcvOmMs4ASbp7KFeIjBEOM0Id7liFMTICEIVN3/FdEAUoWCSLJkQ3PmVF0XjtOKeV5y7s3L1Oo+jiA7QITpGLrpAVXSLaqiOKHpEz+gVvVlP1ov1bn3MWgtWPrOP/pT1+QOm9J8R</latexit>

⇢̂t = | tih t|

<latexit sha1_base64="1kpEi0svZqa++PKc+5brIeZkweo=">AAACD3icbVDLSgMxFM34rPU16tJNsCiuyowouiy6cVnBPqBTSibNtKHJZEjuCGXoH7jxV9y4UMStW3f+jZl2Ftp6IHA45x5y7wkTwQ143reztLyyurZe2ihvbm3v7Lp7+02jUk1ZgyqhdDskhgkeswZwEKydaEZkKFgrHN3kfuuBacNVfA/jhHUlGcQ84pSAlXruSaCsnaezYEgAB3qoeoAngeESB5LAMIwyf9JzK17VmwIvEr8gFVSg3nO/gr6iqWQxUEGM6fheAt2MaOBUsEk5SA1LCB2RAetYGhPJTDeb3jPBx1bp40hp+2LAU/V3IiPSmLEM7WS+oZn3cvE/r5NCdNXNeJykwGI6+yhKBQaF83Jwn2tGQYwtIVRzuyumQ6IJBVth2Zbgz5+8SJpnVf+i6t2dV2rXRR0ldIiO0Cny0SWqoVtURw1E0SN6Rq/ozXlyXpx352M2uuQUmQP0B87nD4A1nPA=</latexit>

⇢̂t ⇠ 1

<latexit sha1_base64="Ch+efR391WKaloUSi8VwDaZ7AXA="></latexit>

hÂi = h t|Â| ti = tr[Â⇢̂t]
statistical average

e.g. trajectories

• Problem: Hermitian measurement operators =>

➡ use state-dependent observables

more promising, because in general

<latexit sha1_base64="YJU5BJ9oDIH3yaqKTbwVTsTJEXE="></latexit>

hÂ(| i)i = trÂ(⇢̂)⇢̂

<latexit sha1_base64="z/NwyWUdxRrpjnyUbNy/65HGNVw=">AAACHnicbVBLSwMxGMzWV62vVY9egkWol7IrFj0WheKxgn1AdynZNNsNzSZrkhXK0l/ixb/ixYMigif9N6YPpLYOBIaZ+ZJ8EySMKu0431ZuZXVtfSO/Wdja3tnds/cPmkqkEpMGFkzIdoAUYZSThqaakXYiCYoDRlrB4Hrstx6IVFTwOz1MiB+jPqchxUgbqWtXaiXoCZMYX5B5EdLQk5EYnUKPk/s5q9b5Nf1R1y46ZWcCuEzcGSmCGepd+9PrCZzGhGvMkFId10m0nyGpKWZkVPBSRRKEB6hPOoZyFBPlZ5P1RvDEKD0YCmkO13Cizk9kKFZqGAcmGSMdqUVvLP7ndVIdXvoZ5UmqCcfTh8KUQS3guCvYo5JgzYaGICyp+SvEEZIIa9NowZTgLq68TJpnZbdSdm7Pi9WrWR15cASOQQm44AJUwQ2ogwbA4BE8g1fwZj1ZL9a79TGN5qzZzCH4A+vrBx99ooI=</latexit>

F (⇢̂) 6= F [⇢̂]

quantum average

state projector



initial state: Néel product state

Bessel function

Ref Keyserlingk

Monitored Fermion Dynamics: Extracting Information

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

<latexit sha1_base64="Myj/G2cUnBoaH4Fmn6qaTu4yxCU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9CKeKtgPaEKZbDfp0t1N2N0IJfRvePGgiFf/jDf/jds2B60+GHi8N8PMvDDlTBvX/XJKS8srq2vl9crG5tb2TnV3r62TTBHaIglPVDcETTmTtGWY4bSbKgoi5LQTjm6mfueRKs0S+WDGKQ0ExJJFjICxkh/jK+zHIASc3PWrNbfuzoD/Eq8gNVSg2a9++oOEZIJKQzho3fPc1AQ5KMMIp5OKn2maAhlBTHuWShBUB/ns5gk+ssoAR4myJQ2eqT8nchBaj0VoOwWYoV70puJ/Xi8z0WWQM5lmhkoyXxRlHJsETwPAA6YoMXxsCRDF7K2YDEEBMTamig3BW3z5L2mf1r3zunt/VmtcF3GU0QE6RMfIQxeogW5RE7UQQSl6Qi/o1cmcZ+fNeZ+3lpxiZh/9gvPxDYTPkLI=</latexit>

g = �/J

• usual observables: 

<latexit sha1_base64="zJfhDl0+BoCSutgRXEt+uZBSxno=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVwVWZE0Y1SdeOygn1AZyiZNG1DM5khuSOUtn/jxl9xI6iILv0T0+kI2nogcO6553JzTxALrsFxPq3cwuLS8kp+tbC2vrG5ZW/v1HSUKMqqNBKRagREM8ElqwIHwRqxYiQMBKsH/etJv37PlOaRvINBzPyQdCXvcErASC37whNEdgXzegTwJfZUWuFznOnYizVvAR5lhtG0/vG17KJTclLgeeJmpIgyVFr2i9eOaBIyCVQQrZuuE4M/JAo4FWxc8BLNYkL7pMuahkoSMu0P0zvH+MAobdyJlHkScKr+nhiSUOtBGBhnSKCnZ3sT8b9eM4HOmT/kMk6ASTpd1EkEhghPQsNtrhgFMTCEUMXNXzHtEUUomGgLJgR39uR5UjsquScl5/a4WL7K4sijPbSPDpGLTlEZ3aAKqiKKHtATekVv1qP1bL1bH1NrzspmdtEfWF/f8gelYg==</latexit>

hÂi = h t|Â| ti
<latexit sha1_base64="6zgx199NWF9cY9AFqgXoOUS1cig=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2AR3FhmRNGNUHTjsoK9QKcMmTRtQzOZITkjlLZP4cZXceNCEbfizrcxM52Fth4I+fn+c0jOH8SCa3Ccb6uwtLyyulZcL21sbm3v2Lt7DR0lirI6jUSkWgHRTHDJ6sBBsFasGAkDwZrB8Cb1mw9MaR7JexjFrBOSvuQ9TgkY5Nsn3oAA9tQg8gFf4YkXa+6ngMi+YNgT2Z3TiW+XnYqTFV4Ubi7KKK+ab3953YgmIZNABdG67ToxdMZEAaeCTUteollM6JD0WdtISUKmO+NsrSk+MqSLe5EyRwLO6O+JMQm1HoWB6QwJDPS8l8L/vHYCvcvOmMs4ASbp7KFeIjBEOM0Id7liFMTICEIVN3/FdEAUoWCSLJkQ3PmVF0XjtOKeV5y7s3L1Oo+jiA7QITpGLrpAVXSLaqiOKHpEz+gVvVlP1ov1bn3MWgtWPrOP/pT1+QOm9J8R</latexit>

⇢̂t = | tih t|

<latexit sha1_base64="1kpEi0svZqa++PKc+5brIeZkweo=">AAACD3icbVDLSgMxFM34rPU16tJNsCiuyowouiy6cVnBPqBTSibNtKHJZEjuCGXoH7jxV9y4UMStW3f+jZl2Ftp6IHA45x5y7wkTwQ143reztLyyurZe2ihvbm3v7Lp7+02jUk1ZgyqhdDskhgkeswZwEKydaEZkKFgrHN3kfuuBacNVfA/jhHUlGcQ84pSAlXruSaCsnaezYEgAB3qoeoAngeESB5LAMIwyf9JzK17VmwIvEr8gFVSg3nO/gr6iqWQxUEGM6fheAt2MaOBUsEk5SA1LCB2RAetYGhPJTDeb3jPBx1bp40hp+2LAU/V3IiPSmLEM7WS+oZn3cvE/r5NCdNXNeJykwGI6+yhKBQaF83Jwn2tGQYwtIVRzuyumQ6IJBVth2Zbgz5+8SJpnVf+i6t2dV2rXRR0ldIiO0Cny0SWqoVtURw1E0SN6Rq/ozXlyXpx352M2uuQUmQP0B87nD4A1nPA=</latexit>

⇢̂t ⇠ 1

<latexit sha1_base64="Ch+efR391WKaloUSi8VwDaZ7AXA="></latexit>

hÂi = h t|Â| ti = tr[Â⇢̂t]
statistical average

e.g. trajectories

• Problem: Hermitian measurement operators =>

➡ use state-dependent observables

more promising, because in general

<latexit sha1_base64="YJU5BJ9oDIH3yaqKTbwVTsTJEXE="></latexit>

hÂ(| i)i = trÂ(⇢̂)⇢̂

<latexit sha1_base64="z/NwyWUdxRrpjnyUbNy/65HGNVw=">AAACHnicbVBLSwMxGMzWV62vVY9egkWol7IrFj0WheKxgn1AdynZNNsNzSZrkhXK0l/ixb/ixYMigif9N6YPpLYOBIaZ+ZJ8EySMKu0431ZuZXVtfSO/Wdja3tnds/cPmkqkEpMGFkzIdoAUYZSThqaakXYiCYoDRlrB4Hrstx6IVFTwOz1MiB+jPqchxUgbqWtXaiXoCZMYX5B5EdLQk5EYnUKPk/s5q9b5Nf1R1y46ZWcCuEzcGSmCGepd+9PrCZzGhGvMkFId10m0nyGpKWZkVPBSRRKEB6hPOoZyFBPlZ5P1RvDEKD0YCmkO13Cizk9kKFZqGAcmGSMdqUVvLP7ndVIdXvoZ5UmqCcfTh8KUQS3guCvYo5JgzYaGICyp+SvEEZIIa9NowZTgLq68TJpnZbdSdm7Pi9WrWR15cASOQQm44AJUwQ2ogwbA4BE8g1fwZj1ZL9a79TGN5qzZzCH4A+vrBx99ooI=</latexit>

F (⇢̂) 6= F [⇢̂]

• examples:

SvN (l, L) = hlog(⇢A)i• von Neumann entropy

• correlation function quadratic in state projector

arbitrarily high power of state projector

<latexit sha1_base64="HQqgMYjJOaoRZPCg0pTzsaLDTDM=">AAACJnicbVDLSgMxFM3UV62vUZdugkVwVWZE0Y1QdOOygn1AZxgyadrGZjJDckcoQ7/Gjb/ixkVFxJ2fYqadhbZeCJycc89N7gkTwTU4zpdVWlldW98ob1a2tnd29+z9g5aOU0VZk8YiVp2QaCa4ZE3gIFgnUYxEoWDtcHSb6+0npjSP5QOME+ZHZCB5n1MChgrsa+zFRs/tmSeIHAiGvSEBLAPuqeI+5ws6e5wUwgQHdtWpObPCy8AtQBUV1QjsqdeLaRoxCVQQrbuuk4CfEQWcmoEVL9UsIXREBqxroCQR0342W3OCTwzTw/1YmSMBz9jfjoxEWo+j0HRGBIZ6UcvJ/7RuCv0rP+MySYFJOn+onwoMMc4zwz2uGAUxNoBQxc1fMR0SRSiYZCsmBHdx5WXQOqu5FzXn/rxavyniKKMjdIxOkYsuUR3doQZqIoqe0SuaonfrxXqzPqzPeWvJKjyH6E9Z3z9/EaZo</latexit>

hn̂iihn̂ji

quantum average

state projector
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Trajectory Ensemble Phase Diagram

• weak monitoring
<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

<latexit sha1_base64="Myj/G2cUnBoaH4Fmn6qaTu4yxCU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9CKeKtgPaEKZbDfp0t1N2N0IJfRvePGgiFf/jDf/jds2B60+GHi8N8PMvDDlTBvX/XJKS8srq2vl9crG5tb2TnV3r62TTBHaIglPVDcETTmTtGWY4bSbKgoi5LQTjm6mfueRKs0S+WDGKQ0ExJJFjICxkh/jK+zHIASc3PWrNbfuzoD/Eq8gNVSg2a9++oOEZIJKQzho3fPc1AQ5KMMIp5OKn2maAhlBTHuWShBUB/ns5gk+ssoAR4myJQ2eqT8nchBaj0VoOwWYoV70puJ/Xi8z0WWQM5lmhkoyXxRlHJsETwPAA6YoMXxsCRDF7K2YDEEBMTamig3BW3z5L2mf1r3zunt/VmtcF3GU0QE6RMfIQxeogW5RE7UQQSl6Qi/o1cmcZ+fNeZ+3lpxiZh/9gvPxDYTPkLI=</latexit>

g = �/J

• strong monitoring

➡extended subextensive, critical phase at intermediate monitoring 
➡new phase transition for physical measurement protocol

critical phase but no transition 
for non-unitary circuits: Chen, 
Li, Fisher, Lucas PRR (2020)
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Trajectory Ensemble Phase Diagram

• weak monitoring
<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
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Characterizing the Weak Monitoring Phase & Phase Transition
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Replica Field Theory Approach 
to 

Measurement Induced Phase Transitions

M. Buchhold, Y. Minoguchi, A. Altland, SD, arxiv:2102.08381 

related work (random circuits): Y. Bao, S. Choi, and E. Altman, arXiv:2102.09164

microphysics macrophysics



• toy model: trajectory evolution of single fermion on two sites

Pinning picture: Toy model
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<latexit sha1_base64="F3o8gMRrVTaxcS1333mdN3q/VU4=">AAACEXicbZC7SgNBFIZn4y3GW9TSZjAIaQy7omgjBG0CNhHMBZIQZidnkyGzF2bOimHJK9j4KjYWitja2fk2TpItNPGHgY//nMOZ87uRFBpt+9vKLC2vrK5l13Mbm1vbO/ndvboOY8WhxkMZqqbLNEgRQA0FSmhGCpjvSmi4w+tJvXEPSoswuMNRBB2f9QPhCc7QWN18kbYHDGmlm7QRHjABzxuP6WXq0mMqZnjTzRfskj0VXQQnhQJJVe3mv9q9kMc+BMgl07rl2BF2EqZQcAnjXDvWEDE+ZH1oGQyYD7qTTC8a0yPj9KgXKvMCpFP390TCfK1Hvms6fYYDPV+bmP/VWjF6F51EBFGMEPDZIi+WFEM6iYf2hAKOcmSAcSXMXykfMMU4mhBzJgRn/uRFqJ+UnLOSfXtaKF+lcWTJATkkReKQc1ImFVIlNcLJI3kmr+TNerJerHfrY9aasdKZffJH1ucPbhSbeQ==</latexit>

Ĥe↵ = Ĥ � iK̂

<latexit sha1_base64="x83Bwmc1vIChqnWtj6mZIy8aYfY="></latexit>

Ĥ = �J

⇣
c
†
1c2 + h.c.

⌘ <latexit sha1_base64="4/6c3m46FJWEfx8SeX2r3kbeZw0="></latexit>

K̂ =
�

2

2X

l=1

(n̂l � hn̂lit)2



• toy model: trajectory evolution of single fermion on two sites

Pinning picture: Toy model
<latexit sha1_base64="LaiPe5Cph4m7/l9DxW2hBXqhn8M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix6EU8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFS/b5XKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAHNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/odOM0g==</latexit>

J

<latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>�

• strong monitoring 
<latexit sha1_base64="7x7qeERSNWThPowbD6FNd15gj70=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqe6KoseiF/FUwX5Ady2zabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TR2nitAGiXms2iFoypmkDcMMp+1EURAhp61weD3xW49UaRbLezNKaCCgL1nECBgrPdye+H0QArDPOfa65YpbdafAi8TLSQXlqHfLX34vJqmg0hAOWnc8NzFBBsowwum45KeaJkCG0KcdSyUIqoNsevUYH1mlh6NY2ZIGT9XfExkIrUcitJ0CzEDPexPxP6+TmugyyJhMUkMlmS2KUo5NjCcR4B5TlBg+sgSIYvZWTAaggBgbVMmG4M2/vEiap1XvvOrenVVqV3kcRXSADtEx8tAFqqEbVEcNRJBCz+gVvTlPzovz7nzMWgtOPrOP/sD5/AH+FZGH</latexit>

J/� ⌧ 1
<latexit sha1_base64="brl0cdJtnW2NvZ7a3h1TUD7UxTU=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKe6KosegF/EUwTwgu4beyexmyMzsMjOrhCX/4cWDIl79F2/+jZPHQRMLGoqqbrq7wpQzbVz32yksLa+srhXXSxubW9s75d29pk4yRWiDJDxR7RA05UzShmGG03aqKIiQ01Y4uB77rUeqNEvkvRmmNBAQSxYxAsZKD7cnfgxCAPbjGHvdcsWtuhPgReLNSAXNUO+Wv/xeQjJBpSEctO54bmqCHJRhhNNRyc80TYEMIKYdSyUIqoN8cvUIH1mlh6NE2ZIGT9TfEzkIrYcitJ0CTF/Pe2PxP6+TmegyyJlMM0MlmS6KMo5NgscR4B5TlBg+tASIYvZWTPqggBgbVMmG4M2/vEiap1XvvOrenVVqV7M4iugAHaJj5KELVEM3qI4aiCCFntErenOenBfn3fmYthac2cw++gPn8wfu1JF9</latexit>

J/� � 1• weak monitoring 

➡pinning to measurement eigenstate ➡vanishing time spent in eigenstate
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➡  H=0: collapse into dark state at long times
<latexit sha1_base64="0IWyJNoLmT+gGq+olhY7t9dMWQI="></latexit>
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• invisible in linear averages • seen in averaged trajectory covariance matrix

<latexit sha1_base64="bXJ/FOoaDnEB3uoMronQiomtFCo="></latexit>

| t+dti = | ti � idtĤe↵| ti+
2X

l=1

dWl (n̂l � hn̂lit) | ti

<latexit sha1_base64="F3o8gMRrVTaxcS1333mdN3q/VU4=">AAACEXicbZC7SgNBFIZn4y3GW9TSZjAIaQy7omgjBG0CNhHMBZIQZidnkyGzF2bOimHJK9j4KjYWitja2fk2TpItNPGHgY//nMOZ87uRFBpt+9vKLC2vrK5l13Mbm1vbO/ndvboOY8WhxkMZqqbLNEgRQA0FSmhGCpjvSmi4w+tJvXEPSoswuMNRBB2f9QPhCc7QWN18kbYHDGmlm7QRHjABzxuP6WXq0mMqZnjTzRfskj0VXQQnhQJJVe3mv9q9kMc+BMgl07rl2BF2EqZQcAnjXDvWEDE+ZH1oGQyYD7qTTC8a0yPj9KgXKvMCpFP390TCfK1Hvms6fYYDPV+bmP/VWjF6F51EBFGMEPDZIi+WFEM6iYf2hAKOcmSAcSXMXykfMMU4mhBzJgRn/uRFqJ+UnLOSfXtaKF+lcWTJATkkReKQc1ImFVIlNcLJI3kmr+TNerJerHfrY9aasdKZffJH1ucPbhSbeQ==</latexit>

Ĥe↵ = Ĥ � iK̂

<latexit sha1_base64="x83Bwmc1vIChqnWtj6mZIy8aYfY="></latexit>

Ĥ = �J

⇣
c
†
1c2 + h.c.

⌘ <latexit sha1_base64="4/6c3m46FJWEfx8SeX2r3kbeZw0="></latexit>

K̂ =
�

2

2X

l=1

(n̂l � hn̂lit)2



• toy model: trajectory evolution of single fermion on two sites

Pinning picture: Toy model
<latexit sha1_base64="LaiPe5Cph4m7/l9DxW2hBXqhn8M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix6EU8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFS/b5XKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAHNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/odOM0g==</latexit>

J

<latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>�

• strong monitoring 
<latexit sha1_base64="7x7qeERSNWThPowbD6FNd15gj70=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqe6KoseiF/FUwX5Ady2zabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TR2nitAGiXms2iFoypmkDcMMp+1EURAhp61weD3xW49UaRbLezNKaCCgL1nECBgrPdye+H0QArDPOfa65YpbdafAi8TLSQXlqHfLX34vJqmg0hAOWnc8NzFBBsowwum45KeaJkCG0KcdSyUIqoNsevUYH1mlh6NY2ZIGT9XfExkIrUcitJ0CzEDPexPxP6+TmugyyJhMUkMlmS2KUo5NjCcR4B5TlBg+sgSIYvZWTAaggBgbVMmG4M2/vEiap1XvvOrenVVqV3kcRXSADtEx8tAFqqEbVEcNRJBCz+gVvTlPzovz7nzMWgtOPrOP/sD5/AH+FZGH</latexit>

J/� ⌧ 1
<latexit sha1_base64="brl0cdJtnW2NvZ7a3h1TUD7UxTU=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKe6KosegF/EUwTwgu4beyexmyMzsMjOrhCX/4cWDIl79F2/+jZPHQRMLGoqqbrq7wpQzbVz32yksLa+srhXXSxubW9s75d29pk4yRWiDJDxR7RA05UzShmGG03aqKIiQ01Y4uB77rUeqNEvkvRmmNBAQSxYxAsZKD7cnfgxCAPbjGHvdcsWtuhPgReLNSAXNUO+Wv/xeQjJBpSEctO54bmqCHJRhhNNRyc80TYEMIKYdSyUIqoN8cvUIH1mlh6NE2ZIGT9TfEzkIrYcitJ0CTF/Pe2PxP6+TmegyyJlMM0MlmS6KMo5NgscR4B5TlBg+tASIYvZWTPqggBgbVMmG4M2/vEiap1XvvOrenVVqV7M4iugAHaJj5KELVEM3qI4aiCCFntErenOenBfn3fmYthac2cw++gPn8wfu1JF9</latexit>

J/� � 1• weak monitoring 

➡pinning to measurement eigenstate ➡vanishing time spent in eigenstate

shelving
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t

➡  H=0: collapse into dark state at long times
<latexit sha1_base64="0IWyJNoLmT+gGq+olhY7t9dMWQI="></latexit>
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• invisible in linear averages • seen in averaged trajectory covariance matrix

<latexit sha1_base64="bXJ/FOoaDnEB3uoMronQiomtFCo="></latexit>

| t+dti = | ti � idtĤe↵| ti+
2X

l=1

dWl (n̂l � hn̂lit) | ti

<latexit sha1_base64="F3o8gMRrVTaxcS1333mdN3q/VU4=">AAACEXicbZC7SgNBFIZn4y3GW9TSZjAIaQy7omgjBG0CNhHMBZIQZidnkyGzF2bOimHJK9j4KjYWitja2fk2TpItNPGHgY//nMOZ87uRFBpt+9vKLC2vrK5l13Mbm1vbO/ndvboOY8WhxkMZqqbLNEgRQA0FSmhGCpjvSmi4w+tJvXEPSoswuMNRBB2f9QPhCc7QWN18kbYHDGmlm7QRHjABzxuP6WXq0mMqZnjTzRfskj0VXQQnhQJJVe3mv9q9kMc+BMgl07rl2BF2EqZQcAnjXDvWEDE+ZH1oGQyYD7qTTC8a0yPj9KgXKvMCpFP390TCfK1Hvms6fYYDPV+bmP/VWjF6F51EBFGMEPDZIi+WFEM6iYf2hAKOcmSAcSXMXykfMMU4mhBzJgRn/uRFqJ+UnLOSfXtaKF+lcWTJATkkReKQc1ImFVIlNcLJI3kmr+TNerJerHfrY9aasdKZffJH1ucPbhSbeQ==</latexit>

Ĥe↵ = Ĥ � iK̂

<latexit sha1_base64="x83Bwmc1vIChqnWtj6mZIy8aYfY="></latexit>

Ĥ = �J

⇣
c
†
1c2 + h.c.

⌘ <latexit sha1_base64="4/6c3m46FJWEfx8SeX2r3kbeZw0="></latexit>

K̂ =
�

2

2X

l=1

(n̂l � hn̂lit)2guiding picture and practical approach:

• thermodynamic limit: pinning quantum phase transition may happen at sharply defined point 

➡ Minimal continuum model in (1+1) dimensions)

• signalled in state dependent ‘observable’, like the covariance matrix

➡ Replica construction (no disorder here!)

main insight:
➡ Replica degrees of freedom host non-Hermitian Sine-Gordon model => Pinning transition in 

BKT universality class



Continuum (1+1) dimensional Model

<latexit sha1_base64="uZmtvioiB07S2NLIhur0N8fLW0c="></latexit>

Ĥ = iv

Z

x
 ̂†

x�z@x ̂x

<latexit sha1_base64="dQPmbO63EvZH700Rkia42rT5geQ=">AAACFnicbZBLS8NAEMc3Pmt9RT16WSxChVoSUfQiFL148FClL2hi2Gw37dLNg92NtIR+Ci9+FS8eFPEq3vw2btOA2jqw8Jv/zDA7fzdiVEjD+NLm5hcWl5ZzK/nVtfWNTX1ruyHCmGNSxyELectFgjAakLqkkpFWxAnyXUaabv9yXG/eEy5oGNTkMCK2j7oB9ShGUkmOfmj1kLSqgjqD82LKkeLktjQYleBPfq3yg7uaoxeMspEGnAUzgwLIouron1YnxLFPAokZEqJtGpG0E8QlxYyM8lYsSIRwH3VJW2GAfCLsJD1rBPeV0oFeyNULJEzV3xMJ8oUY+q7q9JHsienaWPyv1o6ld2YnNIhiSQI8WeTFDMoQjj2CHcoJlmyoAGFO1V8h7iGOsFRO5pUJ5vTJs9A4KpsnZePmuFC5yOzIgV2wB4rABKegAq5AFdQBBg/gCbyAV+1Re9betPdJ65yWzeyAP6F9fAOoxp8L</latexit>

 ̂x = ( ̂R,x,  ̂L,x)
T• Hamiltonian: massless Dirac fermions

fermionic variant bosonized variant

<latexit sha1_base64="yW98d2DQpfn156DoQMhAc0t6SWI="></latexit>

Ĥ =
v

2⇡

Z

x
[(@x✓̂x)

2 + (@x�̂x)
2]

Luttinger liquid

densityphase

• preface: model obtains from naive continuum limit and bosonization of lattice fermion model



Continuum (1+1) dimensional Model

<latexit sha1_base64="uZmtvioiB07S2NLIhur0N8fLW0c="></latexit>

Ĥ = iv

Z

x
 ̂†

x�z@x ̂x

<latexit sha1_base64="dQPmbO63EvZH700Rkia42rT5geQ=">AAACFnicbZBLS8NAEMc3Pmt9RT16WSxChVoSUfQiFL148FClL2hi2Gw37dLNg92NtIR+Ci9+FS8eFPEq3vw2btOA2jqw8Jv/zDA7fzdiVEjD+NLm5hcWl5ZzK/nVtfWNTX1ruyHCmGNSxyELectFgjAakLqkkpFWxAnyXUaabv9yXG/eEy5oGNTkMCK2j7oB9ShGUkmOfmj1kLSqgjqD82LKkeLktjQYleBPfq3yg7uaoxeMspEGnAUzgwLIouron1YnxLFPAokZEqJtGpG0E8QlxYyM8lYsSIRwH3VJW2GAfCLsJD1rBPeV0oFeyNULJEzV3xMJ8oUY+q7q9JHsienaWPyv1o6ld2YnNIhiSQI8WeTFDMoQjj2CHcoJlmyoAGFO1V8h7iGOsFRO5pUJ5vTJs9A4KpsnZePmuFC5yOzIgV2wB4rABKegAq5AFdQBBg/gCbyAV+1Re9betPdJ65yWzeyAP6F9fAOoxp8L</latexit>

 ̂x = ( ̂R,x,  ̂L,x)
T• Hamiltonian: massless Dirac fermions

fermionic variant bosonized variant

<latexit sha1_base64="yW98d2DQpfn156DoQMhAc0t6SWI="></latexit>

Ĥ =
v

2⇡

Z

x
[(@x✓̂x)

2 + (@x�̂x)
2]

Luttinger liquid

densityphase

<latexit sha1_base64="HUHkIQ0/PrFUO8EGnb4kfP/J+ao=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJVHRZdOPOCvYBbSiT6aQdOpmEmYlQQ7/EjQtF3Pop7vwbJ20W2npg4HDOvdwzx485U9pxvq3C2vrG5lZxu7Szu7dftg8O2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJzeZ33mkUrFIPOhpTL0QjwQLGMHaSAO73A+xHhPM07sZqrpnA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lMtexl4n9eL9HBlZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0j6vuRc1575eaVzndRThGE6gCi5cQgNuoQktIJDAM7zCm/VkvVjv1sditGDlO0fwB9bnD5sCkmQ=</latexit>

O(1)

linear gapless

nonlinear

rate <latexit sha1_base64="bVyZJBNsTKNv1x/tI2QQzUEnwt0=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSSiKJ6KXjxWsB/ShjLZbtqlu5uwuxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7RA15UzShmGG03aiKIqQ01Y4up36rSeqNIvlgxknNBA4kCxiBI2VHrsDFAJ7/nWvXPGq3gzuMvFzUoEc9V75q9uPSSqoNISj1h3fS0yQoTKMcDopdVNNEyQjHNCOpRIF1UE2O3jinlil70axsiWNO1N/T2QotB6L0HYKNEO96E3F/7xOaqKrIGMySQ2VZL4oSrlrYnf6vdtnihLDx5YgUcze6pIhKiTGZlSyIfiLLy+T5lnVv6h69+eV2k0eRxGO4BhOwYdLqMEd1KEBBAQ8wyu8Ocp5cd6dj3lrwclnDuEPnM8fMV+QAQ==</latexit>�1 :

<latexit sha1_base64="yChqhBn+AB6rjQxatVJKZLsDApM=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQoiqeiF48V7Ie0oUy2m3bp7ibsboQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dlZW19Y3Ngtbxe2d3b390sFhU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3U791hNVmsXywYwTGggcSBYxgsZKj90BCoG96nWvVPYq3gzuMvFzUoYc9V7pq9uPSSqoNISj1h3fS0yQoTKMcDopdlNNEyQjHNCOpRIF1UE2O3jinlql70axsiWNO1N/T2QotB6L0HYKNEO96E3F/7xOaqKrIGMySQ2VZL4oSrlrYnf6vdtnihLDx5YgUcze6pIhKiTGZlS0IfiLLy+TZrXiX1S8+/Ny7SaPowDHcAJn4MMl1OAO6tAAAgKe4RXeHOW8OO/Ox7x1xclnjuAPnM8fMuSQAg==</latexit>�2 :rate 

• stabilize product dark states: exactly local 

• realize competition: do not commute with H (phase fluctuations)

• measurement operators: current and vertex operators 
<latexit sha1_base64="Ou3oTRKSF1AgkVOtetS8nV0wfCg="></latexit>

Ô1,x =  †
x x = Ĵ

(0)
x

<latexit sha1_base64="MlMYplOJR5VyaBelDxwbdLW7c3I=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0EQkbAbFG2EoI2dEcwDsnG5O5lshsw+mJmVhCX/YOOv2FgoYmtj5984SbbQxAOXezjnXmbu8WLOpLKsbyO3sLi0vJJfLaytb2xumds7dRklgtAaiXgkmh5IyllIa4opTpuxoBB4nDa8/tXYbzxQIVkU3qlhTNsB+CHrMgJKS6555PRA4Rs3LR8PRvjCqUp273TA96lwB45kfgC6a9UduGbRKlkT4HliZ6SIMlRd88vpRCQJaKgIBylbthWrdgpCMcLpqOAkksZA+uDTlqYhBFS208lNI3yglQ7uRkJXqPBE/b2RQiDlMPD0ZACqJ2e9sfif10pU97ydsjBOFA3J9KFuwrGK8Dgg3GGCEsWHmgARTP8Vkx4IIErHWNAh2LMnz5N6uWSflqzbk2LlMosjj/bQPjpENjpDFXSNqqiGCHpEz+gVvRlPxovxbnxMR3NGtrOL/sD4/AGkD54L</latexit>

Ô2,x =  †
x�x x

<latexit sha1_base64="A6uU/t0jfJc/Ye3bn9yve/Qq6D4=">AAACHXicbVDNS8MwHE39nPNr6tFLcAgedLQy0Ysw9OLNCe4D1lLSLN3C0jYkqWyU/iNe/Fe8eFDEgxfxvzHtetDNB4HHe++X5Pc8zqhUpvltLCwuLa+sltbK6xubW9uVnd22jGKBSQtHLBJdD0nCaEhaiipGulwQFHiMdLzRdeZ3HoiQNArv1YQTJ0CDkPoUI6Ult1KH0B4iBW/dxDoep5cnti8QTqw0sTlNbY6Eooi54zxk8yF1k3HqVqpmzcwB54lVkCoo0HQrn3Y/wnFAQoUZkrJnmVw5SXY5ZiQt27EkHOERGpCepiEKiHSSfLsUHmqlD/1I6BMqmKu/JxIUSDkJPJ0MkBrKWS8T//N6sfIvnISGPFYkxNOH/JhBFcGsKtingmDFJpogLKj+K8RDpOtRutCyLsGaXXmetE9r1lnNvKtXG1dFHSWwDw7AEbDAOWiAG9AELYDBI3gGr+DNeDJejHfjYxpdMIqZPfAHxtcPWxCiKA==</latexit>

Ô1,x = � 1

⇡
@x�̂x

<latexit sha1_base64="bEy7R/hhzWWbtAk6opTpyA7eTpQ=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEmKohuh6MadFewDmhAm00kzdPJgZiItIXs3/oobF4q49Qfc+TdO2iy09cCFwzn3cu89bsyokIbxrS0tr6yurZc2yptb2zu7+t5+R0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0XXudx8IFzQK7+UkJnaAhiH1KEZSSY5esXwk4a2TNk7G2SUMLByJWiMXrdinTjrOjh29atSNKeAiMQtSBQVajv5lDSKcBCSUmCEh+qYRSztFXFLMSFa2EkFihEdoSPqKhiggwk6nv2TwSCkD6EVcVSjhVP09kaJAiEngqs4ASV/Me7n4n9dPpHdhpzSME0lCPFvkJQzKCObBwAHlBEs2UQRhTtWtEPuIIyxVfGUVgjn/8iLpNOrmWd24O602r4o4SuAQVEANmOAcNMENaIE2wOARPINX8KY9aS/au/Yxa13SipkD8Afa5w+hMpor</latexit>

Ô2,x = m cos(2�̂x)

common eigenstates:
<latexit sha1_base64="/DduCH13hhokNGkLq69oha1pjJs=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK4sSSi6EYo6sJlBfuAJoSb6aQZOpmEmYlYYr/Cjb/ixoUibsWdf+P0sdC2By4czrmXe+8JUkalsu0fo7CwuLS8Ulwtra1vbG6Z2zsNmWQCkzpOWCJaAUjCKCd1RRUjrVQQiANGmkHvaug374mQNOF3qp8SL4YupyHFoLTkm0duBMpNI+o/PLo1Sf1rVwDvMnIxT/TNsl2xR7BmiTMhZTRBzTe/3U6Cs5hwhRlI2XbsVHk5CEUxI4OSm0mSAu5Bl7Q15RAT6eWjtwbWgVY6VpgIXVxZI/XvRA6xlP040J0xqEhOe0NxntfOVHju5ZSnmSIcjxeFGbNUYg0zsjpUEKxYXxPAgupbLRyBAKx0kiUdgjP98ixpHFec04p9e1KuXk7iKKI9tI8OkYPOUBXdoBqqI4ye0At6Q+/Gs/FqfBif49aCMZnZRf9gfP0CbEGgJw==</latexit>

�̂x| Di = �x| Di

• preface: model obtains from naive continuum limit and bosonization of lattice fermion model



• Access state-dependent observables, e.g. covariance matrix

<latexit sha1_base64="AOZOTkYl4wmd7wLKph4oRROthaU=">AAACJ3icbVDLSsNAFJ3UV62vqEs3wSLUTUmKohul6MZlBfuAJpbJdNoOnUzCzI1Q0v6NG3/FjaAiuvRPnLbBR+uBgXPPuZc79/gRZwps+8PILCwuLa9kV3Nr6xubW+b2Tk2FsSS0SkIeyoaPFeVM0Cow4LQRSYoDn9O6378c+/U7KhULxQ0MIuoFuCtYhxEMWmqZ50O3olgLXIlFl9OzoRuNy9uk4ByOUtENgQVU/Vilb6tl5u2iPYE1T5yU5FGKSst8dtshiQMqgHCsVNOxI/ASLIERTkc5N1Y0wqSPu7SpqcB6sZdM7hxZB1ppW51Q6ifAmqi/JxIcKDUIfN0ZYOipWW8s/uc1Y+icegkTUQxUkOmiTswtCK1xaFabSUqADzTBRDL9V4v0sMQEdLQ5HYIze/I8qZWKznHRvj7Kly/SOLJoD+2jAnLQCSqjK1RBVUTQPXpEL+jVeDCejDfjfdqaMdKZXfQHxucX/m+nOg==</latexit>

| ti = | (1)
t i ⌦ | (2)

t i• Introduce replicas in Hilbert space ⌦=

Cxy = hn̂xn̂yi � hn̂xihn̂yi

➡  linear statistical average of replica density matrix
<latexit sha1_base64="5zDQrRDnwNDkxcXxuDtAQg00LkI=">AAACIXicbVDLSgMxFM34rPVVdelmsAiuyowodiMU3bisYluhU0smvW2DmWRI7ohlOr/ixl9x40KR7sSfMX0sfB0IOZxz703uCWPBDXrehzM3v7C4tJxbya+urW9sFra260YlmkGNKaH0TUgNCC6hhhwF3MQaaBQKaIR352O/cQ/acCWvcRBDK6I9ybucUbRSu1AOdF/dpocBwgOmV1l2GihbPx6XDoOq4W0MNJU9AYGYXhNtmLULRa/kTeD+Jf6MFMkM1XZhFHQUSyKQyAQ1pul7MbZSqpEzAVk+SAzElN3RHjQtlTQC00onG2buvlU6bldpeyS6E/V7R0ojYwZRaCsjin3z2xuL/3nNBLvlVsplnCBINn2omwgXlTuOy+1wDQzFwBLKNLd/dVmfasrQhpq3Ifi/V/5L6ocl/7jkXR4VK2ezOHJkl+yRA+KTE1IhF6RKaoSRR/JMXsmb8+S8OO/OaFo658x6dsgPOJ9fxTulvg==</latexit>

⇢2R = | tih t|

Replica Approach (n=2)

• All quadratic-in-state observables encoded in



• Access state-dependent observables, e.g. covariance matrix

<latexit sha1_base64="AOZOTkYl4wmd7wLKph4oRROthaU=">AAACJ3icbVDLSsNAFJ3UV62vqEs3wSLUTUmKohul6MZlBfuAJpbJdNoOnUzCzI1Q0v6NG3/FjaAiuvRPnLbBR+uBgXPPuZc79/gRZwps+8PILCwuLa9kV3Nr6xubW+b2Tk2FsSS0SkIeyoaPFeVM0Cow4LQRSYoDn9O6378c+/U7KhULxQ0MIuoFuCtYhxEMWmqZ50O3olgLXIlFl9OzoRuNy9uk4ByOUtENgQVU/Vilb6tl5u2iPYE1T5yU5FGKSst8dtshiQMqgHCsVNOxI/ASLIERTkc5N1Y0wqSPu7SpqcB6sZdM7hxZB1ppW51Q6ifAmqi/JxIcKDUIfN0ZYOipWW8s/uc1Y+icegkTUQxUkOmiTswtCK1xaFabSUqADzTBRDL9V4v0sMQEdLQ5HYIze/I8qZWKznHRvj7Kly/SOLJoD+2jAnLQCSqjK1RBVUTQPXpEL+jVeDCejDfjfdqaMdKZXfQHxucX/m+nOg==</latexit>

| ti = | (1)
t i ⌦ | (2)

t i• Introduce replicas in Hilbert space ⌦=

Cxy = hn̂xn̂yi � hn̂xihn̂yi

➡  linear statistical average of replica density matrix
<latexit sha1_base64="5zDQrRDnwNDkxcXxuDtAQg00LkI=">AAACIXicbVDLSgMxFM34rPVVdelmsAiuyowodiMU3bisYluhU0smvW2DmWRI7ohlOr/ixl9x40KR7sSfMX0sfB0IOZxz703uCWPBDXrehzM3v7C4tJxbya+urW9sFra260YlmkGNKaH0TUgNCC6hhhwF3MQaaBQKaIR352O/cQ/acCWvcRBDK6I9ybucUbRSu1AOdF/dpocBwgOmV1l2GihbPx6XDoOq4W0MNJU9AYGYXhNtmLULRa/kTeD+Jf6MFMkM1XZhFHQUSyKQyAQ1pul7MbZSqpEzAVk+SAzElN3RHjQtlTQC00onG2buvlU6bldpeyS6E/V7R0ojYwZRaCsjin3z2xuL/3nNBLvlVsplnCBINn2omwgXlTuOy+1wDQzFwBLKNLd/dVmfasrQhpq3Ifi/V/5L6ocl/7jkXR4VK2ezOHJkl+yRA+KTE1IhF6RKaoSRR/JMXsmb8+S8OO/OaFo658x6dsgPOJ9fxTulvg==</latexit>

⇢2R = | tih t|

Replica Approach (n=2)

• All quadratic-in-state observables encoded in

@t⇢
2R = ⌦ ⌦ ⌦+ +

individual heating Lindbladians replica coupling

�{M̂ (1)
x , {M̂ (2)

x , ⇢2R}}i[⇢2R, H(↵)]� �

2
[M̂ (↵)

x , [M̂ (↵)
x , ⇢

2R]]

<latexit sha1_base64="++SiaXJ5wsnDP0cXtjsffRde2BQ=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjMu6DHoxWMUs0gyhp5OJ2nSy9DdI4QhX+HFgyJe/Rxv/o2dZA6a+KDg8V4VVfWimDNjff/byy0tr6yu5dcLG5tb2zvF3b26UYkmtEYUV7oZYUM5k7RmmeW0GWuKRcRpIxpeT/zGE9WGKXlvRzENBe5L1mMEWyc9tPVAPaand+NOseSX/SnQIgkyUoIM1U7xq91VJBFUWsKxMa3Aj22YYm0Z4XRcaCeGxpgMcZ+2HJVYUBOm04PH6MgpXdRT2pW0aKr+nkixMGYkItcpsB2YeW8i/ue1Etu7DFMm48RSSWaLeglHVqHJ96jLNCWWjxzBRDN3KyIDrDGxLqOCCyGYf3mR1E/KwXnZvz0rVa6yOPJwAIdwDAFcQAVuoAo1ICDgGV7hzdPei/fufcxac142sw9/4H3+ALWXkFg=</latexit>

⇢3R• Quantum master equation (truncate coupling to        )



• Access state-dependent observables, e.g. covariance matrix

<latexit sha1_base64="AOZOTkYl4wmd7wLKph4oRROthaU=">AAACJ3icbVDLSsNAFJ3UV62vqEs3wSLUTUmKohul6MZlBfuAJpbJdNoOnUzCzI1Q0v6NG3/FjaAiuvRPnLbBR+uBgXPPuZc79/gRZwps+8PILCwuLa9kV3Nr6xubW+b2Tk2FsSS0SkIeyoaPFeVM0Cow4LQRSYoDn9O6378c+/U7KhULxQ0MIuoFuCtYhxEMWmqZ50O3olgLXIlFl9OzoRuNy9uk4ByOUtENgQVU/Vilb6tl5u2iPYE1T5yU5FGKSst8dtshiQMqgHCsVNOxI/ASLIERTkc5N1Y0wqSPu7SpqcB6sZdM7hxZB1ppW51Q6ifAmqi/JxIcKDUIfN0ZYOipWW8s/uc1Y+icegkTUQxUkOmiTswtCK1xaFabSUqADzTBRDL9V4v0sMQEdLQ5HYIze/I8qZWKznHRvj7Kly/SOLJoD+2jAnLQCSqjK1RBVUTQPXpEL+jVeDCejDfjfdqaMdKZXfQHxucX/m+nOg==</latexit>

| ti = | (1)
t i ⌦ | (2)

t i• Introduce replicas in Hilbert space ⌦=

Cxy = hn̂xn̂yi � hn̂xihn̂yi

➡  linear statistical average of replica density matrix
<latexit sha1_base64="5zDQrRDnwNDkxcXxuDtAQg00LkI=">AAACIXicbVDLSgMxFM34rPVVdelmsAiuyowodiMU3bisYluhU0smvW2DmWRI7ohlOr/ixl9x40KR7sSfMX0sfB0IOZxz703uCWPBDXrehzM3v7C4tJxbya+urW9sFra260YlmkGNKaH0TUgNCC6hhhwF3MQaaBQKaIR352O/cQ/acCWvcRBDK6I9ybucUbRSu1AOdF/dpocBwgOmV1l2GihbPx6XDoOq4W0MNJU9AYGYXhNtmLULRa/kTeD+Jf6MFMkM1XZhFHQUSyKQyAQ1pul7MbZSqpEzAVk+SAzElN3RHjQtlTQC00onG2buvlU6bldpeyS6E/V7R0ojYwZRaCsjin3z2xuL/3nNBLvlVsplnCBINn2omwgXlTuOy+1wDQzFwBLKNLd/dVmfasrQhpq3Ifi/V/5L6ocl/7jkXR4VK2ezOHJkl+yRA+KTE1IhF6RKaoSRR/JMXsmb8+S8OO/OaFo658x6dsgPOJ9fxTulvg==</latexit>

⇢2R = | tih t|

Replica Approach (n=2)

• All quadratic-in-state observables encoded in

@t⇢
2R = ⌦ ⌦ ⌦+ +

individual heating Lindbladians replica coupling

�{M̂ (1)
x , {M̂ (2)

x , ⇢2R}}i[⇢2R, H(↵)]� �

2
[M̂ (↵)

x , [M̂ (↵)
x , ⇢

2R]]

<latexit sha1_base64="++SiaXJ5wsnDP0cXtjsffRde2BQ=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjMu6DHoxWMUs0gyhp5OJ2nSy9DdI4QhX+HFgyJe/Rxv/o2dZA6a+KDg8V4VVfWimDNjff/byy0tr6yu5dcLG5tb2zvF3b26UYkmtEYUV7oZYUM5k7RmmeW0GWuKRcRpIxpeT/zGE9WGKXlvRzENBe5L1mMEWyc9tPVAPaand+NOseSX/SnQIgkyUoIM1U7xq91VJBFUWsKxMa3Aj22YYm0Z4XRcaCeGxpgMcZ+2HJVYUBOm04PH6MgpXdRT2pW0aKr+nkixMGYkItcpsB2YeW8i/ue1Etu7DFMm48RSSWaLeglHVqHJ96jLNCWWjxzBRDN3KyIDrDGxLqOCCyGYf3mR1E/KwXnZvz0rVa6yOPJwAIdwDAFcQAVuoAo1ICDgGV7hzdPei/fufcxac142sw9/4H3+ALWXkFg=</latexit>

⇢3R• Quantum master equation (truncate coupling to        )

� = �̂(a) = �̂(1) + �̂(2) average coordinate

� : �̂(r) = �̂(1) � �̂(2) replica fluctuations
• New degrees of freedom 



Boson Replica Quantum Master Equation

➡ Master equation becomes separable (exact for Gaussian dynamics, useful more generally)

� = �̂(a) = �̂(1) + �̂(2) average coordinate

� : �̂(r) = �̂(1) � �̂(2) replica fluctuations
• New degrees of freedom 

<latexit sha1_base64="LuBKSX3QJMkN28ytaQ3FqP17w0E="></latexit>

@t⇢
(a) = i[⇢(a), H(a)] +

2�

⇡

X

l

⇣
@x�̂

(a) � h@x�̂(a)i
⌘
⇢
(a)

⇣
@x�̂

(a) � h@x�̂(a)i
⌘

• Average coordinate: heating to infinite temperature

only jump term!

no jump term!
<latexit sha1_base64="cUUuUCbjXvo5A8pyJNb3y+omhGU="></latexit>

@t⇢
(r) = i[⇢(r), H(r)]� �

⇡

X

l

n
(@x�̂

(r))2, ⇢(r)
o

• Relative coordinate: cooling/damping into dark state



Boson Replica Quantum Master Equation

➡ Master equation becomes separable (exact for Gaussian dynamics, useful more generally)

� = �̂(a) = �̂(1) + �̂(2) average coordinate

� : �̂(r) = �̂(1) � �̂(2) replica fluctuations
• New degrees of freedom 

<latexit sha1_base64="LuBKSX3QJMkN28ytaQ3FqP17w0E="></latexit>

@t⇢
(a) = i[⇢(a), H(a)] +

2�

⇡

X

l

⇣
@x�̂

(a) � h@x�̂(a)i
⌘
⇢
(a)

⇣
@x�̂

(a) � h@x�̂(a)i
⌘

• Average coordinate: heating to infinite temperature

only jump term!

no jump term!
<latexit sha1_base64="cUUuUCbjXvo5A8pyJNb3y+omhGU="></latexit>

@t⇢
(r) = i[⇢(r), H(r)]� �

⇡

X

l

n
(@x�̂

(r))2, ⇢(r)
o

• Relative coordinate: cooling/damping into dark state

He↵ =
⌫

2⇡

Z

x
(@x✓̂)

2 + (1� i⌘
2)(@x�̂)

2

➡  cooling into dark state

• Non-Hermitian Schrödinger equation for relative coordinate

effect of non-linearity

@t| (r)
t i = �iHe↵| (r)

t i

➡non-Hermitian Sine-Gordon: pinning via cos term, depinning via theta term
➡extract physics in path integral approach

<latexit sha1_base64="s2Q4cc2IOaOtaupLy8YGNxAzt2s="></latexit>
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�m

⇡
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x
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p
8�̂x)]



Phase diagram
➡  Sine-Gordon action with complex coefficients 

• ‘Wick rotation’ brings free part to standard Euclidean (2+0) dimensional form

<latexit sha1_base64="Z9RHfpgqiXdjDkhxsyXabCNbRC0="></latexit>
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<latexit sha1_base64="BX21XCv4k62mGFGxeWGARzhavIo=">AAACJHicbZDLSsNAFIYnXmu9RV26CRahhVqSoii4KbpxWcFeoKllMp20QycXZk60JeRh3Pgqblx4wYUbn8Vpm0Vt/WHg5zvncOb8TsiZBNP81paWV1bX1jMb2c2t7Z1dfW+/LoNIEFojAQ9E08GScubTGjDgtBkKij2H04YzuB7XGw9USBb4dzAKadvDPZ+5jGBQqKNf5odFKNiC9fqAhQge8zYFfB/brsAktpK4nCTDIpvCk1kKhY6eM0vmRMaisVKTQ6mqHf3D7gYk8qgPhGMpW5YZQjvGAhjhNMnakaQhJgPcoy1lfexR2Y4nRybGsSJdww2Eej4YEzo7EWNPypHnqE4PQ1/O18bwv1orAveiHTM/jID6ZLrIjbgBgTFOzOgyQQnwkTKYCKb+apA+VkGAyjWrQrDmT1409XLJOiuZt6e5ylUaRwYdoiOURxY6RxV0g6qohgh6Qi/oDb1rz9qr9ql9TVuXtHTmAP2R9vMLsf6leA==</latexit>

(x, t) ! (⌘
1
2x, i⌘�

1
2 t)

➡RG flow: standard KT flow with complex
<latexit sha1_base64="TGhpP4PY/uae4qaKI5NokYJ9NgY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgQsqMVHRZdCO4qWAf0g4lk8m0oUlmSDJCGfoVblwo4tbPceffmLaz0NYDgcM555J7T5Bwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqghtkpjHqhNgTTmTtGmY4bSTKIpFwGk7GN1M/fYTVZrF8sGME+oLPJAsYgQbKz3enfW4DYe4X664VXcGtEy8nFQgR6Nf/uqFMUkFlYZwrHXXcxPjZ1gZRjidlHqppgkmIzygXUslFlT72WzhCTqxSoiiWNknDZqpvycyLLQei8AmBTZDvehNxf+8bmqiKz9jMkkNlWT+UZRyZGI0vR6FTFFi+NgSTBSzuyIyxAoTYzsq2RK8xZOXSeu86l1U3ftapX6d11GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352MeLTj5zCH8gfP5Az/wkAw=</latexit>

K,�

Fendley, Saleur, Zamolodchikov,  
International Journal of Modern Physics (1993)

• UV flow modified

➡  shift of phase border
• IR flow reaches standard KT flow

➡ same long wavelength properties



Phase diagram
➡  Sine-Gordon action with complex coefficients 

• ‘Wick rotation’ brings free part to standard Euclidean (2+0) dimensional form

<latexit sha1_base64="Z9RHfpgqiXdjDkhxsyXabCNbRC0="></latexit>
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<latexit sha1_base64="BX21XCv4k62mGFGxeWGARzhavIo=">AAACJHicbZDLSsNAFIYnXmu9RV26CRahhVqSoii4KbpxWcFeoKllMp20QycXZk60JeRh3Pgqblx4wYUbn8Vpm0Vt/WHg5zvncOb8TsiZBNP81paWV1bX1jMb2c2t7Z1dfW+/LoNIEFojAQ9E08GScubTGjDgtBkKij2H04YzuB7XGw9USBb4dzAKadvDPZ+5jGBQqKNf5odFKNiC9fqAhQge8zYFfB/brsAktpK4nCTDIpvCk1kKhY6eM0vmRMaisVKTQ6mqHf3D7gYk8qgPhGMpW5YZQjvGAhjhNMnakaQhJgPcoy1lfexR2Y4nRybGsSJdww2Eej4YEzo7EWNPypHnqE4PQ1/O18bwv1orAveiHTM/jID6ZLrIjbgBgTFOzOgyQQnwkTKYCKb+apA+VkGAyjWrQrDmT1409XLJOiuZt6e5ylUaRwYdoiOURxY6RxV0g6qohgh6Qi/oDb1rz9qr9ql9TVuXtHTmAP2R9vMLsf6leA==</latexit>
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➡RG flow: standard KT flow with complex
<latexit sha1_base64="TGhpP4PY/uae4qaKI5NokYJ9NgY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgQsqMVHRZdCO4qWAf0g4lk8m0oUlmSDJCGfoVblwo4tbPceffmLaz0NYDgcM555J7T5Bwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqghtkpjHqhNgTTmTtGmY4bSTKIpFwGk7GN1M/fYTVZrF8sGME+oLPJAsYgQbKz3enfW4DYe4X664VXcGtEy8nFQgR6Nf/uqFMUkFlYZwrHXXcxPjZ1gZRjidlHqppgkmIzygXUslFlT72WzhCTqxSoiiWNknDZqpvycyLLQei8AmBTZDvehNxf+8bmqiKz9jMkkNlWT+UZRyZGI0vR6FTFFi+NgSTBSzuyIyxAoTYzsq2RK8xZOXSeu86l1U3ftapX6d11GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352MeLTj5zCH8gfP5Az/wkAw=</latexit>

K,�

Fendley, Saleur, Zamolodchikov,  
International Journal of Modern Physics (1993)

• UV flow modified

➡  shift of phase border
• IR flow reaches standard KT flow

➡ same long wavelength properties

➡phase transition in the BKT universality class

➡all in line with numerics for lattice fermions

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

<latexit sha1_base64="Myj/G2cUnBoaH4Fmn6qaTu4yxCU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9CKeKtgPaEKZbDfp0t1N2N0IJfRvePGgiFf/jDf/jds2B60+GHi8N8PMvDDlTBvX/XJKS8srq2vl9crG5tb2TnV3r62TTBHaIglPVDcETTmTtGWY4bSbKgoi5LQTjm6mfueRKs0S+WDGKQ0ExJJFjICxkh/jK+zHIASc3PWrNbfuzoD/Eq8gNVSg2a9++oOEZIJKQzho3fPc1AQ5KMMIp5OKn2maAhlBTHuWShBUB/ns5gk+ssoAR4myJQ2eqT8nchBaj0VoOwWYoV70puJ/Xi8z0WWQM5lmhkoyXxRlHJsETwPAA6YoMXxsCRDF7K2YDEEBMTamig3BW3z5L2mf1r3zunt/VmtcF3GU0QE6RMfIQxeogW5RE7UQQSl6Qi/o1cmcZ+fNeZ+3lpxiZh/9gvPxDYTPkLI=</latexit>

g = �/J• resulting phase diagram:

<latexit sha1_base64="+Y4kwwl2//Ou6kNFeQlpNxH+eKE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQF5akKLoRit24rGAf0MYymU7aoTNJmJlIQ5q9G3/FjQtF3PoD7vwbp4+Fth64cDjnXu69xw0Zlcqyvo3Myura+kZ2M7e1vbO7Z+4fNGQQCUzqOGCBaLlIEkZ9UldUMdIKBUHcZaTpDqsTv/lAhKSBf6fikDgc9X3qUYyUlrpmHsJqNxnF6VXHEwgn1WKnjzhHJ2kyHp3G4/ty2jULVsmaAi4Te04KYI5a1/zq9AIcceIrzJCUbdsKlZMgoShmJM11IklChIeoT9qa+ogT6STTX1J4rJUe9AKhy1dwqv6eSBCXMuau7uRIDeSiNxH/89qR8i6dhPphpIiPZ4u8iEEVwEkwsEcFwYrFmiAsqL4V4gHSmSgdX06HYC++vEwa5ZJ9XrJuzwqV63kcWXAE8qAIbHABKuAG1EAdYPAInsEreDOejBfj3fiYtWaM+cwh+APj8wc5A5qM</latexit>

Cxy =
C(�)

|x� y|2

➡  algebraic decay (generalized CFT) 
➡  depinned phase

➡exponential decay
➡  pinned phase 

<latexit sha1_base64="LYh7arDUtoylg9M+nYuRXNzht9w=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSWVgkCwVjRhbFI9CE1IXJcp7XqPGQ7qJGbmYVfYWEAIVa+gI2/wX0M0HKkKx2dc6/uvcdPGBXSsr6NpeWV1bX1wkZxc2t7Z9fc22+KOOWYNHDMYt72kSCMRqQhqWSknXCCQp+Rlj+ojf3WA+GCxtGdzBLihqgX0YBiJLXkmUc1Tw2z3BE0hORelZ2AI6xGw3I2ypUzpHnumSWrYk0AF4k9IyUwQ90zv5xujNOQRBIzJETHthLpKsQlxYzkRScVJEF4gHqko2mEQiJcNXklhyda6cIg5roiCSfq7wmFQiGy0NedIZJ9Me+Nxf+8TiqDK1fRKEklifB0UZAyKGM4zgV2KSdYskwThDnVt0LcRzoMqdMr6hDs+ZcXSfOsYl9UrNvzUvV6FkcBHIJjcApscAmq4AbUQQNg8AiewSt4M56MF+Pd+Ji2LhmzmQPwB8bnD4B0m2w=</latexit>

Cxy ⇠ e�
|x�y|

⇠
<latexit sha1_base64="jQwM3aYYh0XN714J7/0G98qtvwc=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWoC2tSFN0IRTcuK9gHNLFMppN06MwkzEyKJXThxl9x40IRt36EO//GaZuFth64cDjnXu69x48pkcq2v43c0vLK6lp+vbCxubW9Y+7uNWWUCIQbKKKRaPtQYko4biiiKG7HAkPmU9zyB9cTvzXEQpKI36lRjD0GQ04CgqDSUtcsug/kPj12xpcujcJy1Y2JG0LG4MnwqGuW7Io9hbVInIyUQIZ61/xyexFKGOYKUShlx7Fj5aVQKIIoHhfcROIYogEMcUdTDhmWXjp9YmwdaqVnBZHQxZU1VX9PpJBJOWK+7mRQ9eW8NxH/8zqJCi68lPA4UZij2aIgoZaKrEkiVo8IjBQdaQKRIPpWC/WhgEjp3Ao6BGf+5UXSrFacs4p9e1qqXWVx5EERHIAycMA5qIEbUAcNgMAjeAav4M14Ml6Md+Nj1pozspl98AfG5w9d7JdF</latexit>

⇠�1 = log(2⇡�/v)

scaling collapse of c



Entanglement Entropies: n-Replica Keldysh approach

• Rényi entropy
traced out

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x
Calabrese, Cardy, JPA (2009) 

<latexit sha1_base64="ulKX5yAUmpUQzOGLq08kSRX4vrw="></latexit>

Sn(L) =
1

1� n
logZA(n, {dW}), ZA(n, {dW}) ⌘ tr[(⇢̂(c)A )n]

traced out

<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A
• von Neumann entropy: 

<latexit sha1_base64="qd/pK9FYOmn8CeJUduyya8R5tk0=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFl047KCfUA7lEx6p43NJEOSEUrpP7hxoYhb/8edf2PazkJbDwQO59xL7jlRKrixvv/trayurW9sFraK2zu7e/ulg8OGUZlmWGdKKN2KqEHBJdYttwJbqUaaRAKb0fB26jefUBuu5IMdpRgmtC95zBm1TmrIjlUk6JbKfsWfgSyTICdlyFHrlr46PcWyBKVlghrTDvzUhmOqLWcCJ8VOZjClbEj72HZU0gRNOJ5dOyGnTumRWGn3pCUz9ffGmCbGjJLITSbUDsyiNxX/89qZja/DMZdpZlGy+UdxJoiLOI1Oelwjs2LkCGWau1sJG1BNmXUFFV0JwWLkZdI4rwSXFf/+oly9yesowDGcwBkEcAVVuIMa1IHBIzzDK7x5ynvx3r2P+eiKl+8cwR94nz/1SI64</latexit>

n ! 1



Entanglement Entropies: n-Replica Keldysh approach

• Rényi entropy
traced out

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x
Calabrese, Cardy, JPA (2009) 

<latexit sha1_base64="ulKX5yAUmpUQzOGLq08kSRX4vrw="></latexit>

Sn(L) =
1

1� n
logZA(n, {dW}), ZA(n, {dW}) ⌘ tr[(⇢̂(c)A )n]

traced out

<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A
• von Neumann entropy: 

<latexit sha1_base64="qd/pK9FYOmn8CeJUduyya8R5tk0=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFl047KCfUA7lEx6p43NJEOSEUrpP7hxoYhb/8edf2PazkJbDwQO59xL7jlRKrixvv/trayurW9sFraK2zu7e/ulg8OGUZlmWGdKKN2KqEHBJdYttwJbqUaaRAKb0fB26jefUBuu5IMdpRgmtC95zBm1TmrIjlUk6JbKfsWfgSyTICdlyFHrlr46PcWyBKVlghrTDvzUhmOqLWcCJ8VOZjClbEj72HZU0gRNOJ5dOyGnTumRWGn3pCUz9ffGmCbGjJLITSbUDsyiNxX/89qZja/DMZdpZlGy+UdxJoiLOI1Oelwjs2LkCGWau1sJG1BNmXUFFV0JwWLkZdI4rwSXFf/+oly9yesowDGcwBkEcAVVuIMa1IHBIzzDK7x5ynvx3r2P+eiKl+8cwR94nz/1SI64</latexit>

n ! 1

• Approach: Keldysh replica field theory for n replicas

Z(n) = Z(n, dW ) =

Z
D[{ ̄X , X}]eiSn[ ]

Replica-Keldysh in other contexts: 
Aleiner, Faoro, Ioffe, AoP  (2016); 

Ansari, Nazarov, JETP (2016)

0tf tf

Z(1, {⇠}) = tr(⇢tf!1) =
tt

x
� contour+ contour

tr

...Z(n, {⇠}) =

 
A

l = 1 l + 1 = 2

n = 2

ZA(n, {⇠}) = tr⇢nA =

(a)

(b)

(c) intra-replica noise inter-replica 
noise 

• 1 mode heats up (noisy)
• n-1 modes cool down (noiseless)



Entanglement Entropies: n-Replica Keldysh approach

• Rényi entropy
traced out

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x
Calabrese, Cardy, JPA (2009) 

<latexit sha1_base64="ulKX5yAUmpUQzOGLq08kSRX4vrw="></latexit>

Sn(L) =
1

1� n
logZA(n, {dW}), ZA(n, {dW}) ⌘ tr[(⇢̂(c)A )n]

traced out

<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A
• von Neumann entropy: 

<latexit sha1_base64="qd/pK9FYOmn8CeJUduyya8R5tk0=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFl047KCfUA7lEx6p43NJEOSEUrpP7hxoYhb/8edf2PazkJbDwQO59xL7jlRKrixvv/trayurW9sFraK2zu7e/ulg8OGUZlmWGdKKN2KqEHBJdYttwJbqUaaRAKb0fB26jefUBuu5IMdpRgmtC95zBm1TmrIjlUk6JbKfsWfgSyTICdlyFHrlr46PcWyBKVlghrTDvzUhmOqLWcCJ8VOZjClbEj72HZU0gRNOJ5dOyGnTumRWGn3pCUz9ffGmCbGjJLITSbUDsyiNxX/89qZja/DMZdpZlGy+UdxJoiLOI1Oelwjs2LkCGWau1sJG1BNmXUFFV0JwWLkZdI4rwSXFf/+oly9yesowDGcwBkEcAVVuIMa1IHBIzzDK7x5ynvx3r2P+eiKl+8cwR94nz/1SI64</latexit>

n ! 1

• Approach: Keldysh replica field theory for n replicas

Z(n) = Z(n, dW ) =

Z
D[{ ̄X , X}]eiSn[ ]

Replica-Keldysh in other contexts: 
Aleiner, Faoro, Ioffe, AoP  (2016); 

Ansari, Nazarov, JETP (2016)

0tf tf

Z(1, {⇠}) = tr(⇢tf!1) =
tt

x
� contour+ contour

tr

...Z(n, {⇠}) =

 
A

l = 1 l + 1 = 2

n = 2

ZA(n, {⇠}) = tr⇢nA =

(a)

(b)

(c) intra-replica noise inter-replica 
noise 

• 1 mode heats up (noisy)
• n-1 modes cool down (noiseless)

➡Rényi entropy calculation as for ground states e.g. Peschel, Eisler, JPA (2009) 

<latexit sha1_base64="mcg5GNmChOHPVy85Vs/5QYVP9kg=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUpUoqECxILSyMRaIP0YTIcd3WqhNHtoNURfkEFn6FhQGEWBnZ+BucNgMUjmTp6Nxzr+89fsSoVJb1ZRQWFpeWV4qrpbX1jc0tc3unLXksMGlhzrjo+kgSRkPSUlQx0o0EQYHPSMcfX2b1zj0RkvLwRk0i4gZoGNIBxUhpyTMPb71GpXZ0Dh2ubdmUxAmQGokgUSKFjhhxr3FXSz2zbFWtKeBfYuekDHI0PfPT6XMcByRUmCEpe7YVKTdBQlHMSFpyYkkihMdoSHqahigg0k2mB6XwQCt9OOBCv1DBqfqzI0GBlJPA185sWTlfy8T/ar1YDc7chIZRrEiIZx8NYgYVh1k6sE8FwYpNNEFYUL0rxCMkEFY6w5IOwZ4/+S9p16r2SdW6Pi7XL/I4imAP7IMKsMEpqIMr0AQtgMEDeAIv4NV4NJ6NN+N9Zi0Yec8u+AXj4xvXYZx/</latexit>

ZA(2) = tr⇢2A

• For entropies: modified boundary conditions

• all A dependence in noiseless modes!
• noisy contribution A independent

e.g.



massless massive

• saturation to area law

Entanglement Transition from Replica Approach

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
<latexit sha1_base64="WDCR4eo3IfJs8QLPR2m6IER0gVU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9OKxgv2AJpTJdpMu3d2E3U2hhP4NLx4U8eqf8ea/cdvmoNUHA4/3ZpiZF6acaeO6X05pZXVtfaO8Wdna3tndq+4ftHWSKUJbJOGJ6oagKWeStgwznHZTRUGEnHbC0d3M74yp0iyRj2aS0kBALFnECBgr+TG+wX4MQsDZuF+tuXV3DvyXeAWpoQLNfvXTHyQkE1QawkHrnuemJshBGUY4nVb8TNMUyAhi2rNUgqA6yOc3T/GJVQY4SpQtafBc/TmRg9B6IkLbKcAM9bI3E//zepmJroOcyTQzVJLFoijj2CR4FgAeMEWJ4RNLgChmb8VkCAqIsTFVbAje8st/Sfu87l3W3YeLWuO2iKOMjtAxOkUeukINdI+aqIUIStETekGvTuY8O2/O+6K15BQzh+gXnI9vx3+Q3g==</latexit>

g = �/v

<latexit sha1_base64="SMxYVgsFn4rR4vS/yOq0vwn4ciE=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VoQUviA90IRTcuXFS0D2jaMplO0qEzSZiZCCXkJ9z4K25cKOJWcOffOG2z0OqBC4dz7uXee9yIUaks68vIzc0vLC7llwsrq2vrG+bmVkOGscCkjkMWipaLJGE0IHVFFSOtSBDEXUaa7vBy7DfviZA0DO7UKCIdjvyAehQjpaWeuX977ihPIJzYaXKU4pLjI85R2WGhX+Ld5MBOy9CRlMPrrtUzi1bFmgD+JXZGiiBDrWd+Ov0Qx5wECjMkZdu2ItVJkFAUM5IWnFiSCOEh8klb0wBxIjvJ5KsU7mmlD71Q6AoUnKg/JxLEpRxxV3dypAZy1huL/3ntWHlnnYQGUaxIgKeLvJhBFcJxRLBPBcGKjTRBWFB9K8QDpDNSOsiCDsGeffkvaRxW7JOKdXNcrF5kceTBDtgFJWCDU1AFV6AG6gCDB/AEXsCr8Wg8G2/G+7Q1Z2Qz2+AXjI9vRZWdmQ==</latexit>

S = 1
3c(�) log(m

�1) ⇠ L0

• focus on von Neumann entropy S (in limiting regimes)



massless massive

• saturation to area law

Entanglement Transition from Replica Approach

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
<latexit sha1_base64="WDCR4eo3IfJs8QLPR2m6IER0gVU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9OKxgv2AJpTJdpMu3d2E3U2hhP4NLx4U8eqf8ea/cdvmoNUHA4/3ZpiZF6acaeO6X05pZXVtfaO8Wdna3tndq+4ftHWSKUJbJOGJ6oagKWeStgwznHZTRUGEnHbC0d3M74yp0iyRj2aS0kBALFnECBgr+TG+wX4MQsDZuF+tuXV3DvyXeAWpoQLNfvXTHyQkE1QawkHrnuemJshBGUY4nVb8TNMUyAhi2rNUgqA6yOc3T/GJVQY4SpQtafBc/TmRg9B6IkLbKcAM9bI3E//zepmJroOcyTQzVJLFoijj2CR4FgAeMEWJ4RNLgChmb8VkCAqIsTFVbAje8st/Sfu87l3W3YeLWuO2iKOMjtAxOkUeukINdI+aqIUIStETekGvTuY8O2/O+6K15BQzh+gXnI9vx3+Q3g==</latexit>

g = �/v

<latexit sha1_base64="SMxYVgsFn4rR4vS/yOq0vwn4ciE=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VoQUviA90IRTcuXFS0D2jaMplO0qEzSZiZCCXkJ9z4K25cKOJWcOffOG2z0OqBC4dz7uXee9yIUaks68vIzc0vLC7llwsrq2vrG+bmVkOGscCkjkMWipaLJGE0IHVFFSOtSBDEXUaa7vBy7DfviZA0DO7UKCIdjvyAehQjpaWeuX977ihPIJzYaXKU4pLjI85R2WGhX+Ld5MBOy9CRlMPrrtUzi1bFmgD+JXZGiiBDrWd+Ov0Qx5wECjMkZdu2ItVJkFAUM5IWnFiSCOEh8klb0wBxIjvJ5KsU7mmlD71Q6AoUnKg/JxLEpRxxV3dypAZy1huL/3ntWHlnnYQGUaxIgKeLvJhBFcJxRLBPBcGKjTRBWFB9K8QDpDNSOsiCDsGeffkvaRxW7JOKdXNcrF5kceTBDtgFJWCDU1AFV6AG6gCDB/AEXsCr8Wg8G2/G+7Q1Z2Qz2+AXjI9vRZWdmQ==</latexit>

S = 1
3c(�) log(m

�1) ⇠ L0
<latexit sha1_base64="S3U6o0m7Fx+UtUggFbqtjSz8cq8=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVoNyXxgW6EohsXLiraBzShTKaTdOhMJsxMhBKycuOvuHGhiFu/wZ1/47TNQlsPXDiccy/33uPHlEhl299GYWFxaXmluFpaW9/Y3DK3d1qSJwLhJuKUi44PJaYkwk1FFMWdWGDIfIrb/vBq7LcfsJCER/dqFGOPwTAiAUFQaaln7t9duIGAKHWy9DhDFTeEjMGqS3lYuan2zLJdsyew5omTkzLI0eiZX26fo4ThSCEKpew6dqy8FApFEMVZyU0kjiEawhB3NY0gw9JLJ29k1qFW+lbAha5IWRP190QKmZQj5utOBtVAznpj8T+vm6jg3EtJFCcKR2i6KEiopbg1zsTqE4GRoiNNIBJE32qhAdSpKJ1cSYfgzL48T1pHNee0Zt+elOuXeRxFsAcOQAU44AzUwTVogCZA4BE8g1fwZjwZL8a78TFtLRj5zC74A+PzB7NGl/s=</latexit>

S =
1

3
c(�) log(L)

• sub-volume log-law

• .

➡  ground state entropy of massless Dirac

<latexit sha1_base64="TCi02rEO0y7/503CsP8mfoaWWJc=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuimJKLosunFZwT6gCWUynbRDZ5IwMxFK7MJfceNCEbf+hjv/xmmahbYeGOZwzr3ce0+QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5i2hTM81pJ5EUi4DTdjC6mfrtByoVi6N7PU6oL/AgYiEjWBupZx+SqjfAQmDk6Rg5p/nnop5dcWpODrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+Vm+/wSdGKWPwliaF2mUq787MiyUGovAVAqsh2rem4r/ed1Uh1d+xqIk1TQis0FhypG5cRoG6jNJieZjQzCRzOyKyBBLTLSJrGxCcOdPXiSts5p7UXPuziv16yKOEhzBMVTBhUuowy00oAkEHuEZXuHNerJerHfrY1a6ZBU9B/AH1ucP8/qUHQ==</latexit>

c(� ! 0) ! 1

• focus on von Neumann entropy S (in limiting regimes)



• focus on von Neumann entropy S (in limiting regimes)

• sub-volume log-law

• .

Entanglement Transition from Replica Approach

<latexit sha1_base64="S3U6o0m7Fx+UtUggFbqtjSz8cq8=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVoNyXxgW6EohsXLiraBzShTKaTdOhMJsxMhBKycuOvuHGhiFu/wZ1/47TNQlsPXDiccy/33uPHlEhl299GYWFxaXmluFpaW9/Y3DK3d1qSJwLhJuKUi44PJaYkwk1FFMWdWGDIfIrb/vBq7LcfsJCER/dqFGOPwTAiAUFQaaln7t9duIGAKHWy9DhDFTeEjMGqS3lYuan2zLJdsyew5omTkzLI0eiZX26fo4ThSCEKpew6dqy8FApFEMVZyU0kjiEawhB3NY0gw9JLJ29k1qFW+lbAha5IWRP190QKmZQj5utOBtVAznpj8T+vm6jg3EtJFCcKR2i6KEiopbg1zsTqE4GRoiNNIBJE32qhAdSpKJ1cSYfgzL48T1pHNee0Zt+elOuXeRxFsAcOQAU44AzUwTVogCZA4BE8g1fwZjwZL8a78TFtLRj5zC74A+PzB7NGl/s=</latexit>

S =
1

3
c(�) log(L)

➡  ground state entropy of massless Dirac

<latexit sha1_base64="TCi02rEO0y7/503CsP8mfoaWWJc=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuimJKLosunFZwT6gCWUynbRDZ5IwMxFK7MJfceNCEbf+hjv/xmmahbYeGOZwzr3ce0+QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5i2hTM81pJ5EUi4DTdjC6mfrtByoVi6N7PU6oL/AgYiEjWBupZx+SqjfAQmDk6Rg5p/nnop5dcWpODrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+Vm+/wSdGKWPwliaF2mUq787MiyUGovAVAqsh2rem4r/ed1Uh1d+xqIk1TQis0FhypG5cRoG6jNJieZjQzCRzOyKyBBLTLSJrGxCcOdPXiSts5p7UXPuziv16yKOEhzBMVTBhUuowy00oAkEHuEZXuHNerJerHfrY1a6ZBU9B/AH1ucP8/qUHQ==</latexit>

c(� ! 0) ! 1

➡volume law <—> finite temperature 
massless Dirac

• non-commuting limit:            
finite temperature initial state 

<latexit sha1_base64="WNND+kabPfrsXygVMyAVUv8YEqI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgv2QNpTJdtMu3U3C7kYoob/CiwdFvPpzvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFWUNGotYtQPUTPCINQw3grUTxVAGgrWC0e3Ubz0xpXkcPZhxwnyJg4iHnKKx0mN3gFIiuXZ75YpbdWcgy8TLSQVy1Hvlr24/pqlkkaECte54bmL8DJXhVLBJqZtqliAd4YB1LI1QMu1ns4Mn5MQqfRLGylZkyEz9PZGh1HosA9sp0Qz1ojcV//M6qQmv/IxHSWpYROeLwlQQE5Pp96TPFaNGjC1Bqri9ldAhKqTGZlSyIXiLLy+T5lnVu6i69+eV2k0eRxGO4BhOwYNLqMEd1KEBFCQ8wyu8Ocp5cd6dj3lrwclnDuEPnM8f1GqPxA==</latexit>

� = 0

<latexit sha1_base64="D/65IpAnMePmuv/FarEdLDTa3kA=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04sFDRfsB7VKyabYNTbJrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmhYngxnreN1paXlldWy9sFDe3tnd2S3v7DROnmrI6jUWsWyExTHDF6pZbwVqJZkSGgjXD4fXEbz4xbXisHuwoYYEkfcUjTol1UusedwyX+LZbKnsVbwq8SPyclCFHrVv66vRimkqmLBXEmLbvJTbIiLacCjYudlLDEkKHpM/ajioimQmy6b1jfOyUHo5i7UpZPFV/T2REGjOSoeuUxA7MvDcR//PaqY0ug4yrJLVM0dmiKBXYxnjyPO5xzagVI0cI1dzdiumAaEKti6joQvDnX14kjdOKf17x7s7K1as8jgIcwhGcgA8XUIUbqEEdKAh4hld4Q4/oBb2jj1nrEspnDuAP0OcPDT6PUg==</latexit>

S ⇠ L

massless massive

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
<latexit sha1_base64="WDCR4eo3IfJs8QLPR2m6IER0gVU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9OKxgv2AJpTJdpMu3d2E3U2hhP4NLx4U8eqf8ea/cdvmoNUHA4/3ZpiZF6acaeO6X05pZXVtfaO8Wdna3tndq+4ftHWSKUJbJOGJ6oagKWeStgwznHZTRUGEnHbC0d3M74yp0iyRj2aS0kBALFnECBgr+TG+wX4MQsDZuF+tuXV3DvyXeAWpoQLNfvXTHyQkE1QawkHrnuemJshBGUY4nVb8TNMUyAhi2rNUgqA6yOc3T/GJVQY4SpQtafBc/TmRg9B6IkLbKcAM9bI3E//zepmJroOcyTQzVJLFoijj2CR4FgAeMEWJ4RNLgChmb8VkCAqIsTFVbAje8st/Sfu87l3W3YeLWuO2iKOMjtAxOkUeukINdI+aqIUIStETekGvTuY8O2/O+6K15BQzh+gXnI9vx3+Q3g==</latexit>

g = �/v

volume law

subextensive, 
critical

area law 

�/J

SvN (L/2, L) ⇠ log2 L

1

L

SvN (L/2, L) ⇠ s0

SvN (L/2, L) ⇠ L

�c/Jc

➡underpins entanglement transition at finite critical g

➡picture qualitatively (not fully quantitatively)  in line with numerics



Conclusions & Outlook

• monitored fermions: new type of measurement induced phase transition 

<latexit sha1_base64="Myj/G2cUnBoaH4Fmn6qaTu4yxCU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9CKeKtgPaEKZbDfp0t1N2N0IJfRvePGgiFf/jDf/jds2B60+GHi8N8PMvDDlTBvX/XJKS8srq2vl9crG5tb2TnV3r62TTBHaIglPVDcETTmTtGWY4bSbKgoi5LQTjm6mfueRKs0S+WDGKQ0ExJJFjICxkh/jK+zHIASc3PWrNbfuzoD/Eq8gNVSg2a9++oOEZIJKQzho3fPc1AQ5KMMIp5OKn2maAhlBTHuWShBUB/ns5gk+ssoAR4myJQ2eqT8nchBaj0VoOwWYoV70puJ/Xi8z0WWQM5lmhkoyXxRlHJsETwPAA6YoMXxsCRDF7K2YDEEBMTamig3BW3z5L2mf1r3zunt/VmtcF3GU0QE6RMfIQxeogW5RE7UQQSl6Qi/o1cmcZ+fNeZ+3lpxiZh/9gvPxDYTPkLI=</latexit>

g = �/J

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0

sub-volume entropy scaling
gapless phase 

non-hermitean CFT

• area-to-volume law transitions as incomplete decoupling of ‘hot’ and ‘cold’ modes?

• relation to no-click evolutions 

• quantum phase transition in trajectory wavefunction witnessed by state-dependent ‘observables’ beyond 
entanglement entropy

• ‘hot’ and ‘cold’ modes as relevant degrees of freedom for the transition

• physical picture: transition induced by pinning/localization into measurement operator eigenstates

critical point in 
BKT universality class

area law entropy scaling
gapped phase
massive boson

Even more directions: 
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integrability vs. non-integrability: 
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