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Outline

• T-square electrical resistivity of Fermi liquids and its 
thermal counterpart

• 3He and a hydrodynamic view of T-square resistivity

• The origin of T-linear resistivity in cuprates



T-square resistivity

The electric resistivity of Fermi liquids follows: 

𝜌 = 𝜌0 + 𝐴𝑇2

Scattering by impurities Electron-electron scattering

• Apply Pauli exclusion principle  to each colliding electron. Then the  phase 

space grows ∝
𝑘𝐵𝑇

𝐸𝐹

2

• Hard to see in common metals (overwhelmed by phonon scattering), but 
not in correlated or dilute metals. 



T-square resistivity

bismuth graphite

UPt3 Sr2RuO4



What sets the amplitude of T-square 
resistivity?

𝐴 ∝ 𝛾2

• Kadowaki-Woods scaling postulates: 

g is the T-linear specific heat (Sommerfeld coefficient)



The  KW scaling works only for dense metals

• Specific heat 

• T2-resistivity

𝛾 =
𝜋2
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ℓ𝑞𝑢𝑎𝑑 𝐴 ∝ 𝛾2n~1
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Whatever n

Number of électrons per unit cell



Knowing the Fermi Energy, one can predict the magnitude of A.

The “extended Kadowaki-Woods” scaling

n~0.001

n~10-5

n~10-4



𝜌 = 𝜌0 + 𝐴𝑇2

SrTiO3-d2015



STO is not 
alone!

2020



Less mobile 
electrons

More mobile 
electrons

Lattice thermal bath

Baber Umklapp

k1i

k2i

k1f

k2f

iiff kkkkdQ 1212

→→→→→

--+=

Electrons

Lattice thermal bath
e1

e2

Fermi surface

Brillouin zone

dQ

G

→→

= GdQU process when:

A) B)

C)



Knowing the Fermi Energy, one can predict the magnitude of A.

The “extended Kadowaki-Woods” scaling



Two puzzles about T-square resistivity in 
Fermi liquids

• Why is it universally linked to the  Fermi energy?

• Why does it persist without Umklapp?

• Let us turn our attention to thermal transport.



T-square thermal resistivity

𝑊𝑇 =
𝜅

𝑇
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𝑊𝑇 = (𝑊𝑇)0 + 𝐵𝑇2
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The time between collisions is proportional to T-2…, the
viscosity of 3He rises dramatically..., becoming at 3 mK,
the same as olive oil at 40 °C!



• In 3He: κ ∝ 𝑇−1

• This is equivalent
to  𝑊𝑇 ∝ 𝑇2

𝑊𝑇 =
𝜅

𝑇

−1



T-square thermal resistivity in 3He
Data from Greywall, 1984

No Umklapp here!



B2 /A2~ 5



What sets the mismatch between T-square 
prefactors in a given solid?

Material r0 (nWcm) A2 (pWcmK-2) B2(pWcmK-2) B2/A2

WP2 4 17 76 5

W 0.06 0.9 6.2 6

Ni 3 25 61 2.5

UPt3 200 1.6 106 2.4 106 1.5

CeRhIn5 37 2.1 104 5.7 104 2.5

• Herring (1967): The ratio is quasi-universal and ~ 2!

• Li & Maslov (2019) : No boundary! It can become arbitrarily large!

Theory:

T-square thermal resistivity does not require Umklapp events!



Two possible explanations of the T-
square mismatch 

• The electrical T-square prefactor
(A) quantifies momentum-
relaxing collisions.

• The thermal T-square prefactor
(B) quantifies momentum-
conserving collisions.

• B>A, because some e-e collisions
conserve momentum!

Look at the size dependence of B/A in a solid with ballistic electronic transport!

• The electrical T-square
prefactor (A) is NOT affected by
horizontal events.

• The thermal T-square prefactor
(B) is affected by both
horizontal and vertical events.

• B>A, because some collisions
are horizontal!



Electric conductivity and and electronic thermal conductivities are both size dependent.



Evolution of T-square resistivities

The larger the sample the higher the B/A ratio!

Jaoui et al. (2021)



A substantial fraction of e-e scattering 
is momentum-conserving

Jaoui et al. (2021)



Origin of T-square thermal resistivity in 3He

Diffusivity
Mean velocity

Scattering time

𝜏 ∝ 𝑇−2

Energy diffusivity: D ∝ 𝑇−2

Momentum diffusivity (Viscosity): η ∝ 𝑇−2

Specific heat: C ∝ 𝑇

𝜅 = 𝐶 × 𝐷 ∝ 𝑇−1

𝑊𝑇 ∝ 𝑇2



3He under pressure
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3He and metals

T-square electrical thermal resistivity



3He and metals

T-square electrical resistivity can occur without Umklapp



Fermion-fermion scattering in cuprates

Keimer, Kivelson, Norman, Uchida & Zaanen
Nature (2015)



Why does resistivity ceases to 
be T-square inside the dome? 



The prefactor of T-square resistivity in heavily overdoped LSCO is
unusually large. 



Electron-electron scattering in overdoped cuprates is
comparatively larger than any other known Fermi liquid!



Two time scales

𝜏𝐹𝐷 =
ℏ

𝜖𝐹

Time required for two fermions  to commute:

𝜏𝑖𝑛𝑡. = 𝜏𝑓𝑓 (
𝑘𝐵𝑇

𝜖𝐹
)2Time for fermions to scatter off each other:

𝜁 = (𝜏𝑓𝑓𝑇
2)−1

ℏ𝐸𝐹

𝑘𝐵
2

𝜁 =
𝜏𝐹𝐷
𝜏𝑖𝑛𝑡.

How large can z be?



A comparison

This  magnitude for z is exceptionally large in cuprates. 

Attention: Only in a single-band FL, z can be determined without ambiguity. 



3He
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“The melting transition in 3He is 
our best example of a Mott 
transition.” P. W. Anderson



The Fermi surface of La1.67Sr0.33CuO4



Unbearable shortness of scattering
time for nodal quasi-particles

3He atoms the onset of solidification
Nodal quasi-particles

𝜁 ≃60 𝜁 ≃60



Shall Landau parameters diverge at the 
Mott transition?

But, is this realistic?



What happens if nodal quasi-particles
freeze out of the Fermi surface?

• The phase space of scattering between one electron
(inside the Fermi sea) and another (out of it)  will be
linear (and not quadratic) in T!

• With decrease in carrier concentration, the linear
term will grow and the T-square term will hit a ceiling!



A linear scattering rate of ~
𝑘𝐵𝑇

ℏ
is expected when a degnerate electron is scattered by a 

non-degenerate electron.



Summary

• There is  a deep (hitherto unnoticed) connection between 
the amplitude of T-square resistivity in metals and in 3He.

• Implications for two puzzles : i) why does T-square resistivity 
persist without Umklapp; and  ii) why its prefactor can be 
guessed knowing the Fermi energy.

• The dimensionless amplitude of T-square resistivity in 
heavily-doped LSCO is significantly larger than in other Fermi 
liquids. If the latter has an upper boundary, then a subset of 
carriers will meet it first.



TF=24 K

A ~ 100 W/K2

kF = 6.2e+07 m-1 𝜁 = (𝜏𝜅𝑇
2)−1

ℏ𝐸𝐹

𝑘𝐵
2



Can Fermion-fermion scattering 
become arbitrarily large? 

• No, the Landau parameters of a Fermi liquid are two-particle correlators. They
can become large, but note infinite! There should be cut-off. 

𝜁 = (𝜏𝜅𝑇
2)−1

ℏ𝐸𝐹

𝑘𝐵
2





Landau parameters amplify with pressure!

Large, yet finite, at the solidification pressure!



Distinguishability and solidification





The Fermi surface of La1.67Sr0.33CuO4

The Fermi surface seen by ARPES can be described
with a tight-binding model

𝑡 = 1.72𝑒𝑉

𝑡4
𝑡
= −0.02

𝑡2
𝑡
= 0.068

𝑡3
𝑡
= 0

𝑡1
𝑡
= −0.136



Above 0.22, it is a simple 
Fermi surface



Viscosity Thermal diffusivity

Thermal conductivity
Scattering time
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𝜅𝑇|0 =
𝐸𝐹
2𝑘𝐹
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Cross section B0 and the length lquad
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Mott (1990)𝐴 =
𝑃𝐹𝜎𝐶𝑆
𝑒2
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ℓ𝑞𝑢𝑎𝑑 ℓ𝑞𝑢𝑎𝑑 = 𝜎𝐶𝑆𝑘𝐹

Physical meaning of phenomenological lquad

Electron-electron cross-section

It represents the  collision cross section divided by the Fermi wavelength!
Expected to be larger in more correlated systems!



𝐿0 =
𝜋2

3
(
𝜅𝐵
𝑒
)2 =2.45 10-8W W / K2

• The ratio of quanta of charge and entropy!
• Why power of two? Because the quanta are present in both 

the Onsager force AND the Onsager flux! 
• Why p2/3 ? Ask Sommerfeld!

L =
𝜅

𝜎𝑇
Lorenz number

Sommerfeld ratio

L = 𝐿0

The law of Wiedemann and  Franz


