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Background
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1879: Edwin Hall made a revolution by the first observation of  transverse potential difference in a 
conductor, fixed in position with respect to a steady magnetic field at right angles to the applied current.

eEx = evyB

ρH =
Ex

jy
=

B
nq

• Transverse response 

• Determine carrier density 

• Determine carrier type

1881: Edwin Hall observed the existence of  Hall responses even in absence of  external magnetic field but 
for ferromagnetic systems only. Anomalous Hall !

Transverse signal ∝ magnetisation of  the system

Philosophical magazine and journal of  science 5 (1881) 

Rev Mod Phys 87 (2015) 
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Semi classical equations of  motion

Theory of Anomalous Hall effect 

·k = e(E + ·x × B)

·x =
∂ϵ(k, x)

∂k
−( ·k × Ω)

anomalous velocity

An(k) = − i < ψk |∇k |ψk >
Berry connection

Berry curvature
Ωn(k) = ∇ × An(k)

σxy =
e2

h
Σ∫ Ωn(k)dk

=
e2

h
Chern number  

Topological Quantization !

YRLGW-2023

Phys Rev Lett 115, 166803 (2015) 

• Broken Time Reversal symmetry 

Ω(k) ≠ − Ω(−k)

In the early stages of  research on the anomalous Hall conductivity, it was widely believed that its origins were solely related to 
Extrinsic contributions— scattering of  charge carriers by impurities, defects, or other extraneous factors within the material.

Anomalous Hall conductivity:
Topological phase 

transition

CRPS 3, 101094 (2022) 

C
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Anomalous velocity: 

Time Reversal Symmetry
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v(k) =
1
ℏ

∂ϵ(k)
∂k

+ ·k × Ωn(k)

Time Reversal symmetry: Ω(k) = − Ω(−k)
Space Inversion symmetry: Ω(k) = Ω(−k)

: Non-linear AHE

In presence of  both TRS and SIS, the Berry curvature is identically zero at every BZ points 

╳

Out of  equilibrium ⇒ f(ϵk) ≠ f(ϵ−k)

eτE
ℏ

f (ϵk)

jH = − e∫ [ fo(ϵk) + δf(ϵk)]v(k)dk

∝ E ∝ E

Berry curvature dipole

Λab = ∫ f0 (∂aΩb) [dk] = − ∫ Ωb (∂a f0) [dk]

Ω(k)_

0

+

Λ

Can we obtain Anomalous Hall Effect in systems with TRS? 
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Feasibility of  topology from tilted Dirac model  

Berry curvature Valley Chern number

2D Materials 9, 045020 (2022) 

• Tenability with external perturbations

• Time Reversal symmetry preserved

• Space Inversion symmetry broken

Hs = ℏvF(kxσy − skyσx) + sℏvtkxσ0

Ωz = ∓ s
ℏ2v2

FΔ
2(ℏ2v2

Fk2 + Δ2)3/2 cv =
1

2π ∫ Ωzdk

Moiré systems

Do we have any Topological characterisation from NL-AHE in presence of TRS? 

s = + s = −

Z
c 2

=
(c

+
−

c −
)/

2

+Δσz
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Twistronics
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In 2018, the world break through has happened in the field of  condensed matter physics with 
discovery of  magic angle in twisted graphene superlattice namely ``Moiré ” systems

Pablo J Herrero 
(2018)

Dmitri Efetov 
(2019)

Nature 556, 43 (2018)
Nature 574, 653 (2019)

and it goes on …
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Illustration of energy dispersion
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E ∼ k

- twist - - Interlayer tunnelling - - decreasing twist angle - 

Phys Rev Lett 99, 256802 (2007) 
PNAS 108, 12233 (2011) 
Nature 556, 80 (2019)

flat bands

Magic angle ~ 1.1o
IC@ B.L. Chittari

Low energy continuum model:
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Key criteria for NL Anomalous Hall effect
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External vertical electric field induces metal insulator transition by opening a gap and charge neutrality point  

within a valley across valleys

En
er

gy
 (

m
eV

)

• Tenability with external perturbations

• Time Reversal symmetry preserved

• Space Inversion symmetry broken

ABAB twisted double bilayer graphene  
(TDBG)

The time reversal symmetry of  the whole system is preserved 
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Second order Hall response
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Nat Phys 18, 765 (2022) 
2D Materials 9, 045020 (2022) 

(
ja
jQ
b ) = (σabc αabc

αabc κabc)( EbEc

∇Tb ∇Tc)
Non-linear Hall current:

σabc = ϵabd
e3τ
ℏ2

Λσ
dc

αabc = ϵabd
eτk2

B

ℏ2
Λα

dc

κ̄abc = ϵabd
eτk3

BT
ℏ2

Λκ̄
dc

Λσ
dc = − Σn ∫ [dk]Ωn

d (∂c f n
0)

Λα
dc = − Σn ∫

(ϵ − μ)2

(kBT )2
[dk]Ωn

d (∂c f n
0)

Λκ̄
dc = − Σn ∫ [dk]

(ϵ − μ)3

(kBT )3
Ωn

d (∂c f n
0)

NL conductivity Berry curvature dipole

Breaking of  C3 symmetry is important to get finite BCD hence NLA Hall response
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Experimental observation

YRLGW-2023

NLH voltage (at 2ω) and longitudinal voltage (at ω) scaling analysis:

VN
y

(VL
x )2

= Aσ2
xx + B

Slope:  Extrinsic contribution Intercept: BCD 

Nat Phys 18, 765 (2022) 
2D Materials 9, 045020 (2022) 
Nat commun 10, 3047 (2019)

Z2 = (Ck − C′ k)/2

Topological index: 



11

Non-linear AHE as indicator of  topological phase transition

YRLGW-2023

Nat Phys 18, 765 (2022) 
2D Materials 9, 045020 (2022) 

 phase diagram of  Z2  index 

Summary: 
Detection of  topological transition through NL anomalous Hall responses not restricted to TDBG only 
rather is very generic to Moiré as well as for three dimensional time reversal symmetric systems too.

 different NLAH coefficients  

direct band gap closing
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