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o Option 2: generate O(3) G=g+G,g+G38+G,8+
representation of G with kernel g N\ \ \ |
+ Form S=g+[BZHGz]g+[B3HG3]g+... D(G) = { )

) J — v,

-




Daniel B.
Litvin

Group derivation algorithm s

Find all NT
SpIN groups

Pair with allowed
spin-only groups

T

For each ordinary parent group G

]
X=bXx5

+ List all normal subgroups g < G p

+ Defermine quotient groups B = G/g

e Opfion . determine explicit
isomorphism between B and G/g

e Option 2: generate O(3)
representation of G with kernel g

+ Form S = g+ [BZHGz]g+ [B3HG3]g+ .




Daniel B.
Litvin

Group derivation algorithm s

Find all NT
SpIN groups

Pair with adllowed | pm——  REMOVE

spin-only groups - duplicates

T

For each ordinary parent group G : b X S

+ List all normal subgroups g < G p

+ Defermine quotient groups B = G/g

e Opfion . determine explicit Two spin groups X and X' are
isomorphism between B and G/g equivalent ifThey are

e Option 2: generate O(3) conjugate in 0°(3) x E(3)
representation of G with kernel g

c O°'G)xEQB): X' =yXy!
+Form S =g+ [B,||G,]g + [B;|lGslg + . .. e S =R y




Spin point groups (SPGs)
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Spin point groups (SPGs)

Alberto Corticelli
Afonso Guerreiro
+ HS

+ 598 non-trivial SPGs
e 90 are B&W groups.

+ 90 collinear SPGs
e 32 ferromagnetic,
when B = {E} _
® 58 antiferromagnetic P
when B ={E, 1} Qihang Liu Calheng 1

Xiaobing Chen
Jun Ren
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Yutong Yu
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Spin point groups (SPGs) S

Alberto Corticelli
Afonso Guerreiro
+ HS

+ 598 non-trivial SPGs
e 90 are B&W groups.

+ 90 collinear SPGs
e 32 ferromagnetic,
when B = {E)
e 58 antiferromagnetic P /P
when E — {E, 7,'} thorwwg L|u Z:“Of]ﬂgﬂg'ﬂ

Paul McClarty  Judit Romhdanyi

Xiaobing Chen
Jun Ren
Yanzhou Zhu
Yutong Yu

| Ao Zhang
.. Pengfeiliu,

7 lall” S J

R

Recall: B = G/g, and
B = {B | [B||G] € X} is the group

- of elements acting on spins
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Spin point groups (SPGs) S

Alberto Corticelli
Afonso Guerreiro
+ HS

+ 598 non-trivial SPGs
e 90 are B&W groups.

+ 90 collinear SPGs

e 32 ferromagnetic,
when B = {E}

e 53 antiferromagnetic Ay, Pengieil
when E — {E, T} thang LIU Z:quﬂg%lﬂ

+ 252 coplanar SPGs
e WhenB=C, orD,
Recall: B = G/g, and
B = {B | [B||G] € X} is the group

- of elements acting on spins

Paul McClarty  Judit Romhdanyi

Xiaobing Chen
Jun Ren
Yanzhou Zhu
Yutong Yu

Ao Zhang




Daniel B.
Litvin

Wladyslaw
Opechowski

Spin point groups (SPGs)

+ 598 non-trivial SPGs
e 90 are B&W groups.

+ 90 collinear SPGs

e 32 ferromagnetic,
when B = {E)

e 58 antiferromagnetic
when B = {E, 7}

+ 252 coplanar SPGs
e WhenB=C, orD,

Original Litvin table

1,1,1

130. 422 422 1 at2lz
131. 4 2 1,2,2,

132 m 1,mym)

133. 1 11,1

134. 222 2 2,122,

135, - m,1ms

136. 1 11,5,

137. 2 222 2x4%y2%zp

138. m2  224%x%Y2

139. x4 22y,

140. 2n Zlo™

141, 1,2,m,

142. 1,152,

143. 1 422 YzPxplxyy 422
144, bom t24Px2xym 422"
145. a Yz 4'22°

— e/

Recall: B = G/g, and
B = {B | [B||G] € X} is the group
of elements acting on spins J

)

141212

422

422 130
131 | ‘47272 422
132 | t4m2m2 42/’
133 | 14212 42/’
134 | “4°2'2 422
135 | m4m212 4'2'2
136 | '4!212 4'2'2
137 | %4%2%2 422
138 | 2:4™x2My2 | 42/2/
139 | ™x42%:2™My2 | 4/2/2
140 | %4'2m2 42'2’
141 | '4%2m2 4'2'2
142 | 41222 4'2'2
143 | 472702 422
144 | %4™2Mxym | 42/2/
145 | ¥4%2Mxy2 | 47272

i
w Wy

Alberto Corticelli
Afonso Guerreiro
+ HS

Xiaobing Chen
Jun Ren
Yanzhou Zhu
Yutong Yu

) Ao Zhang

" Pengfei Liu,
JioyTu Li,

: . Yuntian Liu
Qihang Liu Caiheng Li
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https://scipost.org/SciPostPhys.18.3.109/pdf
https://scipost.org/SciPostPhys.18.3.109/pdf
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Spin space groups

Depends on unit cell enlargement

Xiaobing Chen
Jun Ren
Yanzhou Zhu
Yutong Yu
Ao Zhang

.. Pengfei Liu,
A4 7/ JlayTu Li,

Yuntian Liu

QIhCIﬂg Liu Caiheng Li

Supercells up to order 8

Collinear SSG (1421) Noncoplanar SSG (87 308)
1006 12 SSGS 230 1191 86951 357
GS=1 1 Others  Polyhedral
: N &
+ 1421 collinear

2 n,n2,n22
(except 1, 2)

Coplanar SSG (16 383)

+ 16383 coplanar

+ 87308 non-coplanar

Identify the spin group from .cif, .mcif or .ixt
FINDSPINGROUP: Identify Spin Group and Related Properties

Online Program: FINDSPINGROUP [1]

Start here

Manual: International notation of Spin Space Group and How to use FINDSPINGROUP

Families ~ mod. symmeiry
of the propagation vector

67475 SSGs
+ 1421 collinear

A P-invariant ¢ T-invariant
@ Generic points<=Action of PT

+ 9547 coplanar
+ 56512 non-coplanar

y

output Symbols of Ly, Gg, i, ix, G° .230.1. ARRD
—
Standard Magnetic Cell Found 1746 entries, showing 1746

\ / . .
Intemational Syl-nbol Of GNS Make selection B

eeeeeee

Operations of Ggg, etc

FINDSPINGROUD SSSSSS :

Zhi-Da Song

Yi Jiang

. /henyu Xiao Ziyin Song
‘5» Jianzhou Zhao }iﬁgr?éﬂpoznhgu
8 Yanqi L - b=t | Hongming
: " Ryuichi Shindou B S Weng
Y/ 40 T A Zheng-Xin Liu
Chen Fong Jlan Yang

Supercells up to order 12

l

4 37|
183498 55Gs % 1 Tt
+ 1421 collinear == 11 5.

+ 24788 coplanar

+ 157289 non-coplanar

Groups & group elements for SSGs:

number dimension lattice symmetry

Search based on
parent group, list
elements, etc...

Spin Space Group
Database j

spin part supercell Action



https://findspingroup.com/
https://cmpdc.iphy.ac.cn/ssg/#/search
https://cmpdc.iphy.ac.cn/ssg/#/search

(Co-)representation Theory

Quantum Geometry and Transport of Collective Excitations in (Non-)Magnetic Insulafors



Ordinary representation theory

} e Linear

g — {E’ 81> 825 835 - - e Homomorphism

/ l \ \ D(g)D(g’) = D(gg’) y

D@z{ }

Ireducible representation

. “bullding blocks” y

e E——




Intro to co-representations

o

Time-reversal (TR) must
be represented by an
antiunitary operator.

. .




Intro to co-representations
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Time-reversal (TR) must
be represented by an
antiunitary operator.
- Wigner J
Antiunitary elements 7g .
composition of unitary
operation g with IR Yy
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@ Time-reversal (IR) must
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antiunitary operator.
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Antiunitary elements 7g .

composition of unr
operation g with T

r

ary

?TJ

ANy group containing antiunitary elements:
G=H+aH

Where H is unitary, half size of G, and a = 78




Intro to co-representations

be represente

Eugene
Wigner

@ Time-reversal (IR) must

d by an

antiunitary operator.

Wy

Antiunitary elements 7g .

composition of unr
operation g with T

r

ary

?TJ

Representations not homomorphisms

onto matrices anymore!
If a = g and h Is unitary:

D(h)D(a) = D(ha)
D(a)D*(h) = D(ah)

ANy group containing antiunitary elements:
G=H+aH

Where H is unitary, half size of G, and a = 78




Intro to co-representations

2P % Time-reversal (TR) must
= be represented by an
X antiunitary operator.
Eugene

Wigner

Wy

r

Antiunitary elements 7g .
composition of unitary
operation g with TR Yy

Representations not homomorphisms
onto matrices anymore!
If a = g and h Is unitary:

D(h)D(a) = D(ha)
D(a)D*(h) = D(ah)

ANy group containing antiunitary elements:

G=H+aH

Where H is unitary, half size of G, and a = 78

Can derive a set of ireducible matrices
satistying these properties from the irreps of H



Intro to co-representations

ANy group containing antiunitary elements:

G=H+aH

Time-reversal (TR) must
be represented by an
antiunitary operator.

Wigner j
Antiunitary elements 7g .
composition of unitary
operation g with TR

A

Representations not homomorphisms
onto matrices anymore!
If a = g and h Is unitary:

D(h)D(a) = D(ha)
D(a)D*(h) = D(ah)

Where H is unitary, half size of G, and a = 78

Can derive a set of ireducible matrices
satistying these properties from the irreps of H

Let 4*(H) be an irrep of H.

Depending on

franstormation under conjugation by a (and xJ:

d™

H aH

(a)

(b)

d™
ZdW

d®

—Zd®

7dW

H

aH

(C) d® (aZ) dW*a

d™ l

dW*e| | g4

H aH

H aH




Intro to co-representations

Time-reversal (TR) must
be represented by an
antiunitary operator.

Eugene
Wigner

Wy

r

Antiunitary elements 7g .
composition of unitary
operation g with TR

A

Representations not homomorphisms
onto matrices anymore!
If a = g and h Is unitary:

D(h)D(a) = D(ha)
D(a)D*(h) = D(ah)

ANy group containing antiunitary elements:
G=H+aH

Where H is unitary, half size of G, and a = 78

Can derive a set of ireducible matrices
satistying these properties from the irreps of H

Let 4% (H) be an irrep of H. Depending on
franstormation under conjugation by a (and xJ:

Dimmock indicator:
+1 (a) doublmg

Y 7 (@h?) =4 -1 (b)

Doubling
heH 0 (¢

\H\
J




Intro to co-representations

Time-reversal (TR) must
be represented by an
antiunitary operator.

Eugene
Wigner

Wy

r

Antiunitary elements 7g .
composition of unitary
operation g with TR

A

Representations not homomorphisms
onto matrices anymore!
If a = g and h Is unitary:

D(h)D(a) = D(ha)
D(a)D*(h) = D(ah)

ANy group containing antiunitary elements:
G=H+aH

Where H is unitary, half size of G, and a = 78

Can derive a set of ireducible matrices
satistying these properties from the irreps of H

Let 4% (H) be an irrep of H. Depending on
franstormation under conjugation by a (and xJ:

Dimmock indicator:
+1 (a) doublmg

Y 7 (@h?) =4 -1 (b)

Doubling
heH 0 (¢

\H\
J




Co-reps: non-trivial & coplanar SPGs

Theorem: non-trivial spin groups S are isomorphic to their parent group Q.J



https://scipost.org/SciPostPhys.18.3.109/pdf

Co-reps: non-trivial & coplanar SPGs

Theorem: non-trivial spin groups S are isomorphic to their parent group Q.J

Non-trivial SPGs: X =S

s
e
N7
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Co-reps: non-trivial & coplanar SPGs

Theorem: non-trivial spin groups S are isomorphic to their parent group Q.J

Non-trivial SPGs: X =S

If S is unitary: / \

>) y s e
S = G implies that § has the "\, {
same irreps as ordinary PG G.



https://scipost.org/SciPostPhys.18.3.109/pdf

Co-reps: non-trivial & coplanar SPGs

Theorem: non-trivial spin groups S are isomorphic to their parent group Q.J

Non-trivial SPGs: X =S

If S is unitary: / \

>) y s e
S = G implies that § has the "\, {
same irreps as ordinary PG G.

S =S* +aS*

If S is anfiunitary:

S* has the same irreps as a PG G*,
and so S has the same co-irreps as
B&W PG G™ + 7a, G™.

v,
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Co-reps: non-trivial & coplanar SPGs

Theorem: non-trivial spin groups S are isomorphic to their parent group Q.J

Non-trivial SPGs: X =S Coplanar SPGs: X =b“2x S
If S is unitary: SN ‘ N
o / /
o o~
S = G implies that § has the "\, { ~ |
same irreps as ordinary PG G.

S =S* +aS*

If S is anfiunitary:

S* has the same irreps as a PG G*,
and so S has the same co-irreps as
B&W PG G™ + 7a, G™.

v, )
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Co-reps: non-trivial & coplanar SPGs

Theorem: non-trivial spin groups S are isomorphic to their parent group Q.J

Non-trivial SPGs: X =S * Coplanar SPGs: X =b“2x S

If S is unitary: // N If S is unitary: ‘ N
. . \ -~ X=S+[72,||E]S Induced ~ 7
S =& Implies That § has the l fromirreps of S = G, with ™ ‘

same Irreps as ordinary PG G. indicators same as grey PG G + G .

S =S*+aS*

If S is anfiunitary:

S* has the same irreps as a PG G*,
and so S has the same co-irreps as
B&W PG G™ + 7a, G™.

v, )
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Co-reps: non-trivial & coplanar SPGs

Theorem: non-trivial spin groups S are isomorphic to their parent group Q.J

Non-trivial SPGs: X =S
AN
s
S = G implies that § has the "\, {
same irreps as ordinary PG G.

If S is unitary:

S =S* +aS*

If S is anfiunitary:

S* has the same irreps as a PG G*,
and so S has the same co-irreps as
B&W PG G™ + 7a, G™.

Coplanar SPGs: X =b“2x S

If S is unitary:

X=38+4[72
fromirreps of S = G, with ™\ ‘
indicators same as grey PG G + 7G..

If S is antiunitary: S =S*+aS™

X =S +[¢2,]|E]1S is induced from the
ireps of S ~ G, with indicators same
as for grey PG G + ©G.

IE]S induced ~~ 7

W,



https://scipost.org/SciPostPhys.18.3.109/pdf

X=b°o>(§

Co -rePS: Co”inear SPGS Recall: h°°_% SO(2) X {E, 72, }
Unitary S:
All el[]eET?mSg SfGS are \\ \\
e AN

X = SO2) X G + [72, |[E] SO(2) X G
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X=b"X%XS

Co-reps: collinear SPGs ol b 2S00 (b ir
Unitary S:
All el[]egqjjmsg :fGS are \\ \\
e NN

X = SO2) X G + [72, |[E] SOQ) X G

Irreps of SO(2) x G are e*#? A» where
e Zand AW is anirrep of G.
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. X=b"XS
Co-reps: collinear SPGs Recall b = S0 (.2,

Unitary S:
All elements of S are \ \
A NN
[Ellgl: S=G
NN

X = SOQ2) X G + [22,||[E]SOQ) x G

Irreps of SO(2) x G are e*#? A» where
e Zand AW is anirrep of G.

Indicators of e#?A® given by AW
in grey PG G + G (i.e. reality)

be x 13 (R, , E] {R@, c3z} (T2, R,, E) {tzl R,, C3Z}

1 e e e e

i 2iﬂ+iC'> ; 2iﬂ+icu

{ _— ) () T — ¥
[elo‘p 0] e 3 0] 0] et? 0] e 3
2 . . . .
ol 21771 . io00 217w .
0] elc? - ——3io0 e 0] -—=—+100
o] e 3 ’ e 3 0
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X=b"XxS8

Unitary S: Antinitary S:
All elements of S are NN S=8"+aS* Leta=[rlla,] X"\
Ellgl: 5=G NN x=x LIEIX, with X S
gl- 9 =41 \\ ___1/2+[T J_H ]_1/2 with \\
X = SO(2) x G + [2, || E]SO(2) X G X,, = S0(2) X $* +[2, 14,1 SO(2) x §*

rreps of SO2) x G are e*? A» where
e Zand AW is anirrep of G.

Indicators of e#?A® given by AW
in grey PG G + G (i.e. reality)

b®x 13 (R,, E} {Rw, C3Z} {t2, R,, E} {CZ_L R,, C3z}

e (& (S e
) 2i'”+i*'7 ] 2]'L,TI+I.L_,V7
Y (f - - O U T - O U
- et "’ 0] e 3 0] 0] et?? 0] e 3
2 0 ei{.’rw —2iﬂ+]‘locp (e]'].(‘.’ru) 0 -2iﬁ+i0@
0] e 3 e 3 0]
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Co-reps: collinear SPGs

Unitary S:
All elements of S are NN
Ellgl: S=G NN
NN
X=SO02)xG+[72,||[E]1SOQR) X G

Irreps of SO(2) x G are e*#? A» where
e Zand AW is anirrep of G.

Indicators of e#?A® given by AW

X=b" XS

Recall: b™ = SO®2) X {E, 72, }

Antinitary S:
S=S*+aS* Leta=[r|a,] \\ \\
X — X1/2 + [sz_HE] Xl/Z with \ \

X,,=S02)xS" +[2,]la,] SO(2) x §*

Ireps of X, ,, a priori unknown & new!

—1/2

Co-irreps are not tfrivially found from
knowledge of irreps AW of G.

In grey PG G + 7G (i.e. reqlity)

b”x 13 {(R,, E}

{tzl Rw) E}

v

{zzi_Rw, c3z}
eio®

e
[ e]'LO{_p 0 )
I' .
0 elc"@

(&
Ziﬂﬂlu .
[e | |

0

e
0] eld?
+ioo (eilo.u) 0
e

0

2]1/I+J.L )
O ¢
3

b= x 12 {Ry, E} {2L Ry sz} {T21 Ry, E} {t Ry sz}
T, 1 1 1 1
> 1 -1 1 -1
eV’ 0 0 etV e!v? 0 0 e VO
L3 0 e-iva VO 0 e—ivcp] (eivw 0
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Summary of SPG co-representations
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Summary of SPG co-representations

Non-trivial SPGs

reps of parent PG § ™\
G, or co-irreps of 7
BEW PG G +7,G N\

)
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Summary of SPG co-representations

Non-trivial SPGs

reps of parent PG § ™\
G, or co-irreps of 7
BEW PG G +7,G N\

J
Coplanar SPGs
Co-irreps of grey ‘ ™
PG G +7G -~
8 ‘

Wy
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Summary of SPG co-representations

Non-trivial SPGs

Ireps of parent PG

/N

G, or co-irreps of 7
BEW PG G +70,6 N

Y
Coplanar SPGs
Co-irreps of grey ‘ ™
PG G +7G 7

~ |

Wy

Collinear SPGs

Unitary S: R
Co-Irreps induced from\ \

SO(2) X G, based on \ \

reality of AY(G)
Antiunitary S: \ \

Co-Irreps induced \ \
from X, ,, are new ana \ \

non-friviall
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Do we need the spin groups?

Quantum Geometry eand Transport of Collective Excitations in (Non-)Magnetic Insulafors



Do we need the spin groups?
Usually yes, sometimes no!
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Quantum Geometry eand Transport of Collective Excitations in (Non-)Magnetic Insulafors



Band sfructfure degeneracy

Fermionic band structures

Ex: 12-fold degenerate fermions

..---}_1.___ i 7

k//[100]

4 4
2
4
2
4 4
k//[110] k//[111]

(b)

J. Yang, Z.X. Liu, C. Fang, Nature Comm. 15 10203 (2024)

Altermagnetic band sfructures

—

HS, A. Corticelli, A. Guerreiro,
J. Romhanyi, P. McClarty,
SciPost Phys. 18, 109 (2025)

L. Smejkal, J. Sinova
and T. Jungiwirth, Phys.
Rev. X 12, 040501 (2022)

Need spin
group theory!

Magnon band structures

Ex: hyper-honeycomb Heisenberg-
Kitaev model

A. Corticelli, R. Moessner,
P. McClarty Phys. Rev. B
105, 064430 (2022)

HS, A. Corticelli, A. Guerreiro,
J. Romhanyi, P. McClarty,
SciPost Phys. 18, 109 (2025)

Unconventional magnons

0o ? 164.5
P | 7 —
X.Chen, Y. Liu, P. ol |
Liu, Y. Yui, J. Ren, ®Fe ' I dl %
J. Li, A. Zhang, Q. g O | WX

Liu, Nature 640, 0 ? |
349-354 (2025) \ Chirality
c .\ P splitting
be | N 163.0 -

—h
(o))}
S
o
—
\m/

—
()]
w
n

Energy (meV)
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https://doi.org/10.1103/PhysRevX.12.040501
https://doi.org/10.1103/PhysRevX.12.040501
https://doi.org/10.1103/PhysRevX.12.040501
https://www.nature.com/articles/s41467-024-53862-6
https://scipost.org/SciPostPhys.18.3.109/pdf
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.105.064430
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.105.064430
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.105.064430
https://www.nature.com/articles/s41586-025-08715-7
https://www.nature.com/articles/s41586-025-08715-7
https://www.nature.com/articles/s41586-025-08715-7
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Can avoid spin
group theory!

X

Landau theory for
collinear altermagnets

Equivalent formulation for collinear
systems without spin groups

Wy,

Salient physics from the SO-free Iimif

even for real materials with some SOC

|
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|[deal Altermagnets
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Under space group operations

Preserves 1 and | or Swaps 1 and |
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We focus on case where translations act trivially!

Altermagnetic if:

N fransforms as a 1D, R Inversion even

Irep of the crystal point group: I'y

Any crystal sfructure defined by
Wyckoff position(s) in space group

For all Wyckoff positions:
Form permutafion representation,
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even irrep of crystal point group
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Global spin ro’rd’riory Cry:®

& time-reversal space group

Irep I" under which N tfransforms is non-trivial
If crystalline & magnetic unit cells coincide: can use point group of G®P¢e

Spin group

Collinear spin

If crystalline & magnetic ooint groups

unit cells coincide:

only need collinear
spin point groups

e

Trade-off

ldeal Altermagnets

Spin-orbit free *

©
© | 4
[ | g,
hd | v
e
6

Alternating spin-splitting

oC

Céompenso’red

Correspondence

1D R irrep of an
ordinary point group

Break into non-trivial irrep of ordinary point group


https://arxiv.org/abs/2412.18025

SPG < PG Irrep Correspondence

What is the correspondence between point group irreps and (non-trivial) spin
point groups, that allows us to avoid using the spin groups entirely?

Non-trivial Spin Point Group

[zllf1or [2,]|f]
§ *

Trivial Irrep:
fcomposed with spin-only

T Or 2, represented by +1

Fach
one of

32

D, R, Inversion-even irrep of a point

Point Group

f
S S ¥
(¥ «
Non-trivial Irrep:
frepresented by -1

group corresponds to

the possible altermagnetic (nhon-tri

vial) spin point groups.
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Multipolar pseudo-primary
order parameter

d’r 7, ..., |m(r)

Spin splitting

Multipole Fermi-surface

Jd3r xym(r) g k.k, S

O

Lowest order multipole determines spin splitting

Coupling to N

Condition for linear

coupling between FN - [Vn]

multipole and N:
F~N- Jd3rxy m(r)

Allowed term in the free energy

Spin-orbit free Landau Theory

Classity

Multipoles fully specify the the SO-
free Landau theory

Foreach 1D, R irrep of a crystal
point group (i.e. for each I'y)

find lowest order n mulfipole
l Findn=1,2,3,4,6

Find explicit mulfipole

component(s)
(by finding invariant polynomial of order n)

|

Just 54 possible SO-free Landau
theories for collinear altermagnets

(whose chemical and magnetic unit cells coincide)
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[¢ Quantity (&) Defining equation Tensor part
v Polar Toroidal Moment 7j Full
Pyrotoroidic tensor r; T, = r; AT Full
Magnetization M; Full
Electric conductivity o;; = o F; a(‘;‘ = %ea,,;j af}
Soret thermodiffusion tensor s;; i (VT); sd = %Ecxi;j s;j
aeV Thermal conductivity k;; g;i = ki (VT); C‘;‘ = %eaij K:S.
Peltier tensor m;; q; = WijJ; o - %é“az‘j (7TZ4 " BA)
Seebeck tensor f3;; F; = B:i;(VT); J
Spontaneous Faraday effect Fj; Hoy = %sa,,;j Fij
aeV? 1 & 3  Magnetoelectric tensor ay;; M; = a;; E; Full
Piezomagnetic tensor A, g M; = N2k Full
Second order magnetoelectric tensor ay ;i M; = a; J- kE By Full
Magneto-optic Kerr effect zLS] i €ij = izo Full
Quadratic magneto-optic Kerr effect iCSk_l €ij = CL]MHk:Hl Carl = %saijcgkl
Magnetoresistance R;jx E; = R;jxJj Hy Rik . %(Rijk + Rjik)
Righi-Leduc magnetorhermal tensor Q; ;. ¢ = Qijx(VT);Hy QLSJA — %(ka + Qjik)
aeV [V?] 4 & 6  Ettinghausen tensor M; ik qi = M. J; Hy, ) R
Nernst tensor N, = N;;k(VT);Hy, ek wk
Magnetic resistance tensor 7; E; =T djH Hy chkl — 6mj s
Magneto-heat-conductivity tensor S;;x; qi = S (VT),;Hy H Sﬁkl = %ffa” S;jkl
Piezoresistivity tensor 11,z Apij = 115125 Hﬁkl — 260“3 s
Magneto—Seebek tensor oy ;g E; = a;;;1(VT); H H o e
ijkl

Magneto-Peltier tensor P

ikt H i Hy H

—a

Spin-orbit coupled Landau Theory

operty fensors

. R T
verty of interest e3ponse lensors

ynetoresistance.. .

efic group rep.
time-reversal)

Coupling classes

Just 4 classes of
observable properties &
according to n

Multipole rank (n) Representation I'¢
1 aV, aeV?
2 aeV
3 aeV?
4, 6 aeV|[V?]

Inherently altermagnetic!
(Can distinguish AFM from AM)
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Structure

FIG. 2. The crystal structure of MnTe with space group sym-
metry P63/mmec. Magnetic Mn ions (red and blue denote
magnetic sublattices) reside on the 2a Wyckoff positions, at
{0,0,0} and {0,0, 5} within the unit cell. The Te ions (gray)
occupy the Wyckoff positios 4e, at {1, 2,1}, and {3, %, 3}.

Point group: 6/mmm
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FIG. 2. The crystal structure of MnTe with space group sym-
metry P63/mmec. Magnetic Mn ions (red and blue denote
magnetic sublattices) reside on the 2a Wyckoff positions, at
{0,0,0} and {0,0, 5} within the unit cell. The Te ions (gray)

occupy the Wyckoff positios 4e, at {3, 2,+}, and {3, 3, 2}.

Point group: 6/mmm

SO-free Landau Theory

Lowest order multipole:

Jd3r [, ...1, | m(r)

V= Alu D E2u x
(V] =24,, @4, ®E, ®2E, X
[Vs] — 3A1u D 4A2u D BZu D Blu x

GB 3E2u @ 6E1u

(V4] = 104,, ® 94,, ® 4B,, ® 4B, \/
® 11E,, ® 16E,,

35


https://www.nature.com/

Example: MnTe

Structure

FIG. 2. The crystal structure of MnTe with space group sym-
metry P63/mmec. Magnetic Mn ions (red and blue denote
magnetic sublattices) reside on the 2a Wyckoff positions, at
{0,0,0} and {0,0, 5} within the unit cell. The Te ions (gray)

occupy the Wyckoff positios 4e, at {3, 2,+}, and {3, 3, 2}.

6/mmm

Point group:
rrep:

SO-free Landau Theory

Lowest order multipole:

Jd3r [, ...1, | m(r)

V= Alu D E2u x
(V] =24,, @4, ®E, ®2E, X
[VS] — 3A1u D 4A2u D BZu D Blu x

D 3E2u D 6E1u

(V4] = 104,, ® 94,, ® 4B,, ® 4B, \/
® 11E,, ® 16E,,

n=4

Jd3r vz (y* = 3x%) m(r)

35


https://www.nature.com/
https://arxiv.org/abs/2412.18025

Example: MnTe

Structure

FIG. 2. The crystal structure of MnTe with space group sym-

metry P63/mmec. Magnetic Mn ions (red and blue denote

magnetic sublattices) reside on the 2a Wyckoff positions, at

{0,0,0} and {0,0, 5} within the unit cell. The Te ions (gray)
2 1 3

occupy the Wyckoff positios 4e, at {3, 2,+}, and {3, 3, 2}.

6/mmm

Point group:
rrep:

SO-free Landau Theory

Lowest order multipole:

Jd3r [, ...1, | m(r)

V= Alu D E2u x
(V] =24,, @4, ®E, ®2E, X
[VS] — 3A1u D 4A2u D BZu D Blu x

D 3E2u D 6E1u

(V4] = 104,, ® 94,, ® 4B,, ® 4B, \/
® 11E,, ® 16E,,

n=4

Jd3r vz (y* = 3x%) m(r)

35

SOC Landau Theory

Guaranteed quantities ¢ aeV[V?]

Magnetoresistance, piezomagnetism, Nernst,
Ettinghausen, magneto-optic Kerr, etc...


https://www.nature.com/
https://arxiv.org/abs/2412.18025

Example: MnTe

Structure SO-free Landau Theory

Lowest order multipole:

b .
d’r 7, ..., | m(T)
A
; V=4, L, x
. (V] =24,, @4, ®E, ®2E, X
a [V°] = 34,, ® 4A,, © B,, ® By, x

FIG. 2. The crystal structure of MnTe with space group sym-
metry P63/mmec. Magnetic Mn ions (red and blue denote
magnetic sublattices) reside on the 2a Wyckoff positions, at
{0,0,0} and {0,0, 5} within the unit cell. The Te ions (gray)

occupy the Wyckoff positios 4e, at {3, 2,+}, and {3, 3, 2}.

@ 3E,, @ 6L,

(V4] = 104,, ® 94,, ® 4B,, ® 4B, \/
® 11E,, ® 16E,,

n=4

Jd3r vz (y* = 3x%) m(r)

6/mmm

Point group:
rrep:

35

SOC Landau Theory

Guaranteed quantities ¢ aeV[V?]

Magnetoresistance, piezomagnetism, Nernst,
Ettinghausen, magneto-optic Kerr, etc...

TABLE IV. Transformation properties of the order parameter
N in MnTe and the part of the magnetoresistance that is
symmetric in the first two indices.

Irrep. Order Magnetoresistance component
parameter
Blg Nz 2Rfya: . Rgxy Ry ngy

(2%,
(Na:> Rfazz o ngz
(Rgz:c o Rgzy)

S S
R:I:za: 5 Ryzy



https://www.nature.com/
https://arxiv.org/abs/2412.18025

Example: MnTe

SO-free Landau Theory

Lowest order multipole:

Structure

b .
d’r 7, ..., | m(T)
A
; V=4, L, x
. (V] =24,, @4, ®E, ®2E, X
a [V°] = 34,, ® 4A,, © B,, ® By, x

FIG. 2. The crystal structure of MnTe with space group sym-
metry P63/mmec. Magnetic Mn ions (red and blue denote
magnetic sublattices) reside on the 2a Wyckoff positions, at
{0,0,0} and {0,0, 5} within the unit cell. The Te ions (gray)

occupy the Wyckoff positios 4e, at {3, 2,+}, and {3, 3, 2}.

@ 3E,, @ 6L,

(V4] = 104,, ® 94,, ® 4B,, ® 4B, \/
® 11E,, ® 16E,,

n=4

Jd3r vz (y* = 3x%) m(r)

6/mmm

Point group:
rrep:

35

SOC Landau Theory

Guaranteed quantities ¢ aeV[V?]

Magnetoresistance, piezomagnetism, Nernst,
Ettinghausen, magneto-optic Kerr, etc...

TABLE IV. Transformation properties of the order parameter
N in MnTe and the part of the magnetoresistance that is
symmetric in the first two indices.

Irrep. Order Magnetoresistance component
parameter
Blg Nz 2Rfya: . Rgxy Ry ngy

%

g

4 ).S'
ZB”;T Yz
S S
N Rizz — Ryy:
y

N e 4
;\ : Blj ZqT + Rl zZY
S >S
B.v.l':.lf R BU:!/

Néel components fransform as

Observed experimentally!

NZ d Blg


https://www.nature.com/
https://arxiv.org/abs/2412.18025

Collinear AM Landau theory summary



Collinear AM Landau theory summary

Spin-orbit free

Altermagnetism defined by features
iInherited from ideal SO-free limit

36



Collinear AM Landau theory summary

Spin-orbit free Translation & inversion Alternating spin-splitfing

Alt
Inherited from ideal SO-free IImit

don't connect 1/

& ©
, o . dCH
. :
© P %Q () ; ] Q
£ [ 5 ) ) . :. ©
f y @ 9 u
y P . ;6
Compensated

ermagnetism defined by features

Derive all SO-free Landau theories

+ All structures (space groups WP)
compatible with AM _—,5<1w\‘5"

+ All irreps characterizing AM N

+ All minimal multipoles coupling
to AMN



Collinear AM Landau theory summary

oot fee Translation & inversion  Alternating spin-splitting Derive all SO-free Landau theories

don't connect 1/

4 + All structures (space groups WP)
v ¥ £ ‘ * :><: compatible with AM _—,5<w“5"
b éompenso’red v

+ All irreps characterizing AM N

Altermagnetism defined by features

+ All minimal Itipol I
Inherited from ideal SO-free IImit miniMmal MUpoles COURING

o AMN

Response Tensors
Multipole rank (n) Representation I'¢

aV, aeV? I

1
2 aeV . :
3 aeV?
4,6 aeV[V?] % [0 . (,]
op=|"oy 0 oy

Guaranteed (allowed) effects with SO
determined by SO-free multipoles




Collinear AM Landau theory summary

oot fes Transiation & inversion  Altemating spin-spiiting Derive all SO-free Landau theories

don't connect 1/

4 + All structures (space groups WP)
b éompenso’red v

+ All irreps characterizing AM N

Altermagnetism defined by features

+ All minimal Itipol I
Inherited from ideal SO-free IImit miniMmal MUpoles COURING

o AMN

Response Tensors

Bridge SO-free & SOC limits

+ SO-free multipole gives insight
info symmetry with SOC  zc =

Multipole rank (n) Representation I'¢
aV, aeV? I

1
2 aeV . :
3 aeV?
4,6 aeV[V?] ‘Té [0 . 6]
op=|"oy 0 oy

Guaranteed (allowed) effects with SO
determined by SO-free multipoles

+ Classity response tensors by
symmeftry type & multipole order



Hana Schiff
Thursday, May 8th, 2025

Conclusions

SPIN

=lm

—NOM

=NA

INTERDISCIPLINARY CENTER

@

Quantum Geometry and Transport of Collective Excitations in (Non-)Magnetic Insulators



Conclusions



Conclusions

Spin groups are precise for systems
with negligible SOC, and sftill useful
for systems in which SOC is weak. J




Conclusions

Spin groups are precise for systems
with negligible SOC, and sftill useful
for systems in which SOC is weak. j

Spin groups confain [Suly
operations with

generically different
action on spins vs

of freedom j




Conclusions

Spin groups are precise for systems
with negligible SOC, and sftill useful
for systems in which SOC is weak. j

Spin groups confain [Suly
operations with

generically different
action on spins vs

real-space degrees °
of freedom y

There are lots of spin groups:
hundreds of SPGs, more than 10°
SSGs with practical use. J




Conclusions

Spin groups are precise for systems
with negligible SOC, and sftill useful

for systems in which SOC is weak. j

Spin groups confain [Suly
operations with
generically different $

action on spins vs
real-space degrees
of freedom
There are lots of spin groups:
hundreds of SPGs, more than 10°
SSGs with practical use. J

J

Co-irreps for most SPGs are not new.

The collinear SPGs have new co-irreps,

and these are tabulated.

Y




CO"C’USiOnS Co-irreps for most SPGs are not new.

The collinear SPGs have new co-irreps,
and these are tabulated. j

Spin groups are precise for systems
with negligible SOC, and sftill useful
for systems in which SOC is weak. j

Whenever band structure

. . [S||R] degeneracy plays a crucial role in the
Spgpge22$12;§@?ffﬁln phenomenon we're studying, we

~allv diff t cannot avoid using spin group theory
gjgﬁg'ﬁinys;ini’\f? n the limit of negligible SOC. |

of freedom j

There are lots of spin groups:
hundreds of SPGs, more than 10°
SSGs with practical use. J




Conclusions

Spin groups are precise for systems
with negligible SOC, and sftill useful

for systems in which SOC is weak. j

Spin groups confain [Suly
operations with %
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There are lots of spin groups:
hundreds of SPGs, more than 10°
SSGs with practical use. J

Co-irreps for most SPGs are not new.
The collinear SPGs have new co-irreps,
and these are tabulated. j

Whenever band structure
degeneracy plays a crucial role in the
ohenomenon we're studying, we
cannot avoid using spin group theory
INn the [imit of negligible SOC. j

For collinear systems especially, we
can avoid directly using spin groups,
taking advantage of an equivalent

approach via non-trivial irreps of the

paramagnetic group. j
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