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Current-Induced Torque

1. Joule heating

2. Spin Hall angle: 𝜃!" = 𝑗#/𝑗$

3. Spin diffusion & Backflow

𝑃! ∼
α𝑀"

𝛾 𝒎̇#

𝒋$
𝒋#

𝒎

From spin valve to spin Hall device

𝑃$ ∼ (𝑗%#/𝜎 with 𝜎 = 𝜎& + 𝜎'!(

𝜂 =
𝑃!
𝑃$
≪ 1

renormalized 
spin-mixing conductance



• Dissipative Current 

• Superconducting Current

• Adiabatic Current

Physical Currents

𝒋$ = 𝜎𝑬

persistent current

(T<Tc)

David J. Thouless
(1934 - 2019)

Nobel Prize in 
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𝒋 = ∫ 𝑑𝑘 Ω%&
→ 𝒋 ∼ 𝒎̇

One cycle: 𝑄 = ∫ 𝑑𝑡∫ 𝑑𝑘 Ω)*
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Adiabatic Quantum Motor
• Reversed operation of a Thouless pump

Bustos-Marún, Refael & von Oppen,
Phys. Rev. Lett. 111, 060802 (2013)

𝜎 = 0
V+ V-

𝜎𝑬 = 𝟎

𝑬 𝒎̇ 𝒋
Thouless 

pump
Voltage-
induced 
torque

𝑃$ = 𝑬 ⋅ 𝒋 all converted to 𝑃$ = 𝛼 𝒎̇#

David J. Thouless
(1934 - 2019)

𝒋 = ∫ 𝑑𝑘 Ω%&
→ 𝒋 ∼ 𝒎̇

One cycle: 𝑄 = ∫ 𝑑𝑡∫ 𝑑𝑘 Ω)*



Ω =
Ω== Ω=> Ω=?
Ω>= Ω>> Ω>?
Ω?= Ω?> Ω??

• Voltage-induced torque

Sundaram-Niu equation  [PRB 59, 14915 (1999)]

Qian NiuGanesh Sundaram

𝒓̇ = +,
+𝒌
+ 𝒌̇ ⋅ Ω)) + 𝒓̇ ⋅ Ω.) − Ω)*

𝒌̇ = −𝑒𝑬 − 𝒌̇ ⋅ Ω). − 𝒓̇ ⋅ Ω.. + Ω.*

Adiabatic Quantum Motor

uniform magnetic order

Semiclassical wavepacket

Spin-motive force

Topological Hall effect



• Voltage-induced torque

Coupled Sundaram-Niu & LLG equations

Ω =
Ω== Ω=D 𝟎
ΩD= ΩDD 𝟎
𝟎 𝟎 𝟎

𝒌̇ = −𝑒𝑬 (ℏ = 1)

𝒓̇ = +,
+𝒌
+ 𝒌̇ ⋅ Ω)) + 𝒎̇ ⋅ Ω/)

𝒎×𝒎̇ = +,
+𝒎

+ 𝒌̇ ⋅ Ω)/ + 𝒎̇ ⋅ Ω//

𝒎̇ = 𝛾 𝑒𝑬 ⋅ 3𝛀%' d𝑘 − 𝒎̇ ⋅ 3𝛀'' d𝑘 ×𝒎(+⋯

Qian NiuGanesh Sundaram

Adiabatic Quantum Motor

𝒋 = −𝑒𝒎̇ ⋅ 3𝛀'% d𝑘

Voltage-induced torque Renormalization of Damping

Thouless pumping 
(adiabatic current)
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Voltage-induced torque Renormalization of Damping

Thouless pumping 
(adiabatic current)

Voltage-Induced Torque

TI 𝑬

Xiao, Xiong & Niu, PRB 104, 064433 (2021)
Xiong & Niu, PRB 98, 035123 (2018)

Arrachea & von Oppen, Phys. E 74, 596 (2015)

𝑯)*+ ∼ sng 𝑚, 𝑬

Not from edge state



TI

mt

mb

Exchange mode

𝑓- = 𝑓. + 𝑓/

𝑯&)*+ = −𝑯0)*+

J. Tang & RC, arXiv:2204.03534

Li et al., PRB 91,
014427 (2015);
Son Ho & Jalil, AIP Adv. 7,
055926 (2017)

can be 100 GHz

Voltage-Induced Torque



Exchange Mode Resonance



Exchange Mode Resonance



𝐽1 𝜔 = 𝜎12 𝜔 𝐸2 𝜔

𝒎̇( = −𝛾𝒎(×𝛀%'! ⋅
𝑒𝑬
ℏ +⋯

𝑱 = −
𝑒
2𝜋 3 G

(4&,0

3𝒎̇( ⋅ 𝛀'!% 𝑑
3𝑘

Insert LLG

into

Effective Admittance

For AC drive: 𝑬 𝑡 = I𝒙𝐸6𝑒(7& 𝑬 𝒎̇ 𝒋
Thouless 

pump
Voltage-
induced 
torque

• Transverse:

𝜎89 𝜔- ≪ 𝜎:.;

• Longitudinal:

𝜎886 ≈ 0

𝜎88 𝜔 significant



Effective Admittance

𝑍& V

𝑅

𝐿

Setting 𝑍<== 𝜔 = 𝑍>?> 𝜔 solves

𝑉 → 0 off resonance

𝑉 → 𝑉"#$ on resonance

Impedance 𝑍>?> = 1/𝜎88

𝑟 𝐶



Mechanical Efficiency

𝑍& V

𝑅

𝐿

𝑟 𝐶

𝑉 → 0 off resonance

𝑉 → 𝑉"#$ on resonance
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⌘ =
PM

PM + Pleak

Mechanical Efficiency

𝑍& V

𝑅1234

𝐶1234

• Comparing with 
current-driven systems

𝒋$
𝒋#

𝒎

𝜂 on the order of 1%

Still above 50% for imperfect TI



Metal
𝑱% = 𝜎𝑬

𝑱% → 𝑱"
𝝉56 = 𝛁 ⋅ 𝑱"

Insulator
𝑱% = 0 but 𝑱7 = 𝜀&𝜀.𝑬̇

charge-spin conversion Oersted field bound charge vibration

𝛁×𝑯 = 𝑱7

current-induced torque voltage-induced torque

𝑬𝑒89*

Liu et al., Science 2012

𝛁×𝑯 = 𝑱%

Oersted field

Oersted Field
Current-driven system Voltage-driven system

J. Tang & RC, arXiv:2204.03534

𝜏: ∼ 𝜏56 𝜏: ≪ 𝜏56



Conclusions & Outlook

• Operating F/TI/F as adiabatic quantum motor can 
achieve 100% mechanical efficiency

• Voltage-induced torque can drive the exchange mode 
resonance

• Effective circuit found for the proposed device

• Oersted field effect is negligible

• Under investigation: generalizing into intrinsic 
antiferromagnetic topological insulators


