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* generalized Dicke models

* how to solve Dicke-style models exactly a

» steady state determined by fluctuations beyond mean-field

e why cavities are (mostly) hot
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D|Cke mOdEI Wikipedia:

many two-level systems coupled to a single mode in a cavity .".
L . L .
Hd:hdaTa—l—BE:S,;Z—I——g(a—l—aT)E:S;th . .
i=1 i=1 “
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(a)? Superradianttransition

* Dicke transition into a super-radiant state for sufficiently large g VN

with I
N | S diant
<a> N \/Z, <Z S;IE> N L orma uperra |anh
i=1 :

 for L — oo mean-field exact |
why? single photon couples to many degrees of freedom.
formally: fluctuations suppressed by prefactor 1/\/Z

* historically important model system for phase transitions, finite L limits, lasers,..
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experimental realization of Dicke model

L L
h
Hy=hala+BY 87+ ~Z(a+al)> ¢
i=1 VL i=1

problem:
matter-light coupling too weak even in high quality cavities
(+diamagnetic terms, no-go theorem Bsialynnicki-Birula, Rzazewski 1979)

solution:
enhance coupling by laser-pumping  Dimeretal 2006
coupling g controlled by intensity of pumping laser

result:
open Dicke model

experimental & theoretical development:

Superradiant transition
of the ﬂpen Dicke model

(%)

Stimulated
Raman transition

" |cavity
cavity pu!’?p photon
phﬂtﬂn

| T)

wikipedia

generalized open Dicke models: put many-particle system in cavity
e.g., open Bose-Hubbard model
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Dicke quantum phase transition witha -

° ° ° °
superfluid gas in an optical cavity
Kristian Baumann', Christine Guerlin'f, Ferdinand Brennecke' & Tilman Esslinger’ . '_I
Nature 2010 SPCM
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Quantum phases from competing short- and
long-range interactions in an optical lattice
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Generalized open Dicke models

cavity losses

. ( 1
po= —7lHp+T (apcff — §{aTa,p}>
H = H,+héa'a g (a + a")Og
V'L
interacting many- coupling of cavity photon to
particle system many-particle system
cavity scaling with 1/4/system size = 1/\/Z

6 = detuning of laser
and cavity mode



Generalized open Dicke models

cavity losses

' 1
p = —%[H,p]+F<apaT—§{aTa,p}>
h
H = H,+héada g(a—l—aT)OS

V'L

our example: Bose-Hubbard model

L—1 L
U
Hy=—J) (blbjp1+0bl,1b;) + o) ) nj(n; —1)
j=1 j=1

assume: cavity mode generates staggered potential (O, = Z(—l)ibj b;

1



Stationary states in the thermodynamics limit

our target: . .
stationary state of large, but finite system llm llm p
unique steady state characteristic of open system L—o00 t—00

alternative limit: lim lim p

ignore fluctuation effects

valid for short times ¢ < Lt t—o00 L—00
state depends on initial condition

experiment:
both limits reachable but mainly short-time dynamics studied
possibly due to massive heating effects in stationary state
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Mean field theory

h
—g(a +a"Og ~ hyg

VL

Why is mean-field exact for large system size L?

L
O, = Z 0s(t) sumoflLterms mmp
1=1

<OS>S ~ L
O, — (0;). ~ VL

‘ 1) fluctuations suppressed
2) mean-field decoupling of cavity-system
interaction exact in the thermodynamic limit

formal derivation: Hubbard-Stratonovich + saddle point approximation
(or simply analyze diagrams)
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Mean field theory

(a+a') (Os),

(a + a")Og =~ hg O + hgVL(a+ a")

L

QIE

VL

cavity part: displaced harmonic oscillator <a> B g <Os>8

unique solution in open system \/z o ) — ZT/Q L
(a+a')

VL

system part: known Hamiltonian H = Hg;—hg

but:

not fixed by mean-field conditions

many publications: simply use ground-state, wrong in long-time limit
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Mean field theory

(a+ '

(Os)q

(a + a")Og =~ hg O + hgVL(a+ a")

QIE

VL

cavity part: displaced harmonic oscillator <CL> B g <Os>8

L

unique solution in open system \/z - ) — ZT/Q L

state of many-particle system <

not fixed by mean-field conditions

fluctuations beyond mean-field ~ 1/v/L
determine stationary state
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!

(...)  =trl...ps

use: generic (non-integrable) interacting many-particle system
equilibrates

Ps ~ €

within our setup:
describes all local observables exactly in the thermodynamic limit
(as coupling to cavity fluctuations vanishes for L — oc)
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MF
Ps ™ e_HS /T

remaining free parameter: T

ot
arising from beyond-mean-field fluctuations

to do: calculate evolution of energy <8H¥F>

\
use your favorite method: 2nd order Keldysh perturbation theory
.. controlled
projection onto decoherence free subspace >
. by 1/VL
straightforward golden-rule arguments
y,
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HHMF 2
< = > f/dw(1+n3(hw))w1m><3(w) ,

['/(2m)
(w+0)?+ (I'/2)?

» correlation function of operator Qyq : ImXR(w)

: : 1.0f
* spectral function of cavity mode: [
* prefactor: 0.5 LY (w)
long time needed to reach stationary state f
0.0
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energy absorption rate for w >0

energy emission rate

for w <0
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I'/2m

[ (w+6)%2+ (I'/2)2

energy absorption |

w (1 +np(w)) Imy™(w) = {

0_

—

energy emission
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heating

cooling

10 -5

10

: cooling for >0

heating (source: driving laser)

w (1+np(w)) Imx " (w)
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(w+9d)2+(I'/2)?

energy absorption rate for w >0
energy emission rate

for w <0



solving a generalized Dicke model exactly in the large-N limit:

1. find mean-field equations for cavity-system coupling (exact for large N) and solve cavity part

2. unknown: density matrix of interacting system MF
: censt —HMF /T
for generic non-integrable model: Ps ™~ € 5
(9HMF

3. unknown T: determined by solving < (‘;t > =0  simultaneously with mean-field equation

2.5

2.0¢ stationary state |
5 ]
S, /
“a < ot >S>O
Q 1.0
I OHMF

0 3 10 15 g/J=3,T/] =1, U/J =2, L = 10.
T/J
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Open Bose-Hubbard models in d=1

. ( 1
po= —Hp+T (apa‘L — §{aTa,p}>
h
H = H,+héa'a— —g(a + a0
L—1 VL 7L |
HS = —J Z(b;bj+1 -+ b;+1bj) -+ 5 an(nj — 1) Os — Z(_l)zbjbz
j=1 j=1 i

solving mean-field+fluctuations: needed ImXR(w) + thermodynamics for 1d Bose-Hubbard
use: exact diagonalization (little finite-size effects due to high T)

compare to: trajectory based, numerically exact tMPS code up to L=14 for times up to 50 1/J
Catalin-Mihai Halati, Ameneh Sheikhan, Helmut Ritsch, and Corinna Kollath, PRL 2020
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superradiance from photon number

T/J

effective temperature: giant heating

empty cavity

empty cavity

superradiant
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coupling strength 7g/J
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1.0} & MF+fluct, L=10

kgT/J

T/

.5-' (a)

«+ MF T=0, L=12
+ MF+fluct, L=12

increasing coupling il empty cavity

* superradiant phase induced =
o tMPS, L=14

superradiantf-

* transition at finite T with

5t mean-field exponents
0
 strong increase of ol g b
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. _
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f 1
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a MF T=0, L=10 o MF+fluct, L=12
o tMPS, L=10
tMPS, L=14

a MF+fluct, L=10

0.5; hg/J=4.47
0.0' A - : : :
0 2 6 8 10 12
hr/J
25] d
j ) + MF+fluct, L=12
20} a MF+fluct, L=10
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= 15}
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increasing dissipation

T/

10

8 empty cavity

superradiant destroyed
earlier 4

r/J

high T both at large I” and i

deep in superradiant phase S

small I “resonant cooling”
for U=6

guantitative agreement with tMPS calculations
(temperature obtained from fits to local observables)
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o w (1+np(w)) Imx*(w)]
[ energy absorption ;
61 ['/2x
[ (w+0)%+ (I'/2)2
4t :
[ cooling
2
of s
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How can low-T be reached in cavities?

ho
kT ~ In(I'o /1) for hI' < 1l'g, 1o, J, U
h'g forO0 < ho < AL, J,U
Ty = 270 ImXR(5) o f %Imxf_{(w)
fooodw mlmpr(w) f (w2+‘*(Jf‘f‘72) ImXR(w)

* high-finesse cavity, small I" : only logarithmic drop of T
 finite I', vanishing &: T diverges

generic cavities driven by Lindblad operators:
high T in stationary state

exception: high-finesse cavity with small detuning I'~§ ~ T
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found:

exact solution of open interacting Dicke model
inthe limit Im  lim p
L—o00 t—0o0

but: only valid for ) > (): cooling by removal
of photons compensates heating

hg
H = H,+héa'a— —=(a+a")Oq
\/f( )

0 = cavity energy - laser frequency
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outlook: 5
what happens for negative detuning 0 < (? H = H,+ hoa'a — TgL(a + aT)OS

more and more energy pumped into the system

case 1: system has Hamiltonian bounded from above,
(e.g., spin-Hamiltonian describing Rydberg atoms): map H to —H |
stationary state p ~ e PHs 35 before with negative [ = 7 <0

case 2: interacting bosons:
bosons pile up and dynamics slows down,

stationary state lim  lim p does not exist
L—oot—0o0

system freezes into non-thermal high-energy state .
where many bosons cluster on single-sites VWA
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conclusions

* generalized Dicke models:
tractable open many-body systems

* fluctuations beyond mean-field needed to fix the density matrix

* thermalization & approximate conservation of energy allows
for efficient solution

* generically: pumping laser heat system to high temperatures al

exception: high-finesse cavity
& laser+cavity almost in resonance

ar/J

* new universal regimes deep in superradiant phase
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