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A New Kind of Magnetism

• Spontaneous alignment of spins that break 
time-reversal symmetry, while preserving 
the translational symmetries of the system 

• Small magnetization contribution from 
orbital currents only in the presence of SOC

Orbital Ferromagnetism 
Exceedingly Rare Case

Spin Ferromagnetism 
Overwhelmingly Common Case

• Spontaneous persistent current loops that 
break time-reversal symmetry, while 
preserving the translational symmetries of 
the system 

• At the boundary, the persistent current 
loops sum to form robust chiral edge states

A. MacDonald Physics 12, 12 (2019).



Topology and New Excitations



   

Engineering Correlations 
Material Chemistry

few Å, eVs

Cold atoms &  
Optical lattices

~ 1 micron

Moiré superlattices 
from 2D Materials  

~ 10 nm

New types of 
band-structure engineering 



P. Jarillo-Herrero
Efetov, Young, Yazdani, Andrei, Tutuc, Goldhaber Gordon, Dean, groups 
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Superlattice Brillouin zone 
(changes size w/ rotation angle) 

Two Valleys K and K’

Cao, et al. Nature (2018)

Including lattice relaxation

Suarez-Morell et al. PRB (2010) 
Bistritzer & MacDonald, PNAS (2011) 

Magic Angle: Twisting to Flatness 
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Theory: Flat bands at magic ~1° 
Including relaxation: Koshino et al. (2018)  

The two flat bands around charge 
neutrality are 4 fold degenerate: 

2 spin and 2 valley 

k-space

Flat Bands in Magic Angle Graphene Bilayers

Electron filling of the flat bands !=+/- 4 
electrons per moiré site relative to 

neutrality
Density of States for the Flat Bands 

moiré superlattice  (from Cao et al. 2018)

Real Space

Flat Bands inherent the Dirac 
points from graphene; From 

valley K in graphene, we have 
two Moire KM and K’M with 

same chirality

MMMMMMM

KMK’M KMK’M



Discovery of Correlated Insulators & Superconductivity

Cao et al, Nature 556, 43 (2018)
Cao et al, Nature 556, 80 (2018)
Yankowitz et al, Science 363, 1059 (2019)
Liu et al, Nature 574, 653 (2019)

!=-2

Twisted 

P. Jarillo-Herrero Group MIT

Insulator was conjectured to be a Mott insulator, 
occur at 1/2 filling of the flat bands, sensitivity to 
field and resemblance to cuprates. 

Efetov group 2019



Increasing Number of Moiré Materials

Magic-Angle Twisted 
Bilayer Graphene (MATBG) 

Jarillo-Herrero, Dean, Young, Efetov

Engineered MATBG: Aligned, 
Gate-Screened, and 
Proximitized Devices 

Goldhaber-Gordon, Efetov, Young, 
Nadj-Perge

Twisted Double 
Bilayer Graphene (TDBG) 

Zhang, Kim, Jarillo-Herrero

Twisted Monolayer-Bilayer 
Graphene (TMBG) 

Xu, Dean, Yankowitz, Young

Twisted Bilayer 
WSe2 (TWSe2) 

Dean

Aligned 
WSe2 / WS2 

Shan, Mak, Wang

ABC Trilayer Graphene 
Aligned with hBN 

Wang

Y. Cao et al. Nature 556, 43-50 (2018). 
Y. Cao et al. Nature 556, 80-84 (2018). 
M. Yankowitz et al. Science 363, 1059-1064 (2019). 
X. Lu et al. Nature 574, 653-657 (2019). 
A. Sharpe et al. Science 365, 605-608 (2019). 
M. Serlin et al. Science 367, 900-903 (2020). 
P. Stepanov et al. Nature 583, 375-378 (2020). 
Y. Saito et al. Nat. Phys. 16, 926-930 (2020). 
H. Arora et al. Nature 583, 379-384 (2020). 
C. Shen et al. Nat. Phys. 16, 520-525 (2020). 
X. Liu et al. Nature 583, 221-225 (2020). 
Y. Cao et al. Nature 583, 215-220 (2020). 
G. Chen et al. Nat. Phys. 15, 237-241 (2019). 
S. Chen et al. arXiv preprint arXiv:2004.11340 (2020). 
H. Polshyn et al. arXiv preprint arXiv:2004.11353 (2020). 
L. Wang et al. arXiv preprint arXiv:1910.12147 (2020). 
E. C. Regan et al. Nature 579, 359-363 (2020). 
Y. Tang et al. Nature 579, 353-358 (2020).



Many-Body Correlated Chern Insulator States

Sharpe et al. Science 365, 605 (2019)
Liu et al, Nature 574, 653 (2019) 
Serlin, et al. Science  367 (2020)
,

Near !=+3, !=-1 

MATBG Aligned to hBN
Non-Aligned hBN

Streda’s Formula: “The charge 
density of a Chern insulating phase 
changes with magnetic field at a rate 
e q u a l to i t s q u a nt i ze d H a l l 
conductance.”

!"
!#

=
$%&

'
= (

Φ0

Chern Numbers =± (4 − ! )
K. P. Nuckolls*, M. Oh*, D. Wong*, Lian, BAB, Yazdani. arXiv:2007.03810 

to appear in Nature (2020).



Young Group (2020) 
UC Santa Barbara

Transport experiments also see Chern insulators

Andrei Group (2020) 
Rutgers University

Y. Saito et al. arXiv preprint arXiv:2007.06115 (2020).S. Wu et al. arXiv preprint arXiv:2007.03735 (2020).

I. Das et al. arXiv preprint arXiv:2007.13390 (2020).Y. Choi et al. arXiv preprint arXiv:2008.11746 (2020). J. M. Park et al. arXiv preprint arXiv:2008.12296 (2020).

Transport can not rule out single particle gapped states but spectroscopy does

 

 
 

 
FLJ. 1. EPeUJeQW cRUUeOaWed CKeUQ LQVXOaWRUV LQ MATBG. (a) SFKHPaWLF RI WKH KBN HQFaS-
VXOaWHG aQG JUaSKLWH-JaWHG MATBG GHYLFH. (b) CRORU SORW RI R[[ YV. Ȟ aQG B⊥, PHaVXUHG aW 7 = 
1.5K. WKLWH OLQHV LQGLFaWH WKH WUaMHFWRULHV RI IRXU GLIIHUHQW WRSRORJLFaOO\ QRQ-WULYLaO CKHUQ JaSV 
ZLWK (C, Ȟ) LQGLFHV (4,0), (3,1), (2,2) aQG (1,3). (c) (XSSHU SaQHO) CRUUHVSRQGLQJ HaOO FRQGXFW-
aQFH 𝜎𝑥𝑦 YV. Ȟ aQG B⊥. (ORZHU SaQHO) LLQH-FXWV VKRZLQJ TXaQWL]HG 𝜎𝑥𝑦 aQG YaQLVKLQJ ORQJLWXGL-
QaO FRQGXFWaQFH RI WKH CKHUQ LQVXOaWRUV aW B⊥ = 8T. (d) SFKHPaWLF RI WKH SURSRVHG baQG aU-
UaQJHPHQW VHTXHQFH IRU WKH V\PPHWU\ bURNHQ WRSRORJLFaO baQGV aQG FRUUHOaWHG CKHUQ LQVXOa-
WRUV aW GLIIHUHQW ILOOLQJV (Ȟ = 0, 1, 2 ,3).  WH QRWH WKaW a YaOOH\ FRKHUHQW FRQILJXUaWLRQ IRU WKH 
(2,2) VWaWH LV aOVR aOORZHG (E[WHQGHG DaWa). (e) CXPXOaWLYH SKaVH GLaJUaP VFKHPaWLF RI VHYHUaO 
GHYLFHV, VXPPaUL]LQJ WKH RbVHUYHG FRUUHOaWHG CKHUQ LQVXOaWRUV (CCI), VXSHUFRQGXFWRUV (SC) 
aQG RUbLWaO PaJQHWV (OM) LQ WKH Ȟ-B⊥ SOaQH. TKH SRVLWLRQ RI WKH GHYLFH LFRQV IRU HaFK CCI 
FRUUHVSRQGV WR WKH FULWLFaO B⊥-ILHOG YaOXHV aW ZKLFK WKHVH VWaWHV IRUP. SLPLOaUO\, WKH RSWLPaO 
GRSLQJ SRVLWLRQV IRU SC aUH PaUNHG b\ FRUUHVSRQGLQJ GHYLFH LFRQV.  
 
 
 
 
 

 
 
 
 
 
 
 

Efetov Group (2020) 
ICFO



 New Platform for Correlations & Topology

UU

Correlations are strong when interactions > kinetic energy 
(U>t)

U

t

Hubbard model 
(Tight binding models t 
Wannier functions U )

Correlated Materials 

Moire flat bands have elements of both 
systems and are correlated & topological

Landau Levels

Flat Landau level at 
partial filling 

ψn = zne− |z |2
4



TBGI: Origin of Flat Bands and Single Particle Perturbation Theory

AA

AB

𝐻!(𝒓) =
−𝑖𝑣"𝝈 ⋅ ∇ 𝑇(𝒓)
𝑇#(𝒓) −𝑖𝑣"𝝈 ⋅ ∇

Interlayer hopping:     𝑇 𝒓 = ∑$%&' 𝑇$𝑒(𝒒!⋅𝒓 , 

𝑤!: AA hoping   ≤ 𝑤": AB/BA hoping
𝜂 = ±:      valley K, K’
𝑠 =↑, ↓:     spin

𝜃 = 1.05∘

Bistritzer, Macdonald (2011)

𝑘,

BAB, Song, Regnault Lian, TBG I (2020)



Topology In TBG Is Stable, Not Fragile
Zhida Song et al, 2018; Song et al TBGII, 2020 

PH is very good at low energies 

Comes from PH of Dirac in Graphene at low E

PH used in 2018 to show state must be topological (thought to be fragile)

PH used in 2019, 2020 to obtain enlarged interacting U(4), U(4)XU(4) symmetries

2020: PH provides stable topology, TBG one valley is topological anomalous for any 
number of bands



Zhida Song et al, 2018:

1. Representations of 
active bands fixed by 
particle-hole; topological at
all angles

Using Particle-Hole for Model Independent Theorems in TBG:

Topology from Other Types of Pictures: H. C. Po, L. Zou, A. 
Vishwanath, and T. Senthil Phys. Rev. X 8, 031089 (2018), Kang, 
Vafek 2018, L. Zou, H. C. Po, A.. Vishwanath, and T. Senthil 2018; 
Ahn, S. Park, and B.-J. Yang 2018, Xi Dai et al

2. Topology thought to be 
“fragile”: adding atomic 
bands would trivialize the 
active bands
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One Valley TBG: Inconsistent With Any Lattice Model, Anomalous, Stable 

PH: extremely good symmetry of 
the wavefunctions, from the 
chiral limit to the isotropic limit 
(unlike chiral symmetry)

Kang and Vafek: good symmetry even 
under RG
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FIG. 2. Errors of the approximate symmetries P (a) and C
(b) on the wavefunctions (as defined in Eqs. 9 and 10) in TBG
as functions of w0/w1. Here we change w0 while keeping w1

fixed (110meV). The errors are shown for di↵erent values of
the twist angle ✓ = 1.05�, 1.5�, 2�.

In the so-called chiral limit [59], i.e., w0 = 0, the second
term on the right hand of side vanishes and hence C be-
come an emergent anticommuting symmetry. The chiral
symmetry satisfies the algebra

{C2zT,C} = {C2x, C} = 0, [C3z, C] = [P,C] = 0, C2 = 1.
(8)

We numerically checked how much P and C are broken
in the wavefunctions of the model Eq. (1). To be specific,
we define the errors of the two symmetries in the two flat
bands as

error(P) = 1�
ˆ

d
2k

(2⇡)2
|hu1,�k|P|u�1,ki|2, (9)

error(C) = 1�
ˆ

d
2k

(2⇡)2
|hu1,k|C|u�1,ki|2, (10)

respectively, where |u�1,ki and |u1,ki are the periodic
parts of the Bloch states of the highest occupied band
and the lowest empty band at charge neutrality, respec-
tively. When the two symmetries are exact, we have
|hu1,�k|P|u�1,ki| = |hu1,k|S|u�1,ki| = 1 and hence the

errors are zero. Using the parameters vF = 5.933eV · Å,
|K| = 1.703Å�1, w1 = 110meV, we plot error(P) and
error(C) as functions of w0/w1 (with fixed w1) for a few
twist angles in Fig. 2. For ✓ = 1.05�, error(P) is small
(< 0.01) for w0  0.82w1, thus the P symmetry is a
good approximation for TBG, while the C symmetry only
starts being good (with error< 0.01) for w0  0.07w1.

III. Stable topology protected by particle-hole

symmetry P

A. The Wilson loop Z2 invariant protected by P

We denote the Hamiltonian in momentum space as
H(k). We assume the emergent anti-unitary particle-hole

symmetry, i.e., PH(k)P�1 = �H(�k), and P2 = �1.
As detailed in Section II B, P = PC2zT is anti-unitary
and squares to -1, and is the product of the unitary P of
Ref. [58] and C2zT . We denote the energy and the peri-
odic part of Bloch state of the n-th band above (below)
the zero energy as ✏n(k) (✏�n(k)) and |un(k)i (|u�n(k)i),
respectively. As explained in Appendix A and in Ref.
[58], |un(k)i satisfies the periodicity |un(k + G)i =
V

G|un(k)i, with G being a reciprocal lattice and V
G

a unitary matrix referred to as the embedding matrix.
Since P anti-commutes with the Hamiltonian and flips
the momentum, we have ✏n(k) = �✏�n(�k). The state
P|un(k)i must have the momentum �k and the energy
✏�n(�k). In general, P|un(k)i is spanned by Bloch states
at �k as

P|un(k)i =
X

n0

|un0(�k)iB(P)
n0n(k), (11)

where the summation over n0 is limited to those satisfy-

ing ✏n0(k) = �✏n(�k), and B
(P)
n0n(k) is a unitary matrix

referred to as the sewing matrix of P. B
(P)(k) is peri-

odic in momentum space, i.e., B(P)(k + G) = B
(P)(k)

[124, 125]. Since P2 = �1, it should satisfy

B
(P)(�k)B(P)⇤(k) = �1. (12)

Multiplying B
(P)T (k) on the right hand side of the above

equation, we obtain

B
(P)(�k) = �B

(P)T (k). (13)

We now prove that the P symmetry protects a Z2 in-
variant for 2M particle-hole symmetric separate bands,
i.e., bands ✏�M (k), ✏�M+1(k) · · · ✏M (k), gapped from
higher and lower bands. This proof is not limited
to TBG but applies to any system having our anti-
unitary P symmetry. We introduce the matrix U(k) =
(|u�M (k)i, |u�M+1(k)i · · · |uM (k)i). We parameterize k
as k1b1+k2b2, where b1 and b2 are the reciprocal lattice
basis vectors. Then we define the Wilson loop operator
of the 2M bands for a given k1 as

W (k1) = lim
N!1

N�1Y

j=0

U
†(k1, j

2⇡

N
)U(k1, (j + 1)

2⇡

N
). (14)

The order of the matrices in the product is given by
j: matrices with larger k2 (= j

2⇡
N ) always appear on

the right hand side of matrices with smaller k2. Due
to the periodicity of Bloch states, W (k1) is periodic..
Since W (k1) is unitary, its eigenvalues are phase factors
e
i�n(kx) (n = 1 · · · 2M), where �n(k1) ranges from �⇡ to
⇡. {�n(k1)} are called as the Wilson loop bands. Topol-
ogy is usually a result of Wilson loop flow, which in turn
is a result of unavoidable crossings between Wilson loop
bands.
We now prove that the Wilson loop bands are doubly

degenerate at k1 = 0 and k1 = ⇡, as shown in Fig. 3a-
c. In fact, we should heuristically expect this, since the
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(b) on the wavefunctions (as defined in Eqs. 9 and 10) in TBG
as functions of w0/w1. Here we change w0 while keeping w1

fixed (110meV). The errors are shown for di↵erent values of
the twist angle ✓ = 1.05�, 1.5�, 2�.

In the so-called chiral limit [59], i.e., w0 = 0, the second
term on the right hand of side vanishes and hence C be-
come an emergent anticommuting symmetry. The chiral
symmetry satisfies the algebra

{C2zT,C} = {C2x, C} = 0, [C3z, C] = [P,C] = 0, C2 = 1.
(8)

We numerically checked how much P and C are broken
in the wavefunctions of the model Eq. (1). To be specific,
we define the errors of the two symmetries in the two flat
bands as

error(P) = 1�
ˆ

d
2k
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|hu1,�k|P|u�1,ki|2, (9)

error(C) = 1�
ˆ

d
2k

(2⇡)2
|hu1,k|C|u�1,ki|2, (10)

respectively, where |u�1,ki and |u1,ki are the periodic
parts of the Bloch states of the highest occupied band
and the lowest empty band at charge neutrality, respec-
tively. When the two symmetries are exact, we have
|hu1,�k|P|u�1,ki| = |hu1,k|S|u�1,ki| = 1 and hence the

errors are zero. Using the parameters vF = 5.933eV · Å,
|K| = 1.703Å�1, w1 = 110meV, we plot error(P) and
error(C) as functions of w0/w1 (with fixed w1) for a few
twist angles in Fig. 2. For ✓ = 1.05�, error(P) is small
(< 0.01) for w0  0.82w1, thus the P symmetry is a
good approximation for TBG, while the C symmetry only
starts being good (with error< 0.01) for w0  0.07w1.

III. Stable topology protected by particle-hole

symmetry P

A. The Wilson loop Z2 invariant protected by P

We denote the Hamiltonian in momentum space as
H(k). We assume the emergent anti-unitary particle-hole

symmetry, i.e., PH(k)P�1 = �H(�k), and P2 = �1.
As detailed in Section II B, P = PC2zT is anti-unitary
and squares to -1, and is the product of the unitary P of
Ref. [58] and C2zT . We denote the energy and the peri-
odic part of Bloch state of the n-th band above (below)
the zero energy as ✏n(k) (✏�n(k)) and |un(k)i (|u�n(k)i),
respectively. As explained in Appendix A and in Ref.
[58], |un(k)i satisfies the periodicity |un(k + G)i =
V

G|un(k)i, with G being a reciprocal lattice and V
G

a unitary matrix referred to as the embedding matrix.
Since P anti-commutes with the Hamiltonian and flips
the momentum, we have ✏n(k) = �✏�n(�k). The state
P|un(k)i must have the momentum �k and the energy
✏�n(�k). In general, P|un(k)i is spanned by Bloch states
at �k as

P|un(k)i =
X

n0

|un0(�k)iB(P)
n0n(k), (11)

where the summation over n0 is limited to those satisfy-

ing ✏n0(k) = �✏n(�k), and B
(P)
n0n(k) is a unitary matrix

referred to as the sewing matrix of P. B
(P)(k) is peri-

odic in momentum space, i.e., B(P)(k + G) = B
(P)(k)

[124, 125]. Since P2 = �1, it should satisfy

B
(P)(�k)B(P)⇤(k) = �1. (12)

Multiplying B
(P)T (k) on the right hand side of the above

equation, we obtain

B
(P)(�k) = �B

(P)T (k). (13)

We now prove that the P symmetry protects a Z2 in-
variant for 2M particle-hole symmetric separate bands,
i.e., bands ✏�M (k), ✏�M+1(k) · · · ✏M (k), gapped from
higher and lower bands. This proof is not limited
to TBG but applies to any system having our anti-
unitary P symmetry. We introduce the matrix U(k) =
(|u�M (k)i, |u�M+1(k)i · · · |uM (k)i). We parameterize k
as k1b1+k2b2, where b1 and b2 are the reciprocal lattice
basis vectors. Then we define the Wilson loop operator
of the 2M bands for a given k1 as

W (k1) = lim
N!1

N�1Y

j=0

U
†(k1, j

2⇡

N
)U(k1, (j + 1)

2⇡

N
). (14)

The order of the matrices in the product is given by
j: matrices with larger k2 (= j

2⇡
N ) always appear on

the right hand side of matrices with smaller k2. Due
to the periodicity of Bloch states, W (k1) is periodic..
Since W (k1) is unitary, its eigenvalues are phase factors
e
i�n(kx) (n = 1 · · · 2M), where �n(k1) ranges from �⇡ to
⇡. {�n(k1)} are called as the Wilson loop bands. Topol-
ogy is usually a result of Wilson loop flow, which in turn
is a result of unavoidable crossings between Wilson loop
bands.
We now prove that the Wilson loop bands are doubly

degenerate at k1 = 0 and k1 = ⇡, as shown in Fig. 3a-
c. In fact, we should heuristically expect this, since the

Song, Lian, Regnault, BAB TBG II (2020)

Our PH protects Kramers-like degeneracies in the Wannier spectrum 
Always spectral flow if Diracs of same helicity at zero energy



Theorem: One Valley TBG is Anomalous For Any Number of  Bands

So what?

1. Important for lower “magic” angles where more bands 
connected

2. In TBGIII, U(4) and U(4)xU(4) interacting symmetries valid for 
any number of bands, incompatible with any lattice

3. All lattice models (10 band model of Po et al, 2018), break a 
symmetry (usually particle-hole, see Pixley, 2020) 

4. Important theorem for superconductivity:

Any single valley model respecting C2zT and PH not compatible with a lattice 

 
 

Fig. S10. 

 
 
Fig. S10. Band structures simulation. (A) The band structure of the 0.45° tBLG under the 
Hartree-Fock approximation considering Coulomb interaction |𝒈భ|௏ሺ𝒈భሻ

√ଷ
ൌ 10meV between elec-

trons (𝑔1: moiré reciprocal vector) at various integer fillings n=Nns, where the Fermi energies 
are indicated with red dashed lines. The 2D band structures are plotted in the diamond (instead 
of honeycomb) moiré Brillouin zone (see the top insert in (A)), and viewed from the side per-
pendicular to the long diagonal of the diamond. For each filling, the C3z symmetry is sponta-
neously broken, and C2zT is preserved, allowing Dirac points away from high symmetry points 
of the moiré Brillouin zone. The first panel for 𝑛 ൌ 0 is also shown in the main text Fig. 1(C). 
(B) The non-interacting band structure of tBLG calculated using the continuum model (without 
interaction), and plotted along the moiré Brillouin zone high symmetry lines shown in the top 
insert of (B). The lowest 8 bands are connected among each other by Dirac points, and are 
gapped from higher bands, which is different from the Hartree-Fock interacting band structures 
in (A). 
  

0.450

Song, Lian, Regnault, BAB TBG II (2020)

S-wave induced superconductivity in TBG is topological

When an anomalous metal is gapped by SC, topological SC appears (remember Fu-Kane)

We can prove: Any weak pairing term preserving spin-SU(2), valley-U(1), time-reversal, C2zT, and PH must drive the 
system into a higher order topological superconducting phase.  C2zT-protected Majorana corner states are bound to 
C2x-invariant corners of the sample A. Chew, Y. Wang, BAB, Z. Song, to appear

Stevan Nadj-Perge , (2020)



—Left panel: Wilson loop spectrum in a 
single valley. Jumps occur at Dirac points 
and are smoothed out by pairing, resulting in 
nontrivial Dirac flow.

-Right panel: If different valleys are allowed 
to hybridize then spectrum can be made 
trivial.

—TBG-TSC captures corner modes at domain walls

—Single valley four Majorana zero modes are bound 
to C2x invariant points

—Breaking U(1) valley: Majorana modes hybridize

—Breaking particle-hole P: zero modes to move 
along edge

Theorem: Weak Pairing Superconductivity in TBG is topological
A. Chew, Y. Wang, BAB, Z. Song, to appear



Interaction Hamiltonian
Kang, Vafek (2018,2019), Bultinck et al. (2020)
BAB, Song, Regnault, Lian, TBG III (2020), Lian, Song, Regnault, Efetov, Yazdani, BAB, TBG IV (2020)

𝛿𝜌#:electron density. 
𝑮: moiré k vectors

Flat-band projection to 
lowest 8𝑛$%& bands:

𝐻' ≥ 0 positive semi-definite Hamiltonian (PSDH).

Kang, Vafek (2019), Huber, 2017, TBGIII (2020)

form factor

𝜼 = ±:      valley K, K’         𝒔 =↑, ↓:     spin          𝒏 = ±𝟏,±𝟐,⋯ band



Projected Interaction Symmetries In Limits

PH symmetry 𝑃 combined with 𝐶()
H0 = Bistritzer Macdonald Hamiltonian 
Extra Chiral symmetries in some limits

BAB, Song, Regnault, Lian, TBG III (2020), Lian et al, TBG IV (2020), Kang, Vafek (2018,2019), Bultinck et al. (2020), Hejazi, Chen, Balents (2020)

𝐻! = 0, 𝐻 = 𝐻'

𝐻 = 𝐻' + 𝐻!

𝑤!: AA hoping 
𝑤": AB/BA hoping



Strategy: Start In Exact Limits, Find Perturbations
𝑁!: # of moire cells
𝐴-: constants

• |Ψ⟩ will be an eigenstate of 𝐻' if (for some 𝐴𝑮):

Lian, Song, Regnault, Efetov, Yazdani, BAB, TBG IV (2020), Vafek Kang (2019), Bultinck et al. (2020

𝜖#

Eigenstates Ground state with Flat Metric Condition:

• Filling 𝜈 = 𝜈. + 𝜈/ − 4, 
• Chern number 𝐶 = 𝜈. − 𝜈/ = 4 − 𝜈 , 2 − 𝜈 ,

⋯ , 𝜈 − 4 (all degenerate in the chiral limit).

• Flat (first) chiral limit 𝑤! = 0 < 𝑤", under the Chern basis:

Also, Ming and MacDonald, 2019,2020



• If form factors satisfy FMC, |𝛹⟩ is a ground state in the flat-band limit (𝐻0 = 0).

Flat Metric Condition (FMC) and Ground-States
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first magic angle, and for |Q| � 2, we have that
Nn�1M

�1

n
N

†
n�1

⌧ 1 for n � 2 and for w0, w1 ⇡
1/
p
3 (more details on this will be given later).
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continues until the first shell, where we have
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�1

N
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C. Form Factors and Overlaps from the General
Perturbation Framework

Notice that the wavefunction for the E ⇡ 0 bands de-
cays exponentially ( n ⇡ 1

n
 n�1) over the momentum

space Q as we go to larger and larger shells. This is due
to the inverses in the linear ramp-up term Mn / n of
Eq. 12 (a consequence of the Q term in Eq. 7, This has
immediate implications for the form factors. For exam-
ple, in Refs. [107–109] we have to compute

M
(⌘)

m,n
(k,q+G) =

X

↵

X

Q2Q±

u
⇤
Q�G,↵;m⌘

(k+ q)uQ,↵;n⌘ (k)

(16)
for m,n the indices of the active bands, and for di↵erent
G 2 Q0. Notice that almost all |G|  |Q| change the
shells (with the exception of |G| = 1): if Q is in the

subshell An/Bn, while G is of order |G| � 2|eb1| with
eb1 the moire reciprocal vector, then Q � G is not in
the subshell An/Bn. Hence, considering |Q �G| > |Q|
without loss of generality, we have, for 2|eb1|  |G|  |Q|:

u
⇤
Q�G,↵;m⌘

(k+ q)  |Q|!
|(Q�G)|!u

⇤
Q,↵;n⌘

(k+ q) (17)

for any m,n. Since the wavefunctions of the active flat
bands at (or close to) zero energy exponentially decay
with the shell distance from the center we can approxi-
mate

M
(⌘)

m,n (k,q+G) ⇡
P

↵

P
Q or Q�G2An, Bn, nn0

u
⇤
Q�G,↵;m⌘

(k+ q)uQ,↵;n⌘ (k) (18)

with n0 a cuto↵. For any k,q, the (maximum of any com-
ponents of the) wavefunctions on the subshells A2, B2 are
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FIG. 5. The magnitude of the form factor (overlap ma-
trix) M

(⌘=+)(k,q+G), calculated for w0 = 0.4745 and
w1 = 0.5931. (a) The colored dots are the G vec-
tors we consider in M

(⌘=+)(k,q+G). Di↵erent colors
represent di↵erent length of G. (b) The eigenvalues of
M

(⌘=+)†(k,q+G)M (⌘=+)(k,q+G) as functions of k. In
the left and right panels we choose q = 0 and q = 1

2kM , re-
spectively, where kM is the MM momentum in the Moiré BZ.

of order 1/3!, 2!/4! times the components of the wavefunc-
tions on the subshells A1, B1. Hence we can restrict to
small shell cuto↵ in the calculation of form factor matri-
ces n0 = 1 (meaning only the subshells A1, B1 are taken
into account), while paying at most a 15% error. Con-
servatively, we can keep n0 = 2 and pay a much smaller
error < 3%.
Next, we ask for which G momenta are the function

M
(⌘)

m,n (k,q+G) considerably small. Employing Eq. 17,

we see that M
(⌘)

m,n (k,q+G) falls o↵ exponentially with

increasing G, and certainly for |G| > 2|eb1| they are neg-
ligible. The largest contributions are for G = 0 and for
|G| = |eb1|, i.e. for G being one of the fundamental recip-
rocal lattice vectors. We hence make the approximation:

M
(⌘)

m,n (k,q+G) ⇡
P

↵

P
Q or Q�G2A1, B1

u
⇤
Q�G,↵;m⌘

(k+ q)uQ,↵;n⌘ (k) (�G,0 + �|G|,|eb1|) (19)

This is one of the most important results of our per-
turbative scheme. In Refs. [107–110] we employ heavily
an approximation called the “flat metric condition” (see
[109] for the link between this condition and the quan-
tum metric tensor) to show that some exact eigenstates
of the interacting Hamiltonian are in fact, ground-states.
The flat metric condition requires that

Flat Metric Condition: M
(⌘)

m,n
(k,G) = ⇠(G)�m,n (20)

In light of our findings on the matrix elements Eq. 19,
we see that the flat metric condition is satisfied for |G| �
2|eb1|, as the matrix element vanishes M (⌘)

m,n (k,G) ⇡ 0 !
⇠(G) ⇡ 0 for |G| � 2|eb1|. For G = 0, the condition
Eq. 20 is always satisfied, even without any approxima-
tion Eq. 19, as it represents the block wavefunction or-
thonormality. Hence, the flat metric condition Eq. 20 is
almost always satisfied, with one exception: the only re-

quirement in the flat metric condition is M
(⌘)

m,n (k,G) =

7
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of order 1/3!, 2!/4! times the components of the wavefunc-
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small shell cuto↵ in the calculation of form factor matri-
ces n0 = 1 (meaning only the subshells A1, B1 are taken
into account), while paying at most a 15% error. Con-
servatively, we can keep n0 = 2 and pay a much smaller
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m,n (k,G) ⇡ 0 !
⇠(G) ⇡ 0 for |G| � 2|eb1|. For G = 0, the condition
Eq. 20 is always satisfied, even without any approxima-
tion Eq. 19, as it represents the block wavefunction or-
thonormality. Hence, the flat metric condition Eq. 20 is
almost always satisfied, with one exception: the only re-

quirement in the flat metric condition is M
(⌘)

m,n (k,G) =

FMC:

Lian, Song, Regnault, Efetov, Yazdani, BAB, TBG IV (2020), Vafek Kang (2018, 2019) 

Remarkably, we found that Kang and Vafek Wannier basis Ham satisfies exactly the FMC (see TBG II)
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first magic angle, and for |Q| � 2, we have that
Nn�1M

�1

n
N

†
n�1

⌧ 1 for n � 2 and for w0, w1 ⇡
1/
p
3 (more details on this will be given later).

With these approximations, we obtain that the general
solution is

 n = (EPn �Mn +Rn)
�1

N
†
n�1

 n�1 (12)

where Pn is defined recursively as

PL�n = NL�nM
�1

L�n+1
PL�n+1M

�1

L�n+1
N

†
L�n

+ 1 (13)

subject to PL = 1 and Rn is

RL�n =NL�nM
�1

L�n+1
RL�n+1M

�1

L�n+1
N

†
L�n

+NL�nM
�1

L�n+1
N

†
L�n

(14)

with RL = 0, RL�1 = NL�1M
�1

L
N

†
L�1

, PL = 1. This
continues until the first shell, where we have

 2 = [EP2 �M2 +R2]
�1

N
†
1
 1 (15)

C. Form Factors and Overlaps from the General
Perturbation Framework

Notice that the wavefunction for the E ⇡ 0 bands de-
cays exponentially ( n ⇡ 1

n
 n�1) over the momentum

space Q as we go to larger and larger shells. This is due
to the inverses in the linear ramp-up term Mn / n of
Eq. 12 (a consequence of the Q term in Eq. 7, This has
immediate implications for the form factors. For exam-
ple, in Refs. [107–109] we have to compute

M
(⌘)

m,n
(k,q+G) =

X

↵

X

Q2Q±

u
⇤
Q�G,↵;m⌘

(k+ q)uQ,↵;n⌘ (k)

(16)
for m,n the indices of the active bands, and for di↵erent
G 2 Q0. Notice that almost all |G|  |Q| change the
shells (with the exception of |G| = 1): if Q is in the

subshell An/Bn, while G is of order |G| � 2|eb1| with
eb1 the moire reciprocal vector, then Q � G is not in
the subshell An/Bn. Hence, considering |Q �G| > |Q|
without loss of generality, we have, for 2|eb1|  |G|  |Q|:

u
⇤
Q�G,↵;m⌘

(k+ q)  |Q|!
|(Q�G)|!u

⇤
Q,↵;n⌘

(k+ q) (17)

for any m,n. Since the wavefunctions of the active flat
bands at (or close to) zero energy exponentially decay
with the shell distance from the center we can approxi-
mate

M
(⌘)

m,n (k,q+G) ⇡
P

↵

P
Q or Q�G2An, Bn, nn0

u
⇤
Q�G,↵;m⌘

(k+ q)uQ,↵;n⌘ (k) (18)

with n0 a cuto↵. For any k,q, the (maximum of any com-
ponents of the) wavefunctions on the subshells A2, B2 are
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w1 = 0.5931. (a) The colored dots are the G vec-
tors we consider in M
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represent di↵erent length of G. (b) The eigenvalues of
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(⌘=+)†(k,q+G)M (⌘=+)(k,q+G) as functions of k. In
the left and right panels we choose q = 0 and q = 1

2kM , re-
spectively, where kM is the MM momentum in the Moiré BZ.

of order 1/3!, 2!/4! times the components of the wavefunc-
tions on the subshells A1, B1. Hence we can restrict to
small shell cuto↵ in the calculation of form factor matri-
ces n0 = 1 (meaning only the subshells A1, B1 are taken
into account), while paying at most a 15% error. Con-
servatively, we can keep n0 = 2 and pay a much smaller
error < 3%.
Next, we ask for which G momenta are the function

M
(⌘)

m,n (k,q+G) considerably small. Employing Eq. 17,

we see that M
(⌘)

m,n (k,q+G) falls o↵ exponentially with

increasing G, and certainly for |G| > 2|eb1| they are neg-
ligible. The largest contributions are for G = 0 and for
|G| = |eb1|, i.e. for G being one of the fundamental recip-
rocal lattice vectors. We hence make the approximation:

M
(⌘)

m,n (k,q+G) ⇡
P

↵

P
Q or Q�G2A1, B1

u
⇤
Q�G,↵;m⌘

(k+ q)uQ,↵;n⌘ (k) (�G,0 + �|G|,|eb1|) (19)

This is one of the most important results of our per-
turbative scheme. In Refs. [107–110] we employ heavily
an approximation called the “flat metric condition” (see
[109] for the link between this condition and the quan-
tum metric tensor) to show that some exact eigenstates
of the interacting Hamiltonian are in fact, ground-states.
The flat metric condition requires that

Flat Metric Condition: M
(⌘)

m,n
(k,G) = ⇠(G)�m,n (20)

In light of our findings on the matrix elements Eq. 19,
we see that the flat metric condition is satisfied for |G| �
2|eb1|, as the matrix element vanishes M (⌘)

m,n (k,G) ⇡ 0 !
⇠(G) ⇡ 0 for |G| � 2|eb1|. For G = 0, the condition
Eq. 20 is always satisfied, even without any approxima-
tion Eq. 19, as it represents the block wavefunction or-
thonormality. Hence, the flat metric condition Eq. 20 is
almost always satisfied, with one exception: the only re-

quirement in the flat metric condition is M
(⌘)

m,n (k,G) =
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of order 1/3!, 2!/4! times the components of the wavefunc-
tions on the subshells A1, B1. Hence we can restrict to
small shell cuto↵ in the calculation of form factor matri-
ces n0 = 1 (meaning only the subshells A1, B1 are taken
into account), while paying at most a 15% error. Con-
servatively, we can keep n0 = 2 and pay a much smaller
error < 3%.
Next, we ask for which G momenta are the function

M
(⌘)

m,n (k,q+G) considerably small. Employing Eq. 17,

we see that M
(⌘)

m,n (k,q+G) falls o↵ exponentially with

increasing G, and certainly for |G| > 2|eb1| they are neg-
ligible. The largest contributions are for G = 0 and for
|G| = |eb1|, i.e. for G being one of the fundamental recip-
rocal lattice vectors. We hence make the approximation:
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m,n (k,q+G) ⇡
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↵
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Q or Q�G2A1, B1
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⇤
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(k+ q)uQ,↵;n⌘ (k) (�G,0 + �|G|,|eb1|) (19)

This is one of the most important results of our per-
turbative scheme. In Refs. [107–110] we employ heavily
an approximation called the “flat metric condition” (see
[109] for the link between this condition and the quan-
tum metric tensor) to show that some exact eigenstates
of the interacting Hamiltonian are in fact, ground-states.
The flat metric condition requires that

Flat Metric Condition: M
(⌘)

m,n
(k,G) = ⇠(G)�m,n (20)

In light of our findings on the matrix elements Eq. 19,
we see that the flat metric condition is satisfied for |G| �
2|eb1|, as the matrix element vanishes M (⌘)

m,n (k,G) ⇡ 0 !
⇠(G) ⇡ 0 for |G| � 2|eb1|. For G = 0, the condition
Eq. 20 is always satisfied, even without any approxima-
tion Eq. 19, as it represents the block wavefunction or-
thonormality. Hence, the flat metric condition Eq. 20 is
almost always satisfied, with one exception: the only re-

quirement in the flat metric condition is M
(⌘)

m,n (k,G) =

decays exponentially from center, for 
large plane waves

See TBGI for proof uQ= Q uQ+1

FMC satisfied, for all G with exception of |G|=1

~



TBGIV: NonChiral-NonFlat Ground-States

• 0< 𝐶 < 4 − |𝜈|: partially intervalley coherent.

• 𝐶 = 4 − |𝜈|: valley polarized 

• |C|=0; inter-valley coherent

Lowest C are ground-states

𝜈 = 0, Exact GS, no FMC needed
𝜈 = 2, Exact State, GS only with FMC
𝜈 = 2, Perturbative GS 

Lian, Song, Regnault, Efetov, Yazdani, BAB, TBG IV (2020)

10

basis

+1,

-1,

+1,
-1, +1,

-1,

+1,

-1,

+1,

-1,

+1,
-1,

|K +e  |K’> >
2

ia|K -e  |K’> >
2

ia

+1,

-1,

+1,

-1,

+1,

-1,

+1,

-1,

i=-3, i��=-1

¡F ¡F

¡F

C

i=-1, i��=-1C

i=-2, i��=0C

i=0, i��=0C

+1,

(a) (b)

(c) (d)

|K +e  |K’> >
2

ia|K -e  |K’> >
2

ia

|K +e  |K’> >
2

ia|K -e  |K’> >
2

ia

-1,

+1,
-1,

+1,

-1,

+1,

-1,+1,

-1,

+1,

-1,
¡F

|K > |K’ >

|K > |K’ >

basis

basis basis

FIG. 2. Illustration of filling of the band occupation of the
nonchiral-nonflat ground states at integer fillings (a) ⌫ = �3,
(b) ⌫ = �2, (c) ⌫ = �1 and (d) ⌫ = 0. |Ki, |K0i stand
for the single-particle basis at valley K and K0, and � is an
arbitrary phase. The solid lines stand for valley polarized ba-
sis (eigenbasis of ⌧z, z-direction polarized in the valley Bloch
sphere), while dashed lines stand for the intervalley coherent
basis (in-plane polarized in the valley Bloch sphere). Each
band is labeled by its Chern number eY = ±1 (blue and
red for Chern numbers ±1, respectively) and spin s =", #,
and the dashed line represents the Fermi level. As we have
shown, the ⌫ = �3 ground state has |⌫C | = 4 � |⌫|, thus is
valley polarized; the ⌫ = �2, 0 ground states have ⌫C = 0 and
are fully intervalley coherent, while the ⌫ = �1 ground state
has 0 < |⌫C | < 4� |⌫| and is partially intervalley coherent.

larization along z-direction of the valley Bloch sphere is
favored (i.e., valley polarized).

D. The ground states

The total perturbation energy of the state | nc-nf
⌫,⌫C

i in

Eq. (32) can be calculated by E⌫,⌫C ('s) = E(1)
⌫,⌫C +

E(2)0

⌫,⌫C ('s) with 's = 0 (valley polarized) or ⇡/2 (in-

tervalley coherent), where E(1)
⌫,⌫C and E(2)0

⌫,⌫C ('s) are de-
fined by Eq. (24) and (31), respectively. We thus find
the ground states in the nonchiral-nonflat case are the
insulator state | nc-nf

⌫,⌫C
i in Eq. (32) with Chern number

⌫C = 0 (⌫C = ±1) for even (odd) filling ⌫. In particular,
(i) at ⌫ = 0,±2, the ground states have Chern num-
ber ⌫C = 0 and are fully intervalley coherent, which are
about 0.05 ⇠ 0.5meV (of order J1 ⇡ J2, thus depend-
ing on w0) per electron lower than the valley polarized
state with the same Chern number at ✓ = 1.05�. (ii) At
⌫ = ±1, the ground states with Chern number ⌫C = ±1
are partially intervalley coherent, where the spin " sector
is intervalley coherent, while the spin # sector is valley po-

larized. At ✓ = 1.05�, the intervalley coherent spin sector
is 0.05 ⇠ 0.5meV (around J2) per electron lower than its
valley polarized counterpart, while the valley polarized
spin sector is only about J1�J2�J3 = 0.001 ⇠ 0.005meV
(depending on w0) per electron lower than its intervalley
coherent counterpart. This means the partially interval-
ley coherent ground state at ⌫ = ±1 is 0.05 ⇠ 0.5meV
per electron lower than a fully valley polarized state, and
is only ⇠ 0.005meV per electron lower than a fully inter-
valley coherent state. (iii) Lastly, at ⌫ = ±3, the Chern
number ⌫C = ±1 ground state is valley polarized, which
is only about J1�J2�J3 = 0.001 ⇠ 0.005meV per moiré
unit cell lower than the intervalley coherent state with
Chern number ⌫C = ±1 at ✓ = 1.05�. All of these en-
ergy di↵erences are expected to be proportional to t2,
with t being the single-particle bandwidth. The occu-
pied bands and valley polarization of the ground states
at integer fillings ⌫  0 are illustrated in Fig. 2.

The ground state we find in Eq. (32) at ⌫ = 0 with
Chern number ⌫C = 0 is a spin-singlet, and exactly
agrees with the ⌫ = 0 K-IVC state found in Ref. [72].
In Ref. [72], the K-IVC state is shown to preserve an
anti-unitary Kramers time-reversal symmetry T 0 = i⌧yT ,
which is the spinless time-reversal multiplied by a valley
rotation i⌧y, and satisfies T 02 = �1 (in contrast to T 2 = 1
of the physical spinless time-reversal T ). By noting that
the physical time-reversal T flips eY ! �eY and valley
⌘ ! �⌘, it is easy to verify that the state | nc-nf

0,0 i in
Eq. (32) at ⌫ = 0 satisfies

T 0
| nc-nf

0,0 i = (�e�i�)4NM | nc-nf
0,0 i , (33)

thus is invariant under the Kramers time-reversal T 0.
The ⌫ = �2 Chern number 0 state | nc-nf

�2,0 i we found
also agrees with the K-IVC state suggested for ⌫ = �2
in Ref. [72], while we have further identified the FMC
Eq. (7) as the su�cient condition for it to be the ground
state. The state | nc-nf

�2,0 i is also similar to the ⌫ = �2
ground state found by Ref. [71], but our Hamiltonians
are di↵erent (see discussions in Ref. [109]). The valley
coherence/polarization of the ground states at odd inte-
ger fillings and the higher Chern number low-lying states
at all integer fillings that we have identified in Eqs. (32)
have not been analytically studied before. The valley po-
larized Chern number ±1 state at ⌫ = �3 we identified
here is also verified in our exact diagonalization study in
Ref. [111]. Besides, we note that the ground state val-
ley coherence/polarization at integer fillings ⌫ we found
here (fully/partially intervalley coherent at ⌫ = 0,±1,±2
and valley polarized at ⌫ = ±3) are in agreement with
the Hartree-Fock calculation in Ref. [89]. However, the
ground state Chern numbers are not studied in Ref. [89].

VII. FIRST-ORDER PHASE TRANSITIONS IN
MAGNETIC FIELD

We now discuss the e↵ect of an out-of-plane magnetic
field B on the TBG insulator ground states by examining

For even fillings,  see also Bultnick et al, 2019, 2020 and 
Kang-Vafek, 2019; 
Also, Ming and MacDonald, 2019,2020
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V. THE (FIRST) CHIRAL-NONFLAT LIMIT

We now study the (first) chiral-nonflat limit, where the
kinetic term H0 6= 0, and the U(4)⇥U(4) symmetry in
the (first) chiral-flat limit is broken down to a U(4) sym-
metry (di↵erent from the nonchiral-flat U(4)). The U(4)
generators are eSab =

P
k(s̃

ab)m,⌘,s;n,⌘0,s0c
†
k,m,⌘,s

ck,n,⌘0,s0 ,

where s̃ab = ⇣0⌧asb (a, b = 0, x, y, z) (see derivation in
Ref. [109] and brief review in App. A 4 d). To see how
H0 perturbs the chiral-flat limit ground states | ⌫+,⌫�

⌫ i

in Eq. (10), we note that H0 in the chiral limit can be
rewritten as

H0 = H+
0 =

X

k,eY ,⌘,s

✏+(k)d
†
k,�eY ,⌘,s

dk,eY ,⌘,s , (26)

where ✏+(k) = ✏+(�k) = [✏+1,+(k)� ✏�1,+(k)]/2 due to
the chiral symmetry C. Since H0 is o↵-diagonal in the
Chern band basis, the first-order perturbation energy of
states | ⌫+,⌫�

⌫ i by H0 is zero (H0 has no matrix elements
among di↵erent Chern insulator states, as this requires
exciting every electron in one Chern band to another,
which is NM -th order). Note that H0 excites | ⌫+,⌫�

⌫ i

into neutral excitations in all the half-filled valley-spin
flavors {⌘, s}, while gives zero when acting on fully filled
(empty) valley-spin flavors. Therefore, the non-positive
second order perturbation energy due to H0 favors as
many half-filled valley-spin flavors {⌘, s} as possible (see
App. E 2 for details), as also shown in Ref. [72], which is
opposite to the e↵ect of O1

q,G in the nonchiral-flat limit.
H0 hence selects the following chiral-nonflat U(4) sub-
set of the previously chiral flat U(4) ⇥ U(4) multiplet
| ⌫+,⌫�

⌫ i at filling ⌫ = ⌫+ + ⌫� � 4 and Chern number
⌫C = ⌫+ � ⌫� as the lowest states:

|e ⌫,⌫C i =
Y

k

⌫+Y

j=1

d†k,+1,⌘j ,sj

4Y

j=5�⌫�

d†k,�1,⌘j ,sj
|0i , (27)

where {⌘j , sj} are the 4 valley-spin flavors arbitrarily
sorted in j (1  j  4). This state has 4� |⌫| valley-spin
flavors half-occupied, and has a second order perturba-
tion energy

eE(2)
⌫,⌫C

= �(4� |⌫|)NMJ0 , (28)

Here the energy J0 = N�1
M

P
`

|Y`|2
E`�E0,⌫

, where |Y`| =

|h`, ⌘, s, ⌫+,⌫�
⌫ |H0| 

⌫+,⌫�
⌫ i| are the amplitudes to neutral

excitations |`, eY , ⌘, s, 
⌫+,⌫�
⌫ i in a half-filled valley-spin

flavor {⌘, s} (which is independent of ⌘, s, see App. E 2 for
a short review and Ref. [110] for a detailed calculation),
E` are the unperturbed energies of the excited states
|`, eY , ⌘, s, 

⌫+,⌫�
⌫ i, and E0,⌫ is the unperturbed energy of

state | ⌫+,⌫�
⌫ i (which only depends on ⌫ = ⌫++⌫� = 4).

We note that the energy J0 here in Eq. (28) is equivalent
to the coupling J in Ref. [72]. Numerically, the coupling
J0 is given by J0 = J1 = J2 in Tab. I at w0 = 0.

Since eE(2)
⌫,⌫C in Eq. (28) is independent of ⌫C , the chiral-

nonflat U(4) multiplet states |e ⌫,⌫C i (which are subsets
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FIG. 1. (a) Illustration of the n = ±1 kinetic band basis
and the Chern number eY = ±1 Chern band basis. (b)-(e)
The preferred valley polarization in the (b) (first) chiral-flat
limit, which has a U(4) FM within each Chern basis eY space,
while the polarization of eY = ±1 subspaces are unrelated;
(c) nonchiral-flat limit, where electrons occupying Chern basis
eY = ±1 have valley polarizations di↵er by a ⇡ rotation about
the z-axis; (d) (first) chiral-nonflat limit, where electrons in
the Chern basis eY = ±1 prefer opposite polarizations; (e)
nonchiral-nonflat case, where electrons in the eY = ±1 Chern
basis polarize in the valley x-y plane and oppositely.

of the chiral-flat multiplets | ⌫+,⌫�
⌫ i in Eq. (10)) for a

fixed ⌫ with di↵erent Chern numbers ⌫C = 4 � |⌫|, 2 �

|⌫|, · · · , |⌫| � 4 are degenerate up to the second order
perturbation of H0. We expect this degeneracy between
di↵erent Chern number states to be broken by the 4-
th order and higher order perturbations, since there is
no symmetry protecting their degeneracy. Such higher
order perturbations are di�cult to be done analytically.
However, as we will show numerically in a separate paper
[111], the states with the lowest possible Chern number
|⌫C | wins and becomes the ground state in the chiral-
nonflat limit. We will take this conclusion here, and leave
the numerical verification to Ref. [111].

In the state |e ⌫,⌫C i in Eq. (27), electrons of Chern
basis eY = ±1 tend to have distinct chiral-nonflat U(4)
spin-valley polarizations (Fig. 1(d)). The chiral-nonflat

U(4) irrep of |e ⌫,⌫C i is close to [N4�|⌫|
M

]4, i.e., only di↵ers
from it by a few Young tableau boxes (the analogue for
a SU(2) spin system would be an irrep with a total spin
close but not equal to the maximal ferromagnetic value,
see a discussion in App. E 2). Therefore, one could view
the state as having a chiral-nonflat U(4) AFM coupling
between the two eY = ±1 subspaces of the Chern basis.

VI. THE NONCHIRAL-NONFLAT CASE

In realistic systems, the magic angle TBG has w0 ⇡

0.8w1 [112–115], and the ratio between the energy scales
of H0 and HI is <

⇠ 0.1 [14, 18]. If we view both w0

𝐶 = 4 − |𝜈|C= 0

𝐶 < 4 − |𝜈|



TBGIV: Agreement and Predictions 

• GS at Filling +/-2 exhibits C=0 in B=0 and |C|=2 in B>0.5-1T
(explains Yazdani, Andrei, Young, Efetov, Nadj-Perge experiments, 2020)

• GS at Filling +/-1 exhibits  |C|=1 at B=0 and |C|=3 in B>1T
(explains B>1T Yazdani, Andrei, Young, Efetov, Nadj-Perge experiments, 2020)
(Prediction: |C|=1 GS at B=0)

• GS at Filling +/-3 is predicted by perturbation theory |C|=1 but numerics and 
analytics show excitation gap closing, and nematic/CDW order developing

Xie, Cowsik, Song, Lian, BAB, Regnault, TBG VI (2020)Lian, Song, Regnault, Efetov, Yazdani, BAB, TBG IV (2020)

𝜈 = −3 Valley polarized 
Chern number C= ±𝟏
𝑤! < 0.9𝑤"/ 0.4𝑤" w/wo FMC

with FMC without FMC

valley polarization

Large 𝑤!/𝑤": gap closing transition. 
Ground state  at Γ+ (nematic) or 
𝐾+ , 𝑀+ (CDW), 

with FMC without FMC

Overlap with 𝐶 = ±1 states

(see also recent DMRG, Kang, Vafek (2020), Zaletel (2020)
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Chiral-flat / nonchiral-flat limits, exact charge ±1 excitations form a 2×2 Hamiltonian:

4

109] (see Apps. A 3 a and A3b). We noted in Ref. [106]
that this flat metric condition is always true for G = 0,

for which M (⌘)
m,n (k, 0) = �mn from wavefunction normal-

ization. In Ref. [106] we have shown that, around the

first magic angle, M (⌘)
m,n (k,G) ⇡ 0 for |G| >

p
3k✓ for

i = 1, 2. Hence, the condition Eq. (11) is valid for all G
with the exception of the 6 smallest nonzero G satisfying
|G| =

p
3k✓. Hence, the condition is largely valid, and

our numerical analysis [106] confirms its validity for k in
a large part of the MBZ. The idea to impose a similar
condition as Eq. (11) first used by Kang and Vafek [72]
to find the ⌫ = ±2 ground state for their PSDH. Due to a
slightly di↵erent U(4) symmetry, our U(4) FM states are
di↵erent, but overlap with the Kang and Vafek ones in
the chiral limit, as discussed in detail in Refs. [108, 109].

We note that for ⌫ 6= 0, the states in Eqs. (8) and (10)
still remain the exact ground states if the flat metric con-
dition Eq. (11) is not violated too much [109, 110]. This is
because they correspond to gapped insulator eigenstates
[109, 110] when condition Eq. (11) is satisfied, and the
flat metric condition Eq. (11) has to be largely broken
to bring down another state into the ground state. From
now on, we “call” Eqs. (8) and (10) ground states of the
system.

Remarkably, as we will show in the rest of our paper
below, one can analytically find a large series of excita-
tions above the ground states Eqs. (8) and (10).

Our excitations will be build out of acting with the
band creation and annihilation operators on the ground
states in Eqs. (8) and (10). We first need to compute the
commutators in the non-chiral Hamiltonian (see App. B
in particular B 1)

[Oq,G, c
†
k,n,⌘,s] =

X

m

p
V (G+ q)M (⌘)

m,n (k,q+G) c†k+q,m,⌘,s,

[Oq,G, ck,n,⌘,s] = �
X

m

p
V (G+ q)M (⌘)⇤

m,n (k,�q�G) ck�q,m,⌘,s,

(12)

where we have used the property M (⌘)⇤
m,n (k,�q�G) =

M (⌘)
n,m (k� q,q+G) [108]. In the chiral limit, the same

operators read in the Chern basis (see App. B 2)

[Oq,G, d
†
k,eY ,⌘,s] =

p
V (G+ q)MeY (k,q+G)d†k+q,eY ,⌘,s,

[Oq,G, dk,eY ,⌘,s] = �
p

V (G+ q)M⇤
eY (k,�q�G)dk�q,eY ,⌘,s.

(13)

From these equations, we can obtain the commutators of
O�q,�GOq,G with the band electron creation operators
in the non-chiral case as

[O�q,�GOq,G, c†k,n,⌘,s] =
X

m

P (⌘)
mn (k,q+G) c†k,m,⌘,s

+
p

V (G+ q)
X

m

⇣
M (⌘)

m,n (k,q+G) c†k+q,m,⌘,sO�q,�G

+
X

m

M (⌘)
m,n (k,�q�G) c†k�q,m,⌘,sOq,G

⌘
(14)

and in the first chiral limit in Chern basis as

[O�q,�GOq,G, d†k,eY ,⌘,s] = P (k,q+G) d†k,eY ,⌘,s

+
p

V (G+ q)
⇣
MeY (k,q+G) d†k+q,eY ,⌘,sO�q,�G

+MeY (k,�q�G) d†k�q,eY ,⌘,sOq,G

⌘
, (15)

respectively. Similar relations for [O�q,�GOq,G, ck,n,⌘,s]
and [O�q,�GOq,G, dk,eY ,⌘,s], where M (⌘)(k,q + G) !

M (⌘)⇤(k,�q � G), are derived in App. B. The matrix
factor P is the convolution of the Coulomb potential and
the form factor matrices. In the non-chiral case, P is a
matrix given by

P (⌘)
mn (k,q+G) = V (G+ q)(M (⌘)†M (⌘))mn (k,q+G) .

(16)
In the first chiral limit, it is a number independent on
eY :

P (k,q+G)) = V (G+ q)|MeY (k,q+G) |2

= V (G+ q)(↵2
0(k,q+G) + ↵2

2(k,q+G)), (17)

where ↵0(k,q+G) and ↵2(k,q+G) are the decompo-
sition of the form factors in Eq. (7). The above com-
mutators and the existence of exact eigenstates Eqs. (8)
and (10), which are ground states with the flat metric
condition Eq. (11), allow for the computation of part of
the low energy excitations with polynomial e�ciency. We
now show the summary of the computation for the bands
of charge +1, +2 and neutral excitations. The charge
�1,�2 excitations can be found in Apps. C 3 and E 4,
respectively.

III. Charge ±1 excitations

A. Method to obtain the ±1 excitation spectrum

To find the charge one excitations (adding an electron
into the system), we sum the commutators in Eq. (14)
over q,G, and use the fact that the ground states in
Eqs. (8) and (10) satisfy (Oq,G �AGNM�q,0)| i = 0 for
coe�cient AG in Eq. (9) in their corresponding limits.
For any state | i in Eqs. (8) and (10), we find:

h
HI � µN, c†k,n,⌘,s

i
| i =

1

2⌦tot

X

m

R⌘
mn(k)c

†
k,m,⌘,s| i ,

(18)
where N is the electron number operator, and the matrix

R
⌘
mn(k) =

X

Gqm0

V (G+ q)M (⌘)⇤
m0m (k,q+G)M (⌘)

m0n (k,q+G)

+
X

G

2NMA�G

p
V (G)M (⌘)

m,n (k,G)� µ�mn. (19)

We hence see that, if | i is one of the | ⌫+,⌫�
⌫ i Eq. (10) or

one of the | ⌫i Eq. (8) eigenstates ofHI , then c†k,m,⌘,s| i

Remember  
The Form 
Factors?

Finite q Generalization of the Fubini Study Metric

Dispersion and eigenstates of the exact excitations related to the FS metric

At charge neutrality, where the FMC not needed, or at any filling, with FMC, gapped, positive 
semidefinite excitations

Without FMC, slightly more complicated exact expression obtainable 

(for more on the FB metric see Paivi et al, 2017, Huber et al, 2017,  Rossi et al, 2019, Fang et al, 2019)
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FIG. 6. Exact charge +1 (blue) and �1 (red) excitations at ✓ = 1.05�. The flat metric condition is not imposed. In this plot
we set the screening length as ⇠ = 20nm and accordingly the interaction strength as U⇠ = 13meV. The other parameters are
same as in App. A: vF = 5.944eV · Å, |K| = 1.703Å�1, w1 = 110meV.

For ⌫ = 0 and ⇠ =10nm, 20nm, the charge ±1 gaps are at the �M momentum and are always larger than 10meV for
di↵erent w0/w1’s. For ⌫ = �2 and ⇠ =20nm, the charge ±1 gaps are always larger than 5meV for di↵erent w0/w1’s.
For ⌫ = �2 and ⇠ =10nm, the charge ±1 gaps are finite for w0/w1 = 0, 0.4 but become negative at w0/w1 = 0.8
(Fig. 5c). We find that the gaps close around w0/w1 ⇡ 0.75, implying that, with ⇠=10nm and the other parameters
we have used, the ground states in Eq. (8) become unstable for w0/w1 ⇡ 0.75.

D. Charge neutral excitations and the Goldstone sti↵ness

While the charge ±1 excitations can be obtained by diagonalizing a 2⇥ 2 matrix, we can obtain the charge neutral,
2-body excitations above the ground state. These can be obtained by diagonalizing a 2NM ⇥ 2NM matrix, or a
one-body problem, despite the state having a thermodynamic number of particles. Due to the fact that we know the
exact eigenstates (or ground states) of the system, building excitations of the Hamiltonian on top of these eigenstates
(or ground states) becomes a problem of diagonalizing a basis formed only from the excitations. We now obtain the
charge neutral excitations, show that they exhibit Goldstone modes with quadratic dispersion - as required by U(4)
(or U(4) ⇥ U(4)) ferromagnetism, and obtain the sti↵ness of the Goldstone dispersion in the first chiral limit.

1. Exact charge neutral excitations in the nonchiral-flat U(4) limit

We choose a basis for the neutral excitations

c†k2,m2,⌘2,s2
ck1,m1,⌘1,s1 | i (D1)

where | i is any of the exact ground states and/or eigenstates in Eqs. (A32) and (A35). The scattering matrix of this
basis can be solved as easily as a one-body problem, despite the fact that Eqs. (A32) and (A35) hold a thermodynamic
number of particles. We first have to compute the commutators:

[O�q,�GOq,G, c†k2,m2,⌘2,s2
ck1,m1,⌘1,s1 ]

=[O�q,�GOq,G, c†k2,m2,⌘2,s2
]ck1,m1,⌘1,s1 + c†k2,m2,⌘2,s2

[O�q,�GOq,G, ck1,m1,⌘1,s1 ], (D2)

which, in detail reads:

[O�q,�GOq,G, c†k2,m2,⌘2,s2
ck1,m1,⌘1,s1 ]

=
X

m

P (⌘2)
mm2

(k2,q+G) c†k2,m,⌘2,s2
ck1,m1,⌘1,s1 +

X

m

P (⌘1)
m1m (k1,�q�G) c†k2,m2,⌘2,s2

ck1,m,⌘1,s1

1.05∘, screening 𝜉 = 20nm

𝑐$|Ψ⟩

𝜈 = −1 without FMC

𝑐$|Ψ⟩

𝜈 = −3 with FMC

𝑐$|Ψ⟩

𝜈 = −3 without FMC

𝜈 = −2 without FMC

c|Ψ⟩

𝑐$|Ψ⟩

𝜈 = −2 without FMC
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Exact charge neutral excitations (including Goldstones) obtained exactly, solving a 1-body problem
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FIG. 7. Charge neutral excitations with ✓ = 1.05�. The flat metric condition is not imposed. In this plot we have used the
parameters defined in App. A: vF = 5.944eV · Å, |K| = 1.703Å�1, w1 = 110meV, U⇠ = 26meV, ⇠ = 10nm.

elements acting on the two particle states

hk0 + p,k0, e0Y 1, e
0
Y 2, ⌘

0
2, ⌘

0
1, s

0
2, s

0
1, 

⌫+,⌫�
⌫ |HI |k+ p,k, eY 1, eY 2, ⌘2, ⌘1, s2, s1, 

⌫+,⌫�
⌫ i

= �e0Y 1,e
0
Y 2,⌘

0
2,⌘

0
1,s

0
2,s1;eY 1,eY 2,⌘2,⌘1,s2,s1

1

2⌦tot
(�k0,kSeY 2;eY 1(k,k;p))� SeY 2;eY 1(k

0,k;p)) . (D13)

Hence, for small p, the energy of the Goldstone mode is given by the expectation value

EGoldstone(p) =
X

k,k0

hk0 + p,k0, eY , eY , ⌘2, ⌘1, s2, s1, 
⌫+,⌫�
⌫ |HI |k+ p,k, eY , eY , ⌘1, ⌘1, s2, s1, 

⌫+,⌫�
⌫ i

=
1

2⌦tot

X

k

 
SeY ;eY (k,k;p)�

X

q

SeY ;eY (k+ q,k;p)

!
. (D14)

As expected for the Goldstone of a ferromagnet, the linear term in p vanishes; by using ↵a(k,q+G) = ↵a(�k,�q�

G) for a = 0, 2 of Eq. (A13), we find can prove that the linear terms vanish exactly. To second order in p, we find
the Goldtone sti↵ness

EGoldstone(p) =
1

2
mijpipj , (D15)

mij =
1

2⌦tot

X

k,q,G

V (G+ q)[↵0(k,q+G)@ki@kj↵0(k,q+G) + ↵2(k,q+G)@ki@kj↵2(k,q+G)

+ 2@ki↵0(k,q+G)@kj↵0(k,q+G) + 2@ki↵2(k,q+G)@kj↵2(k,q+G)] . (D16)

4. Charge neutral excitation spectra for di↵erent parameters

In Figs. 7 and 8 the charge neutral excitations are plotted at di↵erent fillings and w0/w1’s for two di↵erent screening
lengths of the Coulomb interaction (Eq. (A7)), i.e., ⇠=10nm, 20nm, respectively. The corresponding interaction
strengths are U10nm =26meV, U20nm=13meV. We have used w1=110meV in all the calculations and w0/w1 =0, 0.4,
0.8 for ⌫ = 0,�2 and w0/w1 = 0 for ⌫ = �1,�3.

Exact zero modes can be proved analytically

U(4) and U(4)xU(4)  Goldstone counting comes out naturally from the wavefunctions

Goldstone stiffness can be obtained

7

FIG. 2. Charge neutral excitations with the flat metric
condition being imposed for three di↵erent w0/w1 at the twist
angle ✓ = 1.05�. Here we change w0 while keeping w1 =
110meV fixed. Other parameters are given in App. A. These
excitations are exact at the charge neutrality point (⌫ = 0)
for generic states and are exact at finite integer fillings if the
flat metric condition is satisfied. The exact charge neutral
excitations at di↵erent fillings without imposing flat metric
condition are given in Figs. 7 and 8 in App. D 4. Note the
softening of further Goldstone modes from finite to zero w0,
reflecting the symmetry enhancement of the first chiral limit.
The continuum above the Goldstone modes is fundamentally
made of independent particle-hole excitations

is either fully occupied or fully empty, thus {⌘1, s1} be-
longs to the valley-spin flavors which are fully occupied,
while {⌘2, s2} belongs to the valley-spin flavors which are
not occupied. Eq. (26) shows that the neutral excita-
tion scattering matrix is a sum of the two single-particle
energies (�m,m2

eR⌘1
mm1

(k1) + �m,m1R
⌘2
mm2

(k2)) plus an in-
teraction term. By translation invariance, the scatter-
ing preserves the total momentum p. The spectrum of
the charge neutral excitations at each p is a diagonaliza-
tion problem of a matrix of the dimension 4NM ⇥ 4NM ,
where the left and right indices are (k + q,m,m0) and
(k,m2,m2), respectively.

The excitation spectrum with the flat metric condition
Eq. (11) being imposed, i.e., with the R⌘ (Eq. (19)) being
replaced by the simplified Eq. (20), is shown in Fig. 2. As
explained in Section IIIA, the simplified charge ±1 ma-
trices R and eR do not depend on the filling ⌫. Thus the
obtained charge neutral excitation dispersion also do not
depend on ⌫. Fig. 2 is exact for ⌫ = 0 even when the flat
metric condition is not satisfied since Eq. (20) is exact
for ⌫ = 0. The exact charge neutral excitations at dif-
ferent fillings without imposing the flat metric condition
Eq. (11) are given in Figs. 7 and 8 in App. D 4.

It is worth noting that, in the Figs. 2, 7 and 8 we just
plot the eigenvalues of the scattering matrix Eq. (26),
which does not assume any information of the occupied
valley-spin flavors in the ground state. In practice, for a
given ground state | i, the spectrum branch annihilating
(creating) electrons in empty (occupied) states does not
exist.

Little group Number of GMs Ground states
U(4)⇥U(4) 0 | 4,0

0 i
U(1)⇥U(3)⇥U(4) 3 | 1,0

�3i, | 
3,0
�1i

U(2)⇥U(2)⇥U(4) 4 | 2,0
�2i

U(1)⇥U(3)⇥U(1)⇥U(3) 6 | 1,1
�2i, | 

3,1
0 i

U(2)⇥U(2)⇥U(1)⇥U(3) 7 | 2,1
�1i

U(2)⇥U(2)⇥U(2)⇥U(2) 8 | 2,2
0 i

TABLE I. The little groups (remaining symmetry subgroups)
and the number of Goldstone modes (denoted by GMs in the
table) of the ground states | ⌫+,⌫�

⌫ i in the (first) chiral-flat
U(4)⇥U(4) limit. Only ⌫  0 states are tabulated since the
symmetry and Goldstone modes of ⌫ > 0 states are same as
the ⌫ < 0 states since they are related by the many-body
charge-conjugation operator (App. A 2 c) [108]. Only states
with ⌫+ � ⌫� are tabulated since | ⌫+,⌫�

⌫ i and | ⌫�,⌫+
⌫ i have

the equivalent little groups upon interchanging of the two
U(4)s, and thus have the same number of Goldstone modes.

Little group Number of GMs Ground states
U(1)⇥U(3) 3 | �2i, | 2i
U(2)⇥U(2) 4 | 0i

TABLE II. The little groups (remaining symmetry subgroups)
and the number of Goldstone modes (GMs) of the ground
states | ⌫i in the nonchiral-flat U(4) limit.

B. Goldstone modes

Solving Eq. (26) provides us with the expression for the
neutral excitations at momentum p on top of the TBG
ground states, including the Goldstone mode, whose dis-
persion relation can be obtained in terms of the quantum
geometry factors of the TBG. In general, the scattering
matrix is not guaranteed to be positive semi-definite, and
negative energy would imply instability of the ground
states. However, in a large (physical) range of parame-
ters (App. A) of TBG at the twist angle ✓ = 1.05�, we
find that, as shown in Figs. 2, 7 and 8, the energies of
charge neutral excitations of the exact ground states | ⌫i

in Eq. (8) in the nonchiral-flat limit and | ⌫+,⌫�
⌫ i in Eq.

(10) in the chiral-flat limit are non-negative, implying
these are indeed stable ground states.

In Tables I and II we have tabulated the little group
(defined as the remaining symmetry subgroup of the
state) and the number of Goldstone modes for each
ground state in Eqs. (8) and (10). As examples, here
we only derive the little groups and number of Gold-
stone modes for | 1,1

�2i (10) and | �2i (8). The little
groups and Goldstone modes for other states can be
obtained by the same method. First we consider the
ground state | 1,1

�2i in the (first) chiral-flat U(4)⇥U(4)
limit, which has vanishing total Chern number. Recall
that the U(4)⇥U(4) irrep of | 1,1

�2i is ([N1
M ]4, [N1

M ]4).
In each of the eY = ±1 sectors, only one U(4) spin-
valley flavor is occupied. Hence the little group of the
state | 1,1

�2i in each eY sector is U(1)⇥U(3), where the
U(1) is the phase rotation in the occupied flavor and
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FIG. 2. Charge neutral excitations with the flat metric
condition being imposed for three di↵erent w0/w1 at the twist
angle ✓ = 1.05�. Here we change w0 while keeping w1 =
110meV fixed. Other parameters are given in App. A. These
excitations are exact at the charge neutrality point (⌫ = 0)
for generic states and are exact at finite integer fillings if the
flat metric condition is satisfied. The exact charge neutral
excitations at di↵erent fillings without imposing flat metric
condition are given in Figs. 7 and 8 in App. D 4. Note the
softening of further Goldstone modes from finite to zero w0,
reflecting the symmetry enhancement of the first chiral limit.
The continuum above the Goldstone modes is fundamentally
made of independent particle-hole excitations

is either fully occupied or fully empty, thus {⌘1, s1} be-
longs to the valley-spin flavors which are fully occupied,
while {⌘2, s2} belongs to the valley-spin flavors which are
not occupied. Eq. (26) shows that the neutral excita-
tion scattering matrix is a sum of the two single-particle
energies (�m,m2

eR⌘1
mm1

(k1) + �m,m1R
⌘2
mm2

(k2)) plus an in-
teraction term. By translation invariance, the scatter-
ing preserves the total momentum p. The spectrum of
the charge neutral excitations at each p is a diagonaliza-
tion problem of a matrix of the dimension 4NM ⇥ 4NM ,
where the left and right indices are (k + q,m,m0) and
(k,m2,m2), respectively.

The excitation spectrum with the flat metric condition
Eq. (11) being imposed, i.e., with the R⌘ (Eq. (19)) being
replaced by the simplified Eq. (20), is shown in Fig. 2. As
explained in Section IIIA, the simplified charge ±1 ma-
trices R and eR do not depend on the filling ⌫. Thus the
obtained charge neutral excitation dispersion also do not
depend on ⌫. Fig. 2 is exact for ⌫ = 0 even when the flat
metric condition is not satisfied since Eq. (20) is exact
for ⌫ = 0. The exact charge neutral excitations at dif-
ferent fillings without imposing the flat metric condition
Eq. (11) are given in Figs. 7 and 8 in App. D 4.

It is worth noting that, in the Figs. 2, 7 and 8 we just
plot the eigenvalues of the scattering matrix Eq. (26),
which does not assume any information of the occupied
valley-spin flavors in the ground state. In practice, for a
given ground state | i, the spectrum branch annihilating
(creating) electrons in empty (occupied) states does not
exist.

Little group Number of GMs Ground states
U(4)⇥U(4) 0 | 4,0

0 i
U(1)⇥U(3)⇥U(4) 3 | 1,0

�3i, | 
3,0
�1i

U(2)⇥U(2)⇥U(4) 4 | 2,0
�2i

U(1)⇥U(3)⇥U(1)⇥U(3) 6 | 1,1
�2i, | 

3,1
0 i

U(2)⇥U(2)⇥U(1)⇥U(3) 7 | 2,1
�1i

U(2)⇥U(2)⇥U(2)⇥U(2) 8 | 2,2
0 i

TABLE I. The little groups (remaining symmetry subgroups)
and the number of Goldstone modes (denoted by GMs in the
table) of the ground states | ⌫+,⌫�

⌫ i in the (first) chiral-flat
U(4)⇥U(4) limit. Only ⌫  0 states are tabulated since the
symmetry and Goldstone modes of ⌫ > 0 states are same as
the ⌫ < 0 states since they are related by the many-body
charge-conjugation operator (App. A 2 c) [108]. Only states
with ⌫+ � ⌫� are tabulated since | ⌫+,⌫�

⌫ i and | ⌫�,⌫+
⌫ i have

the equivalent little groups upon interchanging of the two
U(4)s, and thus have the same number of Goldstone modes.

Little group Number of GMs Ground states
U(1)⇥U(3) 3 | �2i, | 2i
U(2)⇥U(2) 4 | 0i

TABLE II. The little groups (remaining symmetry subgroups)
and the number of Goldstone modes (GMs) of the ground
states | ⌫i in the nonchiral-flat U(4) limit.

B. Goldstone modes

Solving Eq. (26) provides us with the expression for the
neutral excitations at momentum p on top of the TBG
ground states, including the Goldstone mode, whose dis-
persion relation can be obtained in terms of the quantum
geometry factors of the TBG. In general, the scattering
matrix is not guaranteed to be positive semi-definite, and
negative energy would imply instability of the ground
states. However, in a large (physical) range of parame-
ters (App. A) of TBG at the twist angle ✓ = 1.05�, we
find that, as shown in Figs. 2, 7 and 8, the energies of
charge neutral excitations of the exact ground states | ⌫i

in Eq. (8) in the nonchiral-flat limit and | ⌫+,⌫�
⌫ i in Eq.

(10) in the chiral-flat limit are non-negative, implying
these are indeed stable ground states.

In Tables I and II we have tabulated the little group
(defined as the remaining symmetry subgroup of the
state) and the number of Goldstone modes for each
ground state in Eqs. (8) and (10). As examples, here
we only derive the little groups and number of Gold-
stone modes for | 1,1

�2i (10) and | �2i (8). The little
groups and Goldstone modes for other states can be
obtained by the same method. First we consider the
ground state | 1,1

�2i in the (first) chiral-flat U(4)⇥U(4)
limit, which has vanishing total Chern number. Recall
that the U(4)⇥U(4) irrep of | 1,1

�2i is ([N1
M ]4, [N1

M ]4).
In each of the eY = ±1 sectors, only one U(4) spin-
valley flavor is occupied. Hence the little group of the
state | 1,1

�2i in each eY sector is U(1)⇥U(3), where the
U(1) is the phase rotation in the occupied flavor and

Chiral limit: Non-Chiral limit:

See also further work onGoldstone modes from 
Hartree Fock:
Kumar, Ajesh; Xie, Ming; MacDonald, A. H. 2020
Khalaf, et al, 2020
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one (up to the irrep multiplicity) once we fix the total
momentum. Thus it is always an exact eigenstate in the
chiral-flat limit, irrespective of �. Note that ([NM ]4, [1]4)
and ([NM , 1]4, [0]4) are degenerate in energy in the chiral-
flat limit, as shown in Ref. [1]. Our numerical results
show that for � = 0 the charge excitations with irreps
([NM , 1]4, [0]4) and ([NM ]4, [1]4) are the lowest ones, irre-
spective of the system size. For � = 1, they only become
the lowest electron excitation when NM � 20. Note that
this method focusing on irreps close to the ”fully Chern
band polarized” irrep, allow us to reach much larger sizes
(up to 8⇥8 moiré unit cells). Despite the low energy land-
scape being not as clearly separated for � = 1 compared
to � = 0, the two spectra are qualitatively remarkably
similar. For example, at NM = 64, the order of the ir-
reps with � = 0 (Fig. 2a) are the same as the order of the
irreps with � = 1 (Fig. 2b). Remarkably, we see that in
this case, at � = 1 (but not at � = 0) small sizes are mis-
leading, as they would suggest the (first) chiral-flat limit
has di↵erent charge excitations than the simplified FMC
Hamiltonian in the (first) chiral-limit. However, by go-
ing to the largest sizes possible, we show that they have,
however, the same irreps for lowest excited states, show-
ing that the FMC is appropriate in the (first) chiral limit.
This similarity is even more acute when considering the
one hole excitations (see Fig. 3). Note that, similar to
([NM , 1, 0]4, [0]4), ([NM �1]4, [0]4) is also an exact eigen-
state in the chiral-flat limit. We find (see Fig. 3) that
it is the lowest energy hole excitation irrespective of the
system size.

B. Phase diagrams in the nonchiral-nonflat cases

1. All symmetry sectors

We have provided evidence that the Chern insulator
ground state (and its charge excitations) is robust in the
(first) chiral-flat limit, which represent analytical results
for the FMC � = 0 model [5], even when we relax the flat
metric condition Eq. (14) towards the chiral-flat Hamil-
tonian � = 1 Eq. 12. Next, we study the robustness
of the insulating phase with more realistic values for t
and w0. By adding kinetic energy (t > 0), or by mov-
ing away from the first chiral limit (w0 > 0), we break
the U(4)⇥U(4) symmetry according to the discussion of
Sec. II C. Therefore, the electron numbers in each Chern
band basis eY = ±1 are not conserved, and the Chern
insulating wavefunctions are no longer exact eigenstates
of the Hamiltonian (irrespective of �).

The perturbation in t and w0 will split the chiral-
flat U(4)⇥U(4) ground state multiplet (manifold)
([NM ]4, [0]4) and ([0]4, [NM ]4) into a series of either U(4)
irreps (in the nonchiral-flat limit or in the chiral-nonflat
limit) or U(2)⇥U(2) irreps (in the most generic case of
nonchiral-nonflat limit). We denote the energy of the
lowest (highest) states of the chiral-flat ground state
manifold after splitting as E0,NM (E0,NM +�), thus � � 0

FIG. 2. Charge +1 (electron) excitation at ⌫ = �3 (a) with
the FMC (� = 0), and (b) without the FMC (� = 1). The
system size is NM = N1 ⇥ N2. All energy levels have been
shifted by the lowest energy E0 in the charge +1 sub-Hilbert
space sector of the corresponding system size. The energies
of the proposed ground state at filling factor ⌫ = �3 with
one additional electron, along with the states with have an
additional U(4)⇥U(4) excitation have been calculated. We
use the notation ”+” between two irreps, like ([NM , 1]4, [0]4)+
([NM ]4, [1]4), when these irreps always appear with an exact
degeneracy.

characterizes the energy spread of the U(4)⇥U(4) multi-
plet (� = 0 in the chiral-flat limit). For perturbations not
too strong, we expect the ground states to be the lowest
states with energy E0,NM from the chiral-flat manifold
([NM ]4, [0]4) and ([0]4, [NM ]4) after splitting. However,
as the perturbations grow, phase transitions to other
phases may happen, which may be due to either the soft-
ening of neutral excitations (gapped Goldstone modes,
other higher energy excitations, etc) at zero momentum
(e.g., 1st order transition to another translationaly in-
variant insulator) or at finite momenta (e.g., into trans-
lation breaking phases), or the vanishing of Goldstone
mode sti↵ness (e.g., into a metallic phase). To examine
this possibility, we also calculate the energy di↵erence
� = E0

1,NM
� E0,NM which we call the finite size gap,

where E0
1,NM

is the energy of the lowest NM electron
state (irrespective of its total momentum) not adiabati-
cally connected to the chiral-flat multiplet ([NM ]4, [0]4)

ED Goldstone 
Branch, matches 
exact eigenstates

Softening branch of 
excitation modes, as 
higher symmetry chiral 
limit (left) is approached



TBGV: Exact Charge +/- 2 Excitations Expressions 

Exact charge +/- excitations can be obtained exactly, solving a 1-body problem

Scattering matrix T has the identical terms of the Neutral modes, with one crucial sign difference 

BAB, Lian, Cowsik, Xie, Regnault, Song, TBG V (2020). Xie, Cowsik, Song, Lian, BAB, Regnault, TBG VI (2020)

34

=[O�q,�GOq,G, c†k2,m2,⌘2,s2
]c†k1,m1,⌘1,s1

+ c†k2,m2,⌘2,s2
[O�q,�GOq,G, c†k1,m1,⌘1,s1

] , (E2)

which, in detail reads:

[O�q,�GOq,G, c†k2,m2,⌘2,s2
c†k1,m1,⌘1,s1

]

=
X

m

P (⌘2)
mm2

(k2,q+G) c†k2,m,⌘2,s2
c†k1,m1,⌘1,s1

+
X

m

P (⌘1)
mm1

(k1,q+G) c†k2,m2,⌘2,s2
c†k1,m,⌘1,s1

+
p

V (G+ q)
X

m

⇣
M (⌘2)

m,m2
(k2,q+G) c†k2+q,m,⌘2,s2

c†k1,m1,⌘1,s1
O�q,�G + (q,G $ �q,�G)

⌘

+
p

V (G+ q)
X

m

⇣
M (⌘1)

m,m1
(k1,q+G) c†k2,m2,⌘2,s2

c†k1+q,m,⌘1,s1
O�q,�G + (q,G $ �q,�G)

⌘

+ V (G+ q)
X

m,m0

⇣
M (⌘2)

m,m2
(k2,q+G)M (⌘1)

m0,m1
(k1,�q�G) c†k2+q,m,⌘2,s2

c†k1�q,m0,⌘1,s1
+ (q,G $ �q,�G)

⌘
(E3)

By rewriting k2 = k+ p and k1 = �k, we can write the scattering equation as

h
HI � µN, c†k+p,m2,⌘2,s2

c†�k,m1,⌘1,s1

i
| i =

1

2⌦tot

X

m,m0

X

q

T (⌘2,⌘1)
mm0;m2m1

(k+ q,k;p)c†k+p+q,m,⌘2,s2
c†�k�q,m0,⌘1,s1

| i ,

(E4)
The | i are the states | ⌫i in Eq. (A35), and hence ⌘1, s1, ⌘2, s2 belong to the valley/spin flavor which are not
occupied. For a generic exact eigenstate | i at chemical potential µ satisfying (Oq,G � AGNM�q,0)| i = 0 for some

coe�cient AG, we find that the T (⌘2,⌘1)
m2,m;m1m0(k1,k2;q) matrix reads

T (⌘2,⌘1)
mm0;m2m1

(k+ q,k;p) =�q,0(�m,m2R
⌘1

m0m1
(�k) + �m0,m1R

⌘2
mm2

(k+ p))+

+ 2
X

G

V (G+ q)M (⌘2)
m,m2

(k+ p,q+G)M (⌘1)
m0,m1

(�k,�q�G) , (E5)

where R⌘
mn(k), R

⌘
mn(k) are the +1 excitation matrices in Eqs. (C2) and (C16). We see that the charge +2 energy is

a sum of the two single-particle energies (first row of Eq. (D5)) plus an interaction energy (second row of Eq. (D5)).
The exact expression of the charge +2 excitation spectrum allows for the determination of the Cooper pair binding

energy (if any).

2. Charge +2 excitations in the (first) chiral-flat U(4)⇥U(4) limit

We now consider the charge +2 excited states reachable by creating two electron pair with total momentum p
on the chiral-flat limit eigenstate | ⌫+,⌫�

⌫ i. Assume the valley-spin flavor {⌘1,2, s1,2} has Chern band basis eY 1, eY 2

fully empty. We consider the Hilbert space of the following sets of states of momentum quantum number p (k2 =
�k1 + p, k1 = k):

|k+ p,�k, eY 1, eY 2, ⌘2, ⌘1, s2, s1, 
⌫+,⌫�
⌫ i = d†k+p,eY 2,⌘2,s2

d†�k,eY 1,⌘1,s1
| ⌫+,⌫�

⌫ i , (E6)

The Oq,G operators in the chiral limit have the simple, diagonal expression of Eq. (B7), which leads to the scattering
equation.

h
HI � µN, d†k+p,eY 2,⌘2,s2

d†�k,eY 1,⌘1,s1

i
| i =

1

2⌦tot

X

q

TeY 2;eY 1(k+ q,k;p)d†k+p+q,eY 2,⌘2,s2
d†�k�q,eY 1,⌘1,s1

| i . (E7)

The | i are the states | ⌫+,⌫�
⌫ i in Eq. (A32), and hence eY 1, ⌘1, s1, eY 2, ⌘2, s2 belong to the valley/spin flavor which

are not occupied. The scattering matrix in the first chiral limit does not depend on ⌘1, ⌘2

TeY 2;eY 1(k+ q,k;p) = �q,0(R0(k+ p) +R0(�k)) + 2
X

G

V (G+ q)MeY 2(k+ p,q+G)MeY 1(�k,�q�G) , (E8)

where MeY (k,q+G) is given in Eq. (A20) and R⌘
0(k) is given in Eq. (C12).

Charge +1 energy 
at momentum k+p

Charge +1 energy 
at momentum -k

Sum of two non-interacting charge +1 
excitations total momentum p

For the Goldstone mode, this is a –
(minus) sign, everything else is identical

Interaction term between the two charge 
+1 excitations. 

Depends on the form factors.



Gapped charge ±2 excitations without 
FMC (𝜈 = 0 equivalent to with FMC), 
1.05∘, screening 𝜉 = 20nm

Gapped excitations, with no bound 
states visible below the continuum!

Bound states above the continuum, 
like an “inverse” Goldstone 
spectrum; this is due to the sign 
difference in the scattering matrix. 

TBGV: Exact Charge +/- 2 Excitations Plots 
BAB, Lian, Cowsik, Xie, Regnault, Song, TBG V (2020). Xie, Cowsik, Song, Lian, BAB, Regnault, TBG VI (2020)38
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FIG. 10. Charge +2 (blue) and �2 (red) excitations at ✓ = 1.05�. The flat metric condition is not imposed. In this plot we
use the screening length ⇠ =20nm and the interaction strength U⇠=13meV accordingly. The other parameters are same as in
App. A: vF = 5.944eV · Å, |K| = 1.703Å�1, w1 = 110meV.



TBGV: No (Luttinger-Kohn) Superconductivity Theorem For Flat Bands 

Cooper pairing energy in TBG flat-band limit at integer 𝜈:

Lowest charge 2 excitation Lowest charge 1 excitation

Weyl’s inequality:      min(𝑇) ≥ 2min 𝑅 + min 𝑇,,
à pairing energy      Δ 𝑁 + 2 = min(𝑇) − 2min 𝑅 ≥ min 𝑇,, ≥ 0 .

Richardson criterion: Richardson (1963, 1964): Absence of SC if

BAB, Lian, Cowsik, Xie, Regnault, Song, TBG V (2020).

Δ 𝑁 + 2 = 𝐸 𝑁 + 2 + 𝐸 𝑁 − 2𝐸 𝑁 + 1 ≥ 0

No Cooper pairing from Coulomb interaction in flat bands at integer fillings 𝜈 !

𝑇-.#,-;1 = 𝛿#,! 𝑅2- + 𝑅-.1 + 𝑇-.#,-;1,,

𝑇,,:  interaction between pair of electrons 

In TBGV we have showed that 𝑇,, ≥ 0 analytically for these types of FB Coulomb projected H

𝑇: charge +2 Hamiltonian,  𝑅: charge +1 Hamiltonian

Berry phases cannot save you if you only have Coulomb.



Superconductivity: requires kinetic energy - nonflat bands, or other pairing glue (e.g., phonon)

Since insulating states well-described by Coulomb, this suggests competition 

Wu, Macdonald, Martin (2018), Lian, Wang, BAB (2018), Xie, Song, Lian, BAB, (2018), Peri, Song, BAB, Huber (2020)

Screening effect

Increasing screening

Experiments proving correlations rather than causation; we know SC “seems” related to 
the insulating state, because you have to kill the insulating state to go to SC  

But the question is does it compete with or is it helped by Coulomb interactions.

If our exact charge 2 are the lowest energy excitations, no pair binding w coulomb

TBGV: Implications for Superconductivity

Stepanov, Das, Lu, Fahimniya, Watanabe, 
Taniguchi, Koppens, Lischner, Levitov, 
Efetov, arXiv:1911.09198 
Saito, Ge, Watanabe, Taniguchi, and  

Young, arXiv:1911.13302 
Liu,  Wang,  Watanabe,  Taniguchi,  Vafek, 
and Li, arXiv:2003.11072 
Arora, Polski, Zhang, Thomson, Choi, 
Kim, Lin, Wilson, Xu, Chu, Watanabe, 
Taniguchi, Alicea, Nadj-Perge, 
arXiv:2002.03003

“At face value, it appears that the 
superconductivity can be decoupled 
from the correlated insulator… On the 
face of it these results points to 
superconductivity that is more robust 
than the correlated insulator and 
complicates attempts to interpret the 
superconductor as the result of doping 
a correlated insulator. ” T. Senthil



• Perturbation theory on the TBG model 

• The TBG flat bands are proved to be stably topological.

• In combinations of chiral & flat limits, the Coulomb interacting Hamiltonian 
exhibit enhanced U(4) or U(4)×U(4) symmetries.

• Exact/perturbative (Chern) insulators are derived at integer fillings 𝜈 and 
confirmed in ED. Chern number transitions are predicted in magnetic field.

• Charge 0,±1,±2 excitations can be exactly calculated.

• Outlook: superconductivity not from Coulomb? Phonons?

• Experimental consequences of Valley polarized/Coherent states?

Conclusions


