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Anomalous Hall effect
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For a review of AHE: see e.g. NA Sinitsyn, J. Phys. Condens. Matter 20, 023201, 2007;  N. Nagaosa, et al, RMP 82, 1539, 2010

Equations of motion for electron wave packets 
(R. Karplus, J. M. Luttinger, Phys. Rev. 95, 1154, 1954)
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Properties of anomalous Hall effect
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𝒌𝑛 ∈𝑜𝑐𝑐.

𝜀𝑎𝑏𝑐 𝓑𝑘𝑛,𝑐

Local Berry curvature

Relation with topology Relation with symmetry
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𝑛=𝑜𝑐𝑐𝑢𝑝𝑖𝑒𝑑

න
𝑇2
𝑑2𝑘 𝓑𝑘𝑛 = 𝐶ℎ𝑒𝑟𝑛 𝑛𝑢𝑚𝑏𝑒𝑟 𝜎𝑎𝑏

𝐻,𝑖𝑛𝑡 ~ 𝜀𝑎𝑏𝑐𝓜𝑐

Order parameter 𝓜𝑐

• Break time reversal
• Axial vector 

Hall vector

𝓜𝑐 activates a net Berry curvature; vice versa
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𝓐𝑘𝑛 = U(1) gauge field

& Brillouin zone is a torus



Activation of net Berry curvature in magnets

𝜎𝑎𝑏
𝐻,𝑖𝑛𝑡 ~ 𝜀𝑎𝑏𝑐𝓜𝑐
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In ferromagnets, 𝓜↔ magnetization 

𝜌𝑥𝑦
𝐴𝐻𝐸 ∝ 𝑀

(N. Nagaosa, et al, RMP 82, 1539, 2010)

Mn3Ir (theory)
H. Chen, et al, PRL 112, 017205 (2014)

RuO2 (theory)
L. Šmejkal, et al, Sci. Adv. 6, eaaz8809 (2020)

For a review of AHE in antiferromagnets: see e.g. L. Šmejkal, et al, Nat. Rev. Mater. 7, 482, (2022)

In antiferromagnets, combination of crystal and 
magnetic order can sufficiently lower the symmetry

Large AHE but miniscule magnetization

MnTe (theory + exp.)
R.D. Gonzalez Betancourt, et al, PRL, 036702 (2023)

Mn3Sn (exp.)
S. Nakatsuji et al, Nature 527, 212, (2015)

𝓜

𝓜



What if such
magnetic-dipole-like order parameters 

are absent?

What happens to Hall effect?

Nonlinear Hall response becomes relevant!
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Outline

• Multipolar ordering in heavy-fermion compounds

• From octupolar order to Berry curvature quadrupole & 3rd order Hall effect

• Aspects of the 3rd order Hall effect

• 3rd order Hall effect in other systems
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Multipolar ordering in heavy-fermion systems

• Heavy-fermion systems supporting multipolar orders

Unit cell of Pr-1-2-20 family compounds
Ex: Pr(Ti,V)2Al20, PrIr2Zn20

Pr3+ ion surrounded by a cage with 
octahedral crystal field environment

4f2 electronic configuration

Applying Hund’s rule
𝑆𝑡𝑜𝑡 = 1, 𝐿𝑡𝑜𝑡 = 5, 𝐽𝑡𝑜𝑡 = 4
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𝛤𝐽=4 = 𝛤1 ⊕𝛤3 ⊕𝛤4 ⊕𝛤5

Evidence from inelastic neutron exp that 𝛤3 is the ground state

https://tspace.library.utoronto.ca/handle/1807/109231


Multipolar ordering in heavy-fermion systems

• Quenching of dipole moment in 𝛤3 subspace
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• Using representation theory, one can show 𝛤3 supports higher moments 
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( Ƹ𝑗𝑥 Ƹ𝑗𝑦 Ƹ𝑗𝑧 + 𝑝𝑒𝑟𝑚𝑢𝑡𝑒 𝑥, 𝑦, 𝑧)
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Charge quadrupole moments Magnetic octupole moments



Multipolar ordering in heavy-fermion systems

• 𝛤3 doublet supports an octupolar moment

• Odd under time reversal

• Even under inversion

• Possible to develop a long-ranged ferroic ordering

• Hard to detect using conventional local probes, e.g. neutron scattering or 
magnetic resonance

• Proposal for probably most direct probe of ferro-octupolar order is angular 
dependence of magnetostriction (A.S.Patri, et al, Nat. Commun. 10, 4092, 2019.)
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𝐹 ~ ϕ𝑎𝑏𝑐𝜀𝑖𝑗ℎ𝑘



Outline

• Multipolar ordering in heavy-fermion compounds

• From octupolar order to Berry curvature quadrupole & 3rd order Hall effect

• Aspects of the 3rd order Hall effect

• 3rd order Hall effect in other systems
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Cubic lattice model

• Slater-Koster tight-binding 𝑒𝑔 orbital {𝑑𝑥2−𝑦2 , 𝑑3𝑧2−𝑟2}

• Coupling to order parameter ϕ (A. Patri et al, PRX 2020; A.Patri et al, PRR 2020)

ℋ = ℋ0 +ℋϕ

ℋ0 𝑘 = ℎ0 𝑘 𝜏0+ ℎ3 𝑘 𝜏𝑧 + ℎ1 𝑘 𝜏𝑥

ℋϕ 𝑘 = ϕ 𝜏𝑦

Octupolar order parameter 
breaking time reversal symmetry
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Ferro-octupole ordering on cubic lattice

Ordered state has 𝑚ത3𝑚′ magnetic point group



Band structure and gap opening
Mirror + C3 symmetry protection
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Symmetry protection: 𝐶3
[111]

& 𝑚1

𝑚1: mirror plane formed by [111] and [100]
𝐽𝑥𝐽𝑦𝐽𝑧

Gap opening



Berry curvature quadrupole

𝜎𝑎𝑏
𝐻 ∝ 𝜀𝑎𝑏ℎ 

𝑘𝑛 ∈𝑜𝑐𝑐.

ℬ𝑘𝑛,ℎ = 0
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kz=0 𝓑𝒌,𝑧
+

+ −

−

Berry curvature quadrupole structure

For ϕ ∝ 𝐽𝑥𝐽𝑦𝐽𝑧 ≠ 0

Consistent with the symmetry of the order parameter: 𝐶4𝑧𝑇

The only independent component of the 
Berry curvature quadrupole is

𝑄𝑥𝑦𝑧

𝑄𝑎𝑏𝑐 = න𝑓0 𝜕𝑘𝑎𝜕𝑘𝑏 𝓑𝑐

Berry curvature quadrupole

Hall conductivity tensor

𝜎𝑎𝑏𝑐𝑑
𝐻 ~ 𝜖𝑎𝑏ℎ𝑄𝑐𝑑ℎ + 𝜖𝑎𝑐ℎ𝑄𝑑𝑏ℎ + 𝜖𝑎𝑑ℎ𝑄𝑏𝑐ℎ

Schematically: 𝑗𝐻 = 𝜎𝐻𝐸𝐸𝐸



Boltzmann formalism for nonlinear response
• Boltzmann equation for nonequilibrium distribution function 𝑓 𝑘, 𝑡

• Solved together with the semi-classical equations of motion for electron

• Expansion of the current         Ԧ𝑗 𝑡 = −𝑒 𝑑𝑘 𝑓(𝑘, 𝑡)
𝑑 Ԧ𝑟
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𝑑𝑡
. ∇𝑘𝑓 𝑘, 𝑡 + 𝜕𝑡𝑓 𝑘, 𝑡 =

𝑓0 𝑘 − 𝑓 𝑘, 𝑡

𝜏
Relaxation time approximation

I. Sodemann, L. Fu, PRL 115, 216806 (2015), T. Morimoto, et al, PRB, 94, 245121, (2016), C.-P. Zhang, et al, PRB 107, 115142 (2023)
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Second-order conductivity
• Second-order current (I. Sodemann, L. Fu, Phys. Rev. Lett. 115, 216806 (2015))

• Second-harmonic generation:

• Conductivity tensor

𝑗𝑎
2

𝑡 = 𝑅𝑒 𝑗𝑎
2

𝛺 𝑒𝑖𝛺𝑡

𝐸𝑎 𝑡 = 𝑅𝑒[ 𝐸𝑎 𝜔 𝑒𝑖𝜔𝑡 ]

𝑗𝑎
2

𝜔 ± 𝜔 = 𝜎𝑎𝑏𝑐
(𝜔±𝜔)

𝐸𝑏 𝜔 𝐸𝑐 ±𝜔

𝑗𝑎
2
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𝐸𝑏 𝜔 𝐸𝑐 𝜔

𝜎𝑎𝑏𝑐
(2𝜔)

= 𝜎𝑎𝑏𝑐
𝐷 + 𝜎𝑎𝑏𝑐

𝐻

Drude term

𝜎𝑎𝑏𝑐
𝐷 ~ න𝑓0𝜕𝑘𝑎𝜕𝑘𝑏𝜕𝑘𝑐𝜀𝑘𝑛

Joule heating   ~ 𝑗𝑎
2 𝐷

𝐸𝑎 ≠ 0

Hall term

𝜎𝑎𝑏𝑐
𝐻 ~ 𝜖𝑎𝑏ℎ𝐷𝑐ℎ + 𝜖𝑎𝑐ℎ𝐷𝑏ℎ

No Joule heating  ~ 𝑗𝑎
2 𝐻

𝐸𝑎 = 0

Berry curvature dipole moment

𝐷𝑐ℎ = න𝑓0 𝜕𝑘𝑐 𝓑ℎ

Must be 
noncentrosymmetric systems!
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Observation of Berry curvature dipole effect

Quadratic I-V relation for second harmonic 
generation in transverse voltage in WTe2

See more data on WTe2 in K. Kang et al, Nat. Mat. 18, 324, (2019)
Also experiments on WSe2 (M. Huang, et al, Nat. Sci. Rev. nwac232(2022) & J.-
X. Hu et al, Commun. Phys. 5, 255 (2022)) 

However, not directly relevant since our 
system is centrosymmetric.

Apply: sinusoidal longitudinal current
Measure: transverse voltage at second 
harmonics
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Third-order Hall effect
• Third-order current (C.-P. Zhang, et al, Phys. Rev. B 107, 115142 (2023))

• Third-harmonic generation:

• Conductivity tensor

𝑗𝑎
3

𝑡 = 𝑅𝑒 𝑗𝑎
3

𝛺 𝑒𝑖𝛺𝑡

𝐸𝑎 𝑡 = 𝑅𝑒[ 𝐸𝑎 𝜔 𝑒𝑖𝜔𝑡 ]
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𝑗𝑎
3

3𝜔 = 𝜎𝑎𝑏𝑐𝑑
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Hall term

𝜎𝑎𝑏𝑐𝑑
𝐻 ~ 𝜖𝑎𝑏ℎ𝑄𝑐𝑑ℎ + 𝜖𝑎𝑐ℎ𝑄𝑑𝑏ℎ + 𝜖𝑎𝑑ℎ𝑄𝑏𝑐ℎ

No Joule heating  ~ 𝑗𝑎
3 𝐻

𝐸𝑎 = 0
Joule heating   ~ 𝑗𝑎

3 𝐷
𝐸𝑎 ≠ 0

Berry curvature quadrupole moment

𝑄𝑐𝑑ℎ = න𝑓0 𝜕𝑘𝑐𝜕𝑘𝑑 𝓑ℎ 18



Outline

• Multipolar ordering in heavy-fermion compounds

• From octupolar order to Berry curvature quadrupole & 3rd order Hall effect

• Aspects of the 3rd order Hall effect

• 3rd order Hall effect in other systems
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𝐸𝑥 , 𝑗𝑥

𝐸𝑧, 𝑗𝑧

𝐸𝑦 , 𝑗𝑦

Dependence on orientation of Hall plane

2020

Ԧ𝒋𝑯 ⊥ 𝑬

𝑬

𝑬 Ԧ𝒋𝑯

𝑗𝑎
𝐻 3𝜔 = 𝜎𝑎𝑏𝑐𝑑

𝐻 𝐸𝑏 𝜔 𝐸𝑐 𝜔 𝐸𝑑 𝜔

𝑬

Ԧ𝒋𝑯

𝐸𝑧, 𝑗𝑧

𝐸𝑦, 𝑗𝑦𝐸𝑥 , 𝑗𝑥

𝐸𝑥 , 𝑗𝑥

𝐸𝑧, 𝑗𝑧

𝐸𝑦 , 𝑗𝑦



Chemical potential dependence
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Nonmonotonic dependence on order parameter
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At a fixed electronic density

𝑄𝑥𝑦𝑧 = න𝑓0 𝜕𝑘𝑥𝜕𝑘𝑦 𝓑𝑧



Hall experiment: third harmonic generation

2323

a.c. Hall measurement: Applied 𝑰(𝝎) and measure 𝑽𝑯(𝟑𝝎)
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𝑗𝑎
𝐻 3𝜔 = 𝝈𝒂;𝒃𝒄𝒅

𝑯,𝟑𝝎 𝐸𝑏 𝜔 𝐸𝑐(𝜔)𝐸𝑑(𝜔)

Estimate of 𝑄𝑥𝑦𝑧 assuming lattice spacing of  Pr-1-2-20 compounds ~1𝑛𝑚: 𝑄𝑥𝑦𝑧~ 10Å − 100 Å

Comparable 𝑄𝑎𝑏𝑐 has been estimated in FeSn where the 3rd Hall effect was measured. 
(S. Sankar, et al, arXiv: 2303.03274 (2023) )

Usually 𝜔 ~10𝐻𝑧 − 100𝐻𝑧



Outline

• Multipolar ordering in heavy-fermion compounds

• From octupolar order to Berry curvature quadrupole & 3rd order Hall effect

• Aspects of the 3rd order Hall effect

• 3rd order Hall effect in other systems
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Third order Hall in altermagnetic candidates

252525

Theoretical proposal for 3rd order Hall for altermagnets
Y. Fang, et al, arXiv: 2310.11489 (2023)

RuO2 (theory)
L. Šmejkal, et al, Sci. Adv. 6, eaaz8809 (2020)

(I. Turek, Phys. Rev. B 106, 094432 (2022))

AHE yes!AHE no!



Summary

262626

• First proposal to use Hall measurement to directly detect presence of hidden 
octupolar orders in heavy-fermion compounds.

• 3rd order Hall effect becomes the leading effect
• Measure 3rd harmonic generation of transverse voltage.
• 3rd order Hall is also important other systems, e.g. d-wave altermagnetic candidates
• Outlook:

• Experimental realization of our proposal
• Quantitative estimate taking into account inter-band and extrinsic effects
• Quantitative understanding the intrinsic effects beyond semi-classical formalism

Reference: S.S., A. S. Patri, arXiv: 2311.03435
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