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main idea –– free space optical topology
create, by linear superposition (usually of monochromatic 

modes), “images” of nontrivial topological con!gurations in light 

• “defects”: special points, lines and 
surfaces (e.g. scalar vortices, 
polarisation singularities including 
C points/lines)

• “textures”: space/volume !lling 
patterns (e.g. polarisation <~> 
nematic liquid crsytal texture, 
3D Hopf texture <~this talk)



outline

• structure of the 3D skyrmionic hop!on beam

• some (more) skyrmions background

• 3D optical hypersphere: topology of polarization-phase space

• perspective and discussion

• context of topologies in free space optical beam



optical “order parameters”

• directions of instantaneous EM !eld

• monochromatic light, propagating in z-direction, 
   take time-independent complex spatial dependence

complex scalar 
amplitude

transverse polarization 
vector (2D complex)

E

B z

E = Re{ei!t  (r) e}
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scalar vortices as wave dislocations

T

wave edge dislocation: 
propagation ⊥ to defect line

wave screw dislocation: 
helicoidal wavefronts

John Nye Michael Berry



examples of  3D defect configurations

�
vortex tangles in 

random wave 
superposition

(Taylor & MRD 2016)

threaded 
torus knots in 
Bessel beams

(Berry & 
MRD 2001)

0, 0 0, 2
0, 1 0, 33, 0

isolated vortex knots 
(MRD & al, 2010)

pol sing 
helices in  

birefringent 
crystal 

(Flossmann 
& al, 2005)



new edited book on knotted fields
• published summer 2024 (online now)
• chapters on knot theory, !brations, 
topological quantum !eld theory, 
excitable media, magnetic hop!ons, 
classical & quantum "uids, optics



main idea –– optical “skyrmionic hopfion”
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dwe structured the transverse 
polarisation and phase of a 

paraxial beam in free space into a 
“3D topological particle” – we call 

a skyrmionic hop!on
what does this mean?

relation to 2D skyrmions?

topological signi!cance?
why particle-like?

measurement in real space

Poincaré sphere
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outline

• structure of the 3D skyrmionic hop!on beam

• some (more) skyrmions background

• 3D optical hypersphere: topology of polarization-phase space

• perspective and discussion

• context of topologies in free space optical beam



structured polarisation texture
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• structured paraxial beam, free 3D 
propagation

• di#erent state of elliptic pol at each 
point in each transverse plane

• same pol states along !laments in 
3D: ensemble of !laments de!nes  
a 3D topological texture

• optical phase varies along !laments
model beam in real space



 polarisation structure of  skyrmionic hopfion
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a LHCP

lin pols 
on torus

polarisation !laments are loops, lying on tori (!xed ellipticity,  
varying azimuth), between the !laments of RH and LH circ pol

RHCP

pols, 
!xed     . 
on torus
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real space 
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Poincaré 
sphere



experimental generation and measurement
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extra features of  3D skyrmionic texture
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• (almost) every pol !lament is a loop

• every pair of loops (any pols) is linked

• around each loop, phase varies thru 2π

real space 
measurement



outline

• structure of the 3D skyrmionic hop!on beam

• some (more) skyrmions background

• 3D optical hypersphere: topology of polarization-phase space

• perspective and discussion

• context of topologies in free space optical beam



Skyrme and 1D topological solitons

what de!nes a 
fundamental 

particle?

localised
quantised
heterogeneous e.g. Kelvin’s knotted 

vortices in the ether

THR Skyrme (1922-1987, Prof @ Birmingham): 
nuclear particles are topological solitons

1D Skyrmion: 
line mapped  

to a circle

envelope is 
“Skyrme density”: 

nonlinear soliton eq

Skyrme number / degree found by 
integrating over all real space

topological degree
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Rn �! Sn

integrates here to +1

Skyrme density ~ mapping’s jacobian  
generalises to any dimension 

di# winding numbers

H He

Li CBBe ON F Ne



mapping 2D plane to sphere: “baby” skyrmions

C Kind

2D skyrmions act as bits 
in proposed magnetic 

‘racetrack memory’

higher 2D Skyrme numbers possible!

2D Skyrme density:

e.g. spintronics 
magnetic spin direction

heterogeneous ⟹ 
skyrmions in 

antiskyrmion “bags”

localised by nonlinearity

H Segerman

2-sphere 
target space
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unit 3-vector

2D degree:  
plane wraps 

around sphere
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optical baby skyrmions / skyrmionic beams

s1

s2

s3sphere target space: 
Poincaré sphere

sphere target space: 
direction of E !eld

sphere target space: 
direction of optical 

spin

RH

LH



outline

• structure of the 3D skyrmionic hop!on beam

• some (more) skyrmions background

• 3D optical hypersphere: topology of polarization-phase space

• perspective and discussion

• context of topologies in free space optical beam



!rst: map 3-sphere ⟺  
3D with ∞

anatomy of  3-sphere (hypersphere)

how to visualise a 3-sphere? 
wrapping around 3D space?

each loop 
corresponds 
to a point on 
the 2-sphere

hyperspherical polars:

usual           and radius 
as              . 
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f( ) cut 3D space into interlinking loops

abstract space  
3-sphere

abstract space  
3-sphere 3-sphere also supports Hopf !bration 

(no lower-dim analogue)



hopfions and skyrmionic hopfions
map from 3D to 2-sphere – hop!ons

spacelike twistor 
Penrose  

(1984)
~> hop!ons in liquid 

crystal textures
Ackerman, van de Lagemaat  
& Smalyukh, Nat Commun (2015)

in models of high energy 
physics, Foster, PRD (2011)

in BEC (theory)
Ruostekoski & 
Savage PRL (2003)

~> various sols of wave eqs, 
Hop!on-like current "ows 

Dirac current  
Bialynicki-Birula  
et al, PRA (2019)

~> hop!ons in magnetic multilayers
Kent et al, Nat Commun (2021)

to 3-sphere  – 3D skyrmions  
/ skyrmionic hop!ons

in BEC (expt) Lee et al, Sci Adv (2018)

e.g. Hopf-
Gaussian beam 

MRD (unpub)



the “optical hypersphere”

parameter space of normalised E !eld
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i
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circular !eld components:

naturally gives Hopf !bration!

ellipticity

azimuth

phase

physical state: 3 angles
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� = arg(EREL)

parameter 
space: optical 
hypersphere, 

3-sphere
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skyrmionic hopfion –  
realises all polarisation/phase states in 3D

b

A B

E

DC

F G H

x
y

z

D

C

B

A

H

G

F

E c H

D

G

C

B

F

A

E

a

Optical 
hypersphere

d x (μm)

y (μm)

z (
m

m
)

𝛴 (%)

0
0.1

−0.1
3D real space

RH

LH



3D Skyrme density
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degree is integral over all 
space of cts Skyrme density:

Kedia, Foster, MRD, Irvine PRL 2016
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= 1
4⇡2J ·r⇥ J ("uid) helicity of orbital current

almost !lls 3-
sphere, 

localised due 
to engineered 

structured 
!eld

real space: 
experimentally 
measured vol

from expt
0.945 0.997

theory
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opt 
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knotted skyrmionic hopfions 
for embedding in cold atoms

Parmee, MRD, Ruostekoski (2021)

• optical skyrmion field couples 
   to atom field via polarisation 
   density current 
   (artificial gauge field)
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n = 6

• optimised, designed optical skyrmionic
   hopfion field for imprinting 
   into atom fields:
   ~ filaments (preimages) always linked
   ~ designed knots filaments 



concluding remarks
normalised optical state corresponds to a point in a hypersphere; 
Poincaré sphere is base space for Hopf !bration
found and measured a structured beam which realises 
(almost) all these states within a !nite, 3D propagation volume
resulting texture corresponds to a topological particle-like 
structured beam: (skyrmionic hop!on of polarization & phase)

localised

quantised

heterogeneous

beam design

measured 0.94

new physics?

✔

✔

✔
J H Poynting, 1899thank you!


