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• Using spin Hall transport as a conceptual blueprint, we wish to explore 
neutral nonentropic transport phenomena in condensed matter


• One broad theme is provided by topological conservation laws in 
insulators


• Can the associated correlated phenomena and their transport 
signatures offer new opportunities for applications and fundamental 
studies of nonequilibrium properties of classical and quantum systems?
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We theoretically investigate the dynamics of magnetic hedgehogs, which are three-dimensional
topological spin textures that exist in common magnets, focusing on their transport properties and
connections to spintronics. We show that fictitious magnetic monopoles carried by hedgehog textures obey
a topological conservation law, based on which a hydrodynamic theory is developed. We propose a
nonlocal transport measurement in the disordered phase, where the conservation of the hedgehog flow
results in a nonlocal signal decaying inversely proportional to the distance. The bulk-edge correspondence
between the hedgehog number and skyrmion number, the fictitious electric charges arising from magnetic
dynamics, and the analogy between bound states of hedgehogs in ordered phase and the quark confinement
in quantum chromodynamics are also discussed. Our study points to a practical potential in utilizing
hedgehog flows for long-range neutral signal propagation or manipulation of skyrmion textures in three-
dimensional magnetic materials.
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Introduction.—A main theme of spintronics is the
utilization of spin degrees of freedom for information
transmission and processing [1,2], either using spin-
polarized electric currents, or relying on spins alone to
free the transport from Joule heating. Magnons, the quanta
of spin waves, have been proposed to be promising data
carriers in new computing technologies [3–7]. A detectable
diffusive spin transport can be achieved via magnons in
ordered magnetic insulators [8] or even spin-conserving
fluctuations in paramagnets [9]. However, such spin cur-
rents typically decay exponentially, once the propagation
distance exceeds the spin-relaxation length [2]. In alter-
native transport regimes, where signals are expected to
decay algebraically, topology plays a crucial role [10–12].
Topological spin textures, such as chiral domain walls [13],
vortices [14–17], skyrmions [18–20], hopfions [21,22],
and hedgehogs [23–26] are defined homotopically and are
topologically protected [10–12]. Consequently, they are
promising to sustain long-distance transport, even in the
absence of local spin conservation.
While extensive studies have been devoted to spin

textures in low dimensions, three-dimensional (3D) tex-
tures such as hedgehogs and hopfions are recently attract-
ing more attention for their rich physics in topological
phases [23–26] and dynamic properties [21,22,27,28].
Hedgehogs exist inherently in 3D Heisenberg magnets.
In contrast to 3D skyrmions [29] and hopfions [21,22],
which can be annihilated by shrinking them down to
the size of the atomic spacing without affecting spins far
away, hedgehogs cannot be removed via local surgeries.
The hedgehog flow can therefore be more stable against
thermal fluctuations, and has potential applications in
memory, logic devices, and energy storage [30–35].

In this Letter, we explore both topological and energetic
properties of magnetic hedgehogs in 3D Heisenberg
ferromagnets to investigate their long-distance transport,
the viability of which is considered from the following
three aspects. A topological conservation law, which is
valid in both the magnetically ordered and disordered
phase, defines the framework of a hydrodynamic descrip-
tion of hedgehog currents. While (anti)hedgehogs are
bound by a linear potential energy in the magnetically
ordered phase, they become deconfined and hence mobile
in the paramagnetic phase. We propose a nonlocal transport
measurement in the setup as shown in Fig. 1. A conserved
hedgehog flow can be driven by a transverse electric
current applied at an adjacent metal contact, resulting in
a nonlocal signal decaying inversely proportional to the
system length in the flow direction.
Topological conservation law.—Let us first consider a

3D insulating ferromagnet without accounting for its
detailed energetics, but focusing on topological aspects
of its vectorial order parameter nðr⃗; tÞ, where the bold face
is used for axial vectors and the vector arrow marks polar
vectors. In the ordered phase, the collinear magnetic order
can be described by the directions of n assuming jnj ¼ 1.
This would render a sphere order-parameter space S2, with
a nontrivial second homotopy group π2ðS2Þ ¼ Z [36]. A
point defect, named hedgehog, with an integer-valued
topological charge can correspondingly be identified in
nðr⃗; tÞ. A familiar example for a hedgehog placed at the
origin is n0 ¼ fx; y; zg=jr⃗j.
In the paramagnetic phase, the corresponding (coarse-

grained) vector field nðr⃗; tÞ ∈ R3 realizes an R3 → R3

mapping at any given time t. This field texture is devoid of
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• For a smooth dynamic field                             , we can define a 4-current


which obeys a topological conservation law:


that does not rely on any symmetries or any

other special properties of the Hamiltonian


• The conserved (topological) charge is related to the skyrmion number 
on the boundary:


according to the generalized Stokes’ theorem

jµ = ✏µ⌫↵�@⌫n · (@↵n⇥ @�n)/8⇡
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Stokes theorem for continuous topological flows

n(r, t) : R3 ! R3
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High-T deconfinement

electric and magnetic charges under both time-reversal and
parity operations. The magnetic hedgehog with a quantized
topological charge can be identified as a Dirac monopole.
In the ordered phase, the quantization can also be under-
stood from the view of the U(1) gauge structure of
magnons. For a Heisenberg magnet, one may regard a
fixed spin texture nðr⃗Þ to spontaneously break the SU(2)
symmetry of the spin algebra. The excitations thus have a
smooth part, which can be viewed as describing regular
spin waves, and a (singular) topological part, such as
hedgehogs in our case. Therefore, the magnetic charges
are quantized on a U(1) kernel [42,45,49], reminiscent of
the ’t Hooft and Polyakov approaches to the non-Abelian
Higgs model [50]. For the (fictitious) electric sector, both
the electric field and the electric charge density emerge
solely out of the dynamics of the field configuration.
According to the Gauss law, the total electric charge
associated with a general local dynamics vanishes (see
Supplemental Material [37] for electric charge distributions
resulted from global dynamics). We restrict our discussion
hereafter to the magnetic part.
Confinement and deconfinement.—We now turn to

the energetics and physical dynamics of hedgehogs in
Heisenberg magnets. Hedgehogs are confined in the
ordered phase, with the potential energy of a hedgehog-
antihedgehog pair growing linearly with their separation
[51]. One can imagine a string of tension 4πA tying them,
where A is the exchange stiffness of the magnetic material
[see Eq. (6) below]. The confinement is also expected from
evaluating the potential energy of a single hedgehog,

U ¼ 4πAR; ð6Þ

where R is the size of the system. One can directly check
this for n ¼ n0 placed at the origin of a sphere of radius R.
For a hedgehog-antihedgehog pair, all flux from the
hedgehog must end at the antihedgehog, forming a flux
tube to minimize the energy. Such a system could realize an
experimentally accessible analogy to quark confinement in
QCD [52,53].
In the paramagnetic phase, hedgehogs deconfine natu-

rally due to the absence of long-range correlations.
Conceptually, the transition to the magnetically disordered
phase can be thought of as a result of proliferation of
hedgehogs, which form a two-component hedgehog-
antihedgehog plasma (while topological charges are no
longer quantized) as illustrated in Figs. 1 and 2. This
extends our analogy with the QCD picture: Quarks decon-
fine and form a so-called quark-gluon plasma at high
temperatures where the chiral symmetry is restored and
long-range correlation is melted away [54–57]. The hedge-
hog system is therefore a promising alternate to study
QCD theories in condensed matter systems. Previously
considered was the magnetic monopole confinement in
superconductors due to the Meissner effect [58–62], where

monopoles enter a deconfined phase as the temperature
increases, accompanying the superconductor-insulator
transition.
We remark that hedgehogs are not always energy-costly

excitations as in Heisenberg magnets. MnSi1−xGex has a
stable phase of a hedgehog-antihedgehog lattice [23–25],
where there is evidence that four- and six-spin interactions
may play an important role [63–65]. Here, we formally
adopt a nonlocal term, which is particularly compatible
with our fictitious electromagnetic formalism, into our
Heisenberg Hamiltonian:

U ¼
Z

d3r⃗
!
A
2
ð∇⃗nÞ2 þ C

2
ð∂in × ∂jnÞ2

"
; ð7Þ

where Einstein summation is implied over the i, j and C is a
phenomenological parameter. Other quartic terms, such as
ð∇⃗nÞ4, are also present in principle, but the above C term
is of special interest to us. It resembles the Maxwell
magnetic field energy ∝ B2 (in the ordered phase, s.t.
jnj ≈ 1). The total potential energy for a hedgehog is thus
U ∼AR − C=R, which indicates that hedgehogs are free
at a small distance r ≪

ffiffiffiffiffiffiffiffiffi
C=A

p
, where the Coulombic term

dominates. This phenomena mimics the asymptotic free-
dom in QCD [52,53]. Likewise, in a system of small size,
the hedgehog confinement becomes insignificant whenffiffiffiffiffiffiffiffiffi
C=A

p
is comparable to R.

Biased hedgehog flow.—At the heart of the hedgehog
transport is the (desired) capability of driving and manipu-
lating the hedgehog current. We focus on the dynamics near
the Curie temperature of a ferromagnet, where the hedge-
hogs get deconfined, while the thermal fluctuations are still
not too violent atomistically. The spin dynamics can be
described by ∂tn ¼ −ΓH, where we allow the magnitude
jnj to fluctuate. H ¼ δF=δn is the effective field (with F
being the free energy of the ferromagnet) and Γ is a

FIG. 2. Different phases of hedgehogs. At temperatures above
the Curie temperature TC, hedgehogs (black ripples) and anti-
hedgehogs (white ripples) carrying nonquantized topological
charges proliferate and become mobile. In the ordered phase,
hedgehogs are confined by a linear potential analogous to the
quark confinement in QCD. They are singular quantized objects,
represented by black and white spheres.
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the magnetic exchange stiffness 
results in confinement of hedgehogs 
in the ordered phase

U =

Z
d3~r

hA
2
(~rn)2 +

C
2
(@in⇥ @jn)

2
i
⇠ AR� C/R
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defects characterized by the aforementioned quantized
charges, since the homotopy group π2ðR3Þ is trivial [36].
Nevertheless, the smooth field nðr⃗; tÞ exhibits a topological
hydrodynamics governed by the topological conservation
law ∂μjμ ¼ 0 (with the Einstein summation implied over the
Greek indices: μ ¼ 0; 1; 2; 3 ↔ t; x; y; z), where

jμ ¼ ϵμναβ∂νn · ð∂αn × ∂βnÞ=8π: ð1Þ

Here, ϵμναβ is the Levi-Civita symbol with convention
ϵ0123 ¼ 1. The conserved (topological) charge within a
bulk Ω is

Q≡
Z

Ω
dxdydzj0 ¼ 1

8π

Z

∂Ω
dxj ∧ dxkn · ð∂jn × ∂knÞ;

ð2Þ

which equals the skyrmion number at boundary ∂Ω,
according to the generalized Stokes’ theorem [36]. We
recognize that charge Q is precisely the hedgehog number
(thus jμ is the hedgehog current) in the ordered phase, with
the last equality in Eq. (2) defining the degree of the S2 → S2

mapping on the boundary. Our simple example n0 yields
j0 → δðr⃗Þ and thus Q ¼ 1. Here, we remark that the core
should be regularized. There is no true singularity in our
treatment. In the paramagnetic phase, Q is no longer

quantized due to fluctuations in the magnitude of n.
Regardless, the hedgehog current, Eq. (1), is conserved
[37], which sets the stage for the topological hydrodynamics
of hedgehogs at an arbitrary temperature. The conservation
law also holds in the lattice limit, with proper discretized
definitions [37]. Hereafter, we refer to jμ ¼ ðj0; jÞ as
hedgehog density (and flux), irrespective of the temperature.
We stress that, in contrast to two-dimensional skyrmions

[18–20] or three-dimensional Shankar skyrmions [29],
which can be created and annihilated locally, the conser-
vation law of hedgehogs is immune to local fluctuations
and therefore applicable also in the paramagnetic phase
[37]. This robustness of hedgehog flow underpins the
hedgehog hydrodynamics.
Equation (2) establishes a bulk-edge correspondence,

indicating that the total hedgehog number in a bulk interior
can fluctuate only by flowing in and out through its
boundary. This, in turn, is associated with a corresponding
change in the skyrmion number on the boundary, acting as
a fingerprint of the hedgehog flow. A close analog in lower
dimensions has been thoroughly studied in the context of
superfluid phase slips, where the winding number asso-
ciated with one-dimensional XY textures can be changed
by a transverse passage of planar vortices. The 3D bulk-
edge correspondence Eq. (2) manifests when a skyrmion
density unwinds or reversely builds up as a thread of a
hedgehog current passes through, which has been verified
experimentally [41].
Topological Maxwell equations.—We provide, in this

section, another formulation of the conservation law as
topological Maxwell equations, making connections to the
well-known emergent electromagnetic fields associated
with generic spin textures [42–48]. The divergence-free
condition ∂μjμ ¼ 0 can be automatically satisfied by
defining the current jμ as a curl of a rank-2 antisymmetric
Maxwell field-strength tensor

F αβ ≡ n · ð∂αn × ∂βnÞ=4π; ð3Þ

whose components are the familiar electromagnetic fields:

Ei ¼ n · ð∂tn × ∂inÞ=4π; ϵijkBk ¼ n · ð∂in × ∂jnÞ=4π:
ð4Þ

The hedgehog current Eq. (1) can therefore be recast into
the form of the Maxwell equations:

ϵμναβ∂νF αβ=2 ¼ jμ; ∂μF μν ¼ jνe: ð5Þ

The second equation defines the electric four-current,
which is also conserved: ∂μj

μ
e ¼ 0, following from the

antisymmetric property of F .
Note that fictitious electric and magnetic charges (as

sources for E⃗ and B) have the same symmetries as the real

FIG. 1. A schematic for nonlocal transport measurement of
hedgehog currents in a three-dimensional insulating magnet. Two
metallic contacts are bridged by a magnetic insulator with hedge-
hog excitations. In the paramagnetic phase, hedgehogs are free to
diffuse, where black and white ripples stand, respectively, for
delocalized hedgehog and antihedgehog densities. An applied
electric current I along y within the left metal transfers spin flow
into the magnetic texture, which biases a hedgehog flow along x.
Reciprocally, the hedgehog flow reaching the right terminal builds
up a detectable electric voltage V. The nonlocal drag resistivity,
ϱ ∝ V=I, quantifies the efficiency of the topological hedgehog
transport as well as their interfacial exchange coupling with
conducting electrons. We also show a familiar example of a
hedgehog n0 ¼ fx; y; zg=r.
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• The main idea, which has been utilized before in the context of electrically-
driven spin superfluidity, is to generate a Magnus force on the hedgehog 
transport near the metal-insulator interface


• As an illustration, we treat this based on the energetics, using Landau 
phenomenology near the transition temperature

Takei and YT, PRL (2014); Kim, Takei, and YT, PRB (2015)

Electrical biasing of hedgehog flows



Interfacial spin transfer

defects characterized by the aforementioned quantized
charges, since the homotopy group π2ðR3Þ is trivial [36].
Nevertheless, the smooth field nðr⃗; tÞ exhibits a topological
hydrodynamics governed by the topological conservation
law ∂μjμ ¼ 0 (with the Einstein summation implied over the
Greek indices: μ ¼ 0; 1; 2; 3 ↔ t; x; y; z), where

jμ ¼ ϵμναβ∂νn · ð∂αn × ∂βnÞ=8π: ð1Þ

Here, ϵμναβ is the Levi-Civita symbol with convention
ϵ0123 ¼ 1. The conserved (topological) charge within a
bulk Ω is

Q≡
Z

Ω
dxdydzj0 ¼ 1

8π

Z

∂Ω
dxj ∧ dxkn · ð∂jn × ∂knÞ;

ð2Þ

which equals the skyrmion number at boundary ∂Ω,
according to the generalized Stokes’ theorem [36]. We
recognize that charge Q is precisely the hedgehog number
(thus jμ is the hedgehog current) in the ordered phase, with
the last equality in Eq. (2) defining the degree of the S2 → S2

mapping on the boundary. Our simple example n0 yields
j0 → δðr⃗Þ and thus Q ¼ 1. Here, we remark that the core
should be regularized. There is no true singularity in our
treatment. In the paramagnetic phase, Q is no longer

quantized due to fluctuations in the magnitude of n.
Regardless, the hedgehog current, Eq. (1), is conserved
[37], which sets the stage for the topological hydrodynamics
of hedgehogs at an arbitrary temperature. The conservation
law also holds in the lattice limit, with proper discretized
definitions [37]. Hereafter, we refer to jμ ¼ ðj0; jÞ as
hedgehog density (and flux), irrespective of the temperature.
We stress that, in contrast to two-dimensional skyrmions

[18–20] or three-dimensional Shankar skyrmions [29],
which can be created and annihilated locally, the conser-
vation law of hedgehogs is immune to local fluctuations
and therefore applicable also in the paramagnetic phase
[37]. This robustness of hedgehog flow underpins the
hedgehog hydrodynamics.
Equation (2) establishes a bulk-edge correspondence,

indicating that the total hedgehog number in a bulk interior
can fluctuate only by flowing in and out through its
boundary. This, in turn, is associated with a corresponding
change in the skyrmion number on the boundary, acting as
a fingerprint of the hedgehog flow. A close analog in lower
dimensions has been thoroughly studied in the context of
superfluid phase slips, where the winding number asso-
ciated with one-dimensional XY textures can be changed
by a transverse passage of planar vortices. The 3D bulk-
edge correspondence Eq. (2) manifests when a skyrmion
density unwinds or reversely builds up as a thread of a
hedgehog current passes through, which has been verified
experimentally [41].
Topological Maxwell equations.—We provide, in this

section, another formulation of the conservation law as
topological Maxwell equations, making connections to the
well-known emergent electromagnetic fields associated
with generic spin textures [42–48]. The divergence-free
condition ∂μjμ ¼ 0 can be automatically satisfied by
defining the current jμ as a curl of a rank-2 antisymmetric
Maxwell field-strength tensor

F αβ ≡ n · ð∂αn × ∂βnÞ=4π; ð3Þ

whose components are the familiar electromagnetic fields:

Ei ¼ n · ð∂tn × ∂inÞ=4π; ϵijkBk ¼ n · ð∂in × ∂jnÞ=4π:
ð4Þ

The hedgehog current Eq. (1) can therefore be recast into
the form of the Maxwell equations:

ϵμναβ∂νF αβ=2 ¼ jμ; ∂μF μν ¼ jνe: ð5Þ

The second equation defines the electric four-current,
which is also conserved: ∂μj

μ
e ¼ 0, following from the

antisymmetric property of F .
Note that fictitious electric and magnetic charges (as

sources for E⃗ and B) have the same symmetries as the real

FIG. 1. A schematic for nonlocal transport measurement of
hedgehog currents in a three-dimensional insulating magnet. Two
metallic contacts are bridged by a magnetic insulator with hedge-
hog excitations. In the paramagnetic phase, hedgehogs are free to
diffuse, where black and white ripples stand, respectively, for
delocalized hedgehog and antihedgehog densities. An applied
electric current I along y within the left metal transfers spin flow
into the magnetic texture, which biases a hedgehog flow along x.
Reciprocally, the hedgehog flow reaching the right terminal builds
up a detectable electric voltage V. The nonlocal drag resistivity,
ϱ ∝ V=I, quantifies the efficiency of the topological hedgehog
transport as well as their interfacial exchange coupling with
conducting electrons. We also show a familiar example of a
hedgehog n0 ¼ fx; y; zg=r.
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defects characterized by the aforementioned quantized
charges, since the homotopy group π2ðR3Þ is trivial [36].
Nevertheless, the smooth field nðr⃗; tÞ exhibits a topological
hydrodynamics governed by the topological conservation
law ∂μjμ ¼ 0 (with the Einstein summation implied over the
Greek indices: μ ¼ 0; 1; 2; 3 ↔ t; x; y; z), where

jμ ¼ ϵμναβ∂νn · ð∂αn × ∂βnÞ=8π: ð1Þ

Here, ϵμναβ is the Levi-Civita symbol with convention
ϵ0123 ¼ 1. The conserved (topological) charge within a
bulk Ω is

Q≡
Z

Ω
dxdydzj0 ¼ 1

8π

Z

∂Ω
dxj ∧ dxkn · ð∂jn × ∂knÞ;

ð2Þ

which equals the skyrmion number at boundary ∂Ω,
according to the generalized Stokes’ theorem [36]. We
recognize that charge Q is precisely the hedgehog number
(thus jμ is the hedgehog current) in the ordered phase, with
the last equality in Eq. (2) defining the degree of the S2 → S2

mapping on the boundary. Our simple example n0 yields
j0 → δðr⃗Þ and thus Q ¼ 1. Here, we remark that the core
should be regularized. There is no true singularity in our
treatment. In the paramagnetic phase, Q is no longer

quantized due to fluctuations in the magnitude of n.
Regardless, the hedgehog current, Eq. (1), is conserved
[37], which sets the stage for the topological hydrodynamics
of hedgehogs at an arbitrary temperature. The conservation
law also holds in the lattice limit, with proper discretized
definitions [37]. Hereafter, we refer to jμ ¼ ðj0; jÞ as
hedgehog density (and flux), irrespective of the temperature.
We stress that, in contrast to two-dimensional skyrmions

[18–20] or three-dimensional Shankar skyrmions [29],
which can be created and annihilated locally, the conser-
vation law of hedgehogs is immune to local fluctuations
and therefore applicable also in the paramagnetic phase
[37]. This robustness of hedgehog flow underpins the
hedgehog hydrodynamics.
Equation (2) establishes a bulk-edge correspondence,

indicating that the total hedgehog number in a bulk interior
can fluctuate only by flowing in and out through its
boundary. This, in turn, is associated with a corresponding
change in the skyrmion number on the boundary, acting as
a fingerprint of the hedgehog flow. A close analog in lower
dimensions has been thoroughly studied in the context of
superfluid phase slips, where the winding number asso-
ciated with one-dimensional XY textures can be changed
by a transverse passage of planar vortices. The 3D bulk-
edge correspondence Eq. (2) manifests when a skyrmion
density unwinds or reversely builds up as a thread of a
hedgehog current passes through, which has been verified
experimentally [41].
Topological Maxwell equations.—We provide, in this

section, another formulation of the conservation law as
topological Maxwell equations, making connections to the
well-known emergent electromagnetic fields associated
with generic spin textures [42–48]. The divergence-free
condition ∂μjμ ¼ 0 can be automatically satisfied by
defining the current jμ as a curl of a rank-2 antisymmetric
Maxwell field-strength tensor

F αβ ≡ n · ð∂αn × ∂βnÞ=4π; ð3Þ

whose components are the familiar electromagnetic fields:

Ei ¼ n · ð∂tn × ∂inÞ=4π; ϵijkBk ¼ n · ð∂in × ∂jnÞ=4π:
ð4Þ

The hedgehog current Eq. (1) can therefore be recast into
the form of the Maxwell equations:

ϵμναβ∂νF αβ=2 ¼ jμ; ∂μF μν ¼ jνe: ð5Þ

The second equation defines the electric four-current,
which is also conserved: ∂μj

μ
e ¼ 0, following from the

antisymmetric property of F .
Note that fictitious electric and magnetic charges (as

sources for E⃗ and B) have the same symmetries as the real

FIG. 1. A schematic for nonlocal transport measurement of
hedgehog currents in a three-dimensional insulating magnet. Two
metallic contacts are bridged by a magnetic insulator with hedge-
hog excitations. In the paramagnetic phase, hedgehogs are free to
diffuse, where black and white ripples stand, respectively, for
delocalized hedgehog and antihedgehog densities. An applied
electric current I along y within the left metal transfers spin flow
into the magnetic texture, which biases a hedgehog flow along x.
Reciprocally, the hedgehog flow reaching the right terminal builds
up a detectable electric voltage V. The nonlocal drag resistivity,
ϱ ∝ V=I, quantifies the efficiency of the topological hedgehog
transport as well as their interfacial exchange coupling with
conducting electrons. We also show a familiar example of a
hedgehog n0 ¼ fx; y; zg=r.
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Q≡
Z

Ω
dxdydzj0 ¼ 1

8π

Z

∂Ω
dxj ∧ dxkn · ð∂jn × ∂knÞ;

ð2Þ
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according to the generalized Stokes’ theorem [36]. We
recognize that charge Q is precisely the hedgehog number
(thus jμ is the hedgehog current) in the ordered phase, with
the last equality in Eq. (2) defining the degree of the S2 → S2

mapping on the boundary. Our simple example n0 yields
j0 → δðr⃗Þ and thus Q ¼ 1. Here, we remark that the core
should be regularized. There is no true singularity in our
treatment. In the paramagnetic phase, Q is no longer

quantized due to fluctuations in the magnitude of n.
Regardless, the hedgehog current, Eq. (1), is conserved
[37], which sets the stage for the topological hydrodynamics
of hedgehogs at an arbitrary temperature. The conservation
law also holds in the lattice limit, with proper discretized
definitions [37]. Hereafter, we refer to jμ ¼ ðj0; jÞ as
hedgehog density (and flux), irrespective of the temperature.
We stress that, in contrast to two-dimensional skyrmions

[18–20] or three-dimensional Shankar skyrmions [29],
which can be created and annihilated locally, the conser-
vation law of hedgehogs is immune to local fluctuations
and therefore applicable also in the paramagnetic phase
[37]. This robustness of hedgehog flow underpins the
hedgehog hydrodynamics.
Equation (2) establishes a bulk-edge correspondence,

indicating that the total hedgehog number in a bulk interior
can fluctuate only by flowing in and out through its
boundary. This, in turn, is associated with a corresponding
change in the skyrmion number on the boundary, acting as
a fingerprint of the hedgehog flow. A close analog in lower
dimensions has been thoroughly studied in the context of
superfluid phase slips, where the winding number asso-
ciated with one-dimensional XY textures can be changed
by a transverse passage of planar vortices. The 3D bulk-
edge correspondence Eq. (2) manifests when a skyrmion
density unwinds or reversely builds up as a thread of a
hedgehog current passes through, which has been verified
experimentally [41].
Topological Maxwell equations.—We provide, in this

section, another formulation of the conservation law as
topological Maxwell equations, making connections to the
well-known emergent electromagnetic fields associated
with generic spin textures [42–48]. The divergence-free
condition ∂μjμ ¼ 0 can be automatically satisfied by
defining the current jμ as a curl of a rank-2 antisymmetric
Maxwell field-strength tensor

F αβ ≡ n · ð∂αn × ∂βnÞ=4π; ð3Þ

whose components are the familiar electromagnetic fields:

Ei ¼ n · ð∂tn × ∂inÞ=4π; ϵijkBk ¼ n · ð∂in × ∂jnÞ=4π:
ð4Þ

The hedgehog current Eq. (1) can therefore be recast into
the form of the Maxwell equations:

ϵμναβ∂νF αβ=2 ¼ jμ; ∂μF μν ¼ jνe: ð5Þ

The second equation defines the electric four-current,
which is also conserved: ∂μj

μ
e ¼ 0, following from the

antisymmetric property of F .
Note that fictitious electric and magnetic charges (as

sources for E⃗ and B) have the same symmetries as the real

FIG. 1. A schematic for nonlocal transport measurement of
hedgehog currents in a three-dimensional insulating magnet. Two
metallic contacts are bridged by a magnetic insulator with hedge-
hog excitations. In the paramagnetic phase, hedgehogs are free to
diffuse, where black and white ripples stand, respectively, for
delocalized hedgehog and antihedgehog densities. An applied
electric current I along y within the left metal transfers spin flow
into the magnetic texture, which biases a hedgehog flow along x.
Reciprocally, the hedgehog flow reaching the right terminal builds
up a detectable electric voltage V. The nonlocal drag resistivity,
ϱ ∝ V=I, quantifies the efficiency of the topological hedgehog
transport as well as their interfacial exchange coupling with
conducting electrons. We also show a familiar example of a
hedgehog n0 ¼ fx; y; zg=r.

PHYSICAL REVIEW LETTERS 125, 267201 (2020)

267201-2

J =
3~⇣
8e⇡

( ~J · ~rn)⇥ (~z · ~rn)

<latexit sha1_base64="rXoP9OkQCu7v6KayuseUFZOW0Nk=">AAACPnicfVDLSgMxFE18v6261MVgUXRTZrSiCwXBjbhSsCqYUu6kdzQ0kxkmmWIN+Qd3/o6/4Q+4E3fi0uljUwueTQ7nEe69YSqFNr7/TsfGJyanpmdm5+YXFpeWSyurNzrJM441nsgkuwtBoxQKa0YYiXdphhCHEm/D1lnXv21jpkWirk0nxXoMD0pEgoMppEbpxWNhIpu6ExePZTGYxyiDlr1w7oQVjNt99hhCxp7RgLNHyFLhdlgbeT/MQXazjDcT4/VlBaEE13PDyCq3y4yIUXv91rPz/g03SmW/4vfgjZJgQMpkgMtG6ZU1E57HqAyXoPV94KembiEzgkt0cyzXmAJvwQPeN9si1QqKaer2qXe8Id9CrLuXGBG74w3/lJvoqG6FSnODig8XOlGijHbFJsHfuUfJzV4lqFYOrqrl0+PBTjNknWySHRKQQ3JKzsklqRFOvukG3aLb9I1+0E/61Y+O0UFnjQyB/vwCHmOymg==</latexit>

- reflection symmetry broken along z

- no spin-orbit interaction

current-induced spin transfer
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hedgehog chemical potential



The Magnus cross coupling between the electric and hedgehog flows 
allows to think of electronic devices

Plugging hedgehogs into electrical circuits

Takei and YT, PRL (2014)
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An immediate consequence is 
algebraically-scaling (nonlocal) 
transconductances as in typical 
spin (superflow) Hall measurements
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FIG. 1. The ring-shaped bilayer with a radius r, width δr, and
heights hm for the magnetic insulator and hc for the metal contact.
The order parameter of this magnetic insulator with easy-xy-plane
anisotropy is parametrized by the spin-space azimuthal angle ϕ. The
(ferromagnetic) metal layer has a uniform magnetization M = M ẑ
and an azimuthal current I . The electric current induces a vortex
flow Iv in the radial direction, which builds up an azimuthal winding
density ∂lϕ of the magnetic order parameter, where l (= rφ in polar
coordinates) is the polar position in the plane of the annulus.

by Stokes theorem, is also the total winding number at the
boundary ∂%. Here n‖ is the easy-plane projection of the order
parameter n. We remark that this construction is true not only
at the low-temperature regime, where N is integer valued,
but also applicable at high temperatures and the paramagnetic
regime (even in the lattice limit [22]), where the vortex num-
ber is not quantized.

To load the free energy associated with the magnetic wind-
ing texture, we operate the magnetic system near the Curie
temperature (paramagnet regime) so that vortices and antivor-
tices deconfine to form a two-dimensional, two-component
plasma with finite vortex conductivity σv [21]. A constant
electric current I circulating in the magnetic metal contact
(see Fig. 1) energetically biases a radial vortex flow Iv [21]
based on symmetry analysis. The electric current and vortex
current are Magnus cross-coupled, as shown in Fig. 2(a). We
articulate the detailed mechanism in a later section.

Using this externally driven vortex flow, we are able to re-
verse the typical “phase-slip” process in superfluids [5,23,24]
and build up a finite order-parameter winding density ∂lϕ in
the magnetic insulator. The rate of change of the magnetic
winding number and the intensity of the vorticity flow are
related by the conservation law for the vortex 3-current (1):

dN /dt = Iv. (3)

As the winding number accumulates, the magnetic configura-
tion builds up a finite free-energy and exerts a restoring force
on the vortex flow, which decays exponentially and eventu-
ally vanishes when the restoring force balances the external
drive. This type of process is analogous to the experimental
proposal by Pearl [25], in which a magnetic screw rotating
inside a superconducting cylinder is used to propagate vortices
radially in order to increase the azimuthal superflow. In this

FIG. 2. (a) Schematic in Fig. 1 shows two viscously coupled
hydrodynamic entities: one is electron flow I and the other is vor-
tex flow Iv . The electrical circuit (b) has a current I , resistance
R, self-inductance L (due to geometry), and effective impedance
Zv (ω) arising from the vortex-flow backaction on the electric circuit.
Within the vortex circuit (c), the electric current I acts as a bias
V = γ I/hc for the vortex flow, where γ /hc parametrizes the Magnus
force between the electron and vortex degrees of freedom. Vortex
flow through the magnetic bulk experiences resistance Rv , which
is temperature dependent. The accumulated magnetic texture stores
energy according to the capacitance Cv .

system, the mechanical energy of the rotating magnetic screw
is converted into the energy associated with the increased
winding of the order parameter. Similarly, our system converts
electrical energy into the exchange energy of the magnetic
texture.

Tuning the temperature for our magnetic system well be-
low the Curie temperature Tc keeps the winding texture within
plane, due to the easy-plane anisotropy, thus endowing it
with topological protection. In this regime, the conductivity
of vortices and hence the unwinding process is exponen-
tially suppressed. As a result, the energy associated with
the magnetic texture can be stored indefinitely in the ab-
sence of an external drive. To release the energy stored in
the magnetic winding texture, we can simply raise the tem-
perature near Tc and make use of the natural vortex flow
in the “phase-slip” regime. The electromotive force from
the vortex flow becomes the output voltage of the magnetic
battery.

Main results. As we explain below, the dynamics of the
system in Figs. 1 and 2 can be understood by mapping to
two coupled circuits, one for electron flow and the other for
topological charge (vortex) flow. For the topological charge
circuit [see Fig. 2(c)], the electric current I in the metal con-
tact plays the role of a bias, which applies the vortex-motive
force γ I/hc, triggering a vortex current Iv . Here γ /hc is an
interfacial spin-transfer torque parameter to be defined below.
The magnetic insulator itself behaves like a vortex capacitor
(Cv) and resistor (Rv) in series.

For the electric circuit, a reciprocal electromotive force
EEMF = γ Iv/hc arises from the coupling between electron and
vortex dynamics [26,27], in series with the resistance R and
the geometric inductance L of the metal contact. The Onsager
reciprocity [28] between the two circuits can be expressed in
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The 3D hedgehog flow with skyrmionic 
bulk/boundary correspondence is 
closely analogous to the 2D vorticity 
flow with winding bulk/boundary 
correspondence we studied previously

Jones, Zou, Zhang, and YT, PRB (2020)

Hedgehog flow: Versatile and tunable transport

One can think of devices where a highly-tunable hedgehog 
conductivity (e.g., associated with their quark-like deconfinement) is 
utilized as a switch
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and an azimuthal current I . The electric current induces a vortex
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by Stokes theorem, is also the total winding number at the
boundary ∂%. Here n‖ is the easy-plane projection of the order
parameter n. We remark that this construction is true not only
at the low-temperature regime, where N is integer valued,
but also applicable at high temperatures and the paramagnetic
regime (even in the lattice limit [22]), where the vortex num-
ber is not quantized.

To load the free energy associated with the magnetic wind-
ing texture, we operate the magnetic system near the Curie
temperature (paramagnet regime) so that vortices and antivor-
tices deconfine to form a two-dimensional, two-component
plasma with finite vortex conductivity σv [21]. A constant
electric current I circulating in the magnetic metal contact
(see Fig. 1) energetically biases a radial vortex flow Iv [21]
based on symmetry analysis. The electric current and vortex
current are Magnus cross-coupled, as shown in Fig. 2(a). We
articulate the detailed mechanism in a later section.

Using this externally driven vortex flow, we are able to re-
verse the typical “phase-slip” process in superfluids [5,23,24]
and build up a finite order-parameter winding density ∂lϕ in
the magnetic insulator. The rate of change of the magnetic
winding number and the intensity of the vorticity flow are
related by the conservation law for the vortex 3-current (1):

dN /dt = Iv. (3)

As the winding number accumulates, the magnetic configura-
tion builds up a finite free-energy and exerts a restoring force
on the vortex flow, which decays exponentially and eventu-
ally vanishes when the restoring force balances the external
drive. This type of process is analogous to the experimental
proposal by Pearl [25], in which a magnetic screw rotating
inside a superconducting cylinder is used to propagate vortices
radially in order to increase the azimuthal superflow. In this

FIG. 2. (a) Schematic in Fig. 1 shows two viscously coupled
hydrodynamic entities: one is electron flow I and the other is vor-
tex flow Iv . The electrical circuit (b) has a current I , resistance
R, self-inductance L (due to geometry), and effective impedance
Zv (ω) arising from the vortex-flow backaction on the electric circuit.
Within the vortex circuit (c), the electric current I acts as a bias
V = γ I/hc for the vortex flow, where γ /hc parametrizes the Magnus
force between the electron and vortex degrees of freedom. Vortex
flow through the magnetic bulk experiences resistance Rv , which
is temperature dependent. The accumulated magnetic texture stores
energy according to the capacitance Cv .

system, the mechanical energy of the rotating magnetic screw
is converted into the energy associated with the increased
winding of the order parameter. Similarly, our system converts
electrical energy into the exchange energy of the magnetic
texture.

Tuning the temperature for our magnetic system well be-
low the Curie temperature Tc keeps the winding texture within
plane, due to the easy-plane anisotropy, thus endowing it
with topological protection. In this regime, the conductivity
of vortices and hence the unwinding process is exponen-
tially suppressed. As a result, the energy associated with
the magnetic texture can be stored indefinitely in the ab-
sence of an external drive. To release the energy stored in
the magnetic winding texture, we can simply raise the tem-
perature near Tc and make use of the natural vortex flow
in the “phase-slip” regime. The electromotive force from
the vortex flow becomes the output voltage of the magnetic
battery.

Main results. As we explain below, the dynamics of the
system in Figs. 1 and 2 can be understood by mapping to
two coupled circuits, one for electron flow and the other for
topological charge (vortex) flow. For the topological charge
circuit [see Fig. 2(c)], the electric current I in the metal con-
tact plays the role of a bias, which applies the vortex-motive
force γ I/hc, triggering a vortex current Iv . Here γ /hc is an
interfacial spin-transfer torque parameter to be defined below.
The magnetic insulator itself behaves like a vortex capacitor
(Cv) and resistor (Rv) in series.

For the electric circuit, a reciprocal electromotive force
EEMF = γ Iv/hc arises from the coupling between electron and
vortex dynamics [26,27], in series with the resistance R and
the geometric inductance L of the metal contact. The Onsager
reciprocity [28] between the two circuits can be expressed in
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Atomistic/quantum limit of the Stokes’ theorem

2

and similarly for fluxes of other facets. The time derivative should be understood to denote the Heisenberg commu-
tator:

@tS ⌘ 1

i~ [S, H], (6)

for any (time-independent) spin operator S, where H is the Hamiltonian. We note that the time derivative of spin
does not commute with the bare spin operator, even on di↵erent sites, in general.

With this definition, we can verify the hedgehog density and flux we defined above satisfy the continuity equation:

@t⇢ +
j
z
top � j

z
bottom + j

y
right � j

y
left + j

x
front � j

x
back

a
= 0. (7)

We emphasize that the conservation law (7) holds at quantum level (also in the classical limit), irrespective of the
form of the Hamiltonian. This indicates that (7) is topological and is not rooted in any specific symmetry of the
system. After coarse-graining process, we obtain n field out of S and hedgehog current j

µ in terms of n. It is the
conservation of hedgehog current at lattice level that determines the conservation of j

µ at arbitrary temperatures.

(iii) Electric charge distribution for global dynamics

For a translational motion, n(~r, t) = n0(x, y, z�vt), which describes a hedgehog sliding along the z axis with speed
v, the fictitious electric field is

~E =
v(�y, x, 0)

4⇡r3
. (8)

This is precisely the Ampère law for magnetic monopole, while the electric charge density vanishes: j
0
e = r · ~E = 0.

For a rotational motion, we take the example of n(~r, t) = n0[R̂(!t)~r], which describes a hedgehog rotating with
angular velocity ! = !ẑ (equivalent to precession in spin space), where R̂ is the appropriate rotational matrix. This
configuration yields a charge density with finite dipole moment proportional to the angular velocity:

j
0
e = �3!

4⇡

z
3

r5
. (9)
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<latexit sha1_base64="hKGrBTv6M7aQHoShAQHy9i1+Jfo=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLt0NZd0Y3LivYBnaFk0kwbmskMSUYoQ3/DjQtF3Poz7vwbM20FFT0QOJxzL/fkBAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Cr3e/dUKhaLOz1LqB/hsWAhI1gbyfMirCdBmN3Oh7VhuYLsi2a96tYhshFqOFUnJ9WGW3OhY5QcFbBCe1h+90YxSSMqNOFYqYGDEu1nWGpGOJ2XvFTRBJMpHtOBoQJHVPnZIvMcnhllBMNYmic0XKjfNzIcKTWLAjOZZ1S/vVz8yxukOmz6GRNJqqkgy0NhyqGOYV4AHDFJieYzQzCRzGSFZIIlJtrUVDIlfP0U/k+6VdtBtnPjVlqXqzqK4AScgnPggAZogWvQBh1AQAIewBN4tlLr0XqxXpejBWu1cwx+wHr7BFT0kd8=</latexit><latexit sha1_base64="hKGrBTv6M7aQHoShAQHy9i1+Jfo=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLt0NZd0Y3LivYBnaFk0kwbmskMSUYoQ3/DjQtF3Poz7vwbM20FFT0QOJxzL/fkBAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Cr3e/dUKhaLOz1LqB/hsWAhI1gbyfMirCdBmN3Oh7VhuYLsi2a96tYhshFqOFUnJ9WGW3OhY5QcFbBCe1h+90YxSSMqNOFYqYGDEu1nWGpGOJ2XvFTRBJMpHtOBoQJHVPnZIvMcnhllBMNYmic0XKjfNzIcKTWLAjOZZ1S/vVz8yxukOmz6GRNJqqkgy0NhyqGOYV4AHDFJieYzQzCRzGSFZIIlJtrUVDIlfP0U/k+6VdtBtnPjVlqXqzqK4AScgnPggAZogWvQBh1AQAIewBN4tlLr0XqxXpejBWu1cwx+wHr7BFT0kd8=</latexit><latexit sha1_base64="hKGrBTv6M7aQHoShAQHy9i1+Jfo=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLt0NZd0Y3LivYBnaFk0kwbmskMSUYoQ3/DjQtF3Poz7vwbM20FFT0QOJxzL/fkBAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Cr3e/dUKhaLOz1LqB/hsWAhI1gbyfMirCdBmN3Oh7VhuYLsi2a96tYhshFqOFUnJ9WGW3OhY5QcFbBCe1h+90YxSSMqNOFYqYGDEu1nWGpGOJ2XvFTRBJMpHtOBoQJHVPnZIvMcnhllBMNYmic0XKjfNzIcKTWLAjOZZ1S/vVz8yxukOmz6GRNJqqkgy0NhyqGOYV4AHDFJieYzQzCRzGSFZIIlJtrUVDIlfP0U/k+6VdtBtnPjVlqXqzqK4AScgnPggAZogWvQBh1AQAIewBN4tlLr0XqxXpejBWu1cwx+wHr7BFT0kd8=</latexit><latexit sha1_base64="hKGrBTv6M7aQHoShAQHy9i1+Jfo=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLt0NZd0Y3LivYBnaFk0kwbmskMSUYoQ3/DjQtF3Poz7vwbM20FFT0QOJxzL/fkBAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Cr3e/dUKhaLOz1LqB/hsWAhI1gbyfMirCdBmN3Oh7VhuYLsi2a96tYhshFqOFUnJ9WGW3OhY5QcFbBCe1h+90YxSSMqNOFYqYGDEu1nWGpGOJ2XvFTRBJMpHtOBoQJHVPnZIvMcnhllBMNYmic0XKjfNzIcKTWLAjOZZ1S/vVz8yxukOmz6GRNJqqkgy0NhyqGOYV4AHDFJieYzQzCRzGSFZIIlJtrUVDIlfP0U/k+6VdtBtnPjVlqXqzqK4AScgnPggAZogWvQBh1AQAIewBN4tlLr0XqxXpejBWu1cwx+wHr7BFT0kd8=</latexit>

S4
<latexit sha1_base64="wgnXkyQgYyGiVj98LXPQ0bc32h0=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTeoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnVniR4A==</latexit><latexit sha1_base64="wgnXkyQgYyGiVj98LXPQ0bc32h0=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTeoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnVniR4A==</latexit><latexit sha1_base64="wgnXkyQgYyGiVj98LXPQ0bc32h0=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTeoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnVniR4A==</latexit><latexit sha1_base64="wgnXkyQgYyGiVj98LXPQ0bc32h0=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTeoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnVniR4A==</latexit>

S5
<latexit sha1_base64="9v/1s8/x1YiwNRosewNCAz0ZeOg=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJ1bOuu6MZlRfuAzlAyaaYNzWSGJCOUob/hxoUibv0Zd/6NmbaCih4IHM65l3tygoQzpRH6sAorq2vrG8XN0tb2zu5eef+go+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcpX73XsqFYvFnZ4m1I/wSLCQEayN5HkR1uMgzG5ng/NBuYLsi0at6tYgshGqO1UnJ9W6e+ZCxyg5KmCJ1qD87g1jkkZUaMKxUn0HJdrPsNSMcDoreamiCSYTPKJ9QwWOqPKzeeYZPDHKEIaxNE9oOFe/b2Q4UmoaBWYyz6h+e7n4l9dPddjwMyaSVFNBFofClEMdw7wAOGSSEs2nhmAimckKyRhLTLSpqWRK+Pop/J90qraDbOfGrTQvl3UUwRE4BqfAAXXQBNegBdqAgAQ8gCfwbKXWo/VivS5GC9Zy5xD8gPX2CVf8keE=</latexit><latexit sha1_base64="9v/1s8/x1YiwNRosewNCAz0ZeOg=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJ1bOuu6MZlRfuAzlAyaaYNzWSGJCOUob/hxoUibv0Zd/6NmbaCih4IHM65l3tygoQzpRH6sAorq2vrG8XN0tb2zu5eef+go+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcpX73XsqFYvFnZ4m1I/wSLCQEayN5HkR1uMgzG5ng/NBuYLsi0at6tYgshGqO1UnJ9W6e+ZCxyg5KmCJ1qD87g1jkkZUaMKxUn0HJdrPsNSMcDoreamiCSYTPKJ9QwWOqPKzeeYZPDHKEIaxNE9oOFe/b2Q4UmoaBWYyz6h+e7n4l9dPddjwMyaSVFNBFofClEMdw7wAOGSSEs2nhmAimckKyRhLTLSpqWRK+Pop/J90qraDbOfGrTQvl3UUwRE4BqfAAXXQBNegBdqAgAQ8gCfwbKXWo/VivS5GC9Zy5xD8gPX2CVf8keE=</latexit><latexit sha1_base64="9v/1s8/x1YiwNRosewNCAz0ZeOg=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJ1bOuu6MZlRfuAzlAyaaYNzWSGJCOUob/hxoUibv0Zd/6NmbaCih4IHM65l3tygoQzpRH6sAorq2vrG8XN0tb2zu5eef+go+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcpX73XsqFYvFnZ4m1I/wSLCQEayN5HkR1uMgzG5ng/NBuYLsi0at6tYgshGqO1UnJ9W6e+ZCxyg5KmCJ1qD87g1jkkZUaMKxUn0HJdrPsNSMcDoreamiCSYTPKJ9QwWOqPKzeeYZPDHKEIaxNE9oOFe/b2Q4UmoaBWYyz6h+e7n4l9dPddjwMyaSVFNBFofClEMdw7wAOGSSEs2nhmAimckKyRhLTLSpqWRK+Pop/J90qraDbOfGrTQvl3UUwRE4BqfAAXXQBNegBdqAgAQ8gCfwbKXWo/VivS5GC9Zy5xD8gPX2CVf8keE=</latexit><latexit sha1_base64="9v/1s8/x1YiwNRosewNCAz0ZeOg=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJ1bOuu6MZlRfuAzlAyaaYNzWSGJCOUob/hxoUibv0Zd/6NmbaCih4IHM65l3tygoQzpRH6sAorq2vrG8XN0tb2zu5eef+go+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcpX73XsqFYvFnZ4m1I/wSLCQEayN5HkR1uMgzG5ng/NBuYLsi0at6tYgshGqO1UnJ9W6e+ZCxyg5KmCJ1qD87g1jkkZUaMKxUn0HJdrPsNSMcDoreamiCSYTPKJ9QwWOqPKzeeYZPDHKEIaxNE9oOFe/b2Q4UmoaBWYyz6h+e7n4l9dPddjwMyaSVFNBFofClEMdw7wAOGSSEs2nhmAimckKyRhLTLSpqWRK+Pop/J90qraDbOfGrTQvl3UUwRE4BqfAAXXQBNegBdqAgAQ8gCfwbKXWo/VivS5GC9Zy5xD8gPX2CVf8keE=</latexit>

S6
<latexit sha1_base64="GG5PUEUw78ds/MWuu0Pu3JfOx7A=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezQW1QqSL7olFzvRpENkJ1x3UK4ta9cw86RilQBUu0BpV3f5iQLKZCE46V6jso1UGOpWaE01nZzxRNMZngEe0bKnBMVZDPM8/gqVGGMEqkeULDufp9I8exUtM4NJNFRvXbK8S/vH6mo0aQM5FmmgqyOBRlHOoEFgXAIZOUaD41BBPJTFZIxlhiok1NZVPC10/h/6Tj2g6ynRuv2rxc1lECx+AEnAEH1EETXIMWaAMCUvAAnsCzlVmP1ov1uhhdsZY7R+AHrLdPWYCR4g==</latexit><latexit sha1_base64="GG5PUEUw78ds/MWuu0Pu3JfOx7A=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezQW1QqSL7olFzvRpENkJ1x3UK4ta9cw86RilQBUu0BpV3f5iQLKZCE46V6jso1UGOpWaE01nZzxRNMZngEe0bKnBMVZDPM8/gqVGGMEqkeULDufp9I8exUtM4NJNFRvXbK8S/vH6mo0aQM5FmmgqyOBRlHOoEFgXAIZOUaD41BBPJTFZIxlhiok1NZVPC10/h/6Tj2g6ynRuv2rxc1lECx+AEnAEH1EETXIMWaAMCUvAAnsCzlVmP1ov1uhhdsZY7R+AHrLdPWYCR4g==</latexit><latexit sha1_base64="GG5PUEUw78ds/MWuu0Pu3JfOx7A=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezQW1QqSL7olFzvRpENkJ1x3UK4ta9cw86RilQBUu0BpV3f5iQLKZCE46V6jso1UGOpWaE01nZzxRNMZngEe0bKnBMVZDPM8/gqVGGMEqkeULDufp9I8exUtM4NJNFRvXbK8S/vH6mo0aQM5FmmgqyOBRlHOoEFgXAIZOUaD41BBPJTFZIxlhiok1NZVPC10/h/6Tj2g6ynRuv2rxc1lECx+AEnAEH1EETXIMWaAMCUvAAnsCzlVmP1ov1uhhdsZY7R+AHrLdPWYCR4g==</latexit><latexit sha1_base64="GG5PUEUw78ds/MWuu0Pu3JfOx7A=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezQW1QqSL7olFzvRpENkJ1x3UK4ta9cw86RilQBUu0BpV3f5iQLKZCE46V6jso1UGOpWaE01nZzxRNMZngEe0bKnBMVZDPM8/gqVGGMEqkeULDufp9I8exUtM4NJNFRvXbK8S/vH6mo0aQM5FmmgqyOBRlHOoEFgXAIZOUaD41BBPJTFZIxlhiok1NZVPC10/h/6Tj2g6ynRuv2rxc1lECx+AEnAEH1EETXIMWaAMCUvAAnsCzlVmP1ov1uhhdsZY7R+AHrLdPWYCR4g==</latexit>

S7
<latexit sha1_base64="4S2XIhmIeOMBBhOOYl6i/HctBgo=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ6YOnborunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTeoVJF90ajX3DpENkKeU3MKUvPccxc6RilQBUu0BpV3f5iQLKZCE46V6jso1UGOpWaE01nZzxRNMZngEe0bKnBMVZDPM8/gqVGGMEqkeULDufp9I8exUtM4NJNFRvXbK8S/vH6mo0aQM5FmmgqyOBRlHOoEFgXAIZOUaD41BBPJTFZIxlhiok1NZVPC10/h/6RTsx1kOzdutXm5rKMEjsEJOAMO8EATXIMWaAMCUvAAnsCzlVmP1ov1uhhdsZY7R+AHrLdPWwSR4w==</latexit><latexit sha1_base64="4S2XIhmIeOMBBhOOYl6i/HctBgo=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ6YOnborunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTeoVJF90ajX3DpENkKeU3MKUvPccxc6RilQBUu0BpV3f5iQLKZCE46V6jso1UGOpWaE01nZzxRNMZngEe0bKnBMVZDPM8/gqVGGMEqkeULDufp9I8exUtM4NJNFRvXbK8S/vH6mo0aQM5FmmgqyOBRlHOoEFgXAIZOUaD41BBPJTFZIxlhiok1NZVPC10/h/6RTsx1kOzdutXm5rKMEjsEJOAMO8EATXIMWaAMCUvAAnsCzlVmP1ov1uhhdsZY7R+AHrLdPWwSR4w==</latexit><latexit sha1_base64="4S2XIhmIeOMBBhOOYl6i/HctBgo=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ6YOnborunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTeoVJF90ajX3DpENkKeU3MKUvPccxc6RilQBUu0BpV3f5iQLKZCE46V6jso1UGOpWaE01nZzxRNMZngEe0bKnBMVZDPM8/gqVGGMEqkeULDufp9I8exUtM4NJNFRvXbK8S/vH6mo0aQM5FmmgqyOBRlHOoEFgXAIZOUaD41BBPJTFZIxlhiok1NZVPC10/h/6RTsx1kOzdutXm5rKMEjsEJOAMO8EATXIMWaAMCUvAAnsCzlVmP1ov1uhhdsZY7R+AHrLdPWwSR4w==</latexit><latexit sha1_base64="4S2XIhmIeOMBBhOOYl6i/HctBgo=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ6YOnborunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTeoVJF90ajX3DpENkKeU3MKUvPccxc6RilQBUu0BpV3f5iQLKZCE46V6jso1UGOpWaE01nZzxRNMZngEe0bKnBMVZDPM8/gqVGGMEqkeULDufp9I8exUtM4NJNFRvXbK8S/vH6mo0aQM5FmmgqyOBRlHOoEFgXAIZOUaD41BBPJTFZIxlhiok1NZVPC10/h/6RTsx1kOzdutXm5rKMEjsEJOAMO8EATXIMWaAMCUvAAnsCzlVmP1ov1uhhdsZY7R+AHrLdPWwSR4w==</latexit>

S8
<latexit sha1_base64="39E1DldkKW0Q0WTQP+ztxGd0YV4=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezQWNQqSL7olFzvRpENkJ1x3UK4ta9cw86RilQBUu0BpV3f5iQLKZCE46V6jso1UGOpWaE01nZzxRNMZngEe0bKnBMVZDPM8/gqVGGMEqkeULDufp9I8exUtM4NJNFRvXbK8S/vH6mo0aQM5FmmgqyOBRlHOoEFgXAIZOUaD41BBPJTFZIxlhiok1NZVPC10/h/6Tj2g6ynRuv2rxc1lECx+AEnAEH1EETXIMWaAMCUvAAnsCzlVmP1ov1uhhdsZY7R+AHrLdPXIiR5A==</latexit><latexit sha1_base64="39E1DldkKW0Q0WTQP+ztxGd0YV4=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezQWNQqSL7olFzvRpENkJ1x3UK4ta9cw86RilQBUu0BpV3f5iQLKZCE46V6jso1UGOpWaE01nZzxRNMZngEe0bKnBMVZDPM8/gqVGGMEqkeULDufp9I8exUtM4NJNFRvXbK8S/vH6mo0aQM5FmmgqyOBRlHOoEFgXAIZOUaD41BBPJTFZIxlhiok1NZVPC10/h/6Tj2g6ynRuv2rxc1lECx+AEnAEH1EETXIMWaAMCUvAAnsCzlVmP1ov1uhhdsZY7R+AHrLdPXIiR5A==</latexit><latexit sha1_base64="39E1DldkKW0Q0WTQP+ztxGd0YV4=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezQWNQqSL7olFzvRpENkJ1x3UK4ta9cw86RilQBUu0BpV3f5iQLKZCE46V6jso1UGOpWaE01nZzxRNMZngEe0bKnBMVZDPM8/gqVGGMEqkeULDufp9I8exUtM4NJNFRvXbK8S/vH6mo0aQM5FmmgqyOBRlHOoEFgXAIZOUaD41BBPJTFZIxlhiok1NZVPC10/h/6Tj2g6ynRuv2rxc1lECx+AEnAEH1EETXIMWaAMCUvAAnsCzlVmP1ov1uhhdsZY7R+AHrLdPXIiR5A==</latexit><latexit sha1_base64="39E1DldkKW0Q0WTQP+ztxGd0YV4=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezQWNQqSL7olFzvRpENkJ1x3UK4ta9cw86RilQBUu0BpV3f5iQLKZCE46V6jso1UGOpWaE01nZzxRNMZngEe0bKnBMVZDPM8/gqVGGMEqkeULDufp9I8exUtM4NJNFRvXbK8S/vH6mo0aQM5FmmgqyOBRlHOoEFgXAIZOUaD41BBPJTFZIxlhiok1NZVPC10/h/6Tj2g6ynRuv2rxc1lECx+AEnAEH1EETXIMWaAMCUvAAnsCzlVmP1ov1uhhdsZY7R+AHrLdPXIiR5A==</latexit>

S1
<latexit sha1_base64="jYUpNQoato4F24dQceFwDKmYkhY=">AAAB83icdVDLSgMxFM34rPVVdekmWARXw2Qc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMacf5sFZW19Y3Nktb5e2d3b39ysFhRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh5Krwu/dUKpaIOz1NaRDjkWARI1gbyfdjrMdhlN/OBmhQqTr2RaPmejXo2I5TRy4qiFv3zj2IjFKgCpZoDSrv/jAhWUyFJhwr1UdOqoMcS80Ip7OynymaYjLBI9o3VOCYqiCfZ57BU6MMYZRI84SGc/X7Ro5jpaZxaCaLjOq3V4h/ef1MR40gZyLNNBVkcSjKONQJLAqAQyYp0XxqCCaSmayQjLHERJuayqaEr5/C/0nHtZFjoxuv2rxc1lECx+AEnAEE6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnUeyR3Q==</latexit><latexit sha1_base64="jYUpNQoato4F24dQceFwDKmYkhY=">AAAB83icdVDLSgMxFM34rPVVdekmWARXw2Qc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMacf5sFZW19Y3Nktb5e2d3b39ysFhRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh5Krwu/dUKpaIOz1NaRDjkWARI1gbyfdjrMdhlN/OBmhQqTr2RaPmejXo2I5TRy4qiFv3zj2IjFKgCpZoDSrv/jAhWUyFJhwr1UdOqoMcS80Ip7OynymaYjLBI9o3VOCYqiCfZ57BU6MMYZRI84SGc/X7Ro5jpaZxaCaLjOq3V4h/ef1MR40gZyLNNBVkcSjKONQJLAqAQyYp0XxqCCaSmayQjLHERJuayqaEr5/C/0nHtZFjoxuv2rxc1lECx+AEnAEE6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnUeyR3Q==</latexit><latexit sha1_base64="jYUpNQoato4F24dQceFwDKmYkhY=">AAAB83icdVDLSgMxFM34rPVVdekmWARXw2Qc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMacf5sFZW19Y3Nktb5e2d3b39ysFhRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh5Krwu/dUKpaIOz1NaRDjkWARI1gbyfdjrMdhlN/OBmhQqTr2RaPmejXo2I5TRy4qiFv3zj2IjFKgCpZoDSrv/jAhWUyFJhwr1UdOqoMcS80Ip7OynymaYjLBI9o3VOCYqiCfZ57BU6MMYZRI84SGc/X7Ro5jpaZxaCaLjOq3V4h/ef1MR40gZyLNNBVkcSjKONQJLAqAQyYp0XxqCCaSmayQjLHERJuayqaEr5/C/0nHtZFjoxuv2rxc1lECx+AEnAEE6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnUeyR3Q==</latexit><latexit sha1_base64="jYUpNQoato4F24dQceFwDKmYkhY=">AAAB83icdVDLSgMxFM34rPVVdekmWARXw2Qc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMacf5sFZW19Y3Nktb5e2d3b39ysFhRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh5Krwu/dUKpaIOz1NaRDjkWARI1gbyfdjrMdhlN/OBmhQqTr2RaPmejXo2I5TRy4qiFv3zj2IjFKgCpZoDSrv/jAhWUyFJhwr1UdOqoMcS80Ip7OynymaYjLBI9o3VOCYqiCfZ57BU6MMYZRI84SGc/X7Ro5jpaZxaCaLjOq3V4h/ef1MR40gZyLNNBVkcSjKONQJLAqAQyYp0XxqCCaSmayQjLHERJuayqaEr5/C/0nHtZFjoxuv2rxc1lECx+AEnAEE6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnUeyR3Q==</latexit>

S2
<latexit sha1_base64="9t+HCoRapR+YMfDXiNMrV9PUrT0=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTuoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnU3CR3g==</latexit><latexit sha1_base64="9t+HCoRapR+YMfDXiNMrV9PUrT0=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTuoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnU3CR3g==</latexit><latexit sha1_base64="9t+HCoRapR+YMfDXiNMrV9PUrT0=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTuoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnU3CR3g==</latexit><latexit sha1_base64="9t+HCoRapR+YMfDXiNMrV9PUrT0=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTuoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnU3CR3g==</latexit>

S3
<latexit sha1_base64="hKGrBTv6M7aQHoShAQHy9i1+Jfo=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLt0NZd0Y3LivYBnaFk0kwbmskMSUYoQ3/DjQtF3Poz7vwbM20FFT0QOJxzL/fkBAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Cr3e/dUKhaLOz1LqB/hsWAhI1gbyfMirCdBmN3Oh7VhuYLsi2a96tYhshFqOFUnJ9WGW3OhY5QcFbBCe1h+90YxSSMqNOFYqYGDEu1nWGpGOJ2XvFTRBJMpHtOBoQJHVPnZIvMcnhllBMNYmic0XKjfNzIcKTWLAjOZZ1S/vVz8yxukOmz6GRNJqqkgy0NhyqGOYV4AHDFJieYzQzCRzGSFZIIlJtrUVDIlfP0U/k+6VdtBtnPjVlqXqzqK4AScgnPggAZogWvQBh1AQAIewBN4tlLr0XqxXpejBWu1cwx+wHr7BFT0kd8=</latexit><latexit sha1_base64="hKGrBTv6M7aQHoShAQHy9i1+Jfo=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLt0NZd0Y3LivYBnaFk0kwbmskMSUYoQ3/DjQtF3Poz7vwbM20FFT0QOJxzL/fkBAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Cr3e/dUKhaLOz1LqB/hsWAhI1gbyfMirCdBmN3Oh7VhuYLsi2a96tYhshFqOFUnJ9WGW3OhY5QcFbBCe1h+90YxSSMqNOFYqYGDEu1nWGpGOJ2XvFTRBJMpHtOBoQJHVPnZIvMcnhllBMNYmic0XKjfNzIcKTWLAjOZZ1S/vVz8yxukOmz6GRNJqqkgy0NhyqGOYV4AHDFJieYzQzCRzGSFZIIlJtrUVDIlfP0U/k+6VdtBtnPjVlqXqzqK4AScgnPggAZogWvQBh1AQAIewBN4tlLr0XqxXpejBWu1cwx+wHr7BFT0kd8=</latexit><latexit sha1_base64="hKGrBTv6M7aQHoShAQHy9i1+Jfo=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLt0NZd0Y3LivYBnaFk0kwbmskMSUYoQ3/DjQtF3Poz7vwbM20FFT0QOJxzL/fkBAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Cr3e/dUKhaLOz1LqB/hsWAhI1gbyfMirCdBmN3Oh7VhuYLsi2a96tYhshFqOFUnJ9WGW3OhY5QcFbBCe1h+90YxSSMqNOFYqYGDEu1nWGpGOJ2XvFTRBJMpHtOBoQJHVPnZIvMcnhllBMNYmic0XKjfNzIcKTWLAjOZZ1S/vVz8yxukOmz6GRNJqqkgy0NhyqGOYV4AHDFJieYzQzCRzGSFZIIlJtrUVDIlfP0U/k+6VdtBtnPjVlqXqzqK4AScgnPggAZogWvQBh1AQAIewBN4tlLr0XqxXpejBWu1cwx+wHr7BFT0kd8=</latexit><latexit sha1_base64="hKGrBTv6M7aQHoShAQHy9i1+Jfo=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLt0NZd0Y3LivYBnaFk0kwbmskMSUYoQ3/DjQtF3Poz7vwbM20FFT0QOJxzL/fkBAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Cr3e/dUKhaLOz1LqB/hsWAhI1gbyfMirCdBmN3Oh7VhuYLsi2a96tYhshFqOFUnJ9WGW3OhY5QcFbBCe1h+90YxSSMqNOFYqYGDEu1nWGpGOJ2XvFTRBJMpHtOBoQJHVPnZIvMcnhllBMNYmic0XKjfNzIcKTWLAjOZZ1S/vVz8yxukOmz6GRNJqqkgy0NhyqGOYV4AHDFJieYzQzCRzGSFZIIlJtrUVDIlfP0U/k+6VdtBtnPjVlqXqzqK4AScgnPggAZogWvQBh1AQAIewBN4tlLr0XqxXpejBWu1cwx+wHr7BFT0kd8=</latexit>

S4
<latexit sha1_base64="wgnXkyQgYyGiVj98LXPQ0bc32h0=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTeoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnVniR4A==</latexit><latexit sha1_base64="wgnXkyQgYyGiVj98LXPQ0bc32h0=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTeoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnVniR4A==</latexit><latexit sha1_base64="wgnXkyQgYyGiVj98LXPQ0bc32h0=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTeoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnVniR4A==</latexit><latexit sha1_base64="wgnXkyQgYyGiVj98LXPQ0bc32h0=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZ0T6gM5RMmmlDM5khyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z6cMOVMaYQ+rJXVtfWNzdJWeXtnd2+/cnDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uSr87j2ViiXiTk9TGsR4JFjECNZG8v0Y63EY5bezgTeoVJF90ai5Xg0iG6G64zoFceveuQcdoxSogiVag8q7P0xIFlOhCcdK9R2U6iDHUjPC6azsZ4qmmEzwiPYNFTimKsjnmWfw1ChDGCXSPKHhXP2+keNYqWkcmskio/rtFeJfXj/TUSPImUgzTQVZHIoyDnUCiwLgkElKNJ8agolkJiskYywx0aamsinh66fwf9JxbQfZzo1XbV4u6yiBY3ACzoAD6qAJrkELtAEBKXgAT+DZyqxH68V6XYyuWMudI/AD1tsnVniR4A==</latexit>

x̂
<latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit><latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit><latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit><latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit>
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FIG. 1: The spin cubic lattice (left panel) described by an arbitrary Hamiltonian H (we only show one cube). Si is the spin
operator at site i. Hedgehog density (2) can be defined for every cube and hedgehog flux (5) can be defined for every facet,
which together satisfy the continuity equation (7), irrespective of the form of H. Skyrmion density (3) can be defined for every
facet, for example the bottom facet (right panel).
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triangulated skyrmion density (scalar chirality) on a plaquette

⇢ =
Btop �Bbottom +Bright �Bleft +Bfront �Bback

4⇡a
! 3

4⇡
@xn · @yn⇥ @zn
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quantized hedgehog density



Quantum continuity equation

Heisenberg-evolving the individual spins,                          ,@tS =
1

i~ [S, H]

<latexit sha1_base64="dyrc5+sSNiubRPESPg858eS69bw=">AAAB4nicZU/LSsNAFL3js9ZX1KWbYjcupCRS0YVCwU2XFe0DmhAm00k7dDIZZibFEvID7sSFIH6MW/0D/8a2BiT2rA733HPvOYHkTBvb/kYrq2vrG5ulrfL2zu7evnVw2NFxoghtk5jHqhdgTTkTtG2Y4bQnFcVRwGk3GN/O9e6EKs1i8WCmknoRHgoWMoLNbORbdVdiZRjmvnEjbEZBmN5nNxU3VJikTpYydxRglfX/xLOm51tVu2YvUFkmTk6qkKPlW6/uICZJRIUhHGvdd2xpvHT+mXCald1EU4nJGA9pfzBhUgscUe2lj4uCBT3FkdbTKFgazgMWLyUmvPJSJmRiqCBFwzSMhdHZrInzP/cy6ZzXnHrt4q5ebVznnUpwDCdwCg5cQgOa0II2EHiDD/iELzRAT+gZvfyurqDccwQFoPcfW0qNhQ==</latexit>

@t⇢+
jztop � jzbottom + jyright � jyleft + jxfront � jxback

a
= 0

<latexit sha1_base64="PnMuqZwH/6UK0uBRaFv2uvBzIyw=">AAACLnicZVDNSsNAEN71t9a/qujFi9iLIJZEKnpQKHjxqGCtYGrYrJt2293ssjsRawj4Fr6GTyN4EG/iY5i0Qaid0/czM8w3gRbcguN84Knpmdm5+dJCeXFpeWW1srZ+Y1VsKGtSJZS5DYhlgkesCRwEu9WGERkI1gr657nfemTGchVdw0CztiSdiIecEsgkv/LiaWKAE+GDJwl0gzDxTFel+15oCE16989+JsgdUDo9+GOBAlAy3e/dD0aC4Z0u5A0FFyyE3H4a0dCoaGgXPCC0n6YJSc8cv1J1as6wdiaBW4AqKurSr7x6D4rGkkVABbH2znU0tJM8BRUsLXuxZTrbTzrs7uGRaxsRyWw7eRo+a8xPiLR2IIMJMf/E+KYYwpN2wiMdA4vo+MAgzNLZNEvi/r97Etwc1tx67eiqXm2cFplKaBvtoj3komPUQBfoEjURRd94CW/iLfyG3/En/hq1TuFiZgONFf75BTNnq5A=</latexit>

we get atomistic/quantum continuity equation:

where the hedgehog fluxes reduce to the previous expressions in 
the continuous classical limit

There is an underlying quantum description, with a robust 
conservation law, which retains full quantum and thermal spin 
fluctuations and discrete atomistic character (in contrast to, e.g., 
skyrmion or hopfion dynamics)



Kubo formula for intrinsic bulk hedgehog conductivity
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We formulate a quantum theory of vorticity (hydro)dynamics on a general two-dimensional bosonic lattice.
In the classical limit of a bosonic condensate, it reduces to conserved plasma-like vortex-antivortex dynamics.
The nonlocal topological character of the vorticity flows is reflected in the bulk-edge correspondence dictated
by the Stokes theorem. This is exploited to establish physical boundary conditions that realize, in the coarse-
grained thermodynamic limit, an effective chemical-potential bias of vorticity. A Kubo formula is derived for the
vorticity conductivity, which could be measured in a suggested practical device, in terms of quantum vorticity-
flux correlators of the original lattice model. As an illustrative example, we discuss the superfluidity of vorticity,
exploiting the particle-vortex duality at a bosonic superfluid-insulator transition.
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I. INTRODUCTION

It is now well appreciated that electrically insulating ma-
terials may exhibit a wealth of neutral transport phenomena.
The underlying conserved quantities may emerge out of cer-
tain symmetries associated with the microscopic spin [1] or
pseudospin (e.g., valley [2]) degrees of freedom or, alterna-
tively, topology of the collective dynamics [3]. The former
scenario, which has been most thoroughly exploited in the
field of spintronics [1], concerns the spin angular momentum
along a high-symmetry axis of the pertinent heterostructure.
As the full axial symmetry is inevitably broken in spin space,
at some level, the resultant spin hydrodynamics is always ap-
proximate, being useful only on some finite time and/or length
scales. The topological hydrodynamics, on the other hand,
is potentially more robust, as it is rooted in the topological
structure of the dynamical variables rather than any specific
structural symmetries [3].

At the heart of this are conservation laws constructed out of
a topological invariant of the dynamical field configurations,
such as the winding number of a one-dimensional XY model
[4] or a superfluid [5] or the skyrmion number [6] of a two-
dimensional Heisenberg model [7]. These topological invari-
ants are endowed by the homotopic properties of the smooth
field configurations of the bulk, following, for example, the
πn(Sd ) = Z group-theoretic structure of the nth homotopy on
a d-sphere, when n = d [8]. The integer on the right-hand
side here counts the conserved topological “charge” that can
be associated with the dynamical fields. Being conserved in
the bulk, this effective charge can, nonetheless, flow in and
out of the medium through its boundaries, which hints at
a possibility of its control: The (nonequilibrium) boundary
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conditions could be devised to bias injection of the topological
charge of certain sign and, reciprocally, detect its outflow
elsewhere [3].

This points to a conceptual possibility of assigning a bulk
conductivity to the topological charge fluctuations in the ma-
terial, which could potentially extend many of the useful and
intuitive notions associated with the charge conductivity to
broad classes of insulating materials. Both device possibilities
and novel transport probes of fundamental material properties
could then be expected to arise hand in hand. The outlook
may, however, be hindered by one key approximation un-
derlying such hydrodynamic constructions: The overarching
topological invariant is a property of a low-energy sector of
the theory, with pathological excursions between different
topological sectors possible in principle. In the case of the
winding dynamics, such excursions are known as phase slips,
which are central to understanding low-dimensional super-
fluidity and superconductivity [5]. Skyrmions, likewise, can
be created and annihilated by local fluctuations [9]. Such
detrimental phase-slip-like events, which ultimately relax any
topological configuration towards the global equilibrium, can
originate either at the atomistic level, where the coarse-
grained treatment of the smooth field theory breaks down, or
more macroscopically, where the dynamical variables deviate
significantly from their presumed low-energy manifold. Even
when such processes are rare, in the limit when they are
exponentially suppressed by a large energy barrier, their ex-
istence poses a technical challenge in formulating a transport
theory. After all, there is no strict continuity equation for the
topological charge at the microscopic quantum level, unless
we formally separate and eliminate the phase-slip events.
Depending on the exact model, parameters, and ambient tem-
perature, furthermore, there may be a plethora of scenarios for
the phase-slip dynamics [5], which could diminish the utility
of the topological conservation law.

In this paper, we formulate a topological hydrodynam-
ics that is based on a robust continuity equation immune
to all these issues. Its formal distinguishing feature is in
the conserved quantity that is related to the field homotopy
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FIG. 1. A quantum bosonic lattice described by an arbitrary
Hamiltonian H . !ı is the bosonic field operator at site ı , with index
ı ( ) running along the x (y) axis. ı̃ = ı + 1 and ̃ =  + 1. ρı is the
conserved topological charge per plaquette ı , jx

ı ( jy
ı ) is the flux

per vertical (horizontal) link ı , which together satisfy the quantum
continuity equation (11).

We associate a charge density

ρı ≡
Ax

ı − Ax
ı̃ + Ay

ı̃ − Ay
ı

2πa
(6)

to each plaquette, where a is the lattice spacing. Here, ı̃ ≡
ı + 1 and ̃ ≡  + 1, and

Ax
ı =

(!†
ı̃ + !†

ı )(!ı̃ − !ı )

4ai
+ H.c. =

!†
ı!ı̃

2ai
+ H.c.,

Ay
ı =

(!†
ı̃ + !†

ı )(!ı̃ − !ı )

4ai
+ H.c. =

!†
ı!ı̃

2ai
+ H.c.,

(7)

which we assign formally to the corresponding horizontal and
vertical sides of the plaquette, respectively. These definitions
mimic Eqs. (2) and (3), respectively, and should reproduce
them by coarse graining the field configurations in the classi-
cal limit.

According to these conventions,

ρı =
(!†

ı̃ − !†
ı̃ )(!ı̃̃ − !ı )

4πa2i
+ H.c. (8)

We also see [from Eq. (6)] that

Q =
∑

ı

ρı (9)

vanishes in the bulk and reduces to the boundary terms, which
we can interpret as the quantum version of the net vorticity
(4). This suggests a conservation law with the boundary fluxes
corresponding to the vorticity flow. Indeed, according to the
Heisenberg equation of motion (for Hamiltonian H),

∂tρı = i
h̄

[H, ρı ] (10)

can be seen to satisfy the continuity equation:

∂tρı +
jx
ı̃ − jx

ı + jy
ı̃ − jy

ı

a
= 0. (11)

Here, the fluxes are obtained by discretizing and quantizing
the definition (1):

jx
ı =

(!†
ı̃ − !†

ı )∂t (!ı̃ + !ı )

4πai
+ H.c., (12)

and similarly for the other components. The time derivative
should always be understood to denote the Heisenberg com-
mutator:

∂tO ≡ i
h̄

[H,O], (13)

for any (time-independent) operator O.
It is useful to emphasize that this conservation law is

not rooted in any specific symmetry of the system. Indeed,
the form of the Hamiltonian H still remains arbitrary. The
continuity is rather dictated by the topology associated with
the vorticity (hydro)dynamics in the interior of the system.
Specifically, for a fixed field profile on the boundary, an
arbitrary smooth field in the bulk yields the same net vorticity,
irrespective of the details of the dynamics.

While the definitions (7) for the quantum field A(!) are
motivated by the classical limit (3), which describes vorticity,
any field A(!) entering Eq. (6) would in principle define a
conserved dynamics. This is fully analogous to the arbitrary
gauge field A(φ) parametrizing classical hydrodynamics asso-
ciated with Eqs. (2) and (5), as discussed above. The specific
choice (7) is motivated by the classical correspondence to a
physically meaningful extensive hydrodynamics in bosonic
condensates.

A. Boundary conditions

The boundary conditions for a nonequilibrium injection
of vorticity can be constructed based on energetics and gen-
eral symmetry principles [4,7,14]. In essence, the boundary-
induced work can shift the energy barrier for a spontaneous
injection of vorticity, in proportion to the applied bias. This
bias can be established, for example, by a current applied in a
metal contact tangentially to the interface [4,7,15] or a driven
spin dynamics in an adjacent magnetic insulator [14]. Let us
follow the latter scenario, supposing the magnetic order n in
the insulator couples to vorticity dynamics near the interface
via a spin-orbit interaction. The relevant coarse-grained work
δW associated with a vorticity transfer δQ across the interface
then has an adiabatic contribution (at low frequencies) of the
form [14]

δW = gz · n × ṅ δQ. (14)

g here is a phenomenological interfacial parameter for the cou-
pling, z is the normal to the (xy) plane of our bosonic film, and
n is taken to be the directional (unit-vector) order parameter
of a ferromagnetic insulator. For n steadily precessing around
the z axis at frequency ν, the effective bias becomes

µ ≡ δW
δQ

= gν(, (15)

where ( is the solid angle subtended by n.
This µ can be interpreted as establishing a local chem-

ical potential for the vorticity, supposing that the effective
impedance for the vorticity transport is dominated by the bulk
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Hedgehog conductivity in 3D is analogous

to the vorticity conductivity in 2D, which was 
proposed to investigate the particle-vortex duality



Hedgehog textures in generic bulk magnetic materials can provide a new 
topological transport medium for fundamental studies of correlated 
phenomena and novel applications


Strong quark-like confinement in the ordered phase and no stringent 
symmetry requirements for inducing electrical Magnus force may make them 
experimentally attractive

Thank you!

Microscopic robustness of the conservation law 
allows for direct field-theoretic investigation, e.g., 
using Kubo formula for hedgehog conductivity

Some take-home messages


