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Topological magnons

® Topological magnons Band structure Edge mode
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® Topological transport due to magnons in insulating magnets
o
Charge current =0 == Heat current & spin current Q“’}&
&
x@

Topologically nontrivial properties === Anti-symmetric components
Q
Heat current fiy;tr

Thermal Hall effect ijtr = Ky (=VyT)

i .

Spin Nernst effect .ij; = K)SC;(—VyT) Spin current J
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Thermal Hall effect

® Thermal Hall effect within free magnon picture

Observation of thermal Hall effect in Lu,V,0,

Linear spin-wave theory
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Consistent with theoretical prediction by linear spin-wave theory

® Recent progress

¢ S=3/2 Heisenberg + DM Honeycomb systems Shastry-Sutherland systems with DM interactions
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Discrepancy in linear spin-wave theory —— Contributions from Nonlinear terms, disorder, or phonons ??




Nonlinear terms in spin-wave theory

® Holstein-Primakoff theory 1/Sexpansion & Bogoliubov transformation
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a; :original magnon —=— by, ,;: Bogoliubov boson

Born approximation / iDE (imaginary Dyson Equation) approach/ ...

® Interaction effects on topological magnons

¢ Kagome systems ¢ Kitaev systems Non-harmitian systems Interaction-induced stability Edge mode damping
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Finite-temperature framework is needed for thermal Hall effect




Magnon damping at finite temperatures

Hamiltonian

77 77 ;"
’ . . f T .
® Green’s function for Bogoliubov bosons H= Z'Sk 1Pk, Pk n*nnz; qZk gDk, Ve *
1
GR (CL)) = - : Inxn
% (w +i0%)03 — ek, + Lk, (W)  with damping factor Tk, (w) = —Im Z}in(w) 03 = ( 0
Lowest-order contribution to Im Z,f 77(a)) (Second order of Vq’?;c”';”"/\/g )

- k L
Decay term 4—@ Contributing even at zero temperature
[ ] [ k k . . [
Collision term Contributing only at finite temperature

® imaginary self-consistent Dyson equation (iDE) approach
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Magnon damping at finite temperatures

® imaginary self-consistent Dyson equation (iDE) approach

A. L. Chernyshev and M. E. Zhitomirsky, Phys. Rev. B 79, 144416 (2009).
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Solve self-consistently T— ko —ky

® Demonstration H =2K Z Z SYSY h - Z S;  Ferromagnetic Kitaev model under magnetic fields
y=X.Y.Z (ij)y 2K <0
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Our finite-T result is consistent with that obtained by quantum Monte Carlo simulations




Formulation of thermal Hall conductivity

Thermal Hall conductivity B [
Contribution from Kobo formula: §, . (i) = V/ dt e~ 0! <JQ;JxQ>eq
0

n_ 1 2ML
K = — ~+
Xy T XY 1% o 1 0 2.0\ _ p 0 .
Energy magnetization: ——— ("M | = —— h_gsJg.x), —(x & y)

J. M. Luttinger, Phys. Rev. 135, A1505 (1964). ,8 (9,8 2i 0 qv q qg—0

: ?\Amfka antd P S:Sed,a’ g thyS..CP;t,12(1231(917927£. 011 D. Xiao, et al., PRL 97, 026603 (2006). M2

. Viatsumoto an . Miurakami, , . . . Z .

R. Matsumoto et al., PRB 89, 054420 (2014) T.Qin, etal, PRL 107, 236601 (2011). Wlth ’BIE)I(}OIB 6,8 - O

Energy magnetization: MZQ

Temperature gradient
L4 4

3” <t’ Ct’ e R Fourier transform of local Hamiltonian:
R o

ci‘ 8. -1 Fourier transform of local heat current: jq

Energy magnetization contributes to thermal Hall effect

1 B
Canonical correlation:  (X;Y)eq = ,E / dt (T X (7)Y )eq
0

Evaluation Of MZ IS Compllcated ces L. Smrcka and P. Streda, J. Phys. C 10, 2153 (1977).

. . . . . . T.Qin, et al., PRL 107, 236601 (2011).
All previous studies treated this within free-magnon picture. R Matsumoto, et al, PRB 89, 054402 (2014).

Energy magnetization is given by canonical correlation

== Formulation using Green'’s function is possible in principle.




Approximation

Approximation / Simplification
1. Considering diagonal part of self-energy

1
Gy ~
k’”(w) (w+i0")o3 — &, + 11k (W)

2. Assuming I'y ,(w) < &g,y
and incorporating up to first order of I'x ,(w)

3.1k, (w) is assumed to change slowly
== Neglecting w and T derivatives

4. I'y,,(w) is evaluated by iDE approach

= 't (w) = Ty p0(w)

Our results
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Spectral function of magnons: Pk, (W) = 0(w)
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Berry curvature: Q”
k,n — - 2
1 (#17) (Ek,n - gk,m)

, 1 0Hyk
Velocity: v = —

0, 1 +1
7 6k CZ(X) = '/0 dt (hl T)

Bose distribution function with u=0: fz(w) = (< — 1)~

Free_magnon form R. Matsumoto and S. Murakami, PRL 106, 197202 (2011)
R. Matsumoto et al., PRB 89, 054420 (2014)
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Result: Kitaev model under magnetic field

Ferromagnetic Kitaev model under magnetic fields for $% = (8X + §¥ + 5%)/V3 Y sY
2K <0 (perpendicular to honeycomb plane) hl z /
_ Y QY , _
H=2K » > SISY—h-)'S, S=1/2
y=X.Y,Z (ij), i
Ground state: forced ferromagnetic along z direction z
Y
Kfy(o) /T :for free magnons
K)ij/T : with magnon damping SZXS?(
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Strong suppression of thermal Hall coefficient by magnon damping for small magnetic field.

Impact of magnon damping becomes smaller as magnetic field increases.




Origin of suppression in Kyy

Ferromagnetic Kitaev model under magnetic fields for $% = (8X + §¥ + 5%)/V3 — = O T for free magnons
2K <0 (perpendicular to honeycomb plane)
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¢ Magnon damping around K point with large Berry curvature ——m= Strong suppression at finite temperature

k k
Low-energy part is not smeared by magnon decay process "—Q*

— | ow-T region of Ky, remains nearly unaffected by magnon damping.




Spin Nernst effect

Previous theoretical studies , ,
Experiment in MnPS3

@ 1 R. Cheng,.S. Okamoto, and D. Xiao, Phys. Rev. Lett. 117, 217202 (2016)
¢ Honeycomb antlferromagnet Mn PS3 V.A.Zyuzin and A. A. Kovalev, Phys. Rev. Lett. 117, 217203 (2016) Y. Shiomi, R. Takashima, and E. Saitoh, Phys. Rev. B 96, 134425 (2017).
o Ka gome a ntiferroma gnet KFe3(OH)e(SO4)- B.Li, S. Sandhoefner, and A. A. Kovalev, Phys. Rev. Research 2, 013079 (2020)
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Z () «yc1lf8(ek.,)] for spin-conserving systems was used even in spin-nonconserving systems
k

—==— Formula applicable to spin-nonconserving systems are highly desired.




Theoretical challenge for spin Nernst effect

: e 1 A :
Bosonic BAG Hamiltonian: Hy = — / dr AT (r)HyA(r) Set of Bose operators:

2 A(r) = {ai(r),ax(r), ...,an(r),a (r),al(r),...,al,(r)}

087 (r) i
ot h

Equation of continuity: [Ho, S (r)] ==V - j5 (r)

holds when total spin commutes with (spin-wave) Hamiltonian.

Our approach for spin nonconserving systems

nonce
P - L [Ho, 87 (r)] = -V 1% (1) 475 (r) Torque term:

Heisenberg Eq.: = —
ot h deviation from equation of continuity

0(S”
If torque is written by divergence form: (7> (r)) = =V - &> (r) —— <8t ) ==V fSy with fSy = <ij> + ¥

“equation of continuity” is recovered as expectation value.

Conserved spin current j’SV — l / fSV (r)dr _»[ j—SV — Ki;(_VyT)J cf. Fermion system

V Y ’tr C. Xiao, et al., PRB 104, L241411 (2021).




Problems

1 A :
Bosonic BdG Hamiltonian: Hy = = / drA (NAyAr) > of Bose operators:

2 A(r) = {ai(r),ax(r),...,an(r),a (r),al(r),...,al,(r)}

Conserved spin current: 5 = (j5) 4 75" —= Calculation of 7°” in the presence of temperature gradient

[

i
] ~ ~ ~ ~ . . [ 1N 0
Torque: 57 = zl—hﬂ*(r) (H00'3SY _ S%HO) A(r) = A (1S A(r)  Para-unit matrix: o3 = (Y 0 )

Conventional spin current: j5" = Zﬂ*(r) (1?0357 + 570-319) A(r) = AT (r) > A(r) Velocity: % = —[Hy, 7]

are written by bosonic operators A(r)

75" (r) is calculated within the first order of V7 .

e (75" Yy = =V - " should be evaluated up to the second order of spatial gradient.

‘ Real space

Semiclassical theory on the dynamics of wave-packet \\

This has been already applied to fermionic case. :
g Application to bosonic systems in the present study i’c\\

D. Xiao, et al., RMP 82, 1959 (2010).
C. Xiao, et al., PRB 104, L241411 (2021).




Semiclassical theory

Conserved spin current: fSy = (5 Y+ 75

Calculation of (j°” (r))and (r>” (r)) in semiclassical theory § = ;5" 5 (TSY) =-V.1

H=H,+ g [é ch(7,1) + h(F,1) - é] e | agrangian === (@ (r)) from functional derivative of action

Virtual source field term‘

Real space Momentum space

Ck,i?(q)

Wave packet = superposition of magnon Bloch states

Wy(re b)) |

Wy (re. k) = / dqCur (@) |y ) Thossbasimmmo.,

magnon Bloch states

(W03 (ih% - 0'3H) W) h' (73" (r)) up to first order of VT

with virtual fields ,
(Wylos|Why) h* (t°"(r)) up to first order of VT and V

(second order of spatial gradient)

Lagrangian: £, =




Spin Nernst effect

&
SY
Definition of spin Nernst coefficient 3 (t°" (r)) up tofirst order of VT and V
> (up to second order of spatial gradient)
%ﬂ? = K;S;;(—VyT) @"& P P J
¥ a4y jy 2 SPin current

(5 Yy ==V - 7%’ VT+F VT

Spin current is introduced
from conserved spin current.

B. Li et al., Phys. Rev. Res. 2, 013079 (20220).

0(S” : :
<6t ) =-V- fSy with conserved spin current: fSy - (JSY) + 75
N
k s, kyhZ
SY B SY : SY _ Xy Y Y
== > () et lfs(een)] with (), = -0 (i) + 3% 2gk
fe(w) = (P® - 1)7! Bosonic quantum geometry in mixed space (X, Y)
c1(x) = (1+x) In(1+x) - xInx Quantum metric: g = Re |3, 3,k 73 (1= 5. k) (o] 73 ) 10, )|
(S7)y = (g, y|S” |k ) Berry curvature: ngﬂ = —2Im |03, (Ox Uk ;| 03Oy, ke 1) |

kxh S. Virtual field for torque
k <_gk . —> (h ,h; ) (TSX S Tsz)q

9




Spin Nernst effect

Representation neglecting torque (valid only for spin-conserving systems)  s.ietal,Phys.Rev. Res.2,013079 2020

NSy Z Z oy C1LfB(&k,n)] with

Spin Berry curvature (fl,fyn)m, = —41° Z 03,703,
1 (#17)

QY
m | (Vi v ), (J,f,ﬂ)mn

(&k.p — Ek.;py)?

() 10 = (Yi.,,) 10 Only if spin is conserved.

Representation incorporating torque

0 . kxh?
S7 S7 : SY _ Xy Y
Z Z () wyer (o)l with (Y,) o, =~ (S + 5728,
fe(w) = (P° —1)7! Bosonic quantum geometry in mixed space (X, Y)
ci(x)=(1+x)In(1+x) —xInx Quantum metric: g,)fﬂ,? =Re [(73,;7 <5X1Mk,n| 03 (i — 03, |uk,77> <uk,n| (73) |0Yﬂ,uk,n>]
() = Ctteo 1S |ty Berry curvature: QX’? = —2Im |03, (Ox Uk ;| 03Oy, ke 1) |

kxh S. Virtual field for torque
k «gk . » (h ,h; ) (TSX TSy TSz)q
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Result: Kitaev model under magnetic field

Ferromagnetic Kitaev model under magnetic fields for $% = (8X + §¥ + 5%)/V3
2K <0 (perpendicular to honeycomb plane)

H=2K » > SISY-h-) S, S=1/2

y=X.Y,Z <ij>)/
Ground state: forced ferromagnetic along z direction <
Anti-symmetrization 0.50
Spin Nernst coefficient w/ torque Spin Nernst coefficient w/o torque 0.25
SY(a) _ (,S” SY ~SY(@) _ [~SY  ~SY
Kxy =~ = (ny — ny) /2 Kxy = (ny - KyX) /2 0.00

Th |z

Y oY
sy s?

W/ K| =0.1

—0.25 |
¢ Torque term significantly affects spin Nernst coefficient
¢ Enhancement of spin Nernst coefficient due to torque term —0.50 1 -
0.00 0.25 0.5

T/IK|




Effect of quantum metric

0.3

Anti-symmetrized spin Nernst coefficient oo
N 0.001
s7() _ ks 57\ (@) )@ _ o (g7 (a) ’
Ky T TRy Z Z (Y ) 11/ (&k,n)] with (Yk n)xy - (S Jn + (Dk 777X " |:2:32;
=1k Antlsymmetrlc component <
Sy kxh? kyh? |
(Dk (a) 61{ gk n ak gk -0.1
Momentum dependence for lowest energy branch .
(15°)@ QP (59 (D)@ 5 N Thermal Hall effect
’ --------- ‘ I P. A. McClarty et al., Phy: Rev B 98, 060404 (2018).
= + % W00 050 f o
(g
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I 025 — = Ry
10 1 10 i o
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Xy
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¢ Negative region around I pointin Q , leads to sign change in KHy ~0.25 |

Sign change feature disappears in (Yk ,7)( Y due to cancellation _0.50 |

¢ Quantum metric part (Dk ,(f;) results in absence of low-T peak 0.00 0.25 0.5
in spin Nernst effect T/|K|




Summary

Formulation of thermal response using spin-wave theory

® Thermal Hall conductivity incorporating magnon damping S. Koyama and N, Phys. Rev. B 109, 174442 (2024)

Finite-temperature formulation of iDE approach & Green'function representation of energy magnetization

Our results

KAT & 00 © Magnon damping significantly suppresses
=S 3, [ dopy @l fa() A

hV P - thermal Hall conductivity at finite temperature.

Spectral function of magnons

® Spin Nernst effect in spin-nonconserving systems S. Koyama and JN, arXiv:2503.10281.

Development of bosonic semiclassical theory & Formulation of spin Nernst coefficient incorporating torque term

Our results
kB 4 SY
S?’
Kxy = 20 E g (Yk,n)xycl[fB(Sk,n)]
n=1 k = ¢ Quantum metric part can substantially
8 kxh? - :
SY Xy oV contributes to spin Nernst effect.

Berry curvature Quantum metric




