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Measurement Induced Phase Transitions (MITs)
Small quantum systems: Measurements

Competition for                        —> many-body systems: quantum phase transitions
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[Ĥ, M̂ ] 6= 0
• ‘interesting’ if
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M̂

• Hamilton dynamics: entanglement growth

• local measurements: entanglement saturation
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MITs as entanglement transitions

entanglement growth entanglement saturation
# unitaries/time

# measurements/time
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[Ĥ, M̂ ] 6= 0
• ‘interesting’ if

➡volume-to-area law entanglement transition ➡ log-to-area entanglement transition

• random Clifford circuits • monitored free fermions

c†l+1cl + c†l cl+1

i�c†l cl

Alberton, Buchhold, SD, PRL (2021) 
Biella, Schiro, Quantum (2021) 
Turkeshi, Piroli, Schiro, arxiv (2022) 

• two well-studied classes (“Gaussian” polynomial  complexity)
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S ⇠ L
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Gaussian white noise

initial state: Néel product state

Hamilton and measurement dynamics

Bessel function

Ref Keyserlingk• evolution equation: stochastic Schrödinger equation Belavkin, Phys. Lett A (1989); Gisin, Percival, JPA (1993)
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critical phase but no transition 
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Li, Fisher, Lucas PRR (2020)
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• toy model: trajectory evolution of single fermion on two sites

Pinning picture: Toy model
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• invisible in linear averages • seen in averaged trajectory covariance matrix
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Ĥe↵ = Ĥ � iK̂

<latexit sha1_base64="x83Bwmc1vIChqnWtj6mZIy8aYfY="></latexit>
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guiding picture and practical approach:

• thermodynamic limit: pinning quantum phase transition at sharply defined point 

➡ Minimal continuum model in (1+1) dimensions)

• signalled in state dependent ‘observables’, like the covariance matrix

➡ Replica construction

main insight:
➡ pinning transition in replica degrees of freedom in BKT universality class



Continuum (1+1) dimensional Model

<latexit sha1_base64="uZmtvioiB07S2NLIhur0N8fLW0c="></latexit>

Ĥ = iv

Z

x
 ̂†

x�z@x ̂x

<latexit sha1_base64="dQPmbO63EvZH700Rkia42rT5geQ=">AAACFnicbZBLS8NAEMc3Pmt9RT16WSxChVoSUfQiFL148FClL2hi2Gw37dLNg92NtIR+Ci9+FS8eFPEq3vw2btOA2jqw8Jv/zDA7fzdiVEjD+NLm5hcWl5ZzK/nVtfWNTX1ruyHCmGNSxyELectFgjAakLqkkpFWxAnyXUaabv9yXG/eEy5oGNTkMCK2j7oB9ShGUkmOfmj1kLSqgjqD82LKkeLktjQYleBPfq3yg7uaoxeMspEGnAUzgwLIouron1YnxLFPAokZEqJtGpG0E8QlxYyM8lYsSIRwH3VJW2GAfCLsJD1rBPeV0oFeyNULJEzV3xMJ8oUY+q7q9JHsienaWPyv1o6ld2YnNIhiSQI8WeTFDMoQjj2CHcoJlmyoAGFO1V8h7iGOsFRO5pUJ5vTJs9A4KpsnZePmuFC5yOzIgV2wB4rABKegAq5AFdQBBg/gCbyAV+1Re9betPdJ65yWzeyAP6F9fAOoxp8L</latexit>

 ̂x = ( ̂R,x,  ̂L,x)
T• Hamiltonian: massless Dirac fermions

fermionic variant bosonized variant

<latexit sha1_base64="yW98d2DQpfn156DoQMhAc0t6SWI="></latexit>

Ĥ =
v

2⇡

Z

x
[(@x✓̂x)

2 + (@x�̂x)
2]

Luttinger liquid

densityphase

• model obtains from naive continuum limit and bosonization of lattice fermion model



Continuum (1+1) dimensional Model

<latexit sha1_base64="uZmtvioiB07S2NLIhur0N8fLW0c="></latexit>

Ĥ = iv

Z

x
 ̂†

x�z@x ̂x

<latexit sha1_base64="dQPmbO63EvZH700Rkia42rT5geQ=">AAACFnicbZBLS8NAEMc3Pmt9RT16WSxChVoSUfQiFL148FClL2hi2Gw37dLNg92NtIR+Ci9+FS8eFPEq3vw2btOA2jqw8Jv/zDA7fzdiVEjD+NLm5hcWl5ZzK/nVtfWNTX1ruyHCmGNSxyELectFgjAakLqkkpFWxAnyXUaabv9yXG/eEy5oGNTkMCK2j7oB9ShGUkmOfmj1kLSqgjqD82LKkeLktjQYleBPfq3yg7uaoxeMspEGnAUzgwLIouron1YnxLFPAokZEqJtGpG0E8QlxYyM8lYsSIRwH3VJW2GAfCLsJD1rBPeV0oFeyNULJEzV3xMJ8oUY+q7q9JHsienaWPyv1o6ld2YnNIhiSQI8WeTFDMoQjj2CHcoJlmyoAGFO1V8h7iGOsFRO5pUJ5vTJs9A4KpsnZePmuFC5yOzIgV2wB4rABKegAq5AFdQBBg/gCbyAV+1Re9betPdJ65yWzeyAP6F9fAOoxp8L</latexit>

 ̂x = ( ̂R,x,  ̂L,x)
T• Hamiltonian: massless Dirac fermions

fermionic variant bosonized variant

<latexit sha1_base64="yW98d2DQpfn156DoQMhAc0t6SWI="></latexit>

Ĥ =
v

2⇡

Z

x
[(@x✓̂x)

2 + (@x�̂x)
2]

Luttinger liquid

densityphase

<latexit sha1_base64="HUHkIQ0/PrFUO8EGnb4kfP/J+ao=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJVHRZdOPOCvYBbSiT6aQdOpmEmYlQQ7/EjQtF3Pop7vwbJ20W2npg4HDOvdwzx485U9pxvq3C2vrG5lZxu7Szu7dftg8O2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJzeZ33mkUrFIPOhpTL0QjwQLGMHaSAO73A+xHhPM07sZqrpnA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lMtexl4n9eL9HBlZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0j6vuRc1575eaVzndRThGE6gCi5cQgNuoQktIJDAM7zCm/VkvVjv1sditGDlO0fwB9bnD5sCkmQ=</latexit>

O(1)

linear gapless

nonlinear

rate <latexit sha1_base64="bVyZJBNsTKNv1x/tI2QQzUEnwt0=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSSiKJ6KXjxWsB/ShjLZbtqlu5uwuxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7RA15UzShmGG03aiKIqQ01Y4up36rSeqNIvlgxknNBA4kCxiBI2VHrsDFAJ7/nWvXPGq3gzuMvFzUoEc9V75q9uPSSqoNISj1h3fS0yQoTKMcDopdVNNEyQjHNCOpRIF1UE2O3jinlil70axsiWNO1N/T2QotB6L0HYKNEO96E3F/7xOaqKrIGMySQ2VZL4oSrlrYnf6vdtnihLDx5YgUcze6pIhKiTGZlSyIfiLLy+T5lnVv6h69+eV2k0eRxGO4BhOwYdLqMEd1KEBBAQ8wyu8Ocp5cd6dj3lrwclnDuEPnM8fMV+QAQ==</latexit>�1 :

<latexit sha1_base64="yChqhBn+AB6rjQxatVJKZLsDApM=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQoiqeiF48V7Ie0oUy2m3bp7ibsboQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dlZW19Y3Ngtbxe2d3b390sFhU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3U791hNVmsXywYwTGggcSBYxgsZKj90BCoG96nWvVPYq3gzuMvFzUoYc9V7pq9uPSSqoNISj1h3fS0yQoTKMcDopdlNNEyQjHNCOpRIF1UE2O3jinlql70axsiWNO1N/T2QotB6L0HYKNEO96E3F/7xOaqKrIGMySQ2VZL4oSrlrYnf6vdtnihLDx5YgUcze6pIhKiTGZlS0IfiLLy+TZrXiX1S8+/Ny7SaPowDHcAJn4MMl1OAO6tAAAgKe4RXeHOW8OO/Ox7x1xclnjuAPnM8fMuSQAg==</latexit>�2 :rate 

• stabilize product dark states: exactly local 

• realize competition: do not commute with H (phase fluctuations)

• measurement operators: current and vertex operators 
<latexit sha1_base64="Ou3oTRKSF1AgkVOtetS8nV0wfCg="></latexit>

Ô1,x =  †
x x = Ĵ

(0)
x

<latexit sha1_base64="MlMYplOJR5VyaBelDxwbdLW7c3I=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0EQkbAbFG2EoI2dEcwDsnG5O5lshsw+mJmVhCX/YOOv2FgoYmtj5984SbbQxAOXezjnXmbu8WLOpLKsbyO3sLi0vJJfLaytb2xumds7dRklgtAaiXgkmh5IyllIa4opTpuxoBB4nDa8/tXYbzxQIVkU3qlhTNsB+CHrMgJKS6555PRA4Rs3LR8PRvjCqUp273TA96lwB45kfgC6a9UduGbRKlkT4HliZ6SIMlRd88vpRCQJaKgIBylbthWrdgpCMcLpqOAkksZA+uDTlqYhBFS208lNI3yglQ7uRkJXqPBE/b2RQiDlMPD0ZACqJ2e9sfif10pU97ydsjBOFA3J9KFuwrGK8Dgg3GGCEsWHmgARTP8Vkx4IIErHWNAh2LMnz5N6uWSflqzbk2LlMosjj/bQPjpENjpDFXSNqqiGCHpEz+gVvRlPxovxbnxMR3NGtrOL/sD4/AGkD54L</latexit>

Ô2,x =  †
x�x x

<latexit sha1_base64="A6uU/t0jfJc/Ye3bn9yve/Qq6D4=">AAACHXicbVDNS8MwHE39nPNr6tFLcAgedLQy0Ysw9OLNCe4D1lLSLN3C0jYkqWyU/iNe/Fe8eFDEgxfxvzHtetDNB4HHe++X5Pc8zqhUpvltLCwuLa+sltbK6xubW9uVnd22jGKBSQtHLBJdD0nCaEhaiipGulwQFHiMdLzRdeZ3HoiQNArv1YQTJ0CDkPoUI6Ult1KH0B4iBW/dxDoep5cnti8QTqw0sTlNbY6Eooi54zxk8yF1k3HqVqpmzcwB54lVkCoo0HQrn3Y/wnFAQoUZkrJnmVw5SXY5ZiQt27EkHOERGpCepiEKiHSSfLsUHmqlD/1I6BMqmKu/JxIUSDkJPJ0MkBrKWS8T//N6sfIvnISGPFYkxNOH/JhBFcGsKtingmDFJpogLKj+K8RDpOtRutCyLsGaXXmetE9r1lnNvKtXG1dFHSWwDw7AEbDAOWiAG9AELYDBI3gGr+DNeDJejHfjYxpdMIqZPfAHxtcPWxCiKA==</latexit>

Ô1,x = � 1

⇡
@x�̂x

<latexit sha1_base64="bEy7R/hhzWWbtAk6opTpyA7eTpQ=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEmKohuh6MadFewDmhAm00kzdPJgZiItIXs3/oobF4q49Qfc+TdO2iy09cCFwzn3cu89bsyokIbxrS0tr6yurZc2yptb2zu7+t5+R0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0XXudx8IFzQK7+UkJnaAhiH1KEZSSY5esXwk4a2TNk7G2SUMLByJWiMXrdinTjrOjh29atSNKeAiMQtSBQVajv5lDSKcBCSUmCEh+qYRSztFXFLMSFa2EkFihEdoSPqKhiggwk6nv2TwSCkD6EVcVSjhVP09kaJAiEngqs4ASV/Me7n4n9dPpHdhpzSME0lCPFvkJQzKCObBwAHlBEs2UQRhTtWtEPuIIyxVfGUVgjn/8iLpNOrmWd24O602r4o4SuAQVEANmOAcNMENaIE2wOARPINX8KY9aS/au/Yxa13SipkD8Afa5w+hMpor</latexit>

Ô2,x = m cos(2�̂x)

common eigenstates:
<latexit sha1_base64="/DduCH13hhokNGkLq69oha1pjJs=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK4sSSi6EYo6sJlBfuAJoSb6aQZOpmEmYlYYr/Cjb/ixoUibsWdf+P0sdC2By4czrmXe+8JUkalsu0fo7CwuLS8Ulwtra1vbG6Z2zsNmWQCkzpOWCJaAUjCKCd1RRUjrVQQiANGmkHvaug374mQNOF3qp8SL4YupyHFoLTkm0duBMpNI+o/PLo1Sf1rVwDvMnIxT/TNsl2xR7BmiTMhZTRBzTe/3U6Cs5hwhRlI2XbsVHk5CEUxI4OSm0mSAu5Bl7Q15RAT6eWjtwbWgVY6VpgIXVxZI/XvRA6xlP040J0xqEhOe0NxntfOVHju5ZSnmSIcjxeFGbNUYg0zsjpUEKxYXxPAgupbLRyBAKx0kiUdgjP98ixpHFec04p9e1KuXk7iKKI9tI8OkYPOUBXdoBqqI4ye0At6Q+/Gs/FqfBif49aCMZnZRf9gfP0CbEGgJw==</latexit>

�̂x| Di = �x| Di

• model obtains from naive continuum limit and bosonization of lattice fermion model



• Access state-dependent observables, e.g. covariance matrix

<latexit sha1_base64="AOZOTkYl4wmd7wLKph4oRROthaU=">AAACJ3icbVDLSsNAFJ3UV62vqEs3wSLUTUmKohul6MZlBfuAJpbJdNoOnUzCzI1Q0v6NG3/FjaAiuvRPnLbBR+uBgXPPuZc79/gRZwps+8PILCwuLa9kV3Nr6xubW+b2Tk2FsSS0SkIeyoaPFeVM0Cow4LQRSYoDn9O6378c+/U7KhULxQ0MIuoFuCtYhxEMWmqZ50O3olgLXIlFl9OzoRuNy9uk4ByOUtENgQVU/Vilb6tl5u2iPYE1T5yU5FGKSst8dtshiQMqgHCsVNOxI/ASLIERTkc5N1Y0wqSPu7SpqcB6sZdM7hxZB1ppW51Q6ifAmqi/JxIcKDUIfN0ZYOipWW8s/uc1Y+icegkTUQxUkOmiTswtCK1xaFabSUqADzTBRDL9V4v0sMQEdLQ5HYIze/I8qZWKznHRvj7Kly/SOLJoD+2jAnLQCSqjK1RBVUTQPXpEL+jVeDCejDfjfdqaMdKZXfQHxucX/m+nOg==</latexit>

| ti = | (1)
t i ⌦ | (2)

t i• Introduce replicas in Hilbert space ⌦=

Cxy = hn̂xn̂yi � hn̂xihn̂yi

➡  linear statistical average of replica density matrix
<latexit sha1_base64="5zDQrRDnwNDkxcXxuDtAQg00LkI=">AAACIXicbVDLSgMxFM34rPVVdelmsAiuyowodiMU3bisYluhU0smvW2DmWRI7ohlOr/ixl9x40KR7sSfMX0sfB0IOZxz703uCWPBDXrehzM3v7C4tJxbya+urW9sFra260YlmkGNKaH0TUgNCC6hhhwF3MQaaBQKaIR352O/cQ/acCWvcRBDK6I9ybucUbRSu1AOdF/dpocBwgOmV1l2GihbPx6XDoOq4W0MNJU9AYGYXhNtmLULRa/kTeD+Jf6MFMkM1XZhFHQUSyKQyAQ1pul7MbZSqpEzAVk+SAzElN3RHjQtlTQC00onG2buvlU6bldpeyS6E/V7R0ojYwZRaCsjin3z2xuL/3nNBLvlVsplnCBINn2omwgXlTuOy+1wDQzFwBLKNLd/dVmfasrQhpq3Ifi/V/5L6ocl/7jkXR4VK2ezOHJkl+yRA+KTE1IhF6RKaoSRR/JMXsmb8+S8OO/OaFo658x6dsgPOJ9fxTulvg==</latexit>

⇢2R = | tih t|

Replica Approach (n=2)

• All quadratic-in-state observables encoded in



• Access state-dependent observables, e.g. covariance matrix

<latexit sha1_base64="AOZOTkYl4wmd7wLKph4oRROthaU=">AAACJ3icbVDLSsNAFJ3UV62vqEs3wSLUTUmKohul6MZlBfuAJpbJdNoOnUzCzI1Q0v6NG3/FjaAiuvRPnLbBR+uBgXPPuZc79/gRZwps+8PILCwuLa9kV3Nr6xubW+b2Tk2FsSS0SkIeyoaPFeVM0Cow4LQRSYoDn9O6378c+/U7KhULxQ0MIuoFuCtYhxEMWmqZ50O3olgLXIlFl9OzoRuNy9uk4ByOUtENgQVU/Vilb6tl5u2iPYE1T5yU5FGKSst8dtshiQMqgHCsVNOxI/ASLIERTkc5N1Y0wqSPu7SpqcB6sZdM7hxZB1ppW51Q6ifAmqi/JxIcKDUIfN0ZYOipWW8s/uc1Y+icegkTUQxUkOmiTswtCK1xaFabSUqADzTBRDL9V4v0sMQEdLQ5HYIze/I8qZWKznHRvj7Kly/SOLJoD+2jAnLQCSqjK1RBVUTQPXpEL+jVeDCejDfjfdqaMdKZXfQHxucX/m+nOg==</latexit>

| ti = | (1)
t i ⌦ | (2)

t i• Introduce replicas in Hilbert space ⌦=

Cxy = hn̂xn̂yi � hn̂xihn̂yi

➡  linear statistical average of replica density matrix
<latexit sha1_base64="5zDQrRDnwNDkxcXxuDtAQg00LkI=">AAACIXicbVDLSgMxFM34rPVVdelmsAiuyowodiMU3bisYluhU0smvW2DmWRI7ohlOr/ixl9x40KR7sSfMX0sfB0IOZxz703uCWPBDXrehzM3v7C4tJxbya+urW9sFra260YlmkGNKaH0TUgNCC6hhhwF3MQaaBQKaIR352O/cQ/acCWvcRBDK6I9ybucUbRSu1AOdF/dpocBwgOmV1l2GihbPx6XDoOq4W0MNJU9AYGYXhNtmLULRa/kTeD+Jf6MFMkM1XZhFHQUSyKQyAQ1pul7MbZSqpEzAVk+SAzElN3RHjQtlTQC00onG2buvlU6bldpeyS6E/V7R0ojYwZRaCsjin3z2xuL/3nNBLvlVsplnCBINn2omwgXlTuOy+1wDQzFwBLKNLd/dVmfasrQhpq3Ifi/V/5L6ocl/7jkXR4VK2ezOHJkl+yRA+KTE1IhF6RKaoSRR/JMXsmb8+S8OO/OaFo658x6dsgPOJ9fxTulvg==</latexit>

⇢2R = | tih t|

Replica Approach (n=2)

• All quadratic-in-state observables encoded in

@t⇢
2R = ⌦ ⌦ ⌦+ +

individual heating Lindbladians replica coupling

�{M̂ (1)
x , {M̂ (2)

x , ⇢2R}}i[⇢2R, H(↵)]� �

2
[M̂ (↵)

x , [M̂ (↵)
x , ⇢

2R]]

<latexit sha1_base64="++SiaXJ5wsnDP0cXtjsffRde2BQ=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjMu6DHoxWMUs0gyhp5OJ2nSy9DdI4QhX+HFgyJe/Rxv/o2dZA6a+KDg8V4VVfWimDNjff/byy0tr6yu5dcLG5tb2zvF3b26UYkmtEYUV7oZYUM5k7RmmeW0GWuKRcRpIxpeT/zGE9WGKXlvRzENBe5L1mMEWyc9tPVAPaand+NOseSX/SnQIgkyUoIM1U7xq91VJBFUWsKxMa3Aj22YYm0Z4XRcaCeGxpgMcZ+2HJVYUBOm04PH6MgpXdRT2pW0aKr+nkixMGYkItcpsB2YeW8i/ue1Etu7DFMm48RSSWaLeglHVqHJ96jLNCWWjxzBRDN3KyIDrDGxLqOCCyGYf3mR1E/KwXnZvz0rVa6yOPJwAIdwDAFcQAVuoAo1ICDgGV7hzdPei/fufcxac142sw9/4H3+ALWXkFg=</latexit>

⇢3R• Quantum master equation (truncate coupling to        )



• Access state-dependent observables, e.g. covariance matrix

<latexit sha1_base64="AOZOTkYl4wmd7wLKph4oRROthaU=">AAACJ3icbVDLSsNAFJ3UV62vqEs3wSLUTUmKohul6MZlBfuAJpbJdNoOnUzCzI1Q0v6NG3/FjaAiuvRPnLbBR+uBgXPPuZc79/gRZwps+8PILCwuLa9kV3Nr6xubW+b2Tk2FsSS0SkIeyoaPFeVM0Cow4LQRSYoDn9O6378c+/U7KhULxQ0MIuoFuCtYhxEMWmqZ50O3olgLXIlFl9OzoRuNy9uk4ByOUtENgQVU/Vilb6tl5u2iPYE1T5yU5FGKSst8dtshiQMqgHCsVNOxI/ASLIERTkc5N1Y0wqSPu7SpqcB6sZdM7hxZB1ppW51Q6ifAmqi/JxIcKDUIfN0ZYOipWW8s/uc1Y+icegkTUQxUkOmiTswtCK1xaFabSUqADzTBRDL9V4v0sMQEdLQ5HYIze/I8qZWKznHRvj7Kly/SOLJoD+2jAnLQCSqjK1RBVUTQPXpEL+jVeDCejDfjfdqaMdKZXfQHxucX/m+nOg==</latexit>

| ti = | (1)
t i ⌦ | (2)

t i• Introduce replicas in Hilbert space ⌦=

Cxy = hn̂xn̂yi � hn̂xihn̂yi

➡  linear statistical average of replica density matrix
<latexit sha1_base64="5zDQrRDnwNDkxcXxuDtAQg00LkI=">AAACIXicbVDLSgMxFM34rPVVdelmsAiuyowodiMU3bisYluhU0smvW2DmWRI7ohlOr/ixl9x40KR7sSfMX0sfB0IOZxz703uCWPBDXrehzM3v7C4tJxbya+urW9sFra260YlmkGNKaH0TUgNCC6hhhwF3MQaaBQKaIR352O/cQ/acCWvcRBDK6I9ybucUbRSu1AOdF/dpocBwgOmV1l2GihbPx6XDoOq4W0MNJU9AYGYXhNtmLULRa/kTeD+Jf6MFMkM1XZhFHQUSyKQyAQ1pul7MbZSqpEzAVk+SAzElN3RHjQtlTQC00onG2buvlU6bldpeyS6E/V7R0ojYwZRaCsjin3z2xuL/3nNBLvlVsplnCBINn2omwgXlTuOy+1wDQzFwBLKNLd/dVmfasrQhpq3Ifi/V/5L6ocl/7jkXR4VK2ezOHJkl+yRA+KTE1IhF6RKaoSRR/JMXsmb8+S8OO/OaFo658x6dsgPOJ9fxTulvg==</latexit>

⇢2R = | tih t|

Replica Approach (n=2)

• All quadratic-in-state observables encoded in

@t⇢
2R = ⌦ ⌦ ⌦+ +

individual heating Lindbladians replica coupling

�{M̂ (1)
x , {M̂ (2)

x , ⇢2R}}i[⇢2R, H(↵)]� �

2
[M̂ (↵)

x , [M̂ (↵)
x , ⇢

2R]]

<latexit sha1_base64="++SiaXJ5wsnDP0cXtjsffRde2BQ=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjMu6DHoxWMUs0gyhp5OJ2nSy9DdI4QhX+HFgyJe/Rxv/o2dZA6a+KDg8V4VVfWimDNjff/byy0tr6yu5dcLG5tb2zvF3b26UYkmtEYUV7oZYUM5k7RmmeW0GWuKRcRpIxpeT/zGE9WGKXlvRzENBe5L1mMEWyc9tPVAPaand+NOseSX/SnQIgkyUoIM1U7xq91VJBFUWsKxMa3Aj22YYm0Z4XRcaCeGxpgMcZ+2HJVYUBOm04PH6MgpXdRT2pW0aKr+nkixMGYkItcpsB2YeW8i/ue1Etu7DFMm48RSSWaLeglHVqHJ96jLNCWWjxzBRDN3KyIDrDGxLqOCCyGYf3mR1E/KwXnZvz0rVa6yOPJwAIdwDAFcQAVuoAo1ICDgGV7hzdPei/fufcxac142sw9/4H3+ALWXkFg=</latexit>

⇢3R• Quantum master equation (truncate coupling to        )

� = �̂(a) = �̂(1) + �̂(2) average coordinate

� : �̂(r) = �̂(1) � �̂(2) replica fluctuations
• New degrees of freedom 



Boson Replica Quantum Master Equation

➡ Master equation becomes separable (exact for Gaussian dynamics, useful more generally)

� = �̂(a) = �̂(1) + �̂(2) average coordinate

� : �̂(r) = �̂(1) � �̂(2) replica fluctuations
• New degrees of freedom 

<latexit sha1_base64="LuBKSX3QJMkN28ytaQ3FqP17w0E="></latexit>
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• Average coordinate: heating to infinite temperature

only jump term!

no jump term!
<latexit sha1_base64="cUUuUCbjXvo5A8pyJNb3y+omhGU="></latexit>
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• Relative coordinate: cooling/damping into dark state



Boson Replica Quantum Master Equation

➡ Master equation becomes separable (exact for Gaussian dynamics, useful more generally)

� = �̂(a) = �̂(1) + �̂(2) average coordinate

� : �̂(r) = �̂(1) � �̂(2) replica fluctuations
• New degrees of freedom 

<latexit sha1_base64="LuBKSX3QJMkN28ytaQ3FqP17w0E="></latexit>

@t⇢
(a) = i[⇢(a), H(a)] +

2�

⇡

X

l

⇣
@x�̂

(a) � h@x�̂(a)i
⌘
⇢
(a)

⇣
@x�̂

(a) � h@x�̂(a)i
⌘

• Average coordinate: heating to infinite temperature

only jump term!

no jump term!
<latexit sha1_base64="cUUuUCbjXvo5A8pyJNb3y+omhGU="></latexit>

@t⇢
(r) = i[⇢(r), H(r)]� �

⇡

X

l

n
(@x�̂

(r))2, ⇢(r)
o

• Relative coordinate: cooling/damping into dark state

He↵ =
⌫

2⇡

Z

x
(@x✓̂)

2 + (1� i⌘
2)(@x�̂)

2

➡  cooling into dark state

• Present model: non-Hermitian Schrödinger equation for relative coordinate

effect of non-linearity

@t| (r)
t i = �iHe↵| (r)

t i

➡non-Hermitian Sine-Gordon: pinning via cos term, depinning via theta term
➡extract physics in path integral approach

<latexit sha1_base64="s2Q4cc2IOaOtaupLy8YGNxAzt2s="></latexit>
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Phase diagram
➡  Sine-Gordon action with complex coefficients 

<latexit sha1_base64="Z9RHfpgqiXdjDkhxsyXabCNbRC0="></latexit>
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2

�
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�

➡RG flow: standard KT flow with complex
<latexit sha1_base64="TGhpP4PY/uae4qaKI5NokYJ9NgY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgQsqMVHRZdCO4qWAf0g4lk8m0oUlmSDJCGfoVblwo4tbPceffmLaz0NYDgcM555J7T5Bwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqghtkpjHqhNgTTmTtGmY4bSTKIpFwGk7GN1M/fYTVZrF8sGME+oLPJAsYgQbKz3enfW4DYe4X664VXcGtEy8nFQgR6Nf/uqFMUkFlYZwrHXXcxPjZ1gZRjidlHqppgkmIzygXUslFlT72WzhCTqxSoiiWNknDZqpvycyLLQei8AmBTZDvehNxf+8bmqiKz9jMkkNlWT+UZRyZGI0vR6FTFFi+NgSTBSzuyIyxAoTYzsq2RK8xZOXSeu86l1U3ftapX6d11GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352MeLTj5zCH8gfP5Az/wkAw=</latexit>

K,�

Fendley, Saleur, Zamolodchikov,  
International Journal of Modern Physics (1993)

• flow modified at short distance

➡  shift of phase border
• standard BKT flow at long distance

➡ same long wavelength properties

• main ingredients: 



Phase diagram
➡  Sine-Gordon action with complex coefficients 

<latexit sha1_base64="Z9RHfpgqiXdjDkhxsyXabCNbRC0="></latexit>

S =

Z

t,x

⇢
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16⇡
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⌘
(@t�)

2 � ⌘(@x�)
2

�
� i� cos(�)

�

➡RG flow: standard KT flow with complex
<latexit sha1_base64="TGhpP4PY/uae4qaKI5NokYJ9NgY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgQsqMVHRZdCO4qWAf0g4lk8m0oUlmSDJCGfoVblwo4tbPceffmLaz0NYDgcM555J7T5Bwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqghtkpjHqhNgTTmTtGmY4bSTKIpFwGk7GN1M/fYTVZrF8sGME+oLPJAsYgQbKz3enfW4DYe4X664VXcGtEy8nFQgR6Nf/uqFMUkFlYZwrHXXcxPjZ1gZRjidlHqppgkmIzygXUslFlT72WzhCTqxSoiiWNknDZqpvycyLLQei8AmBTZDvehNxf+8bmqiKz9jMkkNlWT+UZRyZGI0vR6FTFFi+NgSTBSzuyIyxAoTYzsq2RK8xZOXSeu86l1U3ftapX6d11GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352MeLTj5zCH8gfP5Az/wkAw=</latexit>

K,�

Fendley, Saleur, Zamolodchikov,  
International Journal of Modern Physics (1993)

• flow modified at short distance

➡  shift of phase border
• standard BKT flow at long distance

➡ same long wavelength properties

➡phase transition in the BKT universality class

➡all in line with numerics for lattice fermions

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

<latexit sha1_base64="Myj/G2cUnBoaH4Fmn6qaTu4yxCU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9CKeKtgPaEKZbDfp0t1N2N0IJfRvePGgiFf/jDf/jds2B60+GHi8N8PMvDDlTBvX/XJKS8srq2vl9crG5tb2TnV3r62TTBHaIglPVDcETTmTtGWY4bSbKgoi5LQTjm6mfueRKs0S+WDGKQ0ExJJFjICxkh/jK+zHIASc3PWrNbfuzoD/Eq8gNVSg2a9++oOEZIJKQzho3fPc1AQ5KMMIp5OKn2maAhlBTHuWShBUB/ns5gk+ssoAR4myJQ2eqT8nchBaj0VoOwWYoV70puJ/Xi8z0WWQM5lmhkoyXxRlHJsETwPAA6YoMXxsCRDF7K2YDEEBMTamig3BW3z5L2mf1r3zunt/VmtcF3GU0QE6RMfIQxeogW5RE7UQQSl6Qi/o1cmcZ+fNeZ+3lpxiZh/9gvPxDYTPkLI=</latexit>

g = �/J• resulting phase diagram:

<latexit sha1_base64="+Y4kwwl2//Ou6kNFeQlpNxH+eKE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQF5akKLoRit24rGAf0MYymU7aoTNJmJlIQ5q9G3/FjQtF3PoD7vwbp4+Fth64cDjnXu69xw0Zlcqyvo3Myura+kZ2M7e1vbO7Z+4fNGQQCUzqOGCBaLlIEkZ9UldUMdIKBUHcZaTpDqsTv/lAhKSBf6fikDgc9X3qUYyUlrpmHsJqNxnF6VXHEwgn1WKnjzhHJ2kyHp3G4/ty2jULVsmaAi4Te04KYI5a1/zq9AIcceIrzJCUbdsKlZMgoShmJM11IklChIeoT9qa+ogT6STTX1J4rJUe9AKhy1dwqv6eSBCXMuau7uRIDeSiNxH/89qR8i6dhPphpIiPZ4u8iEEVwEkwsEcFwYrFmiAsqL4V4gHSmSgdX06HYC++vEwa5ZJ9XrJuzwqV63kcWXAE8qAIbHABKuAG1EAdYPAInsEreDOejBfj3fiYtWaM+cwh+APj8wc5A5qM</latexit>

Cxy =
C(�)

|x� y|2

➡  algebraic decay (generalized CFT) 
➡  depinned phase

➡exponential decay
➡  pinned phase 

<latexit sha1_base64="LYh7arDUtoylg9M+nYuRXNzht9w=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSWVgkCwVjRhbFI9CE1IXJcp7XqPGQ7qJGbmYVfYWEAIVa+gI2/wX0M0HKkKx2dc6/uvcdPGBXSsr6NpeWV1bX1wkZxc2t7Z9fc22+KOOWYNHDMYt72kSCMRqQhqWSknXCCQp+Rlj+ojf3WA+GCxtGdzBLihqgX0YBiJLXkmUc1Tw2z3BE0hORelZ2AI6xGw3I2ypUzpHnumSWrYk0AF4k9IyUwQ90zv5xujNOQRBIzJETHthLpKsQlxYzkRScVJEF4gHqko2mEQiJcNXklhyda6cIg5roiCSfq7wmFQiGy0NedIZJ9Me+Nxf+8TiqDK1fRKEklifB0UZAyKGM4zgV2KSdYskwThDnVt0LcRzoMqdMr6hDs+ZcXSfOsYl9UrNvzUvV6FkcBHIJjcApscAmq4AbUQQNg8AiewSt4M56MF+Pd+Ji2LhmzmQPwB8bnD4B0m2w=</latexit>

Cxy ⇠ e�
|x�y|

⇠

<latexit sha1_base64="jQwM3aYYh0XN714J7/0G98qtvwc=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWoC2tSFN0IRTcuK9gHNLFMppN06MwkzEyKJXThxl9x40IRt36EO//GaZuFth64cDjnXu69x48pkcq2v43c0vLK6lp+vbCxubW9Y+7uNWWUCIQbKKKRaPtQYko4biiiKG7HAkPmU9zyB9cTvzXEQpKI36lRjD0GQ04CgqDSUtcsug/kPj12xpcujcJy1Y2JG0LG4MnwqGuW7Io9hbVInIyUQIZ61/xyexFKGOYKUShlx7Fj5aVQKIIoHhfcROIYogEMcUdTDhmWXjp9YmwdaqVnBZHQxZU1VX9PpJBJOWK+7mRQ9eW8NxH/8zqJCi68lPA4UZij2aIgoZaKrEkiVo8IjBQdaQKRIPpWC/WhgEjp3Ao6BGf+5UXSrFacs4p9e1qqXWVx5EERHIAycMA5qIEbUAcNgMAjeAav4M14Ml6Md+Nj1pozspl98AfG5w9d7JdF</latexit>

⇠�1 = log(2⇡�/v)

scaling collapse of c

• main ingredients: 



Entanglement Entropies: n-Replica Keldysh approach

• Rényi entropy
traced out

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x
Calabrese, Cardy, JPA (2009) 

<latexit sha1_base64="ulKX5yAUmpUQzOGLq08kSRX4vrw="></latexit>

Sn(L) =
1

1� n
logZA(n, {dW}), ZA(n, {dW}) ⌘ tr[(⇢̂(c)A )n]

traced out

<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A
• von Neumann entropy: 

<latexit sha1_base64="qd/pK9FYOmn8CeJUduyya8R5tk0=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFl047KCfUA7lEx6p43NJEOSEUrpP7hxoYhb/8edf2PazkJbDwQO59xL7jlRKrixvv/trayurW9sFraK2zu7e/ulg8OGUZlmWGdKKN2KqEHBJdYttwJbqUaaRAKb0fB26jefUBuu5IMdpRgmtC95zBm1TmrIjlUk6JbKfsWfgSyTICdlyFHrlr46PcWyBKVlghrTDvzUhmOqLWcCJ8VOZjClbEj72HZU0gRNOJ5dOyGnTumRWGn3pCUz9ffGmCbGjJLITSbUDsyiNxX/89qZja/DMZdpZlGy+UdxJoiLOI1Oelwjs2LkCGWau1sJG1BNmXUFFV0JwWLkZdI4rwSXFf/+oly9yesowDGcwBkEcAVVuIMa1IHBIzzDK7x5ynvx3r2P+eiKl+8cwR94nz/1SI64</latexit>

n ! 1



Entanglement Entropies: n-Replica Keldysh approach

• Rényi entropy
traced out

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x
Calabrese, Cardy, JPA (2009) 

<latexit sha1_base64="ulKX5yAUmpUQzOGLq08kSRX4vrw="></latexit>

Sn(L) =
1

1� n
logZA(n, {dW}), ZA(n, {dW}) ⌘ tr[(⇢̂(c)A )n]

traced out

<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A
• von Neumann entropy: 

<latexit sha1_base64="qd/pK9FYOmn8CeJUduyya8R5tk0=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFl047KCfUA7lEx6p43NJEOSEUrpP7hxoYhb/8edf2PazkJbDwQO59xL7jlRKrixvv/trayurW9sFraK2zu7e/ulg8OGUZlmWGdKKN2KqEHBJdYttwJbqUaaRAKb0fB26jefUBuu5IMdpRgmtC95zBm1TmrIjlUk6JbKfsWfgSyTICdlyFHrlr46PcWyBKVlghrTDvzUhmOqLWcCJ8VOZjClbEj72HZU0gRNOJ5dOyGnTumRWGn3pCUz9ffGmCbGjJLITSbUDsyiNxX/89qZja/DMZdpZlGy+UdxJoiLOI1Oelwjs2LkCGWau1sJG1BNmXUFFV0JwWLkZdI4rwSXFf/+oly9yesowDGcwBkEcAVVuIMa1IHBIzzDK7x5ynvx3r2P+eiKl+8cwR94nz/1SI64</latexit>

n ! 1

• approach: Keldysh replica field theory for n replicas (entropies via modified boundary conditions)

• 1 mode heats up (noisy)
• n-1 modes cool down (noiseless) • all A dependence in noiseless modes!

• noisy contribution A independent

ground states: Casini, Fosco, Huerta, J. Stat. Mech. (2005)

• decoupling of center-of-mass and relative modes (exact for Gaussian states -> good away from transition)

replica space picture reciprocal replica space picture



Entanglement Entropies: n-Replica Keldysh approach

• Rényi entropy
traced out

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x
Calabrese, Cardy, JPA (2009) 

<latexit sha1_base64="ulKX5yAUmpUQzOGLq08kSRX4vrw="></latexit>

Sn(L) =
1

1� n
logZA(n, {dW}), ZA(n, {dW}) ⌘ tr[(⇢̂(c)A )n]

traced out

<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A
• von Neumann entropy: 
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n ! 1

• approach: Keldysh replica field theory for n replicas (entropies via modified boundary conditions)

• 1 mode heats up (noisy)
• n-1 modes cool down (noiseless) • all A dependence in noiseless modes!

• noisy contribution A independent

ground states: Casini, Fosco, Huerta, J. Stat. Mech. (2005)

• decoupling of center-of-mass and relative modes (exact for Gaussian states -> good away from transition)

replica space picture reciprocal replica space picture

➡Rényi entropy calculation as for ground states

➡ results in line with numerics

massive
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S =
1

3
c(�) log(L) S ⇠ L0
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Long range models: numerics and analytics

• long ranged hopping model 
T. Mueller, SD, M. Buchhold PRL 128, 010605 (2022)

ĤLR = ∑
l≠m

̂c†
l ̂cm

| l − m |p

• new scaling behavior & new phase transition

Buchhold et al. prev. work
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BKT

Minato et al, ibid 010603; Block et al. ibid 010604
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1 < p  1
superext. nn hopping

pinning of phase fluctuations
enhanced density fluctuations

1 > 1/p � 0
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striking parallel to ground state phase diagram of long 
range Luttinger liquids: Maghrebi et al., PRL (2017)

critical point at  p = 3/2

short range

long range



• long ranged hopping model 
T. Mueller, SD, M. Buchhold PRL 128, 010605 (2022)

SvN(l) ∼
log2 l p > 3/2
l3/2−p 1 < p < 3/2
ill-defined p < 1

C(l) ∼
l−2 p > 3/2
l−(p+1/2) 1 < p < 3/2
ill-defined p < 1
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density correlator
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• replica-bosonization approach 
explains numerical findings
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| l − m |p 1 < p < ∞

Long range models: numerics and analytics

enhanced density fluctuations: 
smaller decay exponent algebraic scaling

field theory predictions:



• long ranged hopping model 
T. Mueller, SD, M. Buchhold PRL 128, 010605 (2022)

SvN(l) ∼
log2 l p > 3/2
l3/2−p 1 < p < 3/2
ill-defined p < 1

C(l) ∼
l−2 p > 3/2
l−(p+1/2) 1 < p < 3/2
ill-defined p < 1
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• replica-bosonization approach 
explains numerical findings
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• non-Hermitian long-range Hamiltonian

• exponent 2p: effect of noise

• exponent p in no-click evolution 
(incompatible with numerics)

➡ rare vs. typical trajectories

Long range models: numerics and analytics

enhanced density fluctuations: 
smaller decay exponent algebraic scaling

field theory predictions:



• imperfect read out
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B. Ladewig, SD, M. Buchhold, arXiv (2022), to appear in PRR
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• motivation

➡ common formulation in terms of incoherent stochastic Schrödinger equation 
➡ complex interplay

circuits: Li, Fisher, arxiv (2021); Bao, Choi, Altman, Ann. Phys. (2021)
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• motivation

➡ common formulation in terms of incoherent stochastic Schrödinger equation 
➡ complex interplay

• combined numerics / replica field theory approach
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cooling heating

emergent scales:

spectral gap
temperature gap

➡ three Gaussian fixed point theories 
➡ robustness: extended area of critical log-phase
➡ gapless nature persists to large decoherence for small measurement rate
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Observability of the transition? Feedback scenario

• Postselection exponentially hard 
• Do preselection instead: 

• break degeneracy in measurement outcomes
• steer system into representative state in Hilbert space (dark state)

way out for Cliffords: Gullans, Huse, PRL (2020); exp: C. 
Noel et al. Nat Phys. (2021)

➡ pull the transition to the level of standard observables (linear in state)
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Is = hn̂si+
dWs

2�dt

• Feedback procedure: 

• track measurement outcomes

• condition Hamiltonian on outcomes (follow evolution by simulation - efficient in Gaussian class - 
free fermions, stabilizers)
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state dependent hopping

➡ pull the transition to the level of standard observables (linear in state)

• condition: hoppings such that there is a unique dark state 

for one representative measurement outcome, e.g.                        
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Ĥ({h T |n̂s| T i}) = 0 Processing

➡ strong monitoring: evolution directed towards one specific state
➡ weak monitoring: steering fails

(charge density wave)

M̂s| T i = (n̂s � hn̂si)| T i = 08s
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• area law entanglement
• exp. decay of correlations
• algebraic time to target

• log entanglement
• long-range correlations 
• exponentially long time to target
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Feedback induced entanglement transition: Phenomenology

➡ same phenomenology in non-linear in state observables
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➡coinciding critical point in single-replica correlator and entanglement entropy (all replicas)
➡  single run sufficient to detect phase transition
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➡ transition visible in ordinary qm observables (linear in state/single replica)
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Conclusions & Outlook

• various measurement induced phases in monitored fermions

• detection: classical vs. quantum feedback w/o classical readout? beyond ‘Gaussian’ class? 

universality classes? relation to dark state / absorbing state transitions?

• phase transitions in no-click evolution (rare events) vs. trajectory ensemble (typical events)

• integrability breaking in measurement induced phase transitions

• common theoretical description in terms of Keldysh replica field theory

Directions: 

O. Lunt, A. Pal, PRR (2020)

Biella, Schiro, Quantum (2021); Turkeshi et al. PRB (2021) Gopalakrishnan Gullans, PRL (2021)

• measurement dominated area law phase 

• log-phase

• subvolume algebraic scaling phase 

• robustness against imperfect measurements/decoherence 

Results: 
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