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Cavity Quantum Electrodynamics (C-QED)
The interaction of an atom with quantized light
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Large dipole moments + cooperativity à Strong & ultrastrong light-matter coupling

Condensed Matter Cavity QED
The interaction of a solid with quantized light
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Anticrossing (or avoided crossing) is a hallmark of 
strong coupling.

<latexit sha1_base64="+nFuVWeqOT019bwsZJIjomuc0v0=">AAACHXicbVDLSgNBEJyN7/iKevQyGAQvhl2J6EUQ9eAxgomBbAizk04yZHZmmekVw5If8eKvePGgiAcv4t84eRx8FTQUVd10d0WJFBZ9/9PLzczOzS8sLuWXV1bX1gsbmzWrU8OhyrXUph4xC1IoqKJACfXEAIsjCTdR/3zk39yCsUKraxwk0IxZV4mO4Ayd1CqUwwuQyOgJDXUMXdYKEe4wixkimCHd/yknPY1aDVuFol/yx6B/STAlRTJFpVV4D9uapzEo5JJZ2wj8BJsZMyi4hGE+TC0kjPdZFxqOKhaDbWbj74Z01ylt2tHGlUI6Vr9PZCy2dhBHrtOd3bO/vZH4n9dIsXPczIRKUgTFJ4s6qaSo6Sgq2hYGOMqBI4wb4W6lvMcM4y4am3chBL9f/ktqB6XgsORflYunZ9M4Fsk22SF7JCBH5JRckgqpEk7uySN5Ji/eg/fkvXpvk9acN53ZIj/gfXwBY66ixg==</latexit>

� = !matter � !photon : detuning
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Rabi splitting: ⌦n(�) =
p
4g2(n+ 1) +�2

<latexit sha1_base64="UHM7Yb9fVVgU2NiVZeeRM7K8ud4=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBASImE3io+DENSDNxWMCtkkzE46cXB2dp3pFcKSn/Dir3jxoIhXwZt/4+aBqLGgoajqprvLC6UwaNuf1tj4xOTUdGomPTs3v7CYWVq+MEGkOVR4IAN95TEDUiiooEAJV6EG5nsSLr2bw55/eQfaiECdYyeEms/aSrQEZ5hIjcyGe+JDmzVUzj0CiSxP96lrbjXGW+16KacKTr4wcOqlbiOTtYt2H3SUOEOSJUOcNjIfbjPgkQ8KuWTGVB07xFrMNAouoZt2IwMh4zesDdWEKuaDqcX9r7p0PVGatBXopBTSvvpzIma+MR3fSzp9htfmr9cT//OqEbZ2a7FQYYSg+GBRK5IUA9qLiDaFBo6ykxDGtUhupfyaacYxCTLdD2Gvh+3vl0fJRanobBY3z7ay5YNhHCmyStZIjjhkh5TJMTklFcLJPXkkz+TFerCerFfrbdA6Zg1nVsgvWO9fSJmdJQ==</latexit>

<latexit sha1_base64="ToxSCRcw9BnraI6vCsDAfp/HUZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXSXoAPfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fks2PIw==</latexit>!
<latexit sha1_base64="oeNoGNMj210bUBcO4nhiTMTEwzs=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRIVdVl048JFBfuAJoTJdNIOnUeYmYgl5FfcuFDErT/izr9x0mahrQcGDufcyz1zooQSpV3326qsrK6tb1Q3a1vbO7t79n69q0QqEe4gQYXsR1BhSjjuaKIp7icSQxZR3IsmN4Xfe8RSEcEf9DTBAYMjTmKCoDZSaNd9wfAIhj6DeixZdtfOQ7vhNt0ZnGXilaQBSrRD+8sfCpQyzDWiUKmB5yY6yKDUBFGc1/xU4QSiCRzhgaEcMqyCbJY9d46NMnRiIc3j2pmpvzcyyJSasshMFhHVoleI/3mDVMdXQUZ4kmrM0fxQnFJHC6cowhkSiZGmU0MgksRkddAYSoi0qa tmSvAWv7xMuqdN76J5dn/eaF2XdVTBITgCJ8ADl6AFbkEbdAACT+AZvII3K7derHfrYz5ascqdA/AH1ucPVaqUpA==</latexit>!LP

<latexit sha1_base64="qyTyFCqBwI7bDObavHMJJS+XOYE=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAiuSqKiLotuXFYwbaEJYTKdtEPnEWYmYgn5FTcuFHHrj7jzb5y0WWjrgYHDOfdyz5w4pURp1/22VlbX1jc2a1v17Z3dvX37oNFVIpMI+0hQIfsxVJgSjn1NNMX9VGLIYop78eS29HuPWCoi+IOepjhkcMRJQhDURorsRiAYHsEoYFCPJcv9ThHZTbflzuAsE68iTVChE9lfwVCgjGGuEYVKDTw31WEOpSaI4qIeZAqnEE3gCA8M5ZBhFeaz7IVzYpShkwhpHtfOTP29kUOm1JTFZrKMqBa9UvzPG2Q6uQ5zwtNMY47mh5KMOlo4ZRHOkEiMNJ0aApEkJquDxlBCpE1ddVOCt/jlZdI9a3mXrfP7i2b7pqqjBo7AMTgFHrgCbXAHOsAHCDyBZ/AK3qzCerHerY/56IpV7RyCP7A+fwBjYJSt</latexit>!UP
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g : coupling rate

� : detuning

n : number of photons
<latexit sha1_base64="hCMxfh+LOdsMITQggAIeCt1W79c="></latexit>

Rabi splitting: ⌦n(�) =
p
4g2(n+ 1) +�2

<latexit sha1_base64="UHM7Yb9fVVgU2NiVZeeRM7K8ud4=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBASImE3io+DENSDNxWMCtkkzE46cXB2dp3pFcKSn/Dir3jxoIhXwZt/4+aBqLGgoajqprvLC6UwaNuf1tj4xOTUdGomPTs3v7CYWVq+MEGkOVR4IAN95TEDUiiooEAJV6EG5nsSLr2bw55/eQfaiECdYyeEms/aSrQEZ5hIjcyGe+JDmzVUzj0CiSxP96lrbjXGW+16KacKTr4wcOqlbiOTtYt2H3SUOEOSJUOcNjIfbjPgkQ8KuWTGVB07xFrMNAouoZt2IwMh4zesDdWEKuaDqcX9r7p0PVGatBXopBTSvvpzIma+MR3fSzp9htfmr9cT//OqEbZ2a7FQYYSg+GBRK5IUA9qLiDaFBo6ykxDGtUhupfyaacYxCTLdD2Gvh+3vl0fJRanobBY3z7ay5YNhHCmyStZIjjhkh5TJMTklFcLJPXkkz+TFerCerFfrbdA6Zg1nVsgvWO9fSJmdJQ==</latexit>

<latexit sha1_base64="ToxSCRcw9BnraI6vCsDAfp/HUZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXSXoAPfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fks2PIw==</latexit>!
<latexit sha1_base64="oeNoGNMj210bUBcO4nhiTMTEwzs=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRIVdVl048JFBfuAJoTJdNIOnUeYmYgl5FfcuFDErT/izr9x0mahrQcGDufcyz1zooQSpV3326qsrK6tb1Q3a1vbO7t79n69q0QqEe4gQYXsR1BhSjjuaKIp7icSQxZR3IsmN4Xfe8RSEcEf9DTBAYMjTmKCoDZSaNd9wfAIhj6DeixZdtfOQ7vhNt0ZnGXilaQBSrRD+8sfCpQyzDWiUKmB5yY6yKDUBFGc1/xU4QSiCRzhgaEcMqyCbJY9d46NMnRiIc3j2pmpvzcyyJSasshMFhHVoleI/3mDVMdXQUZ4kmrM0fxQnFJHC6cowhkSiZGmU0MgksRkddAYSoi0qa tmSvAWv7xMuqdN76J5dn/eaF2XdVTBITgCJ8ADl6AFbkEbdAACT+AZvII3K7derHfrYz5ascqdA/AH1ucPVaqUpA==</latexit>!LP

<latexit sha1_base64="qyTyFCqBwI7bDObavHMJJS+XOYE=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAiuSqKiLotuXFYwbaEJYTKdtEPnEWYmYgn5FTcuFHHrj7jzb5y0WWjrgYHDOfdyz5w4pURp1/22VlbX1jc2a1v17Z3dvX37oNFVIpMI+0hQIfsxVJgSjn1NNMX9VGLIYop78eS29HuPWCoi+IOepjhkcMRJQhDURorsRiAYHsEoYFCPJcv9ThHZTbflzuAsE68iTVChE9lfwVCgjGGuEYVKDTw31WEOpSaI4qIeZAqnEE3gCA8M5ZBhFeaz7IVzYpShkwhpHtfOTP29kUOm1JTFZrKMqBa9UvzPG2Q6uQ5zwtNMY47mh5KMOlo4ZRHOkEiMNJ0aApEkJquDxlBCpE1ddVOCt/jlZdI9a3mXrfP7i2b7pqqjBo7AMTgFHrgCbXAHOsAHCDyBZ/AK3qzCerHerY/56IpV7RyCP7A+fwBjYJSt</latexit>!UP
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Rabi splitting: ⌦n(�) =
p
4g2(n+ 1) +�2

<latexit sha1_base64="UHM7Yb9fVVgU2NiVZeeRM7K8ud4=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBASImE3io+DENSDNxWMCtkkzE46cXB2dp3pFcKSn/Dir3jxoIhXwZt/4+aBqLGgoajqprvLC6UwaNuf1tj4xOTUdGomPTs3v7CYWVq+MEGkOVR4IAN95TEDUiiooEAJV6EG5nsSLr2bw55/eQfaiECdYyeEms/aSrQEZ5hIjcyGe+JDmzVUzj0CiSxP96lrbjXGW+16KacKTr4wcOqlbiOTtYt2H3SUOEOSJUOcNjIfbjPgkQ8KuWTGVB07xFrMNAouoZt2IwMh4zesDdWEKuaDqcX9r7p0PVGatBXopBTSvvpzIma+MR3fSzp9htfmr9cT//OqEbZ2a7FQYYSg+GBRK5IUA9qLiDaFBo6ykxDGtUhupfyaacYxCTLdD2Gvh+3vl0fJRanobBY3z7ay5YNhHCmyStZIjjhkh5TJMTklFcLJPXkkz+TFerCerFfrbdA6Zg1nVsgvWO9fSJmdJQ==</latexit>

On-resonance vacuum Rabi splitting: ⌦0(0) = 2g
<latexit sha1_base64="YlDK8jKuGRKYxhqhohgCdbb6KN4=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1U5JWfCyEoht3VrAPaEOYTCfp0JlJmJkUSuifuHGhiFv/xJ1/Y5IGUeuBC4dz7uXee7yIUaUt69NYWl5ZXVsvbZQ3t7Z3ds29/Y4KY4lJG4cslD0PKcKoIG1NNSO9SBLEPUa63vgm87sTIhUNxYOeRsThKBDUpxjpVHJNc3DHSYBcq2qdwCtYD1yzYtWsHHCR2AWpgAIt1/wYDEMccyI0Zkipvm1F2kmQ1BQzMisPYkUihMcoIP2UCsSJcpL88hk8TpUh9EOZltAwV39OJIgrNeVe2smRHqm/Xib+5/Vj7V84CRVRrInA80V+zKAOYRYDHFJJsGbTlCAsaXorxCMkEdZpWOU8hMsMZ98vL5JOvWY3ao3700rzuoijBA7BEagCG5yDJrgFLdAGGEzAI3gGL0ZiPBmvxtu8dckoZg7ALxjvX8ONke0=</latexit>

� = 0
<latexit sha1_base64="XplK1uM6wclGRhIS38HOXUHi1tk=">AAAB8XicbVDLSsNAFJ3UV62vqks3g0VwVRIrPhZCURcuK9gHtqFMpjft0MkkzEyEEvoXblwo4ta/ceffOEmDqPXAhcM593LvPV7EmdK2/WkVFhaXlleKq6W19Y3NrfL2TkuFsaTQpCEPZccjCjgT0NRMc+hEEkjgcWh746vUbz+AVCwUd3oSgRuQoWA+o0Qb6b53DVwTfIHtfrliV+0MeJ44OamgHI1++aM3CGkcgNCUE6W6jh1pNyFSM8phWurFCiJCx2QIXUMFCUC5SXbxFB8YZYD9UJoSGmfqz4mEBEpNAs90BkSP1F8vFf/zurH2z9yEiSjWIOhskR9zrEOcvo8HTALVfGIIoZKZWzEdEUmoNiGVshDOU5x8vzxPWkdVp1at3R5X6pd5HEW0h/bRIXLQKaqjG9RATUSRQI/oGb1YynqyXq23WWvBymd20S9Y718dfJAI</latexit>

n = 0
<latexit sha1_base64="BnnpkUf5clkasaXQP0ZIgloNhus=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HEQil48VjBtoQ1ls920SzebsLsRSuhv8OJBEa/+IG/+GzdpELU+GHi8N8PMPD/mTGnb/rRKS8srq2vl9crG5tb2TnV3r62iRBLqkohHsutjRTkT1NVMc9qNJcWhz2nHn9xkfueBSsUica+nMfVCPBIsYARrI7kCXSF7UK3ZdTsHWiROQWpQoDWofvSHEUlCKjThWKmeY8faS7HUjHA6q/QTRWNMJnhEe4YKHFLlpfmxM3RklCEKImlKaJSrPydSHCo1DX3TGWI9Vn+9TPzP6yU6uPBSJuJEU0Hmi4KEIx2h7HM0ZJISzaeGYCKZuRWRMZaYaJNPJQ/hMsPZ98uLpH1Sdxr1xt1prXldxFGGAziEY3DgHJpwCy1wgQCDR3iGF0tYT9ar9TZvLVnFzD78gvX+BYx5jf4=</latexit>

<latexit sha1_base64="ToxSCRcw9BnraI6vCsDAfp/HUZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXSXoAPfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fks2PIw==</latexit>!
<latexit sha1_base64="oeNoGNMj210bUBcO4nhiTMTEwzs=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRIVdVl048JFBfuAJoTJdNIOnUeYmYgl5FfcuFDErT/izr9x0mahrQcGDufcyz1zooQSpV3326qsrK6tb1Q3a1vbO7t79n69q0QqEe4gQYXsR1BhSjjuaKIp7icSQxZR3IsmN4Xfe8RSEcEf9DTBAYMjTmKCoDZSaNd9wfAIhj6DeixZdtfOQ7vhNt0ZnGXilaQBSrRD+8sfCpQyzDWiUKmB5yY6yKDUBFGc1/xU4QSiCRzhgaEcMqyCbJY9d46NMnRiIc3j2pmpvzcyyJSasshMFhHVoleI/3mDVMdXQUZ4kmrM0fxQnFJHC6cowhkSiZGmU0MgksRkddAYSoi0qa tmSvAWv7xMuqdN76J5dn/eaF2XdVTBITgCJ8ADl6AFbkEbdAACT+AZvII3K7derHfrYz5ascqdA/AH1ucPVaqUpA==</latexit>!LP

<latexit sha1_base64="qyTyFCqBwI7bDObavHMJJS+XOYE=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAiuSqKiLotuXFYwbaEJYTKdtEPnEWYmYgn5FTcuFHHrj7jzb5y0WWjrgYHDOfdyz5w4pURp1/22VlbX1jc2a1v17Z3dvX37oNFVIpMI+0hQIfsxVJgSjn1NNMX9VGLIYop78eS29HuPWCoi+IOepjhkcMRJQhDURorsRiAYHsEoYFCPJcv9ThHZTbflzuAsE68iTVChE9lfwVCgjGGuEYVKDTw31WEOpSaI4qIeZAqnEE3gCA8M5ZBhFeaz7IVzYpShkwhpHtfOTP29kUOm1JTFZrKMqBa9UvzPG2Q6uQ5zwtNMY47mh5KMOlo4ZRHOkEiMNJ0aApEkJquDxlBCpE1ddVOCt/jlZdI9a3mXrfP7i2b7pqqjBo7AMTgFHrgCbXAHOsAHCDyBZ/AK3qzCerHerY/56IpV7RyCP7A+fwBjYJSt</latexit>!UP
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g : coupling rate

� : detuning

n : number of photons
<latexit sha1_base64="hCMxfh+LOdsMITQggAIeCt1W79c="></latexit>



Derek Leinweber, www.physics.adelaide.edu.au 9

The vacuum is not empty – it contains virtual photons 
that come into and out of existence.

<latexit sha1_base64="RHpxawkQ1DMSEJpbjuS7WniB+Js=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmqqBuhKILLCrYVmlIm00k7dB5hZiKUEHDjr7hxoYhbf8Kdf+O0zUJbD1w4nHMv994Txoxq43nfTmFhcWl5pbhaWlvf2Nxyt3eaWiYKkwaWTKr7EGnCqCANQw0j97EiiIeMtMLh1dhvPRClqRR3ZhSTDkd9QSOKkbFS1927hhcwiBTCqZ+l1SwYhEgFkpM+6rplr+JNAOeJn5MyyFHvul9BT+KEE2EwQ1q3fS82nRQpQzEjWSlINIkRHqI+aVsqECe6k05+yOChVXowksqWMHCi/p5IEdd6xEPbyZEZ6FlvLP7ntRMTnXdSKuLEEIGni6KEQSPhOBDYo4pgw0aWIKyovRXiAbKBGBtbyYbgz748T5rVin9aOb49Kdcu8ziKYB8cgCPggzNQAzegDhoAg0fwDF7Bm/PkvDjvzse0teDkM7vgD5zPH/wqlyI=</latexit>

E =
1

2
~!

Zero-point energy:

<latexit sha1_base64="8S92tDxNBYqmkq8qRn5A93l0f3I="></latexit>

⇢vac(!) =
~!3

2⇡2c3

Spectral energy density:



Zero-point field effects are usually miniscule.

The van der 
Waals force

The Lamb 
shift

The Casimir 
Effect

https://gamesmartz.com/definiti
ons?definition=7172&Van-der-
Waals-force=

http://hyperphysics.phy-
astr.gsu.edu/hbase/quantum/lamb.html

https://www.degruyter.com/document/doi/
10.1515/nanoph-2020-0425/html

<latexit sha1_base64="OlQqY3YZLIxt2bgUY/MluCmov9E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1CNgktsGW4EdlKFNA4EPgSj25n/8IRK80Tem3GKfkwHkkecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9cKEZTFKwwTVuuu5qfEnVBnOBE5LvUxjStmIDrBrqaQxan8yP3RKzqwSkihRtqQhc/X3xITGWo/jwHbG1Az1sjcT//O6mYmu/QmXaWZQssWiKBPEJGT2NQm5QmbE2BLKFLe3EjakijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fyteM8Q==</latexit>

d

<latexit sha1_base64="HHynm8i7FKAshpbo2LffJ0CJ+i0=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwY0lKUDdCURCXFewDmrRMJpN26GQSZiZCCVm78VfcuFDErV/gzr9x+lho64ELh3Pu5d57/IRRqSzr2ygsLa+srhXXSxubW9s75u5eU8apwKSBYxaLto8kYZSThqKKkXYiCIp8Rlr+8Hrstx6IkDTm92qUEC9CfU5DipHSUs88vIGX8NQNBcKZm9BuFboDHwmI86zqWEHXyXtm2apYE8BFYs9IGcxQ75lfbhDjNCJcYYak7NhWorwMCUUxI3nJTSVJEB6iPuloylFEpJdNXsnhsVYCGMZCF1dwov6eyFAk5SjydWeE1EDOe2PxP6+TqvDCyyhPUkU4ni4KUwZVDMe5wIAKghUbaYKwoPpWiAdIx6J0eiUdgj3/8iJpViv2WcW5c8q1q1kcRXAAjsAJsME5qIFbUAcNgMEjeAav4M14Ml6Md+Nj2lowZjP74A+Mzx9IDJjD</latexit>

F = � ⇡2~c
240d4<latexit sha1_base64="LhPiRoI/U2F4zHeG+e+ehI0kVos=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAhaGHZjiDZC0MYygnlAdhPuTmaTIbMPZmaFsOw32PgrNhaK2FrZ+TdOHoUmHrhwOOde7r3HizmTyrK+jaXlldW19dxGfnNre2fX3NtvyCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNb8Z+84EKyaLwXo1i6gbQD5nPCCgtdc3TBr7CZ44vgKTnzsADgZ0ooH3oWg7weACdUpaWRaeSdc2CVbQmwIvEnpECmqHWNb+cXkSSgIaKcJCybVuxclMQihFOs7yTSBoDGUKftjUNIaDSTScvZfhYKz3sR0JXqPBE/T2RQiDlKPB0ZwBqIOe9sfif106Uf+mmLIwTRUMyXeQnHKsIj/PBPSYoUXykCRDB9K2YDEDHo3SKeR2CPf/yImmUinalWL4rF6rXszhy6BAdoRNkowtURbeohuqIoEf0jF7Rm/FkvBjvxse0dcmYzRygPzA+fwBB0pyi</latexit>
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Extremely large, unambiguous vacuum-field 
effects have been recently observed.
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X. Li et al., Nature Photonics 12, 324 (2018)
T. Makihara et al., Nature Communications 12, 3115 (2021) 

Vacuum Rabi 
splitting

Vacuum Bloch-
Siegert shift
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Can we use cavity-enhanced 
vacuum fields to modify and 
control materials properties?

The Question of the Day
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For example,

1. Can we modify electrical conductivity with vacuum 
photons (lightless photoconductivity)?

2. Can we increase the transition temperature of a 
superconductor by placing it in a cavity?

3. Can we modify the topology of an electronic band 
using circularly polarized cavity vacuum fields?

4. Can we create or destroy phases of matter using 
engineered vacuum fields?

13



There are so many stimulating theory papers!
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Experimental Condensed Matter Cavity QED Platforms
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The coupling strength, 𝒈, depends on 𝑽𝐦 and 𝝁𝟏𝟐.

Evac
: Vacuum fluctuation field

|2i

|1i
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The coupling strength, 𝒈, depends on 𝑽𝐦 and 𝝁𝟏𝟐.
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: Vacuum fluctuation field

|2i

|1i

<latexit sha1_base64="zCwmjOEbXK3HbCwfQUqZJJV1BHY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe77/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOb3TtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwhweIZXePMevRfv3ftYtBa8fOYY/sD7/AG68Y/H</latexit>!0

<latexit sha1_base64="yeg+R0NR8iIVE9o4Cskq3ANMbOg="></latexit>

Evac =

r
~!0

2"r"0Vm

Mode volume

<latexit sha1_base64="0b/GzRpjC4FeUZyt7ik9hHeh5EY=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPYSa4HYNePEYwCyRD6On0JE16Gbt7hDDkJ7x4UMSrv+PNv7GTzEETHxQ83quiql6UcGas7397K6tr6xubha3i9s7u3n7p4LBpVKoJbRDFlW5H2FDOJG1YZjltJ5piEXHaika3U7/1RLVhSj7YcUJDgQeSxYxg66R2V6S9LKhOeqWyX/FnQMskyEkZctR7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nFUYkFNmM3unaBTp/RRrLQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HnUZ5oSy8eOYKKZuxWRIdaYWBdR0YUQLL68TJrVSnBZubg/L9du8jgKcAwncAYBXEEN7qAODSDA4Rle4c179F68d+9j3rri5TNH8Afe5w/BBo/M</latexit>µ12

Dipole moment

Resonance (or transition) frequency



18

N atoms can cooperatively enhance the coupling 
strength as 𝑔 ∝ 𝑁.

=
<latexit sha1_base64="pgiwmF4teWxDcwQUemXnCjyn9R8=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSiK+NkLRjSupYB/QhDCZTtKhk4czN0oJ3brxV9y4UMStf+DOv3HaZqGtBy4czrmXe+/xU8EVWNa3MTe/sLi0XFopr66tb2yaW9tNlWSSsgZNRCLbPlFM8Jg1gINg7VQyEvmCtfz+5chv3TOpeBLfwiBlbkTCmAecEtCSZ+LQs7AjedgDImXygEN8jh11JyG/Ho5Mz6xYVWsMPEvsglRQgbpnfjndhGYRi4EKolTHtlJwcyKBU8GGZSdTLCW0T0LW0TQmEVNuPv5kiPe10sVBInXFgMfq74mcREoNIl93RgR6atobif95nQyCMzfncZoBi+lkUZAJDAkexYK7XDIKYqAJoZLrWzHtEUko6PDKOgR7+uVZ0jys2ifV45ujSu2iiKOEdtEeOkA2OkU1dIXqqIEoekTP6BW9GU/Gi/FufExa54xiZgf9gfH5A+fvmTY=</latexit>

g0 ! g =
p
Ng0

Dicke cooperativity

Dicke (1954); Tavis & Cummings (1968)

Single-atom case N-atom case
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The strong coupling regime arises when the coupling rate 
is higher than all loss rates.
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Loss rates
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The Ultrastrong Coupling (USC) Regime
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1.Landau polaritons in 
quantum Hall systems

2. Spin-photon ultrastrong coupling in a 
paramagnet

3. Spin-magnon ultrastrong coupling in an 
antiferromagnet

4. Summary and outlook

Outline
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Landau polaritons emerge as a result of strong coupling 
of 2D electrons in B with THz cavity photons.
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Cavity QED with Landau levels
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See, e.g., G. Scalari, J. Faist et al., Science 335, 1323 (2012) 22



Si Bragg Mirror Si Bragg Mirror

nSi = 3.42
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1D THz Photonic-Crystal Cavity

Q. Zhang et al., Nature Physics 12, 1005 (2016)
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Si Bragg Mirror Si Bragg Mirror

GaAs 2DEG
μe > 106 cm2/V∙s

Si or 
sapphire

Q. Zhang et al., Nature Physics 12, 1005 (2016)
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B field

Si Bragg Mirror Si Bragg MirrorSi or 
sapphire

GaAs 2DEG
μe > 106 cm2/V∙s

Q. Zhang et al., Nature Physics 12, 1005 (2016)
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B field

Si Bragg Mirror Si Bragg MirrorSi or 
sapphire

GaAs 2DEG
μe > 106 cm2/V∙s

Q. Zhang et al., Nature Physics 12, 1005 (2016)
26



B field

Si Bragg Mirror Si Bragg MirrorSi or 
sapphire

GaAs 2DEG
μe > 106 cm2/V∙s

Q. Zhang et al., Nature Physics 12, 1005 (2016)
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Landau Polaritons (Experimental Data)

X. Li et al., Nature Photonics 12, 324 (2018)

!0

<latexit sha1_base64="OMU98vr6do4/eZJyrB6k2BzbDAI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe77/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOb3TtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo5EIIll9eJa2LalCrXt7XKvWbPI4inMApnEMAV1CHO2hAEwhweIZXePMevRfv3ftYtBa8fOYY/sD7/AG6m4/G</latexit>

!c

<latexit sha1_base64="pKHEiTRrno2YaFOvEesQ2fRNo7w=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyWRih6LXjxWsB/QhLDZTtqlmw92J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZekAqu0La/jdLa+sbmVnm7srO7t181Dw47KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG4xvZn73AaTiSXyPkxS8iA5jHnJGUUu+WXWTCIbUdxEeMWdT36zZdXsOa5U4BamRAi3f/HIHCcsiiJEJqlTfsVP0ciqRMwHTipspSCkb0yH0NY1pBMrL54dPrVOtDKwwkbpitObq74mcRkpNokB3RhRHatmbif95/QzDKy/ncZohxGyxKMyEhYk1S8EacAkMxUQTyiTXt1psRCVlqLOq6BCc5ZdXSee87jTqF3eNWvO6iKNMjskJOSMOuSRNcktapE0YycgzeSVvxpPxYrwbH4vWklHMHJE/MD5/AFPXk4k=</latexit>
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⌦(0) = 2g
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌦(�),� = !0 � !c
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

!0

<latexit sha1_base64="OMU98vr6do4/eZJyrB6k2BzbDAI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe77/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOb3TtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo5EIIll9eJa2LalCrXt7XKvWbPI4inMApnEMAV1CHO2hAEwhweIZXePMevRfv3ftYtBa8fOYY/sD7/AG6m4/G</latexit>

!c

<latexit sha1_base64="pKHEiTRrno2YaFOvEesQ2fRNo7w=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyWRih6LXjxWsB/QhLDZTtqlmw92J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZekAqu0La/jdLa+sbmVnm7srO7t181Dw47KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG4xvZn73AaTiSXyPkxS8iA5jHnJGUUu+WXWTCIbUdxEeMWdT36zZdXsOa5U4BamRAi3f/HIHCcsiiJEJqlTfsVP0ciqRMwHTipspSCkb0yH0NY1pBMrL54dPrVOtDKwwkbpitObq74mcRkpNokB3RhRHatmbif95/QzDKy/ncZohxGyxKMyEhYk1S8EacAkMxUQTyiTXt1psRCVlqLOq6BCc5ZdXSee87jTqF3eNWvO6iKNMjskJOSMOuSRNcktapE0YycgzeSVvxpPxYrwbH4vWklHMHJE/MD5/AFPXk4k=</latexit>

29

<latexit sha1_base64="hF1aBXUyQ9DYaUs6MzZhatgWA1Q=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QXUPvZDYZMrM7zMwqYcl/ePGgiFf/xZt/4yTZgyYWNBRV3XR3hZIzbVz32yksLa+srhXXSxubW9s75d29pk5SRWiDJDxR7RA05SymDcMMp22pKIiQ01Y4vJn4rUeqNEviezOSNBDQj1nECBgrPfh9EAJOsD8EKaFbrrhVdwq8SLycVFCOerf85fcSkgoaG8JB647nShNkoAwjnI5LfqqpBDKEPu1YGoOgOsimV4/xkVV6OEqUrdjgqfp7IgOh9UiEtlOAGeh5byL+53VSE10FGYtlamhMZouilGOT4EkEuMcUJYaPLAGimL0VkwEoIMYGVbIhePMvL5LmadW7qJ7fnVVq13kcRXSADtEx8tAlqqFbVEcNRJBCz+gVvTlPzovz7nzMWgtOPrOP/sD5/AHnSZIk</latexit>�,
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⌦(0) = 2g
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

C =
4g2

�
= 3513

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

30

<latexit sha1_base64="hF1aBXUyQ9DYaUs6MzZhatgWA1Q=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QXUPvZDYZMrM7zMwqYcl/ePGgiFf/xZt/4yTZgyYWNBRV3XR3hZIzbVz32yksLa+srhXXSxubW9s75d29pk5SRWiDJDxR7RA05SymDcMMp22pKIiQ01Y4vJn4rUeqNEviezOSNBDQj1nECBgrPfh9EAJOsD8EKaFbrrhVdwq8SLycVFCOerf85fcSkgoaG8JB647nShNkoAwjnI5LfqqpBDKEPu1YGoOgOsimV4/xkVV6OEqUrdjgqfp7IgOh9UiEtlOAGeh5byL+53VSE10FGYtlamhMZouilGOT4EkEuMcUJYaPLAGimL0VkwEoIMYGVbIhePMvL5LmadW7qJ7fnVVq13kcRXSADtEx8tAlqqFbVEcNRJBCz+gVvTlPzovz7nzMWgtOPrOP/sD5/AHnSZIk</latexit>�,
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2g
<latexit sha1_base64="0x8VuXcdJHbg/14lRxmwGj7NqM8=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHKvYD2lA220m7dLMJuxuhhP4DLx4U8eo/8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfaaFCuuFV3IbIOXg4VyNUclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LMoaYTazxabzsiFdYYkjJV90pCF+3sio5HW0yiwnRE1Y71am5v/1XqpCa/9jMskNSjZ8qMwFcTEZH42GXKFzIipBcoUt7sSNqaKMmPDKdkQvNWT16Fdq3qW768qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/5Hz+AD1kjSc=</latexit><latexit sha1_base64="0x8VuXcdJHbg/14lRxmwGj7NqM8=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHKvYD2lA220m7dLMJuxuhhP4DLx4U8eo/8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfaaFCuuFV3IbIOXg4VyNUclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LMoaYTazxabzsiFdYYkjJV90pCF+3sio5HW0yiwnRE1Y71am5v/1XqpCa/9jMskNSjZ8qMwFcTEZH42GXKFzIipBcoUt7sSNqaKMmPDKdkQvNWT16Fdq3qW768qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/5Hz+AD1kjSc=</latexit><latexit sha1_base64="0x8VuXcdJHbg/14lRxmwGj7NqM8=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHKvYD2lA220m7dLMJuxuhhP4DLx4U8eo/8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfaaFCuuFV3IbIOXg4VyNUclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LMoaYTazxabzsiFdYYkjJV90pCF+3sio5HW0yiwnRE1Y71am5v/1XqpCa/9jMskNSjZ8qMwFcTEZH42GXKFzIipBcoUt7sSNqaKMmPDKdkQvNWT16Fdq3qW768qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/5Hz+AD1kjSc=</latexit><latexit sha1_base64="0x8VuXcdJHbg/14lRxmwGj7NqM8=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRj0YvHKvYD2lA220m7dLMJuxuhhP4DLx4U8eo/8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOESvNYPpppgn5ER5KHnFFjrYfaaFCuuFV3IbIOXg4VyNUclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LMoaYTazxabzsiFdYYkjJV90pCF+3sio5HW0yiwnRE1Y71am5v/1XqpCa/9jMskNSjZ8qMwFcTEZH42GXKFzIipBcoUt7sSNqaKMmPDKdkQvNWT16Fdq3qW768qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/5Hz+AD1kjSc=</latexit>

2g

!0
= 0.72

<latexit sha1_base64="D4Oi6LrZfJg6BEAWHf7RWZApgN0=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIrkpShLoRim5cVrAXaEKYTCfp0JlMmJkIJQTc+CpuXCji1pdw59s4bbPQ1h8GPv5zDmfOH6aMKu0439bK6tr6xmZlq7q9s7u3bx8cdpXIJCYdLJiQ/RApwmhCOppqRvqpJIiHjPTC8c203nsgUlGR3OtJSnyO4oRGFCNtrMA+9iKJcN6Ii9wTnMQocAp4BZ16sxHYNafuzASXwS2hBkq1A/vLGwqccZJozJBSA9dJtZ8jqSlmpKh6mSIpwmMUk4HBBHGi/Hx2QwHPjDOEkZDmJRrO3N8TOeJKTXhoOjnSI7VYm5r/1QaZji79nCZppkmC54uijEEt4DQQOKSSYM0mBhCW1PwV4hEyoWgTW9WE4C6evAzdRt01fHdRa12XcVTACTgF58AFTdACt6ANOgCDR/AMXsGb9WS9WO/Wx7x1xSpnjsAfWZ8/+viWaA==</latexit><latexit sha1_base64="D4Oi6LrZfJg6BEAWHf7RWZApgN0=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIrkpShLoRim5cVrAXaEKYTCfp0JlMmJkIJQTc+CpuXCji1pdw59s4bbPQ1h8GPv5zDmfOH6aMKu0439bK6tr6xmZlq7q9s7u3bx8cdpXIJCYdLJiQ/RApwmhCOppqRvqpJIiHjPTC8c203nsgUlGR3OtJSnyO4oRGFCNtrMA+9iKJcN6Ii9wTnMQocAp4BZ16sxHYNafuzASXwS2hBkq1A/vLGwqccZJozJBSA9dJtZ8jqSlmpKh6mSIpwmMUk4HBBHGi/Hx2QwHPjDOEkZDmJRrO3N8TOeJKTXhoOjnSI7VYm5r/1QaZji79nCZppkmC54uijEEt4DQQOKSSYM0mBhCW1PwV4hEyoWgTW9WE4C6evAzdRt01fHdRa12XcVTACTgF58AFTdACt6ANOgCDR/AMXsGb9WS9WO/Wx7x1xSpnjsAfWZ8/+viWaA==</latexit><latexit sha1_base64="D4Oi6LrZfJg6BEAWHf7RWZApgN0=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIrkpShLoRim5cVrAXaEKYTCfp0JlMmJkIJQTc+CpuXCji1pdw59s4bbPQ1h8GPv5zDmfOH6aMKu0439bK6tr6xmZlq7q9s7u3bx8cdpXIJCYdLJiQ/RApwmhCOppqRvqpJIiHjPTC8c203nsgUlGR3OtJSnyO4oRGFCNtrMA+9iKJcN6Ii9wTnMQocAp4BZ16sxHYNafuzASXwS2hBkq1A/vLGwqccZJozJBSA9dJtZ8jqSlmpKh6mSIpwmMUk4HBBHGi/Hx2QwHPjDOEkZDmJRrO3N8TOeJKTXhoOjnSI7VYm5r/1QaZji79nCZppkmC54uijEEt4DQQOKSSYM0mBhCW1PwV4hEyoWgTW9WE4C6evAzdRt01fHdRa12XcVTACTgF58AFTdACt6ANOgCDR/AMXsGb9WS9WO/Wx7x1xSpnjsAfWZ8/+viWaA==</latexit><latexit sha1_base64="D4Oi6LrZfJg6BEAWHf7RWZApgN0=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIrkpShLoRim5cVrAXaEKYTCfp0JlMmJkIJQTc+CpuXCji1pdw59s4bbPQ1h8GPv5zDmfOH6aMKu0439bK6tr6xmZlq7q9s7u3bx8cdpXIJCYdLJiQ/RApwmhCOppqRvqpJIiHjPTC8c203nsgUlGR3OtJSnyO4oRGFCNtrMA+9iKJcN6Ii9wTnMQocAp4BZ16sxHYNafuzASXwS2hBkq1A/vLGwqccZJozJBSA9dJtZ8jqSlmpKh6mSIpwmMUk4HBBHGi/Hx2QwHPjDOEkZDmJRrO3N8TOeJKTXhoOjnSI7VYm5r/1QaZji79nCZppkmC54uijEEt4DQQOKSSYM0mBhCW1PwV4hEyoWgTW9WE4C6evAzdRt01fHdRa12XcVTACTgF58AFTdACt6ANOgCDR/AMXsGb9WS9WO/Wx7x1xSpnjsAfWZ8/+viWaA==</latexit>

!0
<latexit sha1_base64="0z5QTkxpnqlVZk36HzONSMGESA8=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NNmsSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCp5gw3IrsJ1qpDIS2IpGt7N66wm14Sp5sOMUQ0kHCY85o9ZZ7a6SOKA9v1eu+FV/LrIKQQ4VyFXvlb+6fcUyiYllghrTCfzUhhOqLWcCp6VuZjClbEQH2HGYUIkmnMz3nZIz5/RJrLR7iSVz9/fEhEpjxjJynZLaoVmuzcz/ap3MxtfhhCdpZjFhi4/iTBCryOx40ucamRVjB5Rp7nYlbEg1ZdZFVHIhBMsnr0Lzoho4vr+s1G7yOIpwAqdwDgFcQQ3uoA4NYCDgGV7hzXv0Xrx372PRWvDymWP4I+/zB7gFj74=</latexit><latexit sha1_base64="0z5QTkxpnqlVZk36HzONSMGESA8=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NNmsSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCp5gw3IrsJ1qpDIS2IpGt7N66wm14Sp5sOMUQ0kHCY85o9ZZ7a6SOKA9v1eu+FV/LrIKQQ4VyFXvlb+6fcUyiYllghrTCfzUhhOqLWcCp6VuZjClbEQH2HGYUIkmnMz3nZIz5/RJrLR7iSVz9/fEhEpjxjJynZLaoVmuzcz/ap3MxtfhhCdpZjFhi4/iTBCryOx40ucamRVjB5Rp7nYlbEg1ZdZFVHIhBMsnr0Lzoho4vr+s1G7yOIpwAqdwDgFcQQ3uoA4NYCDgGV7hzXv0Xrx372PRWvDymWP4I+/zB7gFj74=</latexit><latexit sha1_base64="0z5QTkxpnqlVZk36HzONSMGESA8=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NNmsSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCp5gw3IrsJ1qpDIS2IpGt7N66wm14Sp5sOMUQ0kHCY85o9ZZ7a6SOKA9v1eu+FV/LrIKQQ4VyFXvlb+6fcUyiYllghrTCfzUhhOqLWcCp6VuZjClbEQH2HGYUIkmnMz3nZIz5/RJrLR7iSVz9/fEhEpjxjJynZLaoVmuzcz/ap3MxtfhhCdpZjFhi4/iTBCryOx40ucamRVjB5Rp7nYlbEg1ZdZFVHIhBMsnr0Lzoho4vr+s1G7yOIpwAqdwDgFcQQ3uoA4NYCDgGV7hzXv0Xrx372PRWvDymWP4I+/zB7gFj74=</latexit><latexit sha1_base64="0z5QTkxpnqlVZk36HzONSMGESA8=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NNmsSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCp5gw3IrsJ1qpDIS2IpGt7N66wm14Sp5sOMUQ0kHCY85o9ZZ7a6SOKA9v1eu+FV/LrIKQQ4VyFXvlb+6fcUyiYllghrTCfzUhhOqLWcCp6VuZjClbEQH2HGYUIkmnMz3nZIz5/RJrLR7iSVz9/fEhEpjxjJynZLaoVmuzcz/ap3MxtfhhCdpZjFhi4/iTBCryOx40ucamRVjB5Rp7nYlbEg1ZdZFVHIhBMsnr0Lzoho4vr+s1G7yOIpwAqdwDgFcQQ3uoA4NYCDgGV7hzXv0Xrx372PRWvDymWP4I+/zB7gFj74=</latexit>
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!c = eB/m⇤
e
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Jaynes-Cummings Model
one atom interacting with a single photonic mode

matter light interaction
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â+ ~g(�̂+â+ �̂�â
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Breakdown of the RWA: counter-rotating terms 

must be kept à Bloch-Siegert shift (1940)

co-rotating terms counter-rotating terms
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co-rotating terms counter-rotating terms
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Breakdown of the RWA: counter-rotating terms 

must be kept à Bloch-Siegert shift (1940)

36A2 term
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Theory of Landau Polaritons in the Ultrastrong Coupling Regime

by Motoaki Bamba

Ĥ = ĤCR + Ĥcav + Ĥint + ĤA2

Here, ĤCR, Ĥcav, Ĥint, and ĤA2 represent the Hamiltonian for 2DEG CR, cavity photons, CR-

cavity-photon interaction, and photon-field self-interaction, respectively. They are expressed as

ĤCR = h̄!c�̂
†
0�̂0 , (2a)

Ĥcav =
1X

nz=1

X

⇠=±

h̄!
nz
cavâ

†
nz ,⇠

ânz ,⇠ , (2b)

Ĥint =
1X

nz=1

ih̄gnz

h
�̂
†
0(ânz ,+ + â

†
nz ,�)� �̂0(ânz ,� + â

†
nz ,+)

i
,

ĤA2 =
1X

nz=1

1X

n0
z=1

h̄gnzgn0
z

!c
(ânz ,� + â

†
nz ,+)(ân0

z ,+ + â
†
n0
z ,�) , (2c)

where �̂†
0 (�̂0) is the creation (annihilation) operator for the collective CR excitation of the electrons

in the highest Landau level, which satisfy [�̂0, �̂
†
0] = 1, â†nz ,⇠

(ânz ,⇠) represents the creation (anni-

hilation) operator for cavity photons of the nzth-order cavity mode with polarization ⇠, where ⇠ is

the polarization index, with ‘+’ and ‘�’ representing the CRA and CRI circularly polarized mode,

respectively, gnz = g0

p
!c/!cav is the coupling rate of CR with the nzth-order cavity mode, where

g0 =
p
e2n/("0"cavm

⇤L) is the coupling rate at zero detuning, L is the effective cavity length, and

"cav is the permittivity of the cavity filling material.

The vacuum BS shift results from counter-rotating coupling between the CR and the cavity

vacuum field. In the full Hamiltonian, Equation (1), it only appears in Ĥint as products of the

CR operators (�̂†
0 and �̂0) with the CRI mode photon operators (â†nz ,� and ânz ,�). These products

constitute the so-called counter-rotating terms (CRTs). On the other hand, the A
2 terms (ĤA2), as

shown in Equation (2c), affects both the CRA and the CRI modes. When the CR-photon interaction

enters the USC regime, both the CRTs and the A
2 terms can lead to a breakdown of the RWA. We

found that only by measuring the CRI mode dispersion can one distinguish the contributions from

9
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  2g ∝ ne

We have clearly observed Dicke cooperativity.
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1. Landau polaritons in quantum Hall systems

2.Spin-photon ultrastrong 
coupling in a paramagnet

3. Spin-magnon ultrastrong coupling in an 
antiferromagnet

4. Summary and outlook

Outline
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An ensemble of paramagnetic spins in a single-mode cavity 
represents the Dicke model in condensed matter.
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�
<latexit sha1_base64="7gxsz35rV55iow5b8W6EqtQy0sk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMptk2NtksSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNGUNqoTS7QgNEzxhDcutYO1UM5SRYK1odDurt56YNlwlD3acslDiIOExp2id1ewOUErslSt+1Z+LrEKQQwVy1Xvlr25f0UyyxFKBxnQCP7XhBLXlVLBpqZsZliId4YB1HCYomQkn822n5Mw5fRIr7V5iydz9PTFBacxYRq5Toh2a5drM/K/WyWx8HU54kmaWJXTxUZwJYhWZnU76XDNqxdgBUs3droQOUSO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+G7Y8V</latexit><latexit sha1_base64="7gxsz35rV55iow5b8W6EqtQy0sk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMptk2NtksSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNGUNqoTS7QgNEzxhDcutYO1UM5SRYK1odDurt56YNlwlD3acslDiIOExp2id1ewOUErslSt+1Z+LrEKQQwVy1Xvlr25f0UyyxFKBxnQCP7XhBLXlVLBpqZsZliId4YB1HCYomQkn822n5Mw5fRIr7V5iydz9PTFBacxYRq5Toh2a5drM/K/WyWx8HU54kmaWJXTxUZwJYhWZnU76XDNqxdgBUs3droQOUSO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+G7Y8V</latexit><latexit sha1_base64="7gxsz35rV55iow5b8W6EqtQy0sk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMptk2NtksSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNGUNqoTS7QgNEzxhDcutYO1UM5SRYK1odDurt56YNlwlD3acslDiIOExp2id1ewOUErslSt+1Z+LrEKQQwVy1Xvlr25f0UyyxFKBxnQCP7XhBLXlVLBpqZsZliId4YB1HCYomQkn822n5Mw5fRIr7V5iydz9PTFBacxYRq5Toh2a5drM/K/WyWx8HU54kmaWJXTxUZwJYhWZnU76XDNqxdgBUs3droQOUSO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+G7Y8V</latexit><latexit sha1_base64="7gxsz35rV55iow5b8W6EqtQy0sk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMptk2NtksSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNGUNqoTS7QgNEzxhDcutYO1UM5SRYK1odDurt56YNlwlD3acslDiIOExp2id1ewOUErslSt+1Z+LrEKQQwVy1Xvlr25f0UyyxFKBxnQCP7XhBLXlVLBpqZsZliId4YB1HCYomQkn822n5Mw5fRIr7V5iydz9PTFBacxYRq5Toh2a5drM/K/WyWx8HU54kmaWJXTxUZwJYhWZnU76XDNqxdgBUs3droQOUSO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+G7Y8V</latexit>

N

<latexit sha1_base64="4tI8MyGntlLrnc6BRXC2gBtM23I=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irly3qlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6kpjNo=</latexit>

=



Gd3+ Ions in Gd₃Ga₅O₁₂ (GGG) in a Magnetic Field

11

<latexit sha1_base64="kcMoqTd1H/X1BTIE68zvCodnHBM=">AAAB/HicbVDLTsJAFJ3iC/FVZelmIjFxYbAlKCyJblxilEcCpZkOU5gwnTYzU5OmwV9x40Jj3Poh7vwbB+hCwXNzk5Nz7s3cOV7EqFSW9W3k1tY3Nrfy24Wd3b39A/PwqC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zuPREga8geVRMQJ0IhTn2KktOSaxao/qJ33dcFB/d5NaxeVqWuWrLI1B1wldkZKIEPTNb/6wxDHAeEKMyRlz7Yi5aRIKIoZmRb6sSQRwhM0Ij1NOQqIdNL58VN4qpUh9EOhmys4V39vpCiQMgk8PRkgNZbL3kz8z+vFyq87KeVRrAjHi4f8mEEVwlkScEgFwYolmiAsqL4V4jESCCudV0GHYC9/eZW0K2X7qnx5Vy01rrM48uAYnIAzYIMaaIBb0AQtgEECnsEreDOejBfj3fhYjOaMbKcI/sD4/AGekpLW</latexit>

4f7, 8S7/2



Ga3+ spins exhibit a single 
electron paramagnetic 
resonance (EPR) mode.

12

<latexit sha1_base64="TYgMrHAWvhR6E9brBcjQbuDaxek="></latexit>

g(JLS) =
3

2
+

1

2


S(S + 1)� L(L+ 1)

J(J + 1)

�
= 2

<latexit sha1_base64="JUmyxK4Aj4d1L9vULWHvBl/pWXA=">AAACDXicbVDLSgMxFM34rPU16tJNsAouSp0paosgFN2IuKjUPqAdh0yaaUMzD5KMUIb5ATf+ihsXirh1786/MW1noa0HLpx7zr0k9zgho0Iaxrc2N7+wuLScWcmurq1vbOpb2w0RRByTOg5YwFsOEoRRn9QllYy0Qk6Q5zDSdAaXI7/5QLiggX8nhyGxPNTzqUsxkkqy9f37uJzU7Lh0VEzOYCd/Dc9hTZXq86qFN4obtp4zCsYYcJaYKcmBFFVb/+p0Axx5xJeYISHaphFKK0ZcUsxIku1EgoQID1CPtBX1kUeEFY+vSeCBUrrQDbgqX8Kx+nsjRp4QQ89Rkx6SfTHtjcT/vHYk3bIVUz+MJPHx5CE3YlAGcBQN7FJOsGRDRRDmVP0V4j7iCEsVYFaFYE6fPEsaxYJ5Wji5Pc5VLtI4MmAX7IFDYIISqIArUAV1gMEjeAav4E170l60d+1jMjqnpTs74A+0zx/IQ5br</latexit>

8S7/2 : J = S = 7/2, L = 0

<latexit sha1_base64="ED7HxPCIIVWdwzJVJgu+BwbKDRw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiTiC1elbsRVBfuANpTJdNIOnUzCzI1YQndu/BU3LhRx6y+482+ctF1o64ELh3Pu5d57/FhwDY7zbeUWFpeWV/KrhbX1jc0te3unrqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMMfXGV+454pzSN5B8OYeSHpSR5wSsBIHXu/0rm5xG1gD5BWFBciSrjEQSJp5o86dtEpOWPgeeJOSRFNUe3YX+1uRJOQSaCCaN1ynRi8lCjgVLBRoZ1oFhM6ID3WMlSSkGkvHf8xwodG6eIgUqYk4LH6eyIlodbD0DedIYG+nvUy8T+vlUBw4aVcxgkwSSeLgkRgiHAWCu5yxSiIoSGEKm5uxbRPFKFgoiuYENzZl+dJ/bjknpVOb0+K5co0jjzaQwfoCLnoHJXRNaqiGqLoET2jV/RmPVkv1rv1MWnNWdOZXfQH1ucPCYiZdQ==</latexit>

BJ : Brillouin function

<latexit sha1_base64="IU6XLYRJuC2g5/o2z7p+Y7zk91I="></latexit>

M =
N

V
g(JLS)µBJBJ

✓
g(JLS)µBµ0JH

kBT

◆
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g

Temperature

Spin-Boson Coupled System
(Dicke model)
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x

g

Temperature

g

Temperature

Boson-Boson Coupled System
(Hopfield model)

Spin-Boson Coupled System
(Dicke model)

constant



The THz-EPR coupling exhibits USC at low T
and high B.

15

Weak 
coupling

Strong 
coupling

Ultrastrong 
coupling



The THz-EPR coupling exhibits USC at low T
and high B.

15

<latexit sha1_base64="4gvjEVvZICmZanLm39MNYWooL+Q=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgadmNz4sQ9OIxgnnAZgmzk0kyZHZmmekVwpLP8OJBEa9+jTf/xkmyB00saCiquunuihLBDXjet1NYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OyKGCS5ZAzgI1k40I3EkWCsa3U391hPThiv5COOEhTEZSN7nlICVgg4Dgm+w51bPuuWK53oz4GXi56SCctS75a9OT9E0ZhKoIMYEvpdAmBENnAo2KXVSwxJCR2TAAksliZkJs9nJE3xilR7uK21LAp6pvycyEhszjiPbGRMYmkVvKv7nBSn0r8OMyyQFJul8UT8VGBSe/o97XDMKYmwJoZrbWzEdEk0o2JRKNgR/8eVl0qy6/qV78XBeqd3mcRTRETpGp8hHV6iG7lEdNRBFCj2jV/TmgPPivDsf89aCk88coj9wPn8AAoiPyA==</latexit>

⌘ = 0.23

Weak 
coupling

Strong 
coupling

Ultrastrong 
coupling



The coupling strength increased with decreasing temperature.

25

B = 23 T
𝜔!/2𝜋 = 0.644 THz

Temperature (K)

𝑔/
𝜔
!



1. Landau polaritons in quantum Hall systems
2. Spin-photon coupling in a paramagnet

3.Spin-magnon ultrastrong 
coupling in an antiferromagnet

4. Summary and outlook

Outline

49



<latexit sha1_base64="ToxSCRcw9BnraI6vCsDAfp/HUZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXSXoAPfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fks2PIw==</latexit>!
<latexit sha1_base64="eAqvAcTiegL88/Yi7+mnd82BZOI=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOepMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ79VtPoA1T8sGOEwgFGUgWM0qsk9pdJWBAen6vXPGr/gx4mQQ5qaAc9V75q9tXNBUgLeXEmE7gJzbMiLaMcpiUuqmBhNARGUDHUUkEmDCb3TvBJ07p41hpV9Limfp7IiPCmLGIXKcgdmgWvan4n9dJbXwdZkwmqQVJ54vilGOr8PR53GcaqOVjRwjVzN2K6ZBoQq2LqORCCBZfXibNs2pwWT2/v6jUbvI4iugIHaNTFKArVEN3qI4aiCKOntErevMevRfv3fuYtxa8fOYQ/YH3+QO6n4/G</latexit>!0

<latexit sha1_base64="TpN6sRMdEhkCqnjWyIQJr5WE10I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDe7WMvA==</latexit>

0

<latexit sha1_base64="U+6VJeBtT103r0hle4yb/JacWTU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lU1IOHohePFewHNKFstpN06e4m7G6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKK6tr6xvlzcrW9s7uXnX/oK2TTFFo0YQnqhsSDZxJaBlmOHRTBUSEHDrh6G7qd55AaZbIRzNOIRAklixilBgr+TG+wX4iICZ9t1+tuXV3BrxMvILUUIFmv/rlDxKaCZCGcqJ1z3NTE+REGUY5TCp+piEldERi6FkqiQAd5LObJ/jEKgMcJcqWNHim/p7IidB6LELbKYgZ6kVvKv7n9TITXQc5k2lmQNL5oijj2CR4GgAeMAXU8LElhCpmb8V0SBShxsZUsSF4iy8vk/ZZ3busnz9c1Bq3RRxldISO0Sny0BVqoHvURC1EUYqe0St6czLnxXl3PuatJaeYOUR/4Hz+AK9mkNE=</latexit>

g < !0

<latexit sha1_base64="QdKF7isL82lCKn7jXCzaBWFebg0=">AAAB8nicbVBNSwMxFHxbv2r9qnr0EiyCp7Kroh6LXjxWcG1hu5Rsmm1Dk82SZIWy9Gd48aCIV3+NN/+N2XYP2joQGGbeI/MmSjnTxnW/ncrK6tr6RnWztrW9s7tX3z941DJThPpEcqm6EdaUs4T6hhlOu6miWEScdqLxbeF3nqjSTCYPZpLSUOBhwmJGsLFS0BPYjJTI/fa0X2+4TXcGtEy8kjSgRLtf/+oNJMkETQzhWOvAc1MT5lgZRjid1nqZpikmYzykgaUJFlSH+SzyFJ1YZYBiqexLDJqpvzdyLLSeiMhOFhH1oleI/3lBZuLrMGdJmhmakPlHccaRkai4Hw2YosTwiSWYKGazIjLCChNjW6rZErzFk5fJ41nTu2ye3180WjdlHVU4gmM4BQ+uoAV30AYfCEh4hld4c4zz4rw7H/PRilPuHMIfOJ8/kCGRcg==</latexit>

UP
<latexit sha1_base64="BJwNozAQXAbz8aAy2xP5clUV948=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxoWLCvYB06Fk0kwbmkmG5I5Qhn6GGxeKuPVr3Pk3ZtpZaOuBwOGce8m5J0wEN+C6305pZXVtfaO8Wdna3tndq+4ftI1KNWUtqoTS3ZAYJrhkLeAgWDfRjMShYJ1wfJv7nSemDVfyESYJC2IylDzilICV/F5MYKTj7L457Vdrbt2dAS8TryA1VKDZr371BoqmMZNABTHG99wEgoxo4FSwaaWXGpYQOiZD5lsqScxMkM0iT/GJVQY4Uto+CXim/t7ISGzMJA7tZB7RLHq5+J/npxBdBxmXSQpM0vlHUSowKJzfjwdcMwpiYgmhmtusmI6IJhRsSxVbgrd48jJpn9W9y/r5w0WtcVPUUUZH6BidIg9doQa6Q03UQhQp9Ixe0ZsDzovz7nzMR0tOsXOI/sD5/AGCa5Fp</latexit>

LP
<latexit sha1_base64="OPyYCWexZYKbg5Fu1UEHwFk3Bxo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGK/YA2lM120y7dbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpoTrolcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt0Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07RhuAtvrxMmtWKd1k5v78o127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDz/+jS8=</latexit>

2g
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<latexit sha1_base64="ToxSCRcw9BnraI6vCsDAfp/HUZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXSXoAPfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fks2PIw==</latexit>!<latexit sha1_base64="eAqvAcTiegL88/Yi7+mnd82BZOI=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOepMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ79VtPoA1T8sGOEwgFGUgWM0qsk9pdJWBAen6vXPGr/gx4mQQ5qaAc9V75q9tXNBUgLeXEmE7gJzbMiLaMcpiUuqmBhNARGUDHUUkEmDCb3TvBJ07p41hpV9Limfp7IiPCmLGIXKcgdmgWvan4n9dJbXwdZkwmqQVJ54vilGOr8PR53GcaqOVjRwjVzN2K6ZBoQq2LqORCCBZfXibNs2pwWT2/v6jUbvI4iugIHaNTFKArVEN3qI4aiCKOntErevMevRfv3fuYtxa8fOYQ/YH3+QO6n4/G</latexit>!0
<latexit sha1_base64="TpN6sRMdEhkCqnjWyIQJr5WE10I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDe7WMvA==</latexit>

0

<latexit sha1_base64="U+6VJeBtT103r0hle4yb/JacWTU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lU1IOHohePFewHNKFstpN06e4m7G6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKK6tr6xvlzcrW9s7uXnX/oK2TTFFo0YQnqhsSDZxJaBlmOHRTBUSEHDrh6G7qd55AaZbIRzNOIRAklixilBgr+TG+wX4iICZ9t1+tuXV3BrxMvILUUIFmv/rlDxKaCZCGcqJ1z3NTE+REGUY5TCp+piEldERi6FkqiQAd5LObJ/jEKgMcJcqWNHim/p7IidB6LELbKYgZ6kVvKv7n9TITXQc5k2lmQNL5oijj2CR4GgAeMAXU8LElhCpmb8V0SBShxsZUsSF4iy8vk/ZZ3busnz9c1Bq3RRxldISO0Sny0BVqoHvURC1EUYqe0St6czLnxXl3PuatJaeYOUR/4Hz+AK9mkNE=</latexit>

g < !0

<latexit sha1_base64="Cb/6xBgzAUWtzcxoc1jQUhtVLoA=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lU1ItQ9OKxgv2AJpTNdpIu3d2E3Y1QQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6acaeO6305pZXVtfaO8Wdna3tndq+4ftHWSKQotmvBEdUOigTMJLcMMh26qgIiQQycc3U39zhMozRL5aMYpBILEkkWMEmMlP8Y32E8ExKTv9qs1t+7OgJeJV5AaKtDsV7/8QUIzAdJQTrTueW5qgpwowyiHScXPNKSEjkgMPUslEaCDfHbzBJ9YZYCjRNmSBs/U3xM5EVqPRWg7BTFDvehNxf+8Xmai6yBnMs0MSDpfFGUcmwRPA8ADpoAaPraEUMXsrZgOiSLU2JgqNgRv8eVl0j6re5f184eLWuO2iKOMjtAxOkUeukINdI+aqIUoStEzekVvTua8OO/Ox7y15BQzh+gPnM8fsPOQ0g==</latexit>g = !0

<latexit sha1_base64="QdKF7isL82lCKn7jXCzaBWFebg0=">AAAB8nicbVBNSwMxFHxbv2r9qnr0EiyCp7Kroh6LXjxWcG1hu5Rsmm1Dk82SZIWy9Gd48aCIV3+NN/+N2XYP2joQGGbeI/MmSjnTxnW/ncrK6tr6RnWztrW9s7tX3z941DJThPpEcqm6EdaUs4T6hhlOu6miWEScdqLxbeF3nqjSTCYPZpLSUOBhwmJGsLFS0BPYjJTI/fa0X2+4TXcGtEy8kjSgRLtf/+oNJMkETQzhWOvAc1MT5lgZRjid1nqZpikmYzykgaUJFlSH+SzyFJ1YZYBiqexLDJqpvzdyLLSeiMhOFhH1oleI/3lBZuLrMGdJmhmakPlHccaRkai4Hw2YosTwiSWYKGazIjLCChNjW6rZErzFk5fJ41nTu2ye3180WjdlHVU4gmM4BQ+uoAV30AYfCEh4hld4c4zz4rw7H/PRilPuHMIfOJ8/kCGRcg==</latexit>

UP
<latexit sha1_base64="BJwNozAQXAbz8aAy2xP5clUV948=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxoWLCvYB06Fk0kwbmkmG5I5Qhn6GGxeKuPVr3Pk3ZtpZaOuBwOGce8m5J0wEN+C6305pZXVtfaO8Wdna3tndq+4ftI1KNWUtqoTS3ZAYJrhkLeAgWDfRjMShYJ1wfJv7nSemDVfyESYJC2IylDzilICV/F5MYKTj7L457Vdrbt2dAS8TryA1VKDZr371BoqmMZNABTHG99wEgoxo4FSwaaWXGpYQOiZD5lsqScxMkM0iT/GJVQY4Uto+CXim/t7ISGzMJA7tZB7RLHq5+J/npxBdBxmXSQpM0vlHUSowKJzfjwdcMwpiYgmhmtusmI6IJhRsSxVbgrd48jJpn9W9y/r5w0WtcVPUUUZH6BidIg9doQa6Q03UQhQp9Ixe0ZsDzovz7nzMR0tOsXOI/sD5/AGCa5Fp</latexit>

LP

<latexit sha1_base64="QdKF7isL82lCKn7jXCzaBWFebg0=">AAAB8nicbVBNSwMxFHxbv2r9qnr0EiyCp7Kroh6LXjxWcG1hu5Rsmm1Dk82SZIWy9Gd48aCIV3+NN/+N2XYP2joQGGbeI/MmSjnTxnW/ncrK6tr6RnWztrW9s7tX3z941DJThPpEcqm6EdaUs4T6hhlOu6miWEScdqLxbeF3nqjSTCYPZpLSUOBhwmJGsLFS0BPYjJTI/fa0X2+4TXcGtEy8kjSgRLtf/+oNJMkETQzhWOvAc1MT5lgZRjid1nqZpikmYzykgaUJFlSH+SzyFJ1YZYBiqexLDJqpvzdyLLSeiMhOFhH1oleI/3lBZuLrMGdJmhmakPlHccaRkai4Hw2YosTwiSWYKGazIjLCChNjW6rZErzFk5fJ41nTu2ye3180WjdlHVU4gmM4BQ+uoAV30AYfCEh4hld4c4zz4rw7H/PRilPuHMIfOJ8/kCGRcg==</latexit>

UP
<latexit sha1_base64="BJwNozAQXAbz8aAy2xP5clUV948=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxoWLCvYB06Fk0kwbmkmG5I5Qhn6GGxeKuPVr3Pk3ZtpZaOuBwOGce8m5J0wEN+C6305pZXVtfaO8Wdna3tndq+4ftI1KNWUtqoTS3ZAYJrhkLeAgWDfRjMShYJ1wfJv7nSemDVfyESYJC2IylDzilICV/F5MYKTj7L457Vdrbt2dAS8TryA1VKDZr371BoqmMZNABTHG99wEgoxo4FSwaaWXGpYQOiZD5lsqScxMkM0iT/GJVQY4Uto+CXim/t7ISGzMJA7tZB7RLHq5+J/npxBdBxmXSQpM0vlHUSowKJzfjwdcMwpiYgmhmtusmI6IJhRsSxVbgrd48jJpn9W9y/r5w0WtcVPUUUZH6BidIg9doQa6Q03UQhQp9Ixe0ZsDzovz7nzMR0tOsXOI/sD5/AGCa5Fp</latexit>

LP
<latexit sha1_base64="OPyYCWexZYKbg5Fu1UEHwFk3Bxo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGK/YA2lM120y7dbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpoTrolcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt0Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07RhuAtvrxMmtWKd1k5v78o127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDz/+jS8=</latexit>
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<latexit sha1_base64="ToxSCRcw9BnraI6vCsDAfp/HUZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXSXoAPfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fks2PIw==</latexit>!<latexit sha1_base64="eAqvAcTiegL88/Yi7+mnd82BZOI=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOepMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQ79VtPoA1T8sGOEwgFGUgWM0qsk9pdJWBAen6vXPGr/gx4mQQ5qaAc9V75q9tXNBUgLeXEmE7gJzbMiLaMcpiUuqmBhNARGUDHUUkEmDCb3TvBJ07p41hpV9Limfp7IiPCmLGIXKcgdmgWvan4n9dJbXwdZkwmqQVJ54vilGOr8PR53GcaqOVjRwjVzN2K6ZBoQq2LqORCCBZfXibNs2pwWT2/v6jUbvI4iugIHaNTFKArVEN3qI4aiCKOntErevMevRfv3fuYtxa8fOYQ/YH3+QO6n4/G</latexit>!0
<latexit sha1_base64="TpN6sRMdEhkCqnjWyIQJr5WE10I=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDe7WMvA==</latexit>
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<latexit sha1_base64="U+6VJeBtT103r0hle4yb/JacWTU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lU1IOHohePFewHNKFstpN06e4m7G6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvDDlTBvX/XZKK6tr6xvlzcrW9s7uXnX/oK2TTFFo0YQnqhsSDZxJaBlmOHRTBUSEHDrh6G7qd55AaZbIRzNOIRAklixilBgr+TG+wX4iICZ9t1+tuXV3BrxMvILUUIFmv/rlDxKaCZCGcqJ1z3NTE+REGUY5TCp+piEldERi6FkqiQAd5LObJ/jEKgMcJcqWNHim/p7IidB6LELbKYgZ6kVvKv7n9TITXQc5k2lmQNL5oijj2CR4GgAeMAXU8LElhCpmb8V0SBShxsZUsSF4iy8vk/ZZ3busnz9c1Bq3RRxldISO0Sny0BVqoHvURC1EUYqe0St6czLnxXl3PuatJaeYOUR/4Hz+AK9mkNE=</latexit>

g < !0

<latexit sha1_base64="Cb/6xBgzAUWtzcxoc1jQUhtVLoA=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lU1ItQ9OKxgv2AJpTNdpIu3d2E3Y1QQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6acaeO6305pZXVtfaO8Wdna3tndq+4ftHWSKQotmvBEdUOigTMJLcMMh26qgIiQQycc3U39zhMozRL5aMYpBILEkkWMEmMlP8Y32E8ExKTv9qs1t+7OgJeJV5AaKtDsV7/8QUIzAdJQTrTueW5qgpwowyiHScXPNKSEjkgMPUslEaCDfHbzBJ9YZYCjRNmSBs/U3xM5EVqPRWg7BTFDvehNxf+8Xmai6yBnMs0MSDpfFGUcmwRPA8ADpoAaPraEUMXsrZgOiSLU2JgqNgRv8eVl0j6re5f184eLWuO2iKOMjtAxOkUeukINdI+aqIUoStEzekVvTua8OO/Ox7y15BQzh+gPnM8fsPOQ0g==</latexit>g = !0

<latexit sha1_base64="0dNETcMQWehPTBIoOl2CDTlciug=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lU1JMUvXisYD+gCWWznaRLdzdhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhSln2rjut1NaWV1b3yhvVra2d3b3qvsHbZ1kikKLJjxR3ZBo4ExCyzDDoZsqICLk0AlHd1O/8wRKs0Q+mnEKgSCxZBGjxFjJj/EN9hMBMem7/WrNrbsz4GXiFaSGCjT71S9/kNBMgDSUE617npuaICfKMMphUvEzDSmhIxJDz1JJBOggn908wSdWGeAoUbakwTP190ROhNZjEdpOQcxQL3pT8T+vl5noOsiZTDMDks4XRRnHJsHTAPCAKaCGjy0hVDF7K6ZDogg1NqaKDcFbfHmZtM/q3mX9/OGi1rgt4iijI3SMTpGHrlAD3aMmaiGKUvSMXtGbkzkvzrvzMW8tOcXMIfoD5/MHsoCQ0w==</latexit>

g > !0

<latexit sha1_base64="QdKF7isL82lCKn7jXCzaBWFebg0=">AAAB8nicbVBNSwMxFHxbv2r9qnr0EiyCp7Kroh6LXjxWcG1hu5Rsmm1Dk82SZIWy9Gd48aCIV3+NN/+N2XYP2joQGGbeI/MmSjnTxnW/ncrK6tr6RnWztrW9s7tX3z941DJThPpEcqm6EdaUs4T6hhlOu6miWEScdqLxbeF3nqjSTCYPZpLSUOBhwmJGsLFS0BPYjJTI/fa0X2+4TXcGtEy8kjSgRLtf/+oNJMkETQzhWOvAc1MT5lgZRjid1nqZpikmYzykgaUJFlSH+SzyFJ1YZYBiqexLDJqpvzdyLLSeiMhOFhH1oleI/3lBZuLrMGdJmhmakPlHccaRkai4Hw2YosTwiSWYKGazIjLCChNjW6rZErzFk5fJ41nTu2ye3180WjdlHVU4gmM4BQ+uoAV30AYfCEh4hld4c4zz4rw7H/PRilPuHMIfOJ8/kCGRcg==</latexit>

UP
<latexit sha1_base64="BJwNozAQXAbz8aAy2xP5clUV948=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxoWLCvYB06Fk0kwbmkmG5I5Qhn6GGxeKuPVr3Pk3ZtpZaOuBwOGce8m5J0wEN+C6305pZXVtfaO8Wdna3tndq+4ftI1KNWUtqoTS3ZAYJrhkLeAgWDfRjMShYJ1wfJv7nSemDVfyESYJC2IylDzilICV/F5MYKTj7L457Vdrbt2dAS8TryA1VKDZr371BoqmMZNABTHG99wEgoxo4FSwaaWXGpYQOiZD5lsqScxMkM0iT/GJVQY4Uto+CXim/t7ISGzMJA7tZB7RLHq5+J/npxBdBxmXSQpM0vlHUSowKJzfjwdcMwpiYgmhmtusmI6IJhRsSxVbgrd48jJpn9W9y/r5w0WtcVPUUUZH6BidIg9doQa6Q03UQhQp9Ixe0ZsDzovz7nzMR0tOsXOI/sD5/AGCa5Fp</latexit>

LP

<latexit sha1_base64="QdKF7isL82lCKn7jXCzaBWFebg0=">AAAB8nicbVBNSwMxFHxbv2r9qnr0EiyCp7Kroh6LXjxWcG1hu5Rsmm1Dk82SZIWy9Gd48aCIV3+NN/+N2XYP2joQGGbeI/MmSjnTxnW/ncrK6tr6RnWztrW9s7tX3z941DJThPpEcqm6EdaUs4T6hhlOu6miWEScdqLxbeF3nqjSTCYPZpLSUOBhwmJGsLFS0BPYjJTI/fa0X2+4TXcGtEy8kjSgRLtf/+oNJMkETQzhWOvAc1MT5lgZRjid1nqZpikmYzykgaUJFlSH+SzyFJ1YZYBiqexLDJqpvzdyLLSeiMhOFhH1oleI/3lBZuLrMGdJmhmakPlHccaRkai4Hw2YosTwiSWYKGazIjLCChNjW6rZErzFk5fJ41nTu2ye3180WjdlHVU4gmM4BQ+uoAV30AYfCEh4hld4c4zz4rw7H/PRilPuHMIfOJ8/kCGRcg==</latexit>

UP
<latexit sha1_base64="BJwNozAQXAbz8aAy2xP5clUV948=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxoWLCvYB06Fk0kwbmkmG5I5Qhn6GGxeKuPVr3Pk3ZtpZaOuBwOGce8m5J0wEN+C6305pZXVtfaO8Wdna3tndq+4ftI1KNWUtqoTS3ZAYJrhkLeAgWDfRjMShYJ1wfJv7nSemDVfyESYJC2IylDzilICV/F5MYKTj7L457Vdrbt2dAS8TryA1VKDZr371BoqmMZNABTHG99wEgoxo4FSwaaWXGpYQOiZD5lsqScxMkM0iT/GJVQY4Uto+CXim/t7ISGzMJA7tZB7RLHq5+J/npxBdBxmXSQpM0vlHUSowKJzfjwdcMwpiYgmhmtusmI6IJhRsSxVbgrd48jJpn9W9y/r5w0WtcVPUUUZH6BidIg9doQa6Q03UQhQp9Ixe0ZsDzovz7nzMR0tOsXOI/sD5/AGCa5Fp</latexit>

LP

<latexit sha1_base64="QdKF7isL82lCKn7jXCzaBWFebg0=">AAAB8nicbVBNSwMxFHxbv2r9qnr0EiyCp7Kroh6LXjxWcG1hu5Rsmm1Dk82SZIWy9Gd48aCIV3+NN/+N2XYP2joQGGbeI/MmSjnTxnW/ncrK6tr6RnWztrW9s7tX3z941DJThPpEcqm6EdaUs4T6hhlOu6miWEScdqLxbeF3nqjSTCYPZpLSUOBhwmJGsLFS0BPYjJTI/fa0X2+4TXcGtEy8kjSgRLtf/+oNJMkETQzhWOvAc1MT5lgZRjid1nqZpikmYzykgaUJFlSH+SzyFJ1YZYBiqexLDJqpvzdyLLSeiMhOFhH1oleI/3lBZuLrMGdJmhmakPlHccaRkai4Hw2YosTwiSWYKGazIjLCChNjW6rZErzFk5fJ41nTu2ye3180WjdlHVU4gmM4BQ+uoAV30AYfCEh4hld4c4zz4rw7H/PRilPuHMIfOJ8/kCGRcg==</latexit>

UP
<latexit sha1_base64="BJwNozAQXAbz8aAy2xP5clUV948=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxoWLCvYB06Fk0kwbmkmG5I5Qhn6GGxeKuPVr3Pk3ZtpZaOuBwOGce8m5J0wEN+C6305pZXVtfaO8Wdna3tndq+4ftI1KNWUtqoTS3ZAYJrhkLeAgWDfRjMShYJ1wfJv7nSemDVfyESYJC2IylDzilICV/F5MYKTj7L457Vdrbt2dAS8TryA1VKDZr371BoqmMZNABTHG99wEgoxo4FSwaaWXGpYQOiZD5lsqScxMkM0iT/GJVQY4Uto+CXim/t7ISGzMJA7tZB7RLHq5+J/npxBdBxmXSQpM0vlHUSowKJzfjwdcMwpiYgmhmtusmI6IJhRsSxVbgrd48jJpn9W9y/r5w0WtcVPUUUZH6BidIg9doQa6Q03UQhQp9Ixe0ZsDzovz7nzMR0tOsXOI/sD5/AGCa5Fp</latexit>

LP
<latexit sha1_base64="OPyYCWexZYKbg5Fu1UEHwFk3Bxo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGK/YA2lM120y7dbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpoTrolcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt0Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07RhuAtvrxMmtWKd1k5v78o127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDz/+jS8=</latexit>
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There is a new ground state at low enough T and large enough g 
(the Dicke superradiant phase transition: SRPT).

態 |g0〉が不安定になることは 1969年にW. R. Malloryによって示された 13)．N → ∞

の極限で g2 > ωaωc において電磁場と原子集団の分極や電流が熱平衡下で自発的に期待

値を獲得すること，つまり超放射相転移することは，1973年に K. Heppと E. H. Liebに

よって示された 8)．同年，Y. K. Wangと F. T. Hioeによって，明快な計算法が示され

た 14)．

 
ᗘ
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 / 
ħ
ω

a

┦஫స⏝ࡢᙉࡉ g / ωa

αeq /   N√¯¯

Tc

図 3 Dicke Hamiltonian [式 (1)] で記述される系の N → ∞ の極限での相図．温度
T と相互作用の強さ g を，それぞれ kBT/!ωa と g/ωa に無次元化して縦軸と横軸と
し，電磁場の期待値 αeq = 〈â〉 を

√
N で規格化して，赤色でプロットした．太線で

示す臨界温度 Tc において超放射相転移（2次の相転移）が起こる．ここでは，単純に
ωc = ωa としており，g >

√
ωaωc = ωa において超放射相が得られる．

図 3に相図を示す．縦軸は温度 T を kBT/!ωa として無次元化し，横軸は g/ωa とし，

熱平衡下での電磁場の期待値 αeq = 〈â〉を
√
N で規格化した値を赤色でプロットした*9．

ここでは単純に ωc = ωa としており，g >
√
ωaωc = ωa において，太線で示した臨界温度

Tc を境に電磁場が期待値を獲得した超放射相が現れる（2次の相転移である 8)）．g の増

大と共に，臨界温度 Tcは高まっていく．図示してはいないが，各原子の分極や電流も期待

値 〈σ̂j〉 = −(ωc/g)αeq/
√
N を獲得する．図 3が超放射相転移を示す系の典型的な相図で

ある．次々節で触れるように，絶対零度や温度を定義できない非平衡下で，Hamiltonian

中のパラメータ g などを変化した際に得られる転移が，近年では量子相転移として議論

されてもいる 15–17)．有限温度ではなく絶対零度，つまり基底状態のみを議論するなら，

Holstein–Primakoff変換による解析が分かりやすい 15,16)．この解析法に基づいて，ここ

*9 つまり，光子の数 αeq2 は原子数 N でスケールする．

6

g/!0

k B
T
/~

!
0

K. Hepp & E. H. Lieb, Annals of Physics 76,  360 (1973)

<latexit sha1_base64="M2NtnVteYR6GPvs4ta3jjjiLve0=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9SIEvXhUMCpkQ5iddJLBeawzvWJY8ite/BUvHhTxJv6Mk7gHXwUNRVU33V1JKoXDMHwPJianpmdmS3Pl+YXFpeXKyuqFM5nl0OBGGnuVMAdSaGigQAlXqQWmEgmXyfXxyL+8BeuE0ec4SKGlWE+LruAMvdSuHMRGQY+1Y4Q7zBkaNaSHP7S0b9DoIY3hJhO3tPDCdqUa1sIx6F8SFaRKCpy2K29xx/BMgUYumXPNKEyxlTOLgksYluPMQcr4NetB01PNFLhWPv5wSDe90qFdY31ppGP1+0TOlHMDlfhOxbDvfnsj8T+vmWH3oJULnWYImn8t6maSoqGjuGhHWOAoB54wboW/lfI+s4yjD7XsQ4h+v/yXXGzXor3aztlutX5UxFEi62SDbJGI7JM6OSGnpEE4uSeP5Jm8BA/BU/AavH21TgTFzBr5geDjE5SfpP0=</latexit>!atom = !photon ⌘ !0

The superradiant 
(SR) phase

53



There are two order parameters in the SRPT (a.k.a. 
photon condensation).

C. Emary & T. Brandes, Physical Review E 67, 066203 (2003); Physical Review Letters 90, 044101 (2003)
F. Dimer et al., Physical Review A 75, 013804 (2007)
P. Nataf & C. Ciuti, Nature Communications 1, 72 (2010)
J. Larson & E. K. Irish, Journal of Physics A 50, 174002 (2017)

T = 0

54



No-Go Theorem for the SRPT

K. Rzazewski et al., Physical Review Letters 35, 432 (1975)

p2

2m
! (p+ eA)2

2m
=

p2

2m
+

e

m
A · p+

e2

2m
A2

<latexit sha1_base64="P/E18RUi84eKKLSaEGMS7CATlVs="></latexit>

55



No-Go Theorem for the SRPT

56



Dicke Superradiant Phase Transition: Ongoing Debate

57
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We generalize the Power-Zineau-Woolley transformation to obtain a canonical Hamiltonian of cavity
quantum electrodynamics for arbitrary geometry of boundaries. This Hamiltonian is free from the A-square
term and the instantaneous Coulomb interaction between distinct atoms. The single-mode models of cavity
QED (Dicke, Tavis-Cummings, Jaynes-Cummings) are justified by a term by term mapping to the
proposed microscopic Hamiltonian. As one straightforward consequence, the basis of no-go argumenta-
tions concerning the Dicke phase transition with atoms in electromagnetic fields dissolves.
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The fundamental description of the interaction of atom-
istic matter with the electromagnetic field in the Coulomb
gauge is known to suffer from the presence of an awkward
term containing the square of the vector potential. In most
of the practical cases, in the framework of a diluteness
assumption for the atoms, this term can be neglected and
the observable effects are ultimately accounted for in terms
of a simplified model, such as the Jaynes-Cummings one.
In typical quantum optical systems, such a phenomeno-
logical approach with properly adjusted parameters usually
gives a satisfactory quantitative accuracy. However, there
are situations where even the qualitative behavior of the
system is questionable because of the confusion around
this term. A prominent example is the Dicke model, where
the very existence of the predicted superradiant phase
transition depends on the validity of the adopted effective
model [1–4]. Another important field in this respect is the
so-called ultrastrong coupling regime [5] realized by
novel artificial systems [6,7], where the Coulomb gauge
entailing the A-square term is not well suited to the
consistent description of light-matter interaction and the
self-interaction within the polarizable medium [8].
In this Letter, we show that cavity quantum electrody-

namics, i.e., when the field itself as well as the light-matter
interaction is significantly influenced by the presence of
boundaries, can be established at a fundamental level on a
Hamiltonian which eliminates the problem of the A-square
term. We present a canonical transformation which makes
manifest that this term is compensated by a dipole-dipole
interaction term, and the remaining terms are of a simple
linear form [9]. From our approach, it follows, for example,
that there is no principle that would prevent the super-
radiant phase transition in the case of an ensemble of
atomic dipoles in a cavity. The canonical transformation is
analogous to the Power-Zienau-Woolley transformation in
free space; however, in our approach we allow for arbitrary
geometry, thereby treating the general cavity QED system.

All our vector fields are, thus, defined on a generic
(possibly even multiply connected) domain D in the
three-dimensional real space bounded by (possibly several
disjunct) sufficiently smooth surfaces ∂D, which consist of
a perfect conductor. Overall, D is assumed to be bounded.
Consider an arbitrary number of point charges coupled to

the electromagnetic field confined into D. In the Coulomb
(minimal-coupling) gauge, defined by

∇ ·A ¼ 0; (1)

the Hamiltonian of the system reads

H¼
X

α

½pα−qαAðrαÞ%2

2mα
þε0

2

Z

D
d3rð∇UÞ2þHfield; (2a)

with U being the scalar potential, pα the canonical
momentum of particle α conjugate to its position rα, and

Hfield ¼
ε0
2

Z

D
d3r

!"
Π
ε0

#
2

þ c2ð∇ ×AÞ2
$
; (2b)

with Π ¼ ε0∂tA being the momentum conjugate to A.
An important observation is that, unlike in free space,

condition (1) does not fix the potentials completely.
The remaining freedom of choosing the potentials within
the Coulomb gauge amounts to a freedom in choosing
different constant values for U on each of the connected
components of ∂D, which will result in various configu-
rations of capacitor fields carried by U. Our choice, here,
will be to set

Uj∂D ¼ 0 and A × nj∂D ¼ 0: (3)

Together with Eq. (1), the latter condition makes up for the
vector potential satisfying both the electric and magnetic
boundary conditions [10].
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Stability of polarizable materials against superradiant phase transition
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The possibility of the superradiant phase transition in polarizable materials described by the minimal-coupling
Hamiltonian with the longitudinal dipole-dipole interaction is examined. We try to reduce the Hamiltonian
into the Dicke one in the homogeneous and infinite case, and discuss the stability of normal ground state by
the formalism of the Green function in the spatially inhomogeneous case. The presence of the longitudinal
dipole-dipole interaction does not enable the superradiant phase transition, if the transverse and longitudinal
fields are decoupled. Although the full dipole-dipole interaction can be eliminated in the electric-dipole gauge in
the absence of overlap between individual atomic dipoles, we cannot reduce the Hamiltonian to the Dicke one,
because the elimination is justified only if all the transverse and longitudinal fields remain. Even if the transverse
and longitudinal fields are mixed in spatially inhomogeneous systems, the normal ground state is still stable if
the system does not show the superradiant phase transition in the homogeneous case.
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I. INTRODUCTION

The light-matter interaction has been discussed by the
classical electrodynamics, in which the Maxwell equations
describe the dynamics of the electromagnetic fields in matters,
and also by the quantum electrodynamics [1]. In the latter
regime, an ensemble of atoms interacting with the radiation
field in a cavity has been supposed as a standard model for
discussing a variety of optical phenomena, e.g., studying the
laser [2], which are well described by the Dicke Hamiltonian

ĤDicke = !ωcâ
†â +

N∑

λ=1

!ωa

2
σ̂ z

λ +
N∑

λ=1

i!g̃√
N

(â†σ̂λ − σ̂
†
λ â).

(1)

Here, â is the annihilation operator of a photon in a cavity
mode with a frequency ωc. σ̂ z

λ = |eλ〉〈eλ| − |gλ〉〈gλ| and σ̂λ =
|gλ〉〈eλ| are operators involving the λth atom with ground state
|gλ〉 and excited one |eλ〉, and ωa is the frequency difference
between them. N is the number of atoms, and g̃ represents
the strength of the light-matter coupling. When the coupling
strength goes into the ultrastrong regime (g̃ ! ωa,ωc), it is
known [3–5] that the radiation field and the atomic polarization
get nonzero amplitudes even in the ground state of the system
described by the Dicke Hamiltonian (1). This is called the
superradiant phase transition (SPT). However, it is also known
that the SPT is prevented by the presence of the A2 term [6–9]

ĤA2 = !g̃2

ωa
(â + â†)(â + â†) (2)

appearing in the Coulomb gauge [1], and also by the P 2 term

ĤP 2 =
∑

λ,λ′

!g̃2

Nωc
(σ̂λ + σ̂

†
λ )(σ̂λ′ + σ̂

†
λ′) (3)

appearing in the electric-dipole gauge [10,11]. Further, the SPT
was also discussed from the viewpoint of gauge invariance
[12–14]. Concerning the minimal-coupling Hamiltonian with

*bamba@acty.phys.sci.osaka-u.ac.jp

the Coulomb interaction [in the Coulomb gauge and shown
in Eq. (4)], the SPT is forbidden at least under the dipole
approximation (no-go theorem) [14,15], and is also denied
beyond that approximation but in the classical treatment of the
radiation field [16]. Due to the gauge invariance, the SPT in
the same system is denied also in the electric-dipole gauge.

Although we do not yet find any real systems for obtaining
the SPT in equilibrium situations, it is recently recognized
that the SPT can occur effectively at least in nonequilibrium
situations (driven-dissipative systems). It was suggested the-
oretically that an analog of the Dicke Hamiltonian (without
A2 or P 2 term) can be constructed in a system of multilevel
atoms under coherent pumping [17], and a phase transition
corresponding to the SPT has been observed experimentally
in the system of cold atoms [18]. Further, in recent years, the
ultrastrong light-matter coupling has also been realized in a
variety of systems [19–28]. Now, the possibility of the SPT re-
attracts an attention [29–32] in the direction of how the Dicke
Hamiltonian is constructed and the SPT occurs in real systems,
although it is not yet observed in the equilibrium situations.

In order to investigate the systems with the ultrastrong
light-matter coupling quantitatively and qualitatively, it is
inevitable to understand precisely the Hamiltonian of those
systems, i.e., whether the A2 or P 2 term exists and the SPT
can occur even in the equilibrium situations. For example, its
possibility involving the magnetic-dipole interaction involving
electron spins [13] is not yet denied. The gauge transformation
under finite-level and finite-mode approximations, which are
performed for deriving the Dicke Hamiltonian (1) and destroy
the gauge invariance, is also recognized as a problem from
the experimental viewpoint in the ultrastrong light-matter
coupling regime [22,33,34]. Further, it was recently pointed
out in Refs. [35,36] that the P 2 term seems to disappear in the
electric-dipole gauge thanks to the presence of the longitudinal
dipole-dipole interaction and the absence of overlap between
individual atomic dipoles (atoms are well separated from
each other), and the SPT seems to occur at first glance.
This indication does not violate the gauge invariance, and
avoids the no-go theorem [14,15] by the modification of the
Hamiltonian, although the model itself seems to be included in
those discussed by the no-go theorem [14,15] in the Coulomb

1050-2947/2014/90(6)/063825(8) 063825-1 ©2014 American Physical Society
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We predict the existence of novel first-order phase transitions in a general class of multiqubit cavity
systems. Apart from atomic systems, the associated superradiant phase transition should be observable
in a variety of solid-state experimental systems, including the technologically important case of
interacting quantum dots coupled to an optical cavity mode.
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Phase transitions in quantum systems are of great
interest to the solid-state and atomic communities [1,2],
and have even caught the attention of the quantum infor-
mation community in connection with entanglement
[3,4]. Most of the focus within the solid-state community
has been on phase transitions in electronic systems such
as low-dimensional magnets [1,2] while in atomic physics
there has been much interest in phase transitions in cold
atom gases and in atoms coupled to a cavity. In particular,
a second-order phase transition, from normal to super-
radiance, is known to arise in the Dicke model which
considers N two-state atoms (i.e., ‘‘spins’’ or ‘‘qubits’’
[3,4]) coupled to an electromagnetic field (i.e., bosonic
cavity mode) [5–7]. The Dicke model itself has been
studied within the atomic physics community for
50 years, but has recently caught the attention of solid-
state physicists working on arrays of quantum dots,
Josephson junctions, and magnetoplasmas [8]. Its exten-
sion to quantum chaos [9], quantum information [10], and
other exactly solvable models has also been considered
recently [11].

Despite its obvious appeal, the Dicke model ignores
interactions between the spins. In atomic systems where
each spin is an atom, this is arguably an acceptable
approximation if the atoms are neutral and the atom-
atom separation d ! a where a is the atomic diameter.
However, there are several reasons why this approxi-
mation is unlikely to be valid in typical solid-state sys-
tems. First, the spin can be represented by any nano-
structure (e.g., quantum dot) possessing two well-
defined energy levels, yet such nanostructures are not
typically neutral. Hence, there is, in general, a short-
ranged (due to screening) electrostatic interaction be-
tween neighboring nanostructures. Second, even if each
nanostructure is neutral, the typical separation d between
nanostructures in fabricated arrays is similar to the size
of the individual nanostructures themselves (102–103 A).
Hence, neutral systems such as excitonic quantum dots

still have a significant interaction between nearest neigh-
bors [12].

Motivated by the experimental relevance of spin-spin
interactions, we introduce and analyze a generalized
Dicke Hamiltonian which is relevant to current experi-
mental setups in both the solid-state and atomic commun-
ities [13]. We show that the presence of transverse spin-
spin coupling terms leads to novel first-order phase tran-
sitions associated with superradiance in the bosonic cav-
ity field. A technologically important example within the
solid-state community is an array of quantum dots
coupled to an optical mode. This mode could arise from
an optical cavity or a defect mode in a photonic band gap
material [13]. However, we emphasize that the N spins
may correspond to any two-level system, including super-
conducting qubits and atoms [8,13]. The bosonic field is
then any field to which the corresponding spins couple
[8,13]. Apart from the experimental prediction of novel
phase transitions, our work also provides an interesting
generalization of the well-known Dicke model.

Just as the themodynamic results for the original Dicke
model turned out to be valid for a wider class of Dicke-
like Hamiltonians [7], the results we present are actually
valid for a wider class of Hamiltonian incorporating spin-
spin and spin-boson interactions [14]. However, for sim-
plicity we focus here on a straightforward example:

H " aya#
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Following the discussions above, the experimental spin-
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Are super-radiant phase transitions possibles

APRI L 1978

J. M. Knight, Y. Aharonov, * and G. T. C. Hsieh
University of South Carolina, Columbia, South Carolina 29208

(Received 18 August 1977)

An argument is given which rules out super-radiant phase transitions in which the atone states 'involved
are connected by electric-dipole matrix elements. The argument is based on gauge invariance, and is valid
even in the presence of direct interatomic interactions. Its relevance is demonstrated by presenting a number
of two-level models exhibiting super-radiant phase transitions which are not forbidden by previous sum-rule
arguments. As a preliminary to the argument, the nature of the super-radiant phase transition is discussed,
and a simple model is given which reproduces its main features. It is argued, finally, that in at least one
case in which our argument fails a super-radiant phase transition is possible in principle.

I. INTRODUCTION

The possibility of a phase transition involving
resonant interaction of a collection of atoms with
the electromagnetic field in a cavity is a very at-
tractive one. The order parameter for such a
transition, being the field itself, would be acces-
sible to refined measurements, possibly giving a
new method of studying interacting atomic sys-
tems. A super-radiant phase transition of the kind
described was shown by Hepp and Lieb' to follow
rigorously from a thermodynamic treatment of the
Dicke model, ' used previously to discuss radiation
phenomena far from thermal equilibrium. Later,
Rzazewski, Wodkiewicz, and Zakowicz' showed
that this result is a consequence of the neglect of
the 4' and counter-rotating terms in the Dicke
Hamiltonian, and that the Thomas-Reiche-Kuhn
sum rule places a constraint on the coefficients
of these terms which rules out the phase transi-
tion. '
Underlying this result is the fact that gauge in-

variance requires the presence of the A' and
counter-rotating terms, as has recently been re-
emphasized by Wooley. ' .In fact, the sum rule can
be derived from charge-current conservation, ' an
immediate consequence of gauge invariance. When
these terms are dropped, the remaining part of
the kinetic energy term in the fundamental Ham-
iltonian can become negative, allowing false con-
clusions concerning the energies and thermal
properties of the system.
The work cited above does not make clear, how-

ever, the impossibility of some kind of phase
transition involving an electromagnetic field
which becomes large due to interactions with an
atomic system. Indeed, phase transitions are ex-
hibited by a number of extended versions of the
Dicke model w'hich have been treated in the litera-
ture. ' " We have constructed additional examples
which show' that phase transitions can occur in

two-level systems which satisfy all the cohstraints
imposed by the sum rule. These models have di-
rect interatomic interactions in addition to the
proper A' and counter-rotating terms.
In the present paper, we seek a criterion which

will enable us to assess the validity of these mod-
els and to determine whether a phase transition
of super-radiant type can occur in principle in a
physical system. We find an argument, based on
the gauge invariance of the fundamental Hamjlton-
ian, which is stronger than previous arguments,
and which can be applied more generally. One of
the consequences of the argument is that no two-
level model where the atoms make electric-dipole
transitions can validly exhibit a super-radiant
phase transition. We then show that there still
exist physical systems for which such a phase
transition is not ruled out.
We begin by describing some preliminary no-

tions concerning the .nature of the phase transition
which have motivated our work. In the. model in-
troduced by Dicke, a single mode of the electro-
magnetic field interacts with a collection of N two-
level atoms via a term proportional to &D, where
& is a component of the vector potential and & the
corresponding component of the total electric-di-
pole moment of the atoms. If this system is
brought to thermal equilibrium below a critical
temperature T„it is found to be: in a state which
differs from the normal equilibrium state above
T, in several respects, provided the strength of
the atom-field interaction is large enough to sat-
isfy a certain condition given by Hepp and Lieb.
The photon number n is macroscopic and of the
order of the number N of atoms, rather than being
of order unity as given by the Planck formula;
Furthermore, A. and D become large —& of order
WN and D of order N—and have a well-defined rel-
ative phase.
When the temperature is decreased to zero, the

system retains these properties as it continuously
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Abstract
Phase transitions of a generalized Dicke model in the Coulomb gauge—
including A2 terms in the matter–radiation coupling, as well as direct dipole–
dipole interaction terms—are studied. After a brief review of previous work
on the ‘no-go theorem’ for phase transitions in the Dicke model, it is shown
that a consistent truncation of the radiation modes and of the direct interactions
leads to a model that does have a phase transition. When transformed to the
electric dipole gauge, such a system takes exactly the form of the original Dicke
Hamiltonian, which displays the expected phase transition.

1. Introduction

The Dicke model [1] has been long studied as a model of collective behaviour of radiation
coupled to matter. In its original form, it describes a set of two-level systems with constant
energy, coupled to a single photon mode, i.e. a bosonic field. At low temperatures, the Dicke
model has a phase transition, below which the two-level systems become polarized, and there
is an expectation for the bosonic field [2–4]. This transition occurs even in the canonical
ensemble, and so would describe the instability of the vacuum of the interacting light–matter
system to spontaneous generation of a photon field. However, if the Dicke model is understood
as an approximation of the interaction of light and matter in the Coulomb (A · p) gauge, then
the Dicke model neglects terms like A2. As shown by Rza̧żewski et al [5, 6], including such
terms prevents the phase transition occurring.

Generalizations of the Dicke model have been studied in many contexts, including
polariton condensation [7–9], quantum computing [10–12], and the dynamics of strongly
interacting fermionic atomic gases near a Feshbach resonance [13, 14]. In several of these
examples, phase transitions are studied, but in the grand canonical ensemble, i.e. with
constrained density, in which case the A2 terms do not destroy the phase transition [8]. One
reason for its wide use is that, in the rotating wave approximation, the generalization of the
Dicke model with varying two-level system energies, but constant couplings to the photon field,
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Are super-radiant phase transitions possibles

APRI L 1978

J. M. Knight, Y. Aharonov, * and G. T. C. Hsieh
University of South Carolina, Columbia, South Carolina 29208

(Received 18 August 1977)

An argument is given which rules out super-radiant phase transitions in which the atone states 'involved
are connected by electric-dipole matrix elements. The argument is based on gauge invariance, and is valid
even in the presence of direct interatomic interactions. Its relevance is demonstrated by presenting a number
of two-level models exhibiting super-radiant phase transitions which are not forbidden by previous sum-rule
arguments. As a preliminary to the argument, the nature of the super-radiant phase transition is discussed,
and a simple model is given which reproduces its main features. It is argued, finally, that in at least one
case in which our argument fails a super-radiant phase transition is possible in principle.

I. INTRODUCTION

The possibility of a phase transition involving
resonant interaction of a collection of atoms with
the electromagnetic field in a cavity is a very at-
tractive one. The order parameter for such a
transition, being the field itself, would be acces-
sible to refined measurements, possibly giving a
new method of studying interacting atomic sys-
tems. A super-radiant phase transition of the kind
described was shown by Hepp and Lieb' to follow
rigorously from a thermodynamic treatment of the
Dicke model, ' used previously to discuss radiation
phenomena far from thermal equilibrium. Later,
Rzazewski, Wodkiewicz, and Zakowicz' showed
that this result is a consequence of the neglect of
the 4' and counter-rotating terms in the Dicke
Hamiltonian, and that the Thomas-Reiche-Kuhn
sum rule places a constraint on the coefficients
of these terms which rules out the phase transi-
tion. '
Underlying this result is the fact that gauge in-

variance requires the presence of the A' and
counter-rotating terms, as has recently been re-
emphasized by Wooley. ' .In fact, the sum rule can
be derived from charge-current conservation, ' an
immediate consequence of gauge invariance. When
these terms are dropped, the remaining part of
the kinetic energy term in the fundamental Ham-
iltonian can become negative, allowing false con-
clusions concerning the energies and thermal
properties of the system.
The work cited above does not make clear, how-

ever, the impossibility of some kind of phase
transition involving an electromagnetic field
which becomes large due to interactions with an
atomic system. Indeed, phase transitions are ex-
hibited by a number of extended versions of the
Dicke model w'hich have been treated in the litera-
ture. ' " We have constructed additional examples
which show' that phase transitions can occur in

two-level systems which satisfy all the cohstraints
imposed by the sum rule. These models have di-
rect interatomic interactions in addition to the
proper A' and counter-rotating terms.
In the present paper, we seek a criterion which

will enable us to assess the validity of these mod-
els and to determine whether a phase transition
of super-radiant type can occur in principle in a
physical system. We find an argument, based on
the gauge invariance of the fundamental Hamjlton-
ian, which is stronger than previous arguments,
and which can be applied more generally. One of
the consequences of the argument is that no two-
level model where the atoms make electric-dipole
transitions can validly exhibit a super-radiant
phase transition. We then show that there still
exist physical systems for which such a phase
transition is not ruled out.
We begin by describing some preliminary no-

tions concerning the .nature of the phase transition
which have motivated our work. In the. model in-
troduced by Dicke, a single mode of the electro-
magnetic field interacts with a collection of N two-
level atoms via a term proportional to &D, where
& is a component of the vector potential and & the
corresponding component of the total electric-di-
pole moment of the atoms. If this system is
brought to thermal equilibrium below a critical
temperature T„it is found to be: in a state which
differs from the normal equilibrium state above
T, in several respects, provided the strength of
the atom-field interaction is large enough to sat-
isfy a certain condition given by Hepp and Lieb.
The photon number n is macroscopic and of the
order of the number N of atoms, rather than being
of order unity as given by the Planck formula;
Furthermore, A. and D become large —& of order
WN and D of order N—and have a well-defined rel-
ative phase.
When the temperature is decreased to zero, the

system retains these properties as it continuously
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ErFeO3



Fe3+ à antiferromagnetically ordered (TN = 650 K)
Er3+ à paramagnetic (> 4 K)
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ErFeO3
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RFeO3 exhibits long-lived coherent THz magnons 
due to ordered Fe spins.
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Crystal Field Transitions of Er3+ in ErFeO3
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The electron paramagnetic resonance (EPR) of Er3+ 
is observed at low T.
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The Fe3+ magnon and Er3+ EPR show avoided crossing 
with a huge vacuum Rabi splitting.

X. Li et al., Science 361, 794 (2018)
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The Fe3+ magnon – Er3+ EPR coupling is cooperative.
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Spin⎯magnon ultrastrong coupling in ErFeO3 simulates 
atom⎯photon ultrastrong coupling.
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ErFeO3
N. Marquez Peraca et al., arXiv:2302.06028

~4 K Low THigh T
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Extended Dicke Model for Spin-Magnon Coupling
M. Bamba et al., Communications Physics 5, 3 (2022)
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Multi-mode, anisotropic Dicke Hamiltonian  + Nearest-neighbor Er-Er 
exchange interaction



Extended Dicke Model for Spin-Magnon Coupling
M. Bamba et al., Communications Physics 5, 3 (2022)
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Multi-mode, anisotropic Dicke Hamiltonian  + Nearest-neighbor Er-Er 
exchange interaction

No A2 term!



Magnonic Superradiant Phase Transition in ErFeO3

Phase diagram based 
on the extended 
Dicke model

74

Communications Physics 
5, 3 (2022)

“Super-
radiant”

“Normal”



We have mapped out the low-temperature phase diagram of 
ErFeO3 through THz magnetospectroscopy.
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“Super-
radiant”

“Normal”

We have mapped out the low-temperature phase diagram of 
ErFeO3 through THz magnetospectroscopy.
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ErFeO3 through THz magnetospectroscopy.
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Phase Diagram When B // z
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M. Bamba et al., Communications Physics 5, 3 (2022)
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Phase Diagram When B // z
M. Bamba et al., Communications Physics 5, 3 (2022)



N. Marquez Peraca et al., arXiv:2302.06028

THz Magnetospectroscopy for B // z
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A New Phase Beyond SRPT When B // z

A new phase beyond 
the superradiant 
phase transition 
description emerged!

“Super-
radiant”

“Normal”

New
Phase!
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1. Landau polaritons in quantum Hall systems
2. Spin-photon ultrastrong coupling in a 

paramagnet
3. Spin-magnon ultrastrong coupling in an 

antiferromagnet

4.Summary and outlook

Outline
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1. Large dipole moments à Ultrastrong light-matter coupling
2. Many electrons à Cooperative enhancement of coupling
3. Hybridization of matter with vacuum, or zero-point, fields
4. Nonintuitive modifications and control of materials by cavity photons 

Cavity QED in Solids
The marriage of quantum optics and condensed matter physics
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Probing superconductors, 
ferromagnets/antiferromagnets, 
carbon nanotubes, graphene, 
strongly correlated materials, … 
in cavities

i-Si

Kondo insulator film

Mirror

Mirror

Designing 
novel 
cavities
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Lightless photoconductivity: probing 
the influence of vacuum fluctuations on 
electronic transport in a cavity.

See also:
• E. Orgiu et al., Nature Materials 14, 

1123 (2015).
• G. L. Paravicini-Bagliani et al., 

Nature Physics 15, 186 (2018)
• N. Bartolo and C. Ciuti, Physical 

Review B 98, 205301 (2018).
• D. Hagenmüller et al., Physical 

Review Letters 119, 223601 (2017); 
Physical Review B 97, 205303 (2018).

• F. Appugliese et al., Science 375, 
6584 (2022).

88



Quantum vacuum 
radiation: 
generating real 
photons out of 
vacuum via a 
quantum quench.

Theory:
• C. Ciuti et al., Physical Review 

B 72, 115303 (2005).
• S. De Liberato, Physical Review 

Letters 98, 103602 (2007).
• D. Hagenmüller, Physical 

Review B 93, 235309 (2016).

i. Incident MIR pulse

iii. Vacuum 
photons emitted 

from edges

ii. Vacuum 
photons propagate
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