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Introduction: 
magnetic skyrmion strings
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Magnetic skyrmion
Heisenberg magnet in 2d:

topological texture with integer winding number W
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Magnetic skyrmion
⇡2(S

2) = Ztopologically non-trivial mapping from sphere S2  to 2d plane:

order parameter 
manifold: S2  

2d plane

⇢top =
1

4⇡
M̂(@xM̂ ⇥ @yM̂)

topological skyrmion density

winding number
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W =

Z
d2r ⇢top

orientation of magnetization: 
unit vector field
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Magnetic skyrmion string
Heisenberg magnet in 3d:

1d string with skyrmion texture 
in each 2d cross section
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Magnetic skyrmion string
Heisenberg magnet in 3d:

1d string with skyrmion texture 
in each 2d cross section
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S. Mühlbauer et al. Science (2009)
P. Milde et al. Science (2013)

skyrmion strings aligned with the magnetic field 
form a hexagonal lattice 

H

cubic chiral magnets: MnSi, FeGe, Cu2OSeO3, …
universal phase diagram for small spin-orbit coupling:

Where can they be found?
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universal theory for small spin-orbit coupling:

Cubic chiral magnets

exchange 
interaction

Zeeman
energy

Dzyaloshinskii-Moryia 
interaction (DMI)

magnetic texture with typical spatial wavelength � ⇠ A

D

helices
(topological trivial)

skyrmion strings
(topological non-trivial)

+ dipolar interactions (+ magnetocrystalline anisotropies)

L = A(riM̂j)
2 +DM̂(r⇥ M̂)� µ0MSM̂

~H
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Overview:
Linear spin-wave dynamics of
skyrmion strings
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Magnetization dynamics
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@tM̂ = ��M̂ ⇥ ~Be↵

effective field is determined by the magnetic texture:

with the energy functional

~Be↵ = � 1

Ms

�F

�M̂
F =

Z
d~r V(M̂)

gyromagnetic ratio � =
gµB

~

Landau-Lifshitz equation

wikipedia
precession of the magnetization
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Dynamics of the skyrmion-string lattice
for in-plane wavevectors 

k?
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Bragg scattering off the magnonic crystal:
magnon band structure

2d hexagonal magnetic 
Brillouin zone

Roldan-Molina et al. New J. Phys. 18, 045015 (2016)

MG, J. Waizner, D. Grundler, J. Phys. D: Appl. Phys. 50, 293002 (2017)
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Dynamics of the skyrmion-string lattice

Roldan-Molina et al. New J. Phys. 18, 045015 (2016)

MG, J. Waizner, D. Grundler, J. Phys. D: Appl. Phys. 50, 293002 (2017)

non-trivial topology of skyrmions topological magnon band structure

Chern 

numbers

emergent magnon electrodynamics

each skyrmion acts like a source 
of emergent magnetic flux

formation of magnon Landau levels
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Dynamics of the skyrmion-string lattice
magnon band structure

breathing

counterclockwise

clockwise

Goldstone mode

magnon normal modes

three magnetic resonances:

Mochizuki PRL (2012),
Onose et al. PRL (2012),
T. Schwarze, et al. Nat Mater (2015)
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Magnetic skyrmion resonances
field-dependence of the 
resonance frequencies

Mochizuki PRL (2012),
Onose et al. PRL (2012),
T. Schwarze, et al. Nat Mater (2015)

breathing 

clockwise 
(CW)

counter-clockwise 
(CCW)

measurements on three different materials
MnSi, Fe0.8Co0.2Si and Cu2OSeO3
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Magnetic skyrmion resonances

Cu2OSeO3

hybridization between modes due to weak magnetocrystalline anisotropies

R. Takagi et al. Phys. Rev. B 104, 144410 (2021)R. Takagi (Tokyo)
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Non-reciprocity of skyrmion-lattice magnons
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Figure 12.8: (a) Magnon spectrum for k perpendicular to the skyrmion lattice plane
without present dipolar interaction. The positive (negative) direction corresponds
to the direction parallel (anti-parallel) to the applied magnetic field. (b) shows
a magnified portion of that spectrum with energies of the order of magnitude of
FMR resonances. The gyration (breathing) modes are indicated by the additional
red (yellow) dots. (c) illustrates the e�ect of dipolar interactions on that part
of the spectrum. As in the helical case, the limit k æ 0 is not unique for all
modes, in particular the three modes accessible via FMR. Their discrepancies and
resulting bands are illustrated by the vertical correspondingly colored lines. Note
that Ê

gyr.
Î (k æ 0) > Ê

gyr.
‹ (k æ 0) but Ê

breathing
Î (k æ 0) < Ê

breathing
‹ (k æ 0). The

colored dots still mark their mode position for ‰
int
con = 0.

134

CCW

breathing
CW

magnon dispersion for out-of-plane momenta

non-reciprocity

most pronounced for the CCW mode!

!(kk) 6= !(�kk)
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Spinwave spectroscopy on Cu2OSeO3

non-reciprocity most pronounced 
for the CCW mode!

S. Seki 
(Tokyo)

probing the spectrum in the magnetostatic regime close to q=0
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Figure 12.8: (a) Magnon spectrum for k perpendicular to the skyrmion lattice plane
without present dipolar interaction. The positive (negative) direction corresponds
to the direction parallel (anti-parallel) to the applied magnetic field. (b) shows
a magnified portion of that spectrum with energies of the order of magnitude of
FMR resonances. The gyration (breathing) modes are indicated by the additional
red (yellow) dots. (c) illustrates the e�ect of dipolar interactions on that part
of the spectrum. As in the helical case, the limit k æ 0 is not unique for all
modes, in particular the three modes accessible via FMR. Their discrepancies and
resulting bands are illustrated by the vertical correspondingly colored lines. Note
that Ê

gyr.
Î (k æ 0) > Ê

gyr.
‹ (k æ 0) but Ê

breathing
Î (k æ 0) < Ê

breathing
‹ (k æ 0). The

colored dots still mark their mode position for ‰
int
con = 0.
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S. Seki, Nat. Commun. 11, 256 (2020)
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Non-reciprocity of skyrmion-lattice magnons
no fitting 
parameters!

resonance 
frequency

group velocity

non-reciprocal 
shift

agreement with theory!

S. Seki, Nat. Commun. 11, 256 (2020)
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Low-energy theory of a
skyrmion string & 
solitary waves

V. Kravchuk et al. Phys. Rev. B 102, 220408(R)
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Single skyrmion string
skyrmion string excitation of the field-polarized phase of cubic chiral magnets

H || z L = A(riM̂j)
2 +DM̂(r⇥ M̂)� µ0MSM̂

~H
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skyrmion texture within the plane⊥H

Bogdanov & Hubert (1994)
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Linear dynamics of the skyrmion string

states

(a)
(b)

breathing
mode

translational
modescattering

continuum of 
spin waves

linear spin wave theory:
kz
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magnon-skyrmion 
bound states

see also
Xing, Zhou, Braun, PR Applied (2020)
Lin, Zhu, Saxena, PRB (2019)

spin wave dispersion 
in general non-reciprocal

!(kz) 6= !(�kz)
<latexit sha1_base64="fduk0PTo5DskcWB2xKvfVsKk0Lg=">AAACGnicbZDNSgMxFIXv+G/9G3UpQrAIFbHMuNFl0Y3LCrYKzlAy6W0NzWTGJCPUwZWv4cKtW30Dd+LWjS/gc5hpu9DqhcDhO/fmJidKBdfG8z6dicmp6ZnZufnSwuLS8oq7utbUSaYYNlgiEnURUY2CS2wYbgRepAppHAk8j3rHhX9+g0rzRJ6ZfophTLuSdzijxqKWuxkkMXZppde63SGBxGsyAnsFabllr+oNivwV/kiUa1vB7iMA1FvuV9BOWBajNExQrS99LzVhTpXhTOBdKcg0ppT1aBcvrZQ0Rh3mg2/ckW1L2qSTKHukIQP6cyKnsdb9OLKdMTVXetwr4L9eWxcXjm03ncMw5zLNDEo2XN7JBDEJKXIiba6QGdG3gjLF7fsJu6KKMmPTLNlg/PEY/ormftX3qv6pTegIhjUHG7AFFfDhAGpwAnVoAIN7eIJneHEenFfnzXkftk44o5l1+FXOxzeevqHQ</latexit><latexit sha1_base64="8AsB4r9a6GjHJwrKoAeg1pDjVJo=">AAACGnicbZDLSgMxFIYz9VbrrepShNAiVMQy40aXRTcuK9gLdIaSSU/b0ExmTDJCHbryFVz6Am71DdyJWzd9AZ/DTNuFth4I/Hz/OTnJ70ecKW3bYyuztLyyupZdz21sbm3v5Hf36iqMJYUaDXkomz5RwJmAmmaaQzOSQAKfQ8MfXKV+4x6kYqG41cMIvID0BOsySrRB7fyhGwbQI6VB++EYuwLu8AycpqSdL9ple1J4UTgzUawU3JOncWVYbee/3U5I4wCEppwo1XLsSHsJkZpRDqOcGyuICB2QHrSMFCQA5SWTb4zwkSEd3A2lOULjCf09kZBAqWHgm86A6L6a91L4r9dR6YVz23X3wkuYiGINgk6Xd2OOdYjTnHCHSaCaD40gVDLzfkz7RBKqTZo5E4wzH8OiqJ+VHbvs3JiELtG0sugAFVAJOegcVdA1qqIaougRvaBX9GY9W+/Wh/U5bc1Ys5l99Kesrx/GoKNW</latexit><latexit sha1_base64="8AsB4r9a6GjHJwrKoAeg1pDjVJo=">AAACGnicbZDLSgMxFIYz9VbrrepShNAiVMQy40aXRTcuK9gLdIaSSU/b0ExmTDJCHbryFVz6Am71DdyJWzd9AZ/DTNuFth4I/Hz/OTnJ70ecKW3bYyuztLyyupZdz21sbm3v5Hf36iqMJYUaDXkomz5RwJmAmmaaQzOSQAKfQ8MfXKV+4x6kYqG41cMIvID0BOsySrRB7fyhGwbQI6VB++EYuwLu8AycpqSdL9ple1J4UTgzUawU3JOncWVYbee/3U5I4wCEppwo1XLsSHsJkZpRDqOcGyuICB2QHrSMFCQA5SWTb4zwkSEd3A2lOULjCf09kZBAqWHgm86A6L6a91L4r9dR6YVz23X3wkuYiGINgk6Xd2OOdYjTnHCHSaCaD40gVDLzfkz7RBKqTZo5E4wzH8OiqJ+VHbvs3JiELtG0sugAFVAJOegcVdA1qqIaougRvaBX9GY9W+/Wh/U5bc1Ys5l99Kesrx/GoKNW</latexit><latexit sha1_base64="PNmcUjS395FYx/SUv05MOfTtT+0=">AAACGnicbZC7TsMwFIadcivlVmBESBYVUhmoEhYYK1gYi0QvUlNFjnPSWnWcYDtIperEa/ACrPAGbIiVhRfgOXDaDNByJEu/vv8cH/v3E86Utu0vq7C0vLK6VlwvbWxube+Ud/daKk4lhSaNeSw7PlHAmYCmZppDJ5FAIp9D2x9eZX77HqRisbjVowR6EekLFjJKtEFe+dCNI+iT6tB7OMGugDucg9OMeOWKXbOnhReFk4sKyqvhlb/dIKZpBEJTTpTqOnaie2MiNaMcJiU3VZAQOiR96BopSASqN55+Y4KPDQlwGEtzhMZT+ntiTCKlRpFvOiOiB2rey+C/XqCyC+e26/CiN2YiSTUIOlsephzrGGc54YBJoJqPjCBUMvN+TAdEEqpNmiUTjDMfw6JondUcu+bc2JX6ZR5RER2gI1RFDjpHdXSNGqiJKHpEz+gFvVpP1pv1bn3MWgtWPrOP/pT1+QNti6BH</latexit>

typical for a DMI system

translational Goldstone mode: !(kz) ⇡ k2z + ak3z
<latexit sha1_base64="T6XY7p8+YMiOiLOvNKht7leQ4+k=">AAACIHicbVBLTsMwEJ3wp/wKLNlYIKSiSlVSFrCsYMOySLQgkVJNHLe16sSR7SBKxAG4BeICbOEG7BBLOADnwGlZQMtIlp7fezNjvyARXBvX/XCmpmdm5+YXFgtLyyura8X1jaaWqaKsQaWQ6iJAzQSPWcNwI9hFohhGgWDnQf8418+vmdJcxmdmkLBWhN2YdzhFY6l2cceXEetiqd++3SM+JomSN8RerqqkTHCI9q3LrbjDIpPA+wE7tW2//AAA9Xbxyw8lTSMWGypQ60vPTUwrQ2U4Feyu4KeaJUj72GWXFsYYMd3Khp+5I7uWCUlHKntiQ4bs744MI60HUWCdEZqeHtdy8l8t1PnAse2mc9jKeJykhsV0tLyTCmIkydMiIVeMGjGwAKni9v2E9lAhNTbTgg3GG49hEjSrFc+teKc2oSMY1QJswTaUwIMDqMEJ1KEBFO7hCZ7hxXl0Xp03531knXJ+ejbhTzmf35ESo9A=</latexit><latexit sha1_base64="jr6mY8cuTFDoLhFJ2IEdZe74bVw=">AAACIHicbVDLTgIxFO3gC/GFunTTQEwwJGQGF7okunGJiTwSBsmdToGGznTSdowj4QPc+wX+gFv9A3fGJX6A32F5LBS8SZPTc869tz1exJnStj22Uiura+sb6c3M1vbO7l52/6CuRCwJrRHBhWx6oChnIa1ppjltRpJC4HHa8AaXE71xR6ViIrzRSUTbAfRC1mUEtKE62bwrAtqDwqDzcIJdiCIp7rG53JZxEcMUnRqXXbKnhZeBMwf5Ss4tPo0rSbWT/XZ9QeKAhppwUKrl2JFuD0FqRjgdZdxY0QjIAHq0ZWAIAVXt4fQzI3xsGB93hTQn1HjK/u4YQqBUEnjGGYDuq0VtQv6r+WoycGG77p63hyyMYk1DMlvejTnWAk/Swj6TlGieGABEMvN+TPoggWiTacYE4yzGsAzq5ZJjl5xrk9AFmlUaHaEcKiAHnaEKukJVVEMEPaIX9IrerGfr3fqwPmfWlDXvOUR/yvr6Abj0pVY=</latexit><latexit sha1_base64="jr6mY8cuTFDoLhFJ2IEdZe74bVw=">AAACIHicbVDLTgIxFO3gC/GFunTTQEwwJGQGF7okunGJiTwSBsmdToGGznTSdowj4QPc+wX+gFv9A3fGJX6A32F5LBS8SZPTc869tz1exJnStj22Uiura+sb6c3M1vbO7l52/6CuRCwJrRHBhWx6oChnIa1ppjltRpJC4HHa8AaXE71xR6ViIrzRSUTbAfRC1mUEtKE62bwrAtqDwqDzcIJdiCIp7rG53JZxEcMUnRqXXbKnhZeBMwf5Ss4tPo0rSbWT/XZ9QeKAhppwUKrl2JFuD0FqRjgdZdxY0QjIAHq0ZWAIAVXt4fQzI3xsGB93hTQn1HjK/u4YQqBUEnjGGYDuq0VtQv6r+WoycGG77p63hyyMYk1DMlvejTnWAk/Swj6TlGieGABEMvN+TPoggWiTacYE4yzGsAzq5ZJjl5xrk9AFmlUaHaEcKiAHnaEKukJVVEMEPaIX9IrerGfr3fqwPmfWlDXvOUR/yvr6Abj0pVY=</latexit><latexit sha1_base64="7g6Gra6F2QVcpIfXE4SR4wR5YX8=">AAACIHicbVDLTgIxFO3gC/GFunTTSEwwJmQGF7okunGJiTwSQHKnFGjoTJu2Y0TCB/gb/oBb/QN3xqV+gN9hZ5iFgjdpcnrOufe2x5ecaeO6n05maXlldS27ntvY3Nreye/u1bWIFKE1IrhQTR805SykNcMMp02pKAQ+pw1/dBnrjTuqNBPhjRlL2glgELI+I2As1c0X2iKgAyiOug/HuA1SKnGP7eW2jE8wJOjUutySmxReBF4KCiitajf/3e4JEgU0NISD1i3PlaYzAWUY4XSaa0eaSiAjGNCWhSEEVHcmyWem+MgyPdwXyp7Q4IT93TGBQOtx4FtnAGao57WY/Ffr6Xjg3HbTP+9MWCgjQ0MyW96PODYCx2nhHlOUGD62AIhi9v2YDEEBMTbTnA3Gm49hEdTLJc8tedduoXKRRpRFB+gQFZGHzlAFXaEqqiGCHtEzekGvzpPz5rw7HzNrxkl79tGfcr5+AF/fokc=</latexit>

small non-reciprocity in the low-energy limit
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Beyond linear dynamics?

What are the conserved quantities of a skyrmion string?

Effective low-energy, hydrodynamic theory?
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Topological conservation law

⇢top =
1

4⇡
M̂(@xM̂ ⇥ @yM̂)

topological density

for a smooth unit vector       in 2+1 space-time:
<latexit sha1_base64="p6gMqccAXjIyrXilj2aeEr8TSYE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRixehgv2ANpTNdtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTaNSzXiDKal0O6CGSxHzBgqUvJ1oTqNA8lYwupn6rSeujVDxA44T7kd0EItQMIpWanaHFMldr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RC8xZeXSfOs6l1U3fvzSu06j6MIR3AMp+DBJdTgFurQAAaP8Ayv8OYo58V5dz7mrQUnnzmEP3A+fwABco7B</latexit>

M̂

<latexit sha1_base64="EqCz7fkxRzxi/lD7dUR+NULuDiw="></latexit>

jtop,i =
1

4⇡
✏ijM̂(@jM̂ ⇥ @tM̂)

continuity equation
<latexit sha1_base64="IK96ZR1bMzLCZffWff0WfCKWPwg=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0UQlJKIqCBC0Y3LCvYBTQiT6aQdO5mEmYlQQj7Gjb/ixoUPXLjxW5y0oWj1wMDhnHu5c44fMyqVZX0apbn5hcWl8nJlZXVtfcPc3GrJKBGYNHHEItHxkSSMctJUVDHSiQVBoc9I2x9e5X77nghJI36rRjFxQ9TnNKAYKS155rkTI6EoYp6CjhhEXuqIEKoozuABnHoU3nnp1DmENIMX0PLMqlWzxoB/iV2QKijQ8Mw3pxfhJCRcYYak7NpWrNw0P4IZySpOIkmM8BD1SVdTjkIi3XQcMoN7WunBIBL6cQXH6s+NFIVSjkJfT4ZIDeSsl4v/ed1EBWduSnmcKMLx5FCQMB0V5o3BHhUEKzbSBGFB9V8hHiCBsNK9VnQJ9mzkv6R1VLNPatbNcbV+WdRRBjtgF+wDG5yCOrgGDdAEGDyAJ/ACXo1H49l4Nz4moyWj2NkGv2B8fQPnR6RJ</latexit>

@t⇢top + @ijtop,i = 0

topological current

with i = x,y

no hedgehog defects
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Kinetic conservation laws

<latexit sha1_base64="CIxVIsvhF0aRy45tA0FqR3/s0aw=">AAACI3icbVBNSytBEJz146nR94x69DIYBC+G3YeoCILoxYugYFTIhqV30psMzuwuM72BsOS/ePGvePGgiBcP/hcnMYJfBQNFVTc1XXGupCXff/EmJqem/8zMzlXmF/7+W6wuLV/YrDACGyJTmbmKwaKSKTZIksKr3CDoWOFlfH009C97aKzM0nPq59jS0EllIgWQk6LqXpiDIQkqIh52gfgJ3+ebYQe0hg8hJKnR8rCHgh9GZWg0xyQZRNWaX/dH4D9JMCY1NsZpVH0K25koNKYkFFjbDPycWuUwXygcVMLCYg7iGjrYdDQFl9oqRzcO+LpT2jzJjHsp8ZH6eaMEbW1fx25SA3Xtd28o/uY1C0p2W6VM84IwFe9BSaE4ZXxYGG9Lg4JU3xEQRrq/ctEFA4JcrRVXQvD95J/k4n892K77Z1u1g8NxHbNsla2xDRawHXbAjtkpazDBbtgde2CP3q137z15z++jE954Z4V9gff6BpLOowI=</latexit>

@tM̂ = ��M̂ ⇥ ~Be↵

for a translationally invariant system

~Be↵ = � 1

Ms

�F

�M̂

<latexit sha1_base64="EqCz7fkxRzxi/lD7dUR+NULuDiw="></latexit>

jtop,i =
1

4⇡
✏ijM̂(@jM̂ ⇥ @tM̂)topological current

Landau-Lifshitz equation

where T is the energy-momentum tensor using:
<latexit sha1_base64="V66p88YWRTkVmZQfe/gIfI61KKM="></latexit>

�Ms(@iM̂) ~Be↵ = @kTki and

<latexit sha1_base64="1i8kV8e+fQlaDC2w+VDbJrhSaJ4="></latexit>

jtop,i +
�

4⇡Ms
✏ij@kTkj = 0

anomalous conservation law for linear momentum

see e.g. O. Tchernyshyov, Ann. Phys (2015)
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Conservation law for linear momentum

Papanikolaou & Tomaras (1991)

<latexit sha1_base64="1i8kV8e+fQlaDC2w+VDbJrhSaJ4="></latexit>

jtop,i +
�

4⇡Ms
✏ij@kTkj = 0anomalous conservation law for linear momentum

<latexit sha1_base64="IK96ZR1bMzLCZffWff0WfCKWPwg=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0UQlJKIqCBC0Y3LCvYBTQiT6aQdO5mEmYlQQj7Gjb/ixoUPXLjxW5y0oWj1wMDhnHu5c44fMyqVZX0apbn5hcWl8nJlZXVtfcPc3GrJKBGYNHHEItHxkSSMctJUVDHSiQVBoc9I2x9e5X77nghJI36rRjFxQ9TnNKAYKS155rkTI6EoYp6CjhhEXuqIEKoozuABnHoU3nnp1DmENIMX0PLMqlWzxoB/iV2QKijQ8Mw3pxfhJCRcYYak7NpWrNw0P4IZySpOIkmM8BD1SVdTjkIi3XQcMoN7WunBIBL6cQXH6s+NFIVSjkJfT4ZIDeSsl4v/ed1EBWduSnmcKMLx5FCQMB0V5o3BHhUEKzbSBGFB9V8hHiCBsNK9VnQJ9mzkv6R1VLNPatbNcbV+WdRRBjtgF+wDG5yCOrgGDdAEGDyAJ/ACXo1H49l4Nz4moyWj2NkGv2B8fQPnR6RJ</latexit>

@t⇢top + @ijtop,i = 0topological conservation law

<latexit sha1_base64="mPdEAT2FzQoub6YtE03gGvPPXWA="></latexit>

@t⇢top =
�

4⇡Ms
✏ij@i@kTkj

not only the topological charge but also its first moment is conserved:

with 
<latexit sha1_base64="/TdYSGuQUXdIvJYcjRThxfrrbcQ=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCp7Arol6EoBePUcwDkiXMTjrJkNkHM7ORsOZTvHhQxKtf4s2/cZLsQRMLGoqq7pnu8mPBlXacbyu3srq2vpHfLGxt7+zu2cX9uooSybDGIhHJpk8VCh5iTXMtsBlLpIEvsOEPb6Z+Y4RS8Sh80OMYvYD2Q97jjGojdexiuxtpkrZHyMj9hFwRp2OXnLIzA1kmbkZKkKHasb/MGywJMNRMUKVarhNrL6VScyZwUmgnCmPKhrSPLUNDGqDy0tnqE3JslC7pRdJUqMlM/T2R0kCpceCbzoDqgVr0puJ/XivRvUsv5WGcaAzZ/KNeIoiOyDQH0uUSmRZjQyiT3OxK2IBKyrRJq2BCcBdPXib107J7XnbuzkqV6yyOPBzCEZyACxdQgVuoQg0YPMIzvMKb9WS9WO/Wx7w1Z2UzB/AH1ucPbtWSzg==</latexit>

~̇R = 0

(cf. Thiele equation)

<latexit sha1_base64="ur3kBQnxn0+n5T6EZuic3z4aTzg="></latexit>

~R =

R
d2r ~r⇢topR
d2r ⇢top

Linear momentum of the texture
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Linear momentum of the skyrmion string

~R(z) =
1

W

Z
dxdy

0

@
x
y
0

1

A ⇢top(x, y)

<latexit sha1_base64="PNSLADf5FJGFyntUCPKcVyIAQbU="></latexit><latexit sha1_base64="Lm/2FEh5H9CRmH0NFZ8pVgj2PAY="></latexit><latexit sha1_base64="Lm/2FEh5H9CRmH0NFZ8pVgj2PAY="></latexit><latexit sha1_base64="1BaevzPF0FaH+Wo3mHL8OU0Cbuk="></latexit> with winding number W = -1

linear momentum = first moment of topological charge
H || z

collective coordinate identifying the string!

Moreover: 
<latexit sha1_base64="TjHXlAbYR60v2Ymg1HAw/Haj7yM=">AAAB8HicbVDLTgJBEOz1ifhCPXqZSEw8kV1i1CPRi0c08jCwktmhFybM7G5mZkkI4Su8eNAYr36ON//GAfagYCWdVKq6090VJIJr47rfzsrq2vrGZm4rv72zu7dfODis6zhVDGssFrFqBlSj4BHWDDcCm4lCKgOBjWBwM/UbQ1Sax9GDGSXoS9qLeMgZNVZ6bA+RkfunMukUim7JnYEsEy8jRchQ7RS+2t2YpRIjwwTVuuW5ifHHVBnOBE7y7VRjQtmA9rBlaUQlan88O3hCTq3SJWGsbEWGzNTfE2MqtR7JwHZKavp60ZuK/3mt1IRX/phHSWowYvNFYSqIicn0e9LlCpkRI0soU9zeSlifKsqMzShvQ/AWX14m9XLJuyi5d+fFynUWRw6O4QTOwINLqMAtVKEGDCQ8wyu8Ocp5cd6dj3nripPNHMEfOJ8/i12PlQ==</latexit>

~R2 related to total angular momentum

Papanikolaou & Tomaras (1991)

Schütte & MG (2015)
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Linear low-energy dynamics

collective coordinate obeys Thiele equation:
<latexit sha1_base64="jhUcyYM5tvqj//ZRfziept6Ws4M=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjNFfCyEogsFN1XsAzp1yKRpG5p5kNwp1KHf4sZfceNCUVeCH2OmHURbDwQO59x7c+9xQ8EVmOankZmbX1hcyi7nVlbX1jfym1s1FUSSsioNRCAbLlFMcJ9VgYNgjVAy4rmC1d3+eeLXB0wqHvi3MAxZyyNdn3c4JaAlJ39iDxjFF9gG7jGF7ZBI4EQ4gMfGDT7FV471o9+VnPvUcfIFs2iOgWeJlZICSlFx8u92O6CRx3yggijVtMwQWnEymAo2ytmRYiGhfdJlTU19ohdqxeMTR3hPK23cCaR+PuCx+rsjJp5SQ8/VlR6Bnpr2EvE/rxlB57gVcz+MgPl08lEnEhgCnOSF21wyCmKoCaGS610x7RFJKOhUczoEa/rkWVIrFa3Donl9UCifpXFk0Q7aRfvIQkeojC5RBVURRQ/oCb2gV+PReDbejI9JacZIe7bRHxhf304Hokc=</latexit>

~G⇥ @t ~R = K1@
2
z
~R

gyrocoupling vector 
<latexit sha1_base64="s9CMJdvYPxi1GDNMTyH/c+r8JdI=">AAACEnicbVDLSsNAFJ34rPVVdelmsAi6KYkUdSMUXehGqGAf0IRwM520Q2eSMDMp1NBvcOOvuHGhiFtX7vwbp4+Fth64cDjnXu69J0g4U9q2v62FxaXlldXcWn59Y3Nru7CzW1dxKgmtkZjHshmAopxFtKaZ5rSZSAoi4LQR9K5GfqNPpWJxdK8HCfUEdCIWMgLaSH7h2O1Tgq/xBXZDCSQruwnDt77CjWHmdkAIGGK3Cxo/+IWiXbLHwPPEmZIimqLqF77cdkxSQSNNOCjVcuxEexlIzQinw7ybKpoA6UGHtgyNQFDlZeOXhvjQKG0cxtJUpPFY/T2RgVBqIALTKUB31aw3Ev/zWqkOz72MRUmqaUQmi8KUYx3jUT64zSQlmg8MASKZuRWTLphotEkxb0JwZl+eJ/WTknNasu/KxcrlNI4c2kcH6Ag56AxV0A2qohoi6BE9o1f0Zj1ZL9a79TFpXbCmM3voD6zPHxXhnIE=</latexit>

~G =
4⇡MsW

�
ẑ

stiffness of the string

recovers quadratic Goldstone spectrum!

states

(a)
(b)

breathing
mode

translational
modescatteringlinear spin waves propagating 

along the string



Markus Garst  —  Magnetic skyrmion strings: how they bend, twist and vibrate SPICE-SPIN+X — 13.10.202129

Mapping to Schrödinger equation
introducing wave function  ⇠ X + iY

<latexit sha1_base64="kOqdGukO7ze53v1eVeKgWRCz3yk=">AAACDnicbVDLSsNAFL3xWesr1aUuBosgCCVxo8uiG5ct2Ie0oUwmk3boTBJmJkoJ/Qd/wK3+gbgRt/6CO1d+h5O2C209cOFwzn1x/IQzpR3n01paXlldWy9sFDe3tnd27dJeU8WpJLRBYh7Lto8V5SyiDc00p+1EUix8Tlv+8Cr3W3dUKhZHN3qUUE/gfsRCRrA2Us8udRPFUFcxgdroFDF027PLTsWZAC0Sd0bK1cPX+hcA1Hr2dzeISSpopAnHSnVcJ9FehqVmhNNxsZsqmmAyxH3aMTTCgiovm7w+RsdGCVAYS1ORRhP190SGhVIj4ZtOgfVAzXu5+K8XqHzh3HUdXngZi5JU04hMj4cpRzpGeTYoYJISzUeGYCKZ+R+RAZaYaJNg0QTjzsewSJpnFdepuHWT0CVMUYADOIITcOEcqnANNWgAgXt4hCd4th6sF+vNep+2LlmzmX34A+vjB9/NnUU=</latexit><latexit sha1_base64="Q5KU8JgiyFIrl0RhFaprgnmU8oU=">AAACDnicbVDLSgMxFM3UV62vqS4VCRZBEMqMG10W3bhswT6kHUomk2lDk8yQZJQydOneH3CrfyDdiFt/wR9w40+YabvQ1gMXDufcF8ePGVXacT6t3NLyyupafr2wsbm1vWMXdxsqSiQmdRyxSLZ8pAijgtQ11Yy0YkkQ9xlp+oOrzG/eEaloJG70MCYeRz1BQ4qRNlLXLnZiRWFHUQ5b8BRSeNu1S07ZmQAuEndGSpWDce374XBc7dpfnSDCCSdCY4aUartOrL0USU0xI6NCJ1EkRniAeqRtqECcKC+dvD6Cx0YJYBhJU0LDifp7IkVcqSH3TSdHuq/mvUz81wtUtnDuug4vvJSKONFE4OnxMGFQRzDLBgZUEqzZ0BCEJTX/Q9xHEmFtEiyYYNz5GBZJ46zsOmW3ZhK6BFPkwT44AifABeegAq5BFdQBBvfgCTyDF+vRerXerPdpa86azeyBP7A+fgDaCp6r</latexit><latexit sha1_base64="Q5KU8JgiyFIrl0RhFaprgnmU8oU=">AAACDnicbVDLSgMxFM3UV62vqS4VCRZBEMqMG10W3bhswT6kHUomk2lDk8yQZJQydOneH3CrfyDdiFt/wR9w40+YabvQ1gMXDufcF8ePGVXacT6t3NLyyupafr2wsbm1vWMXdxsqSiQmdRyxSLZ8pAijgtQ11Yy0YkkQ9xlp+oOrzG/eEaloJG70MCYeRz1BQ4qRNlLXLnZiRWFHUQ5b8BRSeNu1S07ZmQAuEndGSpWDce374XBc7dpfnSDCCSdCY4aUartOrL0USU0xI6NCJ1EkRniAeqRtqECcKC+dvD6Cx0YJYBhJU0LDifp7IkVcqSH3TSdHuq/mvUz81wtUtnDuug4vvJSKONFE4OnxMGFQRzDLBgZUEqzZ0BCEJTX/Q9xHEmFtEiyYYNz5GBZJ46zsOmW3ZhK6BFPkwT44AifABeegAq5BFdQBBvfgCTyDF+vRerXerPdpa86azeyBP7A+fgDaCp6r</latexit><latexit sha1_base64="jcmmYvq9iJx/I46lYQjtAh53ebo=">AAACDnicbVDLSsNAFL3xWesr1aWbwSIIQknc6LLoxmUF+5AmlMlk0g6dScLMRCmh/+APuNU/cCdu/QV/wO9w0mahrQcuHM65L06Qcqa043xZK6tr6xubla3q9s7u3r5dO+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxhfF373gUrFkvhOT1LqCzyMWcQI1kYa2DUvVQx5ignUQ2eIofuBXXcazgxombglqUOJ1sD+9sKEZILGmnCsVN91Uu3nWGpGOJ1WvUzRFJMxHtK+oTEWVPn57PUpOjFKiKJEmoo1mqm/J3IslJqIwHQKrEdq0SvEf71QFQsXruvo0s9ZnGaaxmR+PMo40gkqskEhk5RoPjEEE8nM/4iMsMREmwSrJhh3MYZl0jlvuE7DvXXqzasyogocwTGcggsX0IQbaEEbCDzCM7zAq/VkvVnv1se8dcUqZw7hD6zPH6JvmwA=</latexit>

~R =

✓
X
Y

◆

<latexit sha1_base64="SRvciFAb0AraPL5HqsfYTbh919s="></latexit><latexit sha1_base64="YiuBSQk5P5MA1CfGSfqRVa6UYv4="></latexit><latexit sha1_base64="YiuBSQk5P5MA1CfGSfqRVa6UYv4="></latexit><latexit sha1_base64="JneXH2CC5O+nsIR2sovJhDQQW7w="></latexit>

where

linear waves described by the Schrödinger Lagrangian in 1+1 space-time

<latexit sha1_base64="NKHFm2QulttQIi2akZEsttGmuCI="></latexit>

L = i ⇤@t � 1

2
|@z |2

Euler-Langrange equation reproduces Thiele equation
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Corrections to the Schrödinger theory
<latexit sha1_base64="NKHFm2QulttQIi2akZEsttGmuCI="></latexit>

L = i ⇤@t � 1

2
|@z |2

non-reciprocity correction 

mass correction 
<latexit sha1_base64="TuMTWmAMhDOu4eNoTUizPo5Y63g=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYXEVCUVAsYKFsYi0YfUhshxndaq41i2gxSl5VdYGECIlQ9h429w2gzQcqQrHZ1zr33vCQSjSjvOt1VaW9/Y3CpvV3Z29/YP7MOjjooTiUkbxyyWvQApwignbU01Iz0hCYoCRrrB5Cb3u49EKhrze50K4kVoxGlIMdJG8u3qdCCQ1BQxX8OBUHT60PDtmlN35oCrxC1IDRRo+fbXYBjjJCJcY4aU6ruO0F6Wv4sZmVUGiSIC4Qkakb6hHEVEedl8+Rk8NcoQhrE0xTWcq78nMhQplUaB6YyQHqtlLxf/8/qJDq+8jHKRaMLx4qMwYVDHME8CDqkkWLPUEIQlNbtCPEYSYW3yqpgQ3OWTV0mnUXcv6s7dea15XcRRBsfgBJwBF1yCJrgFLdAGGKTgGbyCN+vJerHerY9Fa8kqZqrgD6zPH8lqlNo=</latexit>

|@t |2
all irrelevant in the 
low-energy limit!

corrections to the theory

translational invariance:  dependence on derivatives only,          etc. 
rotational invariance:       U(1) symmetry

<latexit sha1_base64="04p6lANRTY/TNUrfSCXfnC4Ur/0=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LXjxWsLXQhLDZbtqlm03Y3Qht6C/x4kERr/4Ub/4bN20O2vpg4PHezO7MC1POlHacb6uytr6xuVXdru3s7u3X7YPDrkoySWiHJDyRvRArypmgHc00p71UUhyHnD6G49vCf3yiUrFEPOhJSv0YDwWLGMHaSIFd91IsNcM8mCIvVSywG07TmQOtErckDSjRDuwvb5CQLKZCE46V6rtOqv28eJRwOqt5maIpJmM8pH1DBY6p8vP54jN0apQBihJpSmg0V39P5DhWahKHpjPGeqSWvUL8z+tnOrr2cybSTFNBFh9FGUc6QUUKaMAkJZpPDMFEMrMrIiMsMdEmq5oJwV0+eZV0z5vuZdO5v2i0bso4qnAMJ3AGLlxBC+6gDR0gkMEzvMKbNbVerHfrY9FascqZI/gD6/MH0BGTMA==</latexit>

@z 

strong constraints due to symmetries 

mixed correction 
<latexit sha1_base64="5mSQOm7RETQj32+U7rG05V4xQVo=">AAACDnicbZBNS8MwGMfT+TbnW9Wjl+AYbB5GK6Ieh148TnAvsNaSZukWlrYhSYVZ9gm8+FW8eFDEq2dvfhvTraBu/iHw5/c8T5Ln73NGpbKsL6OwtLyyulZcL21sbm3vmLt7bRknApMWjlksuj6ShNGItBRVjHS5ICj0Gen4o8us3rkjQtI4ulFjTtwQDSIaUIyURp5ZqTocCUUR8xR0uKS3RzX4w+6nrOaZZatuTQUXjZ2bMsjV9MxPpx/jJCSRwgxJ2bMtrtw0uxUzMik5iSQc4REakJ62EQqJdNPpOhNY0aQPg1joEyk4pb8nUhRKOQ593RkiNZTztQz+V+slKjh3UxrxRJEIzx4KEgZVDLNsYJ8KghUba4OwoPqvEA+RQFjpBEs6BHt+5UXTPq7bp3Xr+qTcuMjjKIIDcAiqwAZnoAGuQBO0AAYP4Am8gFfj0Xg23oz3WWvByGf2wR8ZH9+oHJs6</latexit>

(@t 
⇤)(@z )

<latexit sha1_base64="R0kEzZPeJIdxQlnT8dv0numrwYg=">AAACD3icbZC7TsMwFIadcivlFmBksahALUOVVAgYK1gYi0QvUpNGjuu0Vp2LbAepRH0DFl6FhQGEWFnZeBucNENp+SVLv75zju3zuxGjQhrGj1ZYWV1b3yhulra2d3b39P2DtghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem445u03nkgXNAwuJeTiNg+GgbUoxhJhRz9tGJFiEuKmPMIrUjQ/ll1DvXrGaw6etmoGZngsjFzUwa5mo7+bQ1CHPskkJghIXqmEUk7Se/FjExLVixIhPAYDUlP2QD5RNhJts8UnigygF7I1QkkzOj8RIJ8ISa+qzp9JEdisZbC/2q9WHpXdkKDKJYkwLOHvJhBGcI0HDignGDJJsogzKn6K8QjxBGWKsKSCsFcXHnZtOs186Jm3J2XG9d5HEVwBI5BBZjgEjTALWiCFsDgCbyAN/CuPWuv2of2OWstaPnMIfgj7esXkd+bug==</latexit>

(@z 
⇤)(@2z )
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Non-linear Schrödinger theory
consider leading non-linear correction (after proper rescaling)

<latexit sha1_base64="+XS+bLdkopc7grz1eZH8F1cx0H4=">AAACU3icbVHLSgMxFM2MVWu1WnXpJlgEUSwzpWg3QtGNCxcV7AM6bcmkmRqbeZBkhDqdfxTBhT/ixoVmpsVH2wshh3POvUlO7IBRIQ3jXdNXMqtr69mN3OZWfnunsLvXFH7IMWlgn/m8bSNBGPVIQ1LJSDvgBLk2Iy17dJ3orSfCBfW9ezkOSNdFQ486FCOpqH7h0XKRfMCIRbcxvIQUWoGgvRO1IS4pYn2ZMvAMWg5HODLjqBzDyY/8nMqTXhme/jqqyxyVfqFolIy04CIwZ6AIZlXvF16tgY9Dl3gSMyRExzQC2Y2SuZiROGeFggQIj9CQd BT0kEtEN0ozieGRYgbQ8blanoQp+7cjQq4QY9dWziQBMa8l5DKtE0qn2o2oF4SSeHh6kBMyKH2YBAwHlBMs2VgBhDlVd4X4AalkpPqGnArBnH/yImiWS+Z5ybirFGtXsziy4AAcgmNgggtQAzegDhoAgxfwAb40oL1pn7quZ6ZWXZv17IN/pee/AWpLsyY=</latexit>

L = i ⇤@t � 1

2
|@z |2 +

1

8
|@z |4

attractive interaction!
stabilizes solitary waves!

energy decreases 
with amplitude!

attractive interaction confirmed with micromagnetic simulations 
of non-linear waves:
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Solitary waves: numerics

skyrmion string dynamics of 
solitary waves

existence confirmed by micromagnetic simulations:

solitary wave
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Solitary waves: numerics
magnetization profile along the string

magnetization profile ⊥ to the string
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Solitary waves: analytics

effective theory 
for the skyrmion string:

<latexit sha1_base64="+XS+bLdkopc7grz1eZH8F1cx0H4="></latexit>

L = i ⇤@t � 1

2
|@z |2 +

1

8
|@z |4

solution for solitary waves with the help of elementary conserved quantities:

1. density @µjµ = 0
<latexit sha1_base64="FRwCuzdy4bEDh69wRrseK8TvMcs=">AAACE3icbVC7TsMwFL0pr1JeASQWFouCxFQlLLAgVbAwFok+pKaKHMdpTZ2HbAepCv0MfoAVZhYWhFj5AH6AP2DHSTtA4Ui2js65Lx0v4Uwqy/owSnPzC4tL5eXKyura+oa5udWScSoIbZKYx6LjYUk5i2hTMcVpJxEUhx6nbW94nvvtGyoki6MrNUpoL8T9iAWMYKUl19xxEiwUw9x1whRdF/8pslyzatWsAugvsaekWt//enoBgIZrfjp+TNKQRopwLGXXthLVy/LZhNNxxUklTTAZ4j7tahrhkMpeVtw/Rgda8VEQC/0ihQr1Z0eGQylHoacrQ6wGctbLxX89X+YDZ7ar4KSXsShJFY3IZHmQcqRilAeEfCYoUXykCSaC6fsRGWCBidIxVnQw9mwMf0nrqGZbNftSJ3QGE5RhF/bgEGw4hjpcQAOaQOAW7uEBHo0749l4Nd4mpSVj2rMNv2C8fwOTl6CJ</latexit><latexit sha1_base64="kiSYrDIoJzUjs4AXo4RuwDjptdg=">AAACE3icbVC7TsMwFHXKq7Q8AkgsLBYFialKWGBBqmBhLBJ9SE0VOY7TmtpJZDuVqtDP4AdYYWZhA1Y+gB/gD2DGSTtAy5FsHZ1zXzpezKhUlvVhFBYWl5ZXiqul8tr6xqa5td2UUSIwaeCIRaLtIUkYDUlDUcVIOxYEcY+Rlje4yPzWkAhJo/BajWLS5agX0oBipLTkmrtOjISiiLkOT+BN/p9ByzUrVtXKAeeJPSWV2sHX0+uw/F13zU/Hj3DCSagwQ1J2bCtW3TSbjRkZl5xEkhjhAeqRjqYh4kR20/z+MTzUig+DSOgXKpirvztSxKUccU9XcqT6ctbLxH89X2YDZ7ar4LSb0jBOFAnxZHmQMKgimAUEfSoIVmykCcKC6vsh7iOBsNIxlnQw9mwM86R5XLWtqn2lEzoHExTBHtgHR8AGJ6AGLkEdNAAGt+AePIBH4854Nl6Mt0lpwZj27IA/MN5/AKm/ogM=</latexit><latexit sha1_base64="kiSYrDIoJzUjs4AXo4RuwDjptdg=">AAACE3icbVC7TsMwFHXKq7Q8AkgsLBYFialKWGBBqmBhLBJ9SE0VOY7TmtpJZDuVqtDP4AdYYWZhA1Y+gB/gD2DGSTtAy5FsHZ1zXzpezKhUlvVhFBYWl5ZXiqul8tr6xqa5td2UUSIwaeCIRaLtIUkYDUlDUcVIOxYEcY+Rlje4yPzWkAhJo/BajWLS5agX0oBipLTkmrtOjISiiLkOT+BN/p9ByzUrVtXKAeeJPSWV2sHX0+uw/F13zU/Hj3DCSagwQ1J2bCtW3TSbjRkZl5xEkhjhAeqRjqYh4kR20/z+MTzUig+DSOgXKpirvztSxKUccU9XcqT6ctbLxH89X2YDZ7ar4LSb0jBOFAnxZHmQMKgimAUEfSoIVmykCcKC6vsh7iOBsNIxlnQw9mwM86R5XLWtqn2lEzoHExTBHtgHR8AGJ6AGLkEdNAAGt+AePIBH4854Nl6Mt0lpwZj27IA/MN5/AKm/ogM=</latexit><latexit sha1_base64="9q1MhBjMvhiWmhMzeX+m/AOk8HA=">AAACE3icbVA9TsMwGHX4LeUvgMTCYlEhMVUOCyxIFSyMRaI/UhNFjuO0pnYS2Q5SFXoMLsAKN2BDrByAC3AOnDQDtDzJ1tN7359ekHKmNEJf1tLyyuraem2jvrm1vbNr7+13VZJJQjsk4YnsB1hRzmLa0Uxz2k8lxSLgtBeMrwu/90ClYkl8pycp9QQexixiBGsj+fahm2KpGea+KzJ4X/6XEPl2AzVRCbhInIo0QIW2b3+7YUIyQWNNOFZq4KBUe3kxm3A6rbuZoikmYzykA0NjLKjy8vL+KTwxSgijRJoXa1iqvztyLJSaiMBUCqxHat4rxH+9UBUD57br6MLLWZxmmsZktjzKONQJLAKCIZOUaD4xBBPJzP2QjLDERJsY6yYYZz6GRdI9azqo6dyiRuuqiqgGjsAxOAUOOActcAPaoAMIeATP4AW8Wk/Wm/VufcxKl6yq5wD8gfX5A5D7nbo=</latexit>

2. energy-momentum tensor

due to U(1) symmetry = total angular momentum conservation
Papanicolaou & Tomaras (1991)
Schütte & MG (2014)@µTµ⌫ = 0

<latexit sha1_base64="WjXv6A602SWuw/QN2sVNzADy2y4=">AAACGXicbVC7TsMwFL3hWcorwAiDRUFiqhIWWJAqWBiL1JfUVJHjuK1Vx4lsB6mKuvAb/AArDMywIVYmfoA/YMdpO0DLlSwfnXPvPfYJEs6UdpxPa2FxaXlltbBWXN/Y3Nq2d3YbKk4loXUS81i2AqwoZ4LWNdOcthJJcRRw2gwGV7nevKVSsVjU9DChnQj3BOsygrWhfPvAS7DUDHPfi1JU87P88kQ6QhfI8e2SU3bGheaBOwWlytH38wsAVH37ywtjkkZUaMKxUm3XSXQnyx0Ip6OilyqaYDLAPdo2UOCIqk42/sUIHRsmRN1YmiM0GrO/JzIcKTWMAtMZYd1Xs1pO/quFKl844667552MiSTVVJCJeTflSMcojwmFTFKi+dAATCQz70ekjyUm2oRZNMG4szHMg8Zp2XXK7o1J6BImVYB9OIQTcOEMKnANVagDgTt4gEd4su6tV+vNep+0LljTmT34U9bHD0MTowY=</latexit><latexit sha1_base64="ie2gnQtTvh8oI+NOS0CCK9MRGWY=">AAACGXicbVC7TsMwFHXKq7Q8AowwWBQkpiphgQWpgoWxSH1JTRQ5jtNadZzIdipVURd+gx9ghYEdsSBWJn6AP4AZp+0ALVeyfHTOvffYx08YlcqyPozC0vLK6lpxvVTe2NzaNnd2WzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2B1e53h4SIWnMG2qUEDdCPU5DipHSlGceOAkSiiLmOVEKG16WXw5Px/ACWp5ZsarWpOAisGegUjv6enoZlr/rnvnpBDFOI8IVZkjKrm0lys1yB8zIuOSkkiQID1CPdDXkKCLSzSa/GMNjzQQwjIU+XMEJ+3siQ5GUo8jXnRFSfTmv5eS/WiDzhXPuKjx3M8qTVBGOp+ZhyqCKYR4TDKggWLGRBggLqt8PcR8JhJUOs6SDsedjWASt06ptVe0bndAlmFYR7INDcAJscAZq4BrUQRNgcAvuwQN4NO6MZ+PVeJu2FozZzB74U8b7D1k7pIA=</latexit><latexit sha1_base64="ie2gnQtTvh8oI+NOS0CCK9MRGWY=">AAACGXicbVC7TsMwFHXKq7Q8AowwWBQkpiphgQWpgoWxSH1JTRQ5jtNadZzIdipVURd+gx9ghYEdsSBWJn6AP4AZp+0ALVeyfHTOvffYx08YlcqyPozC0vLK6lpxvVTe2NzaNnd2WzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2B1e53h4SIWnMG2qUEDdCPU5DipHSlGceOAkSiiLmOVEKG16WXw5Px/ACWp5ZsarWpOAisGegUjv6enoZlr/rnvnpBDFOI8IVZkjKrm0lys1yB8zIuOSkkiQID1CPdDXkKCLSzSa/GMNjzQQwjIU+XMEJ+3siQ5GUo8jXnRFSfTmv5eS/WiDzhXPuKjx3M8qTVBGOp+ZhyqCKYR4TDKggWLGRBggLqt8PcR8JhJUOs6SDsedjWASt06ptVe0bndAlmFYR7INDcAJscAZq4BrUQRNgcAvuwQN4NO6MZ+PVeJu2FozZzB74U8b7D1k7pIA=</latexit><latexit sha1_base64="MoTGlkxcx9d3LyAO2FfkTlh+T74=">AAACGXicbVC7TsMwFHV4lvIKMMJgUSExVQ4LLEgVLIxF6ktqoshx3Naq7US2g1RFXfgNfoAV/oANsTLxA3wHTpsBWq5k+eice++xT5Rypg1CX87K6tr6xmZlq7q9s7u37x4cdnSSKULbJOGJ6kVYU84kbRtmOO2limIRcdqNxreF3n2gSrNEtswkpYHAQ8kGjGBjqdA98VOsDMM89EUGW2FeXL7MpvAaotCtoTqaFVwGXglqoKxm6H77cUIyQaUhHGvd91BqgrxwIJxOq36maYrJGA9p30KJBdVBPvvFFJ5ZJoaDRNkjDZyxvydyLLSeiMh2CmxGelEryH+1WBcLF9zN4CrImUwzQyWZmw8yDk0Ci5hgzBQlhk8swEQx+35IRlhhYmyYVRuMtxjDMuhc1D1U9+5RrXFTRlQBx+AUnAMPXIIGuANN0AYEPIJn8AJenSfnzXl3PuatK045cwT+lPP5A0B3oDc=</latexit>
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Solitary waves: analytics

wave function  (⇠) = A(⇠)ei�(⇠)
<latexit sha1_base64="d/vEua4XMaSEQVAlHMQFOVl9bZQ=">AAACH3icbZDLSgMxFIbPeK31NurSTWgRKkKZcaMboerGZQV7gc5YMpm0Dc1cSDJiGbr3MfQF3OobuBO3fQGfw0ynC209EPj4/3Nykt+LOZPKsibG0vLK6tp6YaO4ubW9s2vu7TdllAhCGyTikWh7WFLOQtpQTHHajgXFgcdpyxteZ37rgQrJovBOjWLqBrgfsh4jWGmpa5acumQV55Edowt0mQO9Txly4kGuj7tm2apa00KLYM+gXCs5J88AUO+a344fkSSgoSIcS9mxrVi5KRaKEU7HRSeRNMZkiPu0ozHEAZVuOv3LGB1pxUe9SOgTKjRVf0+kOJByFHi6M8BqIOe9TPzX82V24dx21Tt3UxbGiaIhyZf3Eo5UhLKwkM8EJYqPNGAimH4/IgMsMFE60qIOxp6PYRGap1Xbqtq3OqEryKsAh1CCCthwBjW4gTo0gMATvMIbvBsvxofxaXzlrUvGbOYA/pQx+QH2xKLy</latexit><latexit sha1_base64="zX8SCgPVDMvMgnwqXE6PCmMl1RU=">AAACH3icbZC7TsMwFIYdrqXcAowsViukIqQqYYEFqcDCWCR6kZpQOY7TWnWcyHYQUdSdB+AFeAFWeAM2xNoX4Dlwmg7QciRLn/7/HB/792JGpbKsibG0vLK6tl7aKG9ube/smnv7bRklApMWjlgkuh6ShFFOWooqRrqxICj0GOl4o+vc7zwQIWnE71QaEzdEA04DipHSUt+sOE1Ja84jPYYX8LIAcp9R6MTDQh/3zapVt6YFF8GeQbVRcU6eJ4202Te/HT/CSUi4wgxJ2bOtWLkZEopiRsZlJ5EkRniEBqSnkaOQSDeb/mUMj7TiwyAS+nAFp+rviQyFUqahpztDpIZy3svFfz1f5hfObVfBuZtRHieKcFwsDxIGVQTzsKBPBcGKpRoQFlS/H+IhEggrHWlZB2PPx7AI7dO6bdXtW53QFSiqBA5BBdSADc5AA9yAJmgBDJ7AK3gD78aL8WF8Gl9F65IxmzkAf8qY/AAetaR4</latexit><latexit sha1_base64="zX8SCgPVDMvMgnwqXE6PCmMl1RU=">AAACH3icbZC7TsMwFIYdrqXcAowsViukIqQqYYEFqcDCWCR6kZpQOY7TWnWcyHYQUdSdB+AFeAFWeAM2xNoX4Dlwmg7QciRLn/7/HB/792JGpbKsibG0vLK6tl7aKG9ube/smnv7bRklApMWjlgkuh6ShFFOWooqRrqxICj0GOl4o+vc7zwQIWnE71QaEzdEA04DipHSUt+sOE1Ja84jPYYX8LIAcp9R6MTDQh/3zapVt6YFF8GeQbVRcU6eJ4202Te/HT/CSUi4wgxJ2bOtWLkZEopiRsZlJ5EkRniEBqSnkaOQSDeb/mUMj7TiwyAS+nAFp+rviQyFUqahpztDpIZy3svFfz1f5hfObVfBuZtRHieKcFwsDxIGVQTzsKBPBcGKpRoQFlS/H+IhEggrHWlZB2PPx7AI7dO6bdXtW53QFSiqBA5BBdSADc5AA9yAJmgBDJ7AK3gD78aL8WF8Gl9F65IxmzkAf8qY/AAetaR4</latexit><latexit sha1_base64="laVdU6cOjrChRxIlhMhaafMSVNw=">AAACH3icbZC7TsMwFIZPuJZyCzCyWK2QylIlLLAgFVgYi0QvUhMqx3Fbq85FtoOoou68Bi/ACm/Ahlj7AjwHTpMBWo5k6dP/n+Nj/17MmVSWNTNWVtfWNzZLW+Xtnd29ffPgsC2jRBDaIhGPRNfDknIW0pZiitNuLCgOPE473vgm8zuPVEgWhfdqElM3wMOQDRjBSkt9s+I0Jas5T+wUXaKrHOhDypATj3J92jerVt2aF1oGu4AqFNXsm9+OH5EkoKEiHEvZs61YuSkWihFOp2UnkTTGZIyHtKcxxAGVbjr/yxSdaMVHg0joEyo0V39PpDiQchJ4ujPAaiQXvUz81/NlduHCdjW4cFMWxomiIcmXDxKOVISysJDPBCWKTzRgIph+PyIjLDBROtKyDsZejGEZ2md126rbd1a1cV1EVIJjqEANbDiHBtxCE1pA4Ble4Q3ejRfjw/g0vvLWFaOYOYI/Zcx+AMWRoWk=</latexit>

⇠ = z � vt
<latexit sha1_base64="644zZdqHOOgOisWHBZr7MimexFo=">AAACCHicbVC7TsMwFL3hWcqrwAiDRYXEQpWwwIJUwcLYSvQhtVHlOE5r1XGC7VSUqD/AD7DCH7ABK3/BxsR34LQdoOVIVzo65750vJgzpW3701pYXFpeWc2t5dc3Nre2Czu7dRUlktAaiXgkmx5WlDNBa5ppTpuxpDj0OG14/avMbwyoVCwSN3oYUzfEXcECRrA2ktu+Y+gC3aMTNEC6UyjaJXsMNE+cKSmWD96qXwBQ6RS+235EkpAKTThWquXYsXZTLDUjnI7y7UTRGJM+7tKWoQKHVLnp+OkROjKKj4JImhIajdXfEykOlRqGnukMse6pWS8T//V8lS2cua6DczdlIk40FWRyPEg40hHKUkE+k5RoPjQEE8nM/4j0sMREm+zyJhhnNoZ5Uj8tOXbJqZqELmGCHOzDIRyDA2dQhmuoQA0I3MIjPMGz9WC9WK/W+6R1wZrO7MEfWB8/SlubZQ==</latexit><latexit sha1_base64="9I/CRH3hBOEMSOcxwzGeiWJ26hE=">AAACCHicbVC7TgJBFJ3FF+ILtdSYicTERrJro40J0cYSEnkksCGzs7MwYfbhzF0ibiht/AFb/QM7sfUv/AEbf8JZoFDwJDc5Oee+cpxIcAWm+WlkFhaXlleyq7m19Y3Nrfz2Tk2FsaSsSkMRyoZDFBM8YFXgIFgjkoz4jmB1p3eV+vU+k4qHwQ0MImb7pBNwj1MCWrJbdxxf4Ht8gvsY2vmCWTTHwPPEmpJCaX9U+X44GJXb+a+WG9LYZwFQQZRqWmYEdkIkcCrYMNeKFYsI7ZEOa2oaEJ8pOxk/PcRHWnGxF0pdAeCx+nsiIb5SA9/RnT6Brpr1UvFfz1Xpwpnr4J3bCQ+iGFhAJ8e9WGAIcZoKdrlkFMRAE0Il1/9j2iWSUNDZ5XQw1mwM86R2WrTMolXRCV2iCbJoDx2iY2ShM1RC16iMqoiiW/SEntGL8Wi8Gm/G+6Q1Y0xndtEfGB8/RJicyw==</latexit><latexit sha1_base64="9I/CRH3hBOEMSOcxwzGeiWJ26hE=">AAACCHicbVC7TgJBFJ3FF+ILtdSYicTERrJro40J0cYSEnkksCGzs7MwYfbhzF0ibiht/AFb/QM7sfUv/AEbf8JZoFDwJDc5Oee+cpxIcAWm+WlkFhaXlleyq7m19Y3Nrfz2Tk2FsaSsSkMRyoZDFBM8YFXgIFgjkoz4jmB1p3eV+vU+k4qHwQ0MImb7pBNwj1MCWrJbdxxf4Ht8gvsY2vmCWTTHwPPEmpJCaX9U+X44GJXb+a+WG9LYZwFQQZRqWmYEdkIkcCrYMNeKFYsI7ZEOa2oaEJ8pOxk/PcRHWnGxF0pdAeCx+nsiIb5SA9/RnT6Brpr1UvFfz1Xpwpnr4J3bCQ+iGFhAJ8e9WGAIcZoKdrlkFMRAE0Il1/9j2iWSUNDZ5XQw1mwM86R2WrTMolXRCV2iCbJoDx2iY2ShM1RC16iMqoiiW/SEntGL8Wi8Gm/G+6Q1Y0xndtEfGB8/RJicyw==</latexit><latexit sha1_base64="cR3mWgG5EcfbJo5f0mRKgcF1OO8=">AAACCHicbVBJSgNBFP3tGOMUdemmMAhuDN1udCME3biMYAZImlBdXZ0UqR6s+h2MIRfwAm71Bu7ErbfwAp7D6qQXmvjgw+O9P/G8RAqNtv1lLS2vrK6tFzaKm1vbO7ulvf2GjlPFeJ3FMlYtj2ouRcTrKFDyVqI4DT3Jm97gOvObQ660iKM7HCXcDWkvEoFgFI3kdh4EuSSP5JQMCXZLZbtiT0EWiZOTMuSodUvfHT9macgjZJJq3XbsBN0xVSiY5JNiJ9U8oWxAe7xtaERDrt3x9OkJOTaKT4JYmYqQTNXfE2Maaj0KPdMZUuzreS8T//V8nS2cu47BhTsWUZIij9jseJBKgjHJUiG+UJyhHBlCmRLmf8L6VFGGJruiCcaZj2GRNM4qjl1xbu1y9SqPqACHcAQn4MA5VOEGalAHBvfwDC/waj1Zb9a79TFrXbLymQP4A+vzBwz9mSA=</latexit>

with obeys

Ansatz for solitary waves:

Galilean transformation of wave function Ψ oscillating with frequency ω;
broken Galilean invariance: non-trivial dependence of Ψ on velocity v  

A(⇠) =
1

|v|
p
1 + ↵

f1(
�0

v
)

<latexit sha1_base64="+Cp+FNbtIVVPFSk7yBGqALe0YH4="></latexit><latexit sha1_base64="vul+wsyyPIK9fHi4o6SSUqagGjY="></latexit><latexit sha1_base64="vul+wsyyPIK9fHi4o6SSUqagGjY="></latexit><latexit sha1_base64="XExAFgcmQ7Kkdic1dAT2cmyNiys="></latexit>

A0(⇠) =
1p

1 + ↵
f2(

�0

v
,↵)

<latexit sha1_base64="+UGZJKPzq/razEJ82MwjQQF4Wb0="></latexit><latexit sha1_base64="ODUmN2ZhGof5e1oZwI/aBucuOvc="></latexit><latexit sha1_base64="ODUmN2ZhGof5e1oZwI/aBucuOvc="></latexit><latexit sha1_base64="NHymlKIeAfuM3pw+2yIQyYn5h08="></latexit>

f1(x) =

p
x(2� x)

1 + x
<latexit sha1_base64="7w2xKjOpou1pBVZ/izSqnHwY+ac="></latexit><latexit sha1_base64="ZhJKrhCd+DQxtstNWaTY5tovL/w="></latexit><latexit sha1_base64="ZhJKrhCd+DQxtstNWaTY5tovL/w="></latexit><latexit sha1_base64="yzTrfuejyxXOz9Ocm2DZe/JV3Ig=">AAACH3icbZC7TsMwFIadcivlFmBksVohtUJUSRdYkCpYGItEL1ITRY7rtFadC7aDUkXZeQ1egBXegA2x9gV4Dpw2AxSOZOnX/5/jY39uxKiQhjHXSmvrG5tb5e3Kzu7e/oF+eNQTYcwx6eKQhXzgIkEYDUhXUsnIIOIE+S4jfXd6k+f9R8IFDYN7OYuI7aNxQD2KkVSWo1c9x6wnDXgFLY8jnFrigcs0qbfOk0aWpeZZkjl6zWgai4J/hVmIGiiq4+hf1ijEsU8CiRkSYmgakbRTxCXFjGQVKxYkQniKxmSoZIB8Iux08ZcMnipnBL2QqxNIuHB/TqTIF2Lmu6rTR3IiVrPc/DcbifzCle3Su7RTGkSxJAFeLvdiBmUIc1hwRDnBks2UQJhT9X6IJ0hxkgppRYExVzH8Fb1W0zSa5p1Ra18XiMrgBFRBHZjgArTBLeiALsDgCbyAV/CmPWvv2of2uWwtacXMMfhV2vwbCH+iLg==</latexit>

f2(x,↵) =

p
x(2↵� x+ x2)p

1 + x
<latexit sha1_base64="Y5P1gj7eWzEin2FbtlnsOqNl3d8="></latexit><latexit sha1_base64="Aie9URaxmM2XW9Y6npYsNEaurMM="></latexit><latexit sha1_base64="Aie9URaxmM2XW9Y6npYsNEaurMM="></latexit><latexit sha1_base64="7EMLvU0LZvkI4U0440sslD6M3GA="></latexit>

with the functions 

↵ = �2!/v2
<latexit sha1_base64="xeMFI58hd/TlAXvH7yZqZdSq1uw=">AAACFHicbVC7SgNBFL3rM8ZX1MLCZkgQBDHuptFGCNpYRjAPyK7h7uwkGTL7YGY2EEJ+w1qw1T+wE1t7f8DvcPIoNPHAhcM5986de/xEcKVt+8taWl5ZXVvPbGQ3t7Z3dnN7+zUVp5KyKo1FLBs+KiZ4xKqaa8EaiWQY+oLV/d7N2K/3mVQ8ju71IGFeiJ2ItzlFbaRW7tBFkXSRXJEzUiJuHLIOnvcfSq1cwS7aE5BF4sxIoZx3T58AoNLKfbtBTNOQRZoKVKrp2In2hig1p4KNsm6qWIK0hx3WNDTCkClvODlgRI6NEpB2LE1FmkzU3xNDDJUahL7pDFF31bw3Fv/1AjV+cG67bl96Qx4lqWYRnS5vp4LomIwTIgGXjGoxMASp5Ob/hHZRItUmx6wJxpmPYZHUSkXHLjp3JqFrmCIDR5CHE3DgAspwCxWoAoURPMMLvFqP1pv1bn1MW5es2cwB/IH1+QPZmZ6r</latexit><latexit sha1_base64="VYo8qGfI6vVnCe8aU1e0PM7Z1m4=">AAACFHicbVC7SgNBFJ2NrxhfqxYWNkOCIIhxN402QtDGMoJ5QDaGu7OzyZDZBzOzgbDkL8QfsNU/sBNb+/yA3+FskkITD1w4nHPv3LnHjTmTyrImRm5ldW19I79Z2Nre2d0z9w8aMkoEoXUS8Ui0XJCUs5DWFVOctmJBIXA5bbqD28xvDqmQLAof1CimnQB6IfMZAaWlrnnkAI/7gK/xOa5gJwpoDy6Gj5WuWbLK1hR4mdhzUqoWnbOnSXVU65rfjheRJKChIhykbNtWrDopCMUIp+OCk0gaAxlAj7Y1DSGgspNODxjjE6142I+ErlDhqfp7IoVAylHg6s4AVF8uepn4r+fJ7MGF7cq/6qQsjBNFQzJb7iccqwhnCWGPCUoUH2kCRDD9f0z6IIAonWNBB2MvxrBMGpWybZXte53QDZohj45REZ0iG12iKrpDNVRHBI3RC3pFb8az8W58GJ+z1pwxnzlEf2B8/QABiqAx</latexit><latexit sha1_base64="VYo8qGfI6vVnCe8aU1e0PM7Z1m4=">AAACFHicbVC7SgNBFJ2NrxhfqxYWNkOCIIhxN402QtDGMoJ5QDaGu7OzyZDZBzOzgbDkL8QfsNU/sBNb+/yA3+FskkITD1w4nHPv3LnHjTmTyrImRm5ldW19I79Z2Nre2d0z9w8aMkoEoXUS8Ui0XJCUs5DWFVOctmJBIXA5bbqD28xvDqmQLAof1CimnQB6IfMZAaWlrnnkAI/7gK/xOa5gJwpoDy6Gj5WuWbLK1hR4mdhzUqoWnbOnSXVU65rfjheRJKChIhykbNtWrDopCMUIp+OCk0gaAxlAj7Y1DSGgspNODxjjE6142I+ErlDhqfp7IoVAylHg6s4AVF8uepn4r+fJ7MGF7cq/6qQsjBNFQzJb7iccqwhnCWGPCUoUH2kCRDD9f0z6IIAonWNBB2MvxrBMGpWybZXte53QDZohj45REZ0iG12iKrpDNVRHBI3RC3pFb8az8W58GJ+z1pwxnzlEf2B8/QABiqAx</latexit><latexit sha1_base64="ODgETr967QIbmojwIEJD86c3gQ8=">AAACFHicbVC7TsMwFHXKq5RXgIGBxaJCYqEkXWBBqmBhLBJ9SE2obhynteo8ZDuVqqi/wQ+wwh+wIVZ2foDvwGkzQMuRrnR0zr2+vsdLOJPKsr6M0srq2vpGebOytb2zu2fuH7RlnApCWyTmseh6IClnEW0ppjjtJoJC6HHa8Ua3ud8ZUyFZHD2oSULdEAYRCxgBpaW+eeQAT4aAr/E5rmMnDukALsaP9b5ZtWrWDHiZ2AWpogLNvvnt+DFJQxopwkHKnm0lys1AKEY4nVacVNIEyAgGtKdpBCGVbjY7YIpPteLjIBa6IoVn6u+JDEIpJ6GnO0NQQ7no5eK/ni/zBxe2q+DKzViUpIpGZL48SDlWMc4Twj4TlCg+0QSIYPr/mAxBAFE6x4oOxl6MYZm06zXbqtn3VrVxU0RURsfoBJ0hG12iBrpDTdRCBE3RM3pBr8aT8Wa8Gx/z1pJRzByiPzA+fwCoZp0i</latexit>

solution:
two-parameter family of solitary waves

velocity v
ratio 0 < ↵ <

1

8
<latexit sha1_base64="mxJQHMtsYUUzgDObTpvunH3yDsA=">AAACFXicbZC7TsMwFIZPuJZyC7AgsVhUSExVwkIHhgoWxiLRi9RGleM4rVXHiWwHqYrCa/ACrPAGbIgVViY2ngOn7QAtR7L06f/P8bF/P+FMacf5tJaWV1bX1ksb5c2t7Z1de2+/peJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dFX47TsqFYvFrR4n1IvwQLCQEayN1LcPHXSBepgnQ1xAKDHJ3Dyr5X274lSdSaFFcGdQqde+PhAANPr2dy+ISRpRoQnHSnVdJ9FehqVmhNO83EsVTTAZ4QHtGhQ4osrLJj/I0YlRAhTG0hyh0UT9PZHhSKlx5JvOCOuhmvcK8V8vUMWFc9t1WPMyJpJUU0Gmy8OUIx2jIiIUMEmJ5mMDmEhm3o/IEJtktAmybIJx52NYhNZZ1XWq7o1J6BKmVYIjOIZTcOEc6nANDWgCgXt4hCd4th6sF+vVepu2LlmzmQP4U9b7D0imoDY=</latexit><latexit sha1_base64="I2Q+LsWyu+JPn89UCHTvjUr/16Q=">AAACFXicbZC7TsMwFIZPuJZyCzAAYrGokJiqhIUODBUsjEWiF6mNKsdxWqvORbaDVEXhNXgBVngDNsQKKyxsiMfAaTtAy5Esffr/c3zs3405k8qy3o25+YXFpeXCSnF1bX1j09zabsgoEYTWScQj0XKxpJyFtK6Y4rQVC4oDl9OmO7jI/eYNFZJF4bUaxtQJcC9kPiNYaalr7lnoDHUwj/s4B19gktpZWsm6ZskqW6NCs2BPoFStfL7tfnzv17rmV8eLSBLQUBGOpWzbVqycFAvFCKdZsZNIGmMywD3a1hjigEonHf0gQ0da8ZAfCX1ChUbq74kUB1IOA1d3Blj15bSXi/96nswvnNqu/IqTsjBOFA3JeLmfcKQilEeEPCYoUXyoARPB9PsR6WOdjNJBFnUw9nQMs9A4KdtW2b7SCZ3DuApwAIdwDDacQhUuoQZ1IHAL9/AAj8ad8WQ8Gy/j1jljMrMDf8p4/QHcZ6II</latexit><latexit sha1_base64="I2Q+LsWyu+JPn89UCHTvjUr/16Q=">AAACFXicbZC7TsMwFIZPuJZyCzAAYrGokJiqhIUODBUsjEWiF6mNKsdxWqvORbaDVEXhNXgBVngDNsQKKyxsiMfAaTtAy5Esffr/c3zs3405k8qy3o25+YXFpeXCSnF1bX1j09zabsgoEYTWScQj0XKxpJyFtK6Y4rQVC4oDl9OmO7jI/eYNFZJF4bUaxtQJcC9kPiNYaalr7lnoDHUwj/s4B19gktpZWsm6ZskqW6NCs2BPoFStfL7tfnzv17rmV8eLSBLQUBGOpWzbVqycFAvFCKdZsZNIGmMywD3a1hjigEonHf0gQ0da8ZAfCX1ChUbq74kUB1IOA1d3Blj15bSXi/96nswvnNqu/IqTsjBOFA3JeLmfcKQilEeEPCYoUXyoARPB9PsR6WOdjNJBFnUw9nQMs9A4KdtW2b7SCZ3DuApwAIdwDDacQhUuoQZ1IHAL9/AAj8ad8WQ8Gy/j1jljMrMDf8p4/QHcZ6II</latexit><latexit sha1_base64="9uYYrS59a6q9YwyE6HFfKGSQ19g=">AAACFXicbZC7TsMwFIYdrqXcAixILBYVElOVsNCBoYKFsUj0IrVRdeI4rVXHiWwHqYrCa/ACrPAGbIiVmRfgOXDaDNByJEuf/v8cH/v3E86Udpwva2V1bX1js7JV3d7Z3du3Dw47Kk4loW0S81j2fFCUM0HbmmlOe4mkEPmcdv3JTeF3H6hULBb3eppQL4KRYCEjoI00tI8dfIUHwJMxFBBKIJmbZ418aNecujMrvAxuCTVUVmtofw+CmKQRFZpwUKrvOon2MpCaEU7z6iBVNAEygRHtGxQQUeVlsx/k+MwoAQ5jaY7QeKb+nsggUmoa+aYzAj1Wi14h/usFqrhwYbsOG17GRJJqKsh8eZhyrGNcRIQDJinRfGoAiGTm/ZiMwSSjTZBVE4y7GMMydC7qrlN375xa87qMqIJO0Ck6Ry66RE10i1qojQh6RM/oBb1aT9ab9W59zFtXrHLmCP0p6/MHB0+d7w==</latexit>

with 

 (z, t) =  (z � vt)eiv(z�vt)�i(!� v2

2 )t
<latexit sha1_base64="0Pg+pTgqPE+HdbAacU77mpB9XSo="></latexit><latexit sha1_base64="2Kbj0yWr3j3b16X17O2JUVEF8OM="></latexit><latexit sha1_base64="2Kbj0yWr3j3b16X17O2JUVEF8OM="></latexit><latexit sha1_base64="UoBzgDMPdmn47IkM+rV320rmCto="></latexit>
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Solitary waves: analytics

wave function  (⇠) = A(⇠)ei�(⇠)
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localized excitation in magnitude and phase

envelope

φ’  coil density∝
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Comparison: numerics & analytics
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amplitude maximal derivative of phase

finite size effects in the numerics: only relatively large velocities investigated
non-reciprocal corrections that diminish in the low-energy limit  
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agreement between numerics and analytical predictions!
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Comparison: vortex filament in (super-)fluids
vortices are singular defects 

wikipedia

non-local Biot-Savart dynamics

non-analytic dispersion of Kelvin waves !(k) ⇠ k2 log k
<latexit sha1_base64="apY0yi0bVP0AmACMJM1h0d5BIs0=">AAACFnicbVDLSgMxFL1TX7W+qq7ETWgRKkKZ6UaXRTcuK9gHdGrJpGkbJpkMSUYopfgbLt241T9wJ27d+gN+h5m2C209cOFwzr25uSeIOdPGdb+czMrq2vpGdjO3tb2zu5ffP2homShC60RyqVoB1pSziNYNM5y2YkWxCDhtBuFV6jfvqdJMRrdmFNOOwIOI9RnBxkrd/JEvBR3gUniKfM0ECu8qyOdygMJuvuiW3SnQMvHmpFgt+GdPAFDr5r/9niSJoJEhHGvd9tzYdMZYGUY4neT8RNMYkxAPaNvSCAuqO+PpCRN0YpUe6ktlKzJoqv6eGGOh9UgEtlNgM9SLXir+6/V0+uDCdtO/6IxZFCeGRmS2vJ9wZCRKM0I9pigxfGQJJorZ/yMyxAoTY5PM2WC8xRiWSaNS9tyyd2MTuoQZsnAMBSiBB+dQhWuoQR0IPMAzvMCr8+i8Oe/Ox6w148xnDuEPnM8fI8+f8Q==</latexit><latexit sha1_base64="9c3AapfnfAeEcaYqqw/NlCc2ghc=">AAACFnicbVDLSgMxFM3UV62vUVfiJrQIFaHMdKPLohuXFewDOrVkMpk2TB5DkhFKKf6EC3/Arf6BO3Hrtj/gd5g+Flo9cOFwzr25uSdMGdXG8yZObmV1bX0jv1nY2t7Z3XP3D5paZgqTBpZMqnaINGFUkIahhpF2qgjiISOtMLma+q17ojSV4tYMU9LlqC9oTDEyVuq5R4HkpI/KySkMNOUwuavCgMk+THpuyat4M8C/xF+QUq0YnD1OasN6z/0KIokzToTBDGnd8b3UdEdIGYoZGReCTJMU4QT1ScdSgTjR3dHshDE8sUoEY6lsCQNn6s+JEeJaD3loOzkyA73sTcV/vUhPH1zabuKL7oiKNDNE4PnyOGPQSDjNCEZUEWzY0BKEFbX/h3iAFMLGJlmwwfjLMfwlzWrF9yr+jU3oEsyRB8egCMrAB+egBq5BHTQABg/gGbyAV+fJeXPenY95a85ZzByCX3A+vwFLsaF3</latexit><latexit sha1_base64="9c3AapfnfAeEcaYqqw/NlCc2ghc=">AAACFnicbVDLSgMxFM3UV62vUVfiJrQIFaHMdKPLohuXFewDOrVkMpk2TB5DkhFKKf6EC3/Arf6BO3Hrtj/gd5g+Flo9cOFwzr25uSdMGdXG8yZObmV1bX0jv1nY2t7Z3XP3D5paZgqTBpZMqnaINGFUkIahhpF2qgjiISOtMLma+q17ojSV4tYMU9LlqC9oTDEyVuq5R4HkpI/KySkMNOUwuavCgMk+THpuyat4M8C/xF+QUq0YnD1OasN6z/0KIokzToTBDGnd8b3UdEdIGYoZGReCTJMU4QT1ScdSgTjR3dHshDE8sUoEY6lsCQNn6s+JEeJaD3loOzkyA73sTcV/vUhPH1zabuKL7oiKNDNE4PnyOGPQSDjNCEZUEWzY0BKEFbX/h3iAFMLGJlmwwfjLMfwlzWrF9yr+jU3oEsyRB8egCMrAB+egBq5BHTQABg/gGbyAV+fJeXPenY95a85ZzByCX3A+vwFLsaF3</latexit><latexit sha1_base64="u3RSyftdCN3sPfV/I/n2tYJFfPM=">AAACFnicbVC7TsMwFHXKq5RXgAmxWFRIZamSLjBWsDAWibZITagcx2mt2HFkO0hVVPEb/AAr/AEbYmXlB/gOnDYDtBzpSkfn3Ovre4KUUaUd58uqrKyurW9UN2tb2zu7e/b+QU+JTGLSxYIJeRcgRRhNSFdTzchdKgniASP9IL4q/P4DkYqK5FZPUuJzNEpoRDHSRhraR57gZIQa8Rn0FOUwvm9Bj4kRjId23Wk6M8Bl4pakDkp0hva3FwqccZJozJBSA9dJtZ8jqSlmZFrzMkVShGM0IgNDE8SJ8vPZCVN4apQQRkKaSjScqb8ncsSVmvDAdHKkx2rRK8R/vVAVDy5s19GFn9MkzTRJ8Hx5lDGoBSwygiGVBGs2MQRhSc3/IR4jibA2SdZMMO5iDMuk12q6TtO9certyzKiKjgGJ6ABXHAO2uAadEAXYPAInsELeLWerDfr3fqYt1ascuYQ/IH1+QPyjZ5o</latexit>

enforcing locality: local induction approximation

@t ~R = @s ~R⇥ @2
s
~R

<latexit sha1_base64="zxPGWRKSAHutaRO4xhyIWPnKEBY=">AAACPXicbVA9SwNBEJ3z2/gVtbRZIkKqcGejjRC0sVQxGsjFY29vkyzu7R27c0II/h3/hn/AVkGwsNFKbG3dS2LQxIGFx3sz82ZfmEph0HWfnanpmdm5+YXFwtLyyupacX3jwiSZZrzGEpnoekgNl0LxGgqUvJ5qTuNQ8svw+ijXL2+4NiJR59hNeTOmbSVaglG0VFCs+inVKKgMkPg3nJEzckBGnPnhfBQxNyPhanckBcVtt+L2i0wCbwi2q6XyyysAnATFdz9KWBZzhUxSYxqem2Kzly9mkt8W/MzwlLJr2uYNCxW1xs1e/6e3ZMcyEWkl2j6FpM/+nujR2JhuHNrOmGLHjGs5+a8WmXzhmDu29ps9odIMuWID81YmCSYkj5JEQnOGsmsBZVrY+wnrUE0Z2sALNhhvPIZJcLFb8dyKd2oTOoRBLcAWlKAMHuxBFY7hBGrA4A4e4BGenHvnzflwPgetU85wZhP+lPP1DSuzsIs=</latexit><latexit sha1_base64="/3+j2QHgRWQsHZIqqriZyid97wI=">AAACPXicbVC7SgNBFJ31GeMramkzJAipwm6a2AhBG8so5gHZNczOTpIhsw9m7gZCyJfY+xvWgq2CaKuV2No6m8SgiRcGDufce8+d40aCKzDNZ2NpeWV1bT21kd7c2t7Zzezt11QYS8qqNBShbLhEMcEDVgUOgjUiyYjvClZ3e2eJXu8zqXgYXMEgYo5POgFvc0pAU61M2Y6IBE5EC7DdZxRf4hM849QPZwP3mZoJ18WZ1MrkzII5LrwIrCnIlbP515fS/U2llXm3vZDGPguACqJU0zIjcIbJYirYKG3HikWE9kiHNTUMiDZ2huOfjvCRZjzcDqV+AeAx+3tiSHylBr6rO30CXTWvJeS/mqeShXPu0D52hjyIYmABnZi3Y4EhxEmU2OOSURADDQiVXN+PaZdIQkEHntbBWPMxLIJasWCZBetCJ3SKJpVChyiL8shCJVRG56iCqoiiW/SAHtGTcWe8GR/G56R1yZjOHKA/ZXx9A2l/siE=</latexit><latexit sha1_base64="/3+j2QHgRWQsHZIqqriZyid97wI=">AAACPXicbVC7SgNBFJ31GeMramkzJAipwm6a2AhBG8so5gHZNczOTpIhsw9m7gZCyJfY+xvWgq2CaKuV2No6m8SgiRcGDufce8+d40aCKzDNZ2NpeWV1bT21kd7c2t7Zzezt11QYS8qqNBShbLhEMcEDVgUOgjUiyYjvClZ3e2eJXu8zqXgYXMEgYo5POgFvc0pAU61M2Y6IBE5EC7DdZxRf4hM849QPZwP3mZoJ18WZ1MrkzII5LrwIrCnIlbP515fS/U2llXm3vZDGPguACqJU0zIjcIbJYirYKG3HikWE9kiHNTUMiDZ2huOfjvCRZjzcDqV+AeAx+3tiSHylBr6rO30CXTWvJeS/mqeShXPu0D52hjyIYmABnZi3Y4EhxEmU2OOSURADDQiVXN+PaZdIQkEHntbBWPMxLIJasWCZBetCJ3SKJpVChyiL8shCJVRG56iCqoiiW/SAHtGTcWe8GR/G56R1yZjOHKA/ZXx9A2l/siE=</latexit><latexit sha1_base64="tBKgC1ZUd/E0q1+tkY/DCyD9uFo=">AAACPXicbVDLSgMxFM3UV62vUZdugkVwVWa60Y1QdOOyin1AZyyZNNOGZjJDcqdQSn/H3/AH3Cr4AboSt27NtLVo64XA4Zx777k5QSK4Bsd5tXIrq2vrG/nNwtb2zu6evX9Q13GqKKvRWMSqGRDNBJesBhwEayaKkSgQrBH0rzK9MWBK81jewTBhfkS6koecEjBU2654CVHAiWgD9gaM4lt8geec/uE84BHTc+G+PJfadtEpOZPCy8CdgSKaVbVtv3udmKYRk0AF0brlOgn4o2wxFWxc8FLNEkL7pMtaBkpijP3R5KdjfGKYDg5jZZ4EPGF/T4xIpPUwCkxnRKCnF7WM/Ffr6GzhgjuE5/6IyyQFJunUPEwFhhhnUeIOV4yCGBpAqOLmfkx7RBEKJvCCCcZdjGEZ1Msl1ym5N06xcjmLKI+O0DE6RS46QxV0jaqohih6QE/oGb1Yj9ab9WF9Tltz1mzmEP0p6+sb7V2uRQ==</latexit>

Da Rios (1906)

with arclength s of the filament

integrable!

solitons Hasimoto (1972)

Hopfinger & Browand, Nature (1982)
experiment: rotating, turbulent flow
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Approximate integrability
mapping integrable Da Rios equation to non-linear Schrödinger equation

Hamiltonian length of the string (stretching neglected!)

for small intrinsic curvature:

H =

Z
dz

p
1 + |@z |2

<latexit sha1_base64="IxVHlq5TuqZVvGxelOyLLIOjUZE=">AAACJ3icbVDLSgMxFL1TX7W+Rl26CRZBFMpMQXQjFt10WcE+oFNLJpO2oZmHSUao0/6Dv+EPuNU/cCe6dON3mGm70NYDgcM595XjRpxJZVmfRmZhcWl5JbuaW1vf2Nwyt3dqMowFoVUS8lA0XCwpZwGtKqY4bUSCYt/ltO72r1K/fk+FZGFwowYRbfm4G7AOI1hpqW0eldE5cligkPeAHHknVGKjYzR0IiwUw7yt1Uiy4W1x1DbzVsEaA80Te0rypYvCSQkAKm3z2/FCEvs0UIRjKZu2FalWkg4mnI5yTixphEkfd2lT0wD7VLaS8Z9G6EArHuqEQj993Vj93ZFgX8qB7+pKH6uenPVS8V/Pk+nAme2qc9ZKWBDFigZksrwTc6RClIaGPCYoUXygCSaC6fsR6WGBidLR5nQw9mwM86RWLNhWwb7WCV3CBFnYg304BBtOoQRlqEAVCDzCM7zAq/FkvBnvxsekNGNMe3bhD4yvH/7DpqA=</latexit><latexit sha1_base64="6g6E/VvO7ZVbX4fHGcBUHQZCtZA="></latexit><latexit sha1_base64="6g6E/VvO7ZVbX4fHGcBUHQZCtZA="></latexit><latexit sha1_base64="FbBCovKrbhbblOkFPaxEY6xIbf4=">AAACJ3icbVC7TsMwFHXKq5RXgJHFokJCIFVJF1iQKlg6Fok+pKZEjuO0Vh0n2A5SSfsP/AY/wAp/wIZgZOE7cNoM0HIkS0fn3JePFzMqlWV9GoWl5ZXVteJ6aWNza3vH3N1rySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsbXmV++54ISSN+o0Yx6YWoz2lAMVJacs2TOryADuUK+g/QkXdCpTY8hWMnRkJRxFytxpKOb6sT1yxbFWsKuEjsnJRBjoZrfjt+hJOQcIUZkrJrW7HqpdlgzMik5CSSxAgPUZ90NeUoJLKXTv80gUda8WEQCf30dVP1d0eKQilHoacrQ6QGct7LxH89X2YD57ar4LyXUh4ninA8Wx4kDKoIZqFBnwqCFRtpgrCg+n6IB0ggrHS0JR2MPR/DImlVK7ZVsa+tcu0yj6gIDsAhOAY2OAM1UAcN0AQYPIJn8AJejSfjzXg3PmalBSPv2Qd/YHz9AGAOpX4=</latexit>

H ⇡
Z

dz(1 +
1

2
|@z |2 �

1

8
|@z |4)

<latexit sha1_base64="+uWt1vSqBs+5IQmpKvbz5Cu0ZBU="></latexit><latexit sha1_base64="kBeTRLY8hDfMD3maUK4TJ6bcehE="></latexit><latexit sha1_base64="kBeTRLY8hDfMD3maUK4TJ6bcehE="></latexit><latexit sha1_base64="/ayIgdS5w4pSTjGIbGuLSUf40Gk="></latexit>

low-energy Schrödinger equation for 
skyrmion string recovered!

Taylor expansion

but integrability is lost!

solitary waves along skyrmion strings are 
almost solitons

only weak magnon 
emissions after collision
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Current-driven instability of
skyrmion strings
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Spin-transfer torque on the skyrmion string
Landau-Lifshitz equation in the presence of Gilbert damping & Zhang-Li spin-transfer torque

(@t + ~vsr)M̂ = ��M̂ ⇥ ~Be↵ + M̂ ⇥ (↵@t + �~vsr)M̂

adiabatic 
spin-transfer torque

Gilbert
damping

non-adiabatic 
spin-transfer torque

~G⇥ ( ~̇R� ~vs) = D( ~̇R� �

↵
~vs)

well-known 
Thiele equation:

dissipative Tensor

for a current perpendicular to the skyrmion string: ~vs
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42

Skyrmion Hall effect

for a topological non-trivial magnetic texture with G > 0:

~̇R , ~vs
transversal velocity 
component

Skyrmion Hall effect

Jiang et al. Nat. Phys. (2017)

magnetic trilayer

~vs

~G⇥ ( ~̇R� ~vs) = D( ~̇R� �

↵
~vs)Thiele equation
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Current longitudinal to skyrmion string

~vs

<latexit sha1_base64="T74Vupn4EwouN2Nxw9JuTKUBzio="></latexit>

~G⇥ (@t ~R� vs@z ~R) = D(@t ~R� �

↵
vs@z ~R) +K1@

2
z
~R

<latexit sha1_base64="cKKrZ7QlrINBQiM/2DSvO8nkJks=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2AptKBlRkTdCEU3boQq9gLtUDJppg3NZIbkTKGWPoEbX8WNC0Xcunbn25heFlr9IfDxn3M4Ob8fC67Bcb6s1MLi0vJKejWztr6xuWVv71R1lCjKKjQSkar7RDPBJasAB8HqsWIk9AWr+b3Lcb3WZ0rzSN7BIGZeSDqSB5wSMFbLzjW7BPA1PsdTyDf7jGKFD/EEbvP3B1AotOysU3Qmwn/BnUEWzVRu2Z/NdkSTkEmggmjdcJ0YvCFRwKlgo0wz0SwmtEc6rGFQkpBpbzg5Z4RzxmnjIFLmScAT9+fEkIRaD0LfdIYEunq+Njb/qzUSCM68IZdxAkzS6aIgERgiPM4Gt7liFMTAAKGKm79i2iWKUDAJZkwI7vzJf6F6VHRPis7NcbZ0MYsjjfbQPsojF52iErpCZVRBFD2gJ/SCXq1H69l6s96nrSlrNrOLfsn6+AY3VJkM</latexit>

M̂ = M̂(~r � ~R(z, t))

string stiffnessZhang-Li torques generate derivatives!
current-current interaction! 

effective Thiele equation:

cf.

immediately destabilizes the spin wave spectrum!
pumping of the Goldstone mode by spin currents!

with disorder: finite threshold current!
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Current-driven instability of the skyrmion string

<latexit sha1_base64="LclmkAOKV4+02phDv1K7A6i7sI0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94SThfkQHSoSCUbTS47hneuWKW3XnIKvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5tNRNDU8oG9EB71iqaMSNn81PnZIzq/RJGGtbCslc/T2R0ciYSRTYzoji0Cx7M/E/r5NieONnQiUpcsUWi8JUEozJ7G/SF5ozlBNLKNPC3krYkGrK0KZTsiF4yy+vkuZF1buqug+XldptHkcRTuAUzsGDa6jBPdShAQwG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBuUo3l</latexit>vs
micromagnetic simulations:

similar instability for the 
skyrmion-string lattice!
(not shown)

skyrmion-string unstable for 
longitudinal spin currents!
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Summary

• Linear spin-wave dynamics of skyrmion strings:  
many experiments with quantitative agreement

• Low-energy theory of a skyrmion string & solitary waves

• Current-driven instability of skyrmion strings
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