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• magnetic skyrmions — classical topological field configurations

• magnetic skyrmions in quantum magnetism

• semiclassical quantization of skyrmions: 
conservation of linear momentum, dipole conservation law & skyrmions as fracton matter

• topological dipole conservation law for quantum skyrmions
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Magnetic skyrmions — classical topological field configurations

3

⇡2(S
2) = Ztopologically non-trivial mapping from sphere S2  to 2d plane:

Heisenberg magnet:
order parameter 

manifold: S2  

2d plane

topological skyrmion density

winding number:

unit vector field
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Magnetic skyrmions — materials
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Fert & Levy, PRL (1980)

© Jonathan White

intensively studied over the past 15 years….

in magnetic multilayers: in bulk magnetic crystals:
stabilized by interfacial Dzyaloshinskii-Moriya interaction stabilized by Dzyaloshinskii-Moriya interaction due to lack of 

inversion symmetry

A. Soumyanarayanan et al,  
B. Nature Mat 16, 898 (2017)

even at room temperature in designed Ir/Co/Fe/Pt multilayers
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Magnetic skyrmions —dynamics
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Jiang et al. Nat. Phys. (2017)

intensively studied over the past 15 years…. can all be understood on the semiclassical level

magnetic resonance spectroscopy

Mochizuki Phys. Rev. Lett. 108, 017601 (2012)

Onose et al. Phys. Rev. Lett. 109, 037603 (2012)

Weber et al. Science 375, 1025 (2022)

inelastic neutron scattering skyrmion Hall effect

Brillouin light scattering

Che et al, arXiv:2404.14314

non-linear dynamics of strings

V. Kravchuk et al. PRB 102, 220408 (2020)
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What are the signatures of magnetic skyrmions 
in the quantum limit?
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Magnetic skyrmions in quantum magnetism
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classical skyrmion configurations are not quantum eigenstates of the Hamiltonian 
(similar to the Néel state of antiferromagnetic order)

expect substantial corrections due to fluctuations!

full quantum problem: brute force numerical studies of small system sizes

challenge: linear system size L > linear size of the skyrmion rsk >> lattice spacing a 

 ~ L/a > rsk/a >> 1 Nfor 2d:

exact diagonalization for S=1/2

Sotnikov et al. 2021,2023 N=19
Lohani et al. 2019 N=31

Siegl et al 2022 N=16

density matrix renormalization group for S=1/2

Haller et al. 2022, … N ~ 500

usually only access to groundstates
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Magnetic skyrmions in quantum magnetism
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How to detect skyrmionic content from a spin wave eigenfunction?
Evaluation of expectation value of local spin operator  might work or not:⟨S(r)⟩

Haller et al. 2022

quantum skyrmion stabilized by DMI
with open boundary conditions:

magnitude renormalized but otherwise recognizable 

quantum skyrmion stabilized by frustration
with fixed boundary conditions:

Lohani et al. 2019

internal degrees of freedom wash out 
skyrmionic structures; only encoded in correlations!



M. Garst  —  SPICE workshop Quantum Functionalities of Nanomagnets17-19/06/2025

Winding number for quantum skyrmions?
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• classical skyrmion winding number in the continuum 

• classical skyrmion winding number on the discrete lattice  
(sum over triangulations) 

with

W =

• scalar spin chirality χijk = Si(Sj × Sk)

Berg and Lüscher (1981)

winding:

Sotnikov et al. 2021 Lohani et al. 2019

for quantum skyrmions these winding numbers are not quantized and are only indicators:

<latexit sha1_base64="3sig7mD7Ho35+3SwpEb0OPMchHU="></latexit>
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Q =

Z
d2x⇢top



M. Garst  —  SPICE workshop Quantum Functionalities of Nanomagnets17-19/06/2025

How to quantize magnetic skyrmions on the 
semiclassical level?
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Semiclassical quantization of magnetic skyrmions
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Idea: at low energies treat the skyrmion as a point particle with position  and momentum ⃗R ⃗P

collective coordinate
<latexit sha1_base64="vPkmb1jh2oixHUcf2eXaiJIv5Z8=">AAACDXicbVDLTsMwEHTKq4RXgSMXiwqJU5UgBBwruHAsiD6kNqocd5OaOk5kO5VK1G+AK/wHN8SVb+A3+ALcNgfaMpKl0ezO7nr8hDOlHefbKqysrq1vFDftre2d3b3S/kFDxamkUKcxj2XLJwo4E1DXTHNoJRJI5HNo+oObSb05BKlYLB70KAEvIqFgAaNEG6nRGQLF991S2ak4U+Bl4uakjHLUuqWfTi+maQRCU06UartOor2MSM0oh7HdSRUkhA5ICG1DBYlAedn02jE+MUoPB7E0T2g8Vf86MhIpNYp80xkR3VeLtYn4X62d6uDKy5hIUg2CzhYFKcc6xpOv4x6TQDUfGUKoZOZWTPtEEqpNQPbcGj8ydtxn4ikNzQwItW1CchcjWSaNs4p7UXHuzsvV6zyuIjpCx+gUuegSVdEtqqE6ougRvaBX9GY9W+/Wh/U5ay1YuecQzcH6+gWQPJtR</latexit>

~R

But what is the momentum  
of a skyrmion?

⃗P

and replace their Poisson bracket with a commutator
Ochoa & Tserkovnyak, Int. J. Mod. Phys. B 33, 1930005 (2019)

Thiele (1976), Haldane (1986), Volovik (1987)
Papanikolaou & Tomaras (1991)
Yan, Kamra, Cao, Bauer (2013), Tchernyshyov (2015), …
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Conservation law for the topological density
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geometric conservation law  
for the unit vector field

<latexit sha1_base64="3sig7mD7Ho35+3SwpEb0OPMchHU="></latexit>

⇢top =
1

4⇡
n̂(@xn̂⇥ @yn̂)topological density

<latexit sha1_base64="GPemF5oBVB82xnVANQ3fKRkSOJk="></latexit>

@t⇢top + @kjtop,k = 0

topological current
<latexit sha1_base64="eAtn+HPAEnI7fixeCbSkhCFtgjU="></latexit>

jtop,k =
✏ki
4⇡

n̂(@in̂⇥ @tn̂)
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Classical field theory for magnetism
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Landau-Lifshitz equation:

with some energy functional 
<latexit sha1_base64="XXrRUNBlU/7xjXK6kV+JRHq/FJU="></latexit>

W = W[n̂, @in̂, ...]

<latexit sha1_base64="J2iNTCTKGkyPsRagGfJDSMk70lc="></latexit>

@tn̂ =
1

s
n̂⇥ �W

�n̂
= {n̂,W}

Poisson bracket

Here: no extrinsic Gilbert damping, no other degrees of freedom!

<latexit sha1_base64="8xc4JWeVAF+9YcQnTtPgAi1HEJ0="></latexit>

{n̂↵(~x), n̂�(~x
0)} = �1

s
✏↵�� n̂�(~x)�(~x� ~x0)

details not important here!

spin density s
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Conservation law for linear momentum
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Landau-Lifshitz equation:
<latexit sha1_base64="J2iNTCTKGkyPsRagGfJDSMk70lc="></latexit>

@tn̂ =
1

s
n̂⇥ �W

�n̂
= {n̂,W}

mutliplying with                   yields 
<latexit sha1_base64="Bu27ttrr6e3PQbHlVtNQWNX5qhM=">AAACKXicbVC7TsMwFHV4lvIKMLJYVEidqgQhYKxgYSwSfUhNVTmuk1h1nMi+QSpVV34GVvgPNmDlD/gCnDYDbbmS5aNz77nHPn4quAbH+bRWVtfWNzZLW+Xtnd29ffvgsKWTTFHWpIlIVMcnmgkuWRM4CNZJFSOxL1jbH97k/fYDU5on8h5GKevFJJQ84JSAofo29lKigBPR59iLCGCJq8XtAY+Z7tsVp+ZMCy8DtwAVVFSjb/94g4RmMZNABdG66zop9Ma5CxVsUvYyzVJChyRkXQMlMSa98fQnE3xqmAEOEmWOBDxl/yrGJNZ6FPtmMiYQ6cVeTv7X62YQXPXGXKYZMElnRkEmMCQ4jwUPuGIUxMgAQhU3b8U0IopQMOGV52z82MhxxOVjFpodLISyCcldjGQZtM5q7kXNuTuv1K+LuEroGJ2gKnLRJaqjW9RATUTRE3pBr+jNerberQ/raza6YhWaIzRX1vcv2Nql3w==</latexit>

@in̂(n̂⇥

for a translationally invariant theory we have

with the stress tensor

topological current related to  
divergence of stress tensor

<latexit sha1_base64="ugJDutMUpPZ17HhOeLOV6mO8XDc="></latexit>

4⇡s✏kijtop,k = @j�ji

However: this is not the form of a conservation law?!
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Conservation law for linear momentum
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<latexit sha1_base64="ugJDutMUpPZ17HhOeLOV6mO8XDc="></latexit>

4⇡s✏kijtop,k = @j�ji This is not the form of a conservation law?!

combining it with the conservation of topological charge

<latexit sha1_base64="ti3uqjRJ5zWwraiBbA7uC+AJzGM="></latexit>

@tpi + @j⇧ji = 0 This is a canonical conservation law!

with the linear momentum and its current
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Linear momentum of a skyrmion
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<latexit sha1_base64="ODJAkuV7XbEBt71nOe3ToP+S5o4="></latexit>

Pi =

Z
d2xpi = 4⇡s✏ki

Z
d2xxk⇢top

Total linear momentum of a magnetic system:

determined by the dipole moment of topological charge!

For a closed system: linear momentum = dipole moment of a skyrmion is conserved!
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Area-preserving diffeomorphisms
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<latexit sha1_base64="3sig7mD7Ho35+3SwpEb0OPMchHU="></latexit>

⇢top =
1

4⇡
n̂(@xn̂⇥ @yn̂)consider Poisson bracket for the topological density

<latexit sha1_base64="XoD98b8eGJ2IDpbN3L5EztN9sp4="></latexit>

{⇢top(~x), n̂(~x0)} =
1

4⇡s
✏ij@j�(~x� ~x0)@in̂(~x)

topological density is the generator of area-preserving diffeomorphisms:
<latexit sha1_base64="ybcTeDFmvHFhc7Cg1gyTFWI2GfE="></latexit>Z

d2x0�(~x0){4⇡s ⇢top(~x0), n̂(~x)} = �⇠i(~x)@in̂(~x)

generates local transformations
<latexit sha1_base64="9qzScnOhGulYaAiauFbU77yVrVI="></latexit>

⇠i(~x) = ✏ij@j�(~x) that are area-preserving as 
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@i⇠i(~x) = 0

Y.-H. Du, U. Mehta, D. X. Nguyen, and D T. Son, SciPost Phys 12, 050, (2022)

Poisson bracket

<latexit sha1_base64="8xc4JWeVAF+9YcQnTtPgAi1HEJ0="></latexit>

{n̂↵(~x), n̂�(~x
0)} = �1

s
✏↵�� n̂�(~x)�(~x� ~x0)
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Topological dipole conservation law
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applying the generator of area-preserving diffeomorphisms to an energy functional possessing  
translational invariance

<latexit sha1_base64="7VuR32G1oj6pvkV46xe4ZNmbkmg="></latexit>Z
d2x�(~x){4⇡s ⇢top(~x),W} = �

Z
d2x✏ki@i�(~x)@j�jk(~x)

with the stress tensor
<latexit sha1_base64="fXDoGW4n8KBDhOrf1szH8NFWwdA=">AAACHHicbVDLSgMxFM34rPU12qWbYBHqpsyIqMuiG5cV7APaUjLp7TQ2yQxJpliH/opu9T/ciVvB3/ALTB8L23ogcDjnntzLCWLOtPG8b2dldW19YzOzld3e2d3bdw8OqzpKFIUKjXik6gHRwJmEimGGQz1WQETAoRb0b8Z+bQBKs0jem2EMLUFCybqMEmOltptrahYK0k4f+qNCcwAUP5623bxX9CbAy8SfkTyaodx2f5qdiCYCpKGcaN3wvdi0UqIMoxxG2WaiISa0T0JoWCqJAN1KJ8eP8IlVOrgbKfukwRP1byIlQuuhCOykIKanF72x+J/XSEz3qpUyGScGJJ0u6iYcmwiPm8AdpoAaPrSEUMXsrZj2iCLU2L6yc2sCYeO4x+RTEto/IDRZW5K/WMkyqZ4V/Yuid3eeL13P6sqgI3SMCshHl6iEblEZVRBFQ/SCXtGb8+y8Ox/O53R0xZllcmgOztcve/GhFA==</latexit>

�jk(~x)

variation wrt           yields the Noether conservation law   (using                                 )
<latexit sha1_base64="xa9Yyaw9f6QLWha0jC9yxPDP/wM=">AAACGHicbVDLTgIxFO3gC/EB6tJNIzHBDZkxRl0S3bjERB4JMyGdcgcaOp1J2yHihB/Rrf6HO+PWnb/hF1hgFgKepMnJOef23hw/5kxp2/62cmvrG5tb+e3Czu7efrF0cNhUUSIpNGjEI9n2iQLOBDQ00xzasQQS+hxa/vB26rdGIBWLxIMex+CFpC9YwCjRRuqWii434R6puCOg+PGsWyrbVXsGvEqcjJRRhnq39OP2IpqEIDTlRKmOY8faS4nUjHKYFNxEQUzokPShY6ggISgvnR0+wadG6eEgkuYJjWfq34mUhEqNQ98kQ6IHatmbiv95nUQH117KRJxoEHS+KEg41hGetoB7TALVfGwIoZKZWzEdEEmoNl0VFtb4oRnHAyaekr75A/q6YEpylitZJc3zqnNZte8vyrWbrK48OkYnqIIcdIVq6A7VUQNRlKAX9IrerGfr3fqwPufRnJXNHKEFWF+/vLmfEA==</latexit>

�(~x)
<latexit sha1_base64="/4R9gUOvANFXYgBiS91uHdwBNW8="></latexit>

@t⇢top = {⇢top,W}

<latexit sha1_base64="4puhmGHpXAOwzxQX+uVI3gjM9CA="></latexit>

@t⇢top +
1

4⇡s
✏ik@i@j�jk = 0

Papanicolaou & Tomaras, Nuclear Physics B 360, 425 (1991)
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Topological dipole conservation law
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<latexit sha1_base64="4puhmGHpXAOwzxQX+uVI3gjM9CA="></latexit>

@t⇢top +
1

4⇡s
✏ik@i@j�jk = 0

integration with benign boundary conditions yields  
the conservation of 

<latexit sha1_base64="2rvmRL+1LXiT4+dpZlse/aLN3wY=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdSMU3bhswT6gDWUynaZDJ5Mwc1OooV+iW/0Pd+LWlb/hFzhps7CtBy4czrkvjh8LrsFxvq3C2vrG5lZxu7Szu7d/YB8eNXWUKMoaNBKRavtEM8ElawAHwdqxYiT0BWv5o/vMb42Z0jySjzCJmReSQPIBpwSM1LPtbkwUcCJ6gOv4Fjs9u+xUnBnwKnFzUkY5aj37p9uPaBIyCVQQrTuuE4OXZlupYNNSN9EsJnREAtYxVJKQaS+dfT7FZ0bp40GkTEnAM/XvREpCrSehbzpDAkO97GXif14ngcGNl3IZJ8AknR8aJAJDhLMYcJ8rRkFMDCFUcfMrpkOiCAUTVmnhjB+acTzk8ikJzA4WQMmE5C5HskqaFxX3quLUL8vVuzyuIjpBp+gcuegaVdEDqqEGomiMXtArerOerXfrw/qctxasfOYYLcD6+gXe1Z8U</latexit>

@tQ = 0
<latexit sha1_base64="i8mOFe0V7mf1ir99PlRCcaYLtfI=">AAACG3icbVDLSsNAFJ34rPEV69LNYBFclURE3QhFXbisYB/QhjCZTtuhk0mYuRFr6afoVv/Dnbh14W/4BU7aLGzrgQuHc+6LEyaCa3Ddb2tpeWV1bb2wYW9ube/sOnvFuo5TRVmNxiJWzZBoJrhkNeAgWDNRjEShYI1wcJ35jQemNI/lPQwT5kekJ3mXUwJGCpxiOyEKOBEB4JuA40vsBk7JLbsT4EXi5aSEclQD56fdiWkaMQlUEK1bnpuAP8r2UsHGdjvVLCF0QHqsZagkEdP+aPL7GB8ZpYO7sTIlAU/UvxMjEmk9jELTGRHo63kvE//zWil0L/wRl0kKTNLpoW4qMMQ4CwJ3uGIUxNAQQhU3v2LaJ4pQMHHZM2fCyIzjPpdPac/sYD2wTUjefCSLpH5S9s7K7t1pqXKVx1VAB+gQHSMPnaMKukVVVEMUPaIX9IrerGfr3fqwPqetS1Y+s49mYH39AmiOn+M=</latexit>

@tDi = 0

topological charge

topological dipole

magnetic textures behave as fracton matter

for a review see Gromov & Radzihovsky, Colloquium: Fracton Matter, Rev. Mod. Phys. 96, 011001 (2024)

“… class of models where quasiparticles are strictly immobile or display restricted mobility …”

wealth of exotic phenomena:  
anomalous hydrodynamics, ergodicity breaking and anomalous thermalization 
processes, emergence of high-rank tensor gauge fields

to be studied in skyrmion materials!   Filling the “experimental void”  
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Topological dipole as a collective coordinate
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collective coordinate
<latexit sha1_base64="vPkmb1jh2oixHUcf2eXaiJIv5Z8=">AAACDXicbVDLTsMwEHTKq4RXgSMXiwqJU5UgBBwruHAsiD6kNqocd5OaOk5kO5VK1G+AK/wHN8SVb+A3+ALcNgfaMpKl0ezO7nr8hDOlHefbKqysrq1vFDftre2d3b3S/kFDxamkUKcxj2XLJwo4E1DXTHNoJRJI5HNo+oObSb05BKlYLB70KAEvIqFgAaNEG6nRGQLF991S2ak4U+Bl4uakjHLUuqWfTi+maQRCU06UartOor2MSM0oh7HdSRUkhA5ICG1DBYlAedn02jE+MUoPB7E0T2g8Vf86MhIpNYp80xkR3VeLtYn4X62d6uDKy5hIUg2CzhYFKcc6xpOv4x6TQDUfGUKoZOZWTPtEEqpNQPbcGj8ydtxn4ikNzQwItW1CchcjWSaNs4p7UXHuzsvV6zyuIjpCx+gUuegSVdEtqqE6ougRvaBX9GY9W+/Wh/U5ay1YuecQzcH6+gWQPJtR</latexit>

~R

collective coordinate

<latexit sha1_base64="WEcRhTxBRzCEanIA7tjS1+Pj9go="></latexit>

Ri =
Di

Q
=

R
d2xxi⇢topR
d2x ⇢top

topological dipole conservation law enforces 

Skyrmion does not move — fracton!

<latexit sha1_base64="tmC5SnnafpQevjVQFL2Dp0sGkbE=">AAACI3icbVDLSgMxFM34rPVVdaebYBFclRkRdSMUXeiyBfuATimZ9LYNzWSG5I7QloI/o1v9D3fixoU/4ReYPha29UDgcM49uckJYikMuu6Xs7S8srq2ntpIb25t7+xm9vbLJko0hxKPZKSrATMghYISCpRQjTWwMJBQCbq3I7/yCNqISD1gL4Z6yNpKtARnaKVG5tB/BE7v6DU992NBDS1Sv8OQQqPfyGTdnDsGXSTelGTJFIVG5sdvRjwJQSGXzJia58ZYHzCNgksYpv3EQMx4l7WhZqliIZj6YPyHIT2xSpO2Im2PQjpW/yYGLDSmFwZ2MmTYMfPeSPzPqyXYuqoPhIoTBMUni1qJpBjRUSG0KTRwlD1LGNfCvpXyDtOMo60tPbMmCG2cdoTqJ217B7QxbUvy5itZJOWznHeRc4vn2fzNtK4UOSLH5JR45JLkyT0pkBLh5Im8kFfy5jw7786H8zkZXXKmmQMyA+f7FxbXokA=</latexit>

~G = 4⇡sQêz

<latexit sha1_base64="p9XsXsQxH5k3kbp/kjyeAnonx6Y="></latexit>

@t ~P = 4⇡s(ẑ ⇥ @t ~D) = ~G⇥ @t ~R = 0

massless Thiele equation!

gyrocoupling vector
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21

<latexit sha1_base64="3sig7mD7Ho35+3SwpEb0OPMchHU="></latexit>

⇢top =
1

4⇡
n̂(@xn̂⇥ @yn̂)consider Poisson bracket for the topological density

<latexit sha1_base64="b+1tzu+8XN0xnK3pmPLhUbDBQzU="></latexit>

{⇢top(~x), ⇢top(~x0)} =
1

4⇡s
✏ij@j�(~x� ~x0)@i⇢top(~x) Girvin-MacDonald-Platzman algebra

also fulfilled by the electron density  
in the lowest Landau level

multiplying by positions and integrating 

<latexit sha1_base64="pPnVMHhbnBer++ngdhoSkRe8pZw="></latexit>

{Di, Dj} =
Q

4⇡s
✏ij

components of the topological dipole possess non-vanishing  
Poisson bracket for a finite skyrmion charge

<latexit sha1_base64="RtI83ojJVOi4jwqnR5HMZ9RQvbA=">AAACD3icbVDLSgMxFM34rPVVdekmWARXZUZEXRbduGzBPqAdSia9Mw1NMmOSEerQj9Ct/oc7cesn+Bt+gWk7C9t6IHA49557b06QcKaN6347K6tr6xubha3i9s7u3n7p4LCp41RRaNCYx6odEA2cSWgYZji0EwVEBBxawfB2Um89gtIslvdmlIAvSCRZyCgxVmrXcVfCA3Z7pbJbcafAy8TLSRnlqPVKP91+TFMB0lBOtO54bmL8jCjDKIdxsZtqSAgdkgg6lkoiQPvZ9N4xPrVKH4exsk8aPFX/OjIitB6JwHYKYgZ6sTYR/6t1UhNe+xmTSWpA0tmiMOXYxHjyedxnCqjhI0sIVczeiumAKEKNjag4tyYQ1o4HTD6lkZ0BkSnakLzFSJZJ87ziXVbc+kW5epPHVUDH6ASdIQ9doSq6QzXUQBRx9IJe0Zvz7Lw7H87nrHXFyT1HaA7O1y9o0Ju6</latexit>

Q 6= 0
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collective coordinate

<latexit sha1_base64="WEcRhTxBRzCEanIA7tjS1+Pj9go="></latexit>

Ri =
Di

Q
=

R
d2xxi⇢topR
d2x ⇢top

collective coordinate
<latexit sha1_base64="vPkmb1jh2oixHUcf2eXaiJIv5Z8=">AAACDXicbVDLTsMwEHTKq4RXgSMXiwqJU5UgBBwruHAsiD6kNqocd5OaOk5kO5VK1G+AK/wHN8SVb+A3+ALcNgfaMpKl0ezO7nr8hDOlHefbKqysrq1vFDftre2d3b3S/kFDxamkUKcxj2XLJwo4E1DXTHNoJRJI5HNo+oObSb05BKlYLB70KAEvIqFgAaNEG6nRGQLF991S2ak4U+Bl4uakjHLUuqWfTi+maQRCU06UartOor2MSM0oh7HdSRUkhA5ICG1DBYlAedn02jE+MUoPB7E0T2g8Vf86MhIpNYp80xkR3VeLtYn4X62d6uDKy5hIUg2CzhYFKcc6xpOv4x6TQDUfGUKoZOZWTPtEEqpNQPbcGj8ydtxn4ikNzQwItW1CchcjWSaNs4p7UXHuzsvV6zyuIjpCx+gUuegSVdEtqqE6ougRvaBX9GY9W+/Wh/U5ay1YuecQzcH6+gWQPJtR</latexit>

~R

<latexit sha1_base64="IXrB09YE2N8gTpq7FHopfurcFIo="></latexit>

{Ri, Rj} =
1

4⇡sQ
✏ijPoisson bracket

quantization

<latexit sha1_base64="9TKDcUULiBRj0jteXqD7XQpj3fw="></latexit>

[Ri, Rj ] =
i~

4⇡sQ
✏ij

effective theory
<latexit sha1_base64="TSkkz7zzmOOtx/VwFSE+xDnSJko="></latexit>

L = 2⇡sQ✏kjRj@tRk � V (~R)

Ochoa & Tserkovnyak, Int. J. Mod. Phys. B 33, 1930005 (2019)
M. Stone, Phys. Rev. B 53, 16573 (1996)
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Is this algebraic structure robust with respect to 
quantum fluctuations?
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Topological dipole of quantum skyrmions
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<latexit sha1_base64="4puhmGHpXAOwzxQX+uVI3gjM9CA="></latexit>

@t⇢top +
1

4⇡s
✏ik@i@j�jk = 0

claim:   topological dipole conservation law also holds on the quantum level — no anomalies!

for details see arXiv:2412.16284

in the following: only lowest order quantum corrections to the classical theory
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consider a topologically non-trivial classical field configuration 

with a classical skyrmion collective coordinate
<latexit sha1_base64="VfmoD9waYqXB+iJps3HJB+ny2zw="></latexit>

Rcl,i =
Dcl,i

Qcl
=

R
d2xxi⇢top,clR
d2x ⇢top,cl <latexit sha1_base64="gKb5fTicnE0u/ZZ+9YymXptsOAA="></latexit>

n̂cl(~x) ⌘ e3(~x)

Holstein-Primakoff representation of the unit vector field:

introduce local orthogonal Dreibein
<latexit sha1_base64="uFfYfKyiAw5WE5/mW+QF4zlocm0="></latexit>

êi(~x)êj(~x) = �ij

<latexit sha1_base64="Cj3g6qGG7WwEvJ2u1kZT+fO+oFo="></latexit>

ê1(~x)⇥ ê2(~x) = ê3(~x)

<latexit sha1_base64="wVpoNGFaPeotEWQiF2Sm2BGA+CM="></latexit>

n̂ = ê3
⇣
1� ~

s
 ⇤ 

⌘
+

r
1� 1

2

~
s
 ⇤ 

r
~
s
(ê� 

⇤ + ê+ ) with complex spin wave field ψ

<latexit sha1_base64="HmB/ig0exJ3VOYgBsShifEylOZk="></latexit>

ê± =
1p
2
(ê1 ± iê2)with and 
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Expansion of the topological charge density in lowest order in

…

Integration yields:

<latexit sha1_base64="dVh6MljgXkQTBm/xi8gCVIUK3gM=">AAACFXicbVDLSgMxFM3UVx1fVZdugkVwVWZE1I1QdOOyBfuAdiyZ9E4bmmSGJCPUod+hW/0Pd+LWtb/hF5g+Frb1QOBwzj25lxMmnGnjed9ObmV1bX0jv+lube/s7hX2D+o6ThWFGo15rJoh0cCZhJphhkMzUUBEyKERDm7HfuMRlGaxvDfDBAJBepJFjBJjpYcqvsbVTtZWAlM+6hSKXsmbAC8Tf0aKaIZKp/DT7sY0FSAN5UTrlu8lJsiIMoxyGLntVENC6ID0oGWpJAJ0kE2uHuETq3RxFCv7pMET9W8iI0LroQjtpCCmrxe9sfif10pNdBVkTCapAUmni6KUYxPjcQW4yxRQw4eWEKqYvRXTPlGEGluUO7cmFDaO+0w+pT37B/SMa0vyFytZJvWzkn9R8qrnxfLNrK48OkLH6BT56BKV0R2qoBqiSKEX9IrenGfn3flwPqejOWeWOURzcL5+AQinnjU=</latexit>

Q = Qcl
<latexit sha1_base64="q73fAAZr7YbGxSgm5+H3QbimBJ0="></latexit>

Di = Dcl,i +
i✏ij
4⇡

r
~
s

Z
d2x ~�†

o,j⌧
z~ +

✏ij
4⇡s

Pmag,j

no quantum correction to the topological charge — integer!

… but to the dipole

<latexit sha1_base64="XX8mYHWK4tCO1dhkH72Dqg0slbA=">AAACDnicbVDLTsMwEHTKq4RXgSMXiwqJU0kQAo4VXDgWiT6kNqocd5NYdZzIdpBK1H+AK/wHN8SVX+A3+ALcNgfaMpKl0ezO7nr8lDOlHefbKq2srq1vlDftre2d3b3K/kFLJZmk0KQJT2THJwo4E9DUTHPopBJI7HNo+8PbSb39CFKxRDzoUQpeTELBAkaJNlK7F/lEnql+perUnCnwMnELUkUFGv3KT2+Q0CwGoSknSnVdJ9VeTqRmlMPY7mUKUkKHJISuoYLEoLx8eu4YnxhlgINEmic0nqp/HTmJlRrFvumMiY7UYm0i/lfrZjq49nIm0kyDoLNFQcaxTvDk73jAJFDNR4YQKpm5FdOISEK1ScieW+PHxo4jJp6y0MyAUNsmJHcxkmXSOq+5lzXn/qJavyniKqMjdIxOkYuuUB3doQZqIoqG6AW9ojfr2Xq3PqzPWWvJKjyHaA7W1y+iKpvq</latexit>

~/s (after some algebra…)



M. Garst  —  SPICE workshop Quantum Functionalities of Nanomagnets17-19/06/2025

Quantum correction to the topological dipole

27

<latexit sha1_base64="q73fAAZr7YbGxSgm5+H3QbimBJ0="></latexit>

Di = Dcl,i +
i✏ij
4⇡

r
~
s

Z
d2x ~�†

o,j⌧
z~ +

✏ij
4⇡s

Pmag,j

with the spinor
<latexit sha1_base64="JQevqJdiVuK8eAbbSdrvBHoSBL4=">AAACJXicbVDLSgMxFM3UV62vUZe6CBahipQZEXUjFN24rNAXdNqSSW/b0ExmSDKFWrrxZ3Sr/+FOBFf+g19g+ljY1gsJh3PuuTc5fsSZ0o7zZSWWlldW15LrqY3Nre0de3evpMJYUijSkIey4hMFnAkoaqY5VCIJJPA5lP3u3Ugv90AqFoqC7kdQC0hbsBajRBuqYR96PaDYyytWL+AbnPEixc7w6K6fnjTstJN1xoUXgTsFaTStfMP+8ZohjQMQmnKiVNV1Il0bEKkZ5TBMebGCiNAuaUPVQEECULXB+BdDfGyYJm6F0hyh8Zj96xiQQKl+4JvOgOiOmtdG5H9aNdat69qAiSjWIOhkUSvmWId4FAluMglU874BhEpm3opph0hCtQkuNbPGD4wdd5h4jNtmBrR1yoTkzkeyCErnWfcy6zxcpHO307iS6AAdoQxy0RXKoXuUR0VE0RN6Qa/ozXq23q0P63PSmrCmnn00U9b3L/OJozg=</latexit>

~ T = ( , ⇤)

<latexit sha1_base64="RcQoUTlODKKzbXzNRtOU92lowkw="></latexit>

Pmag,j =
~
2

Z
d2x ~ †(�i⌧z@j + ê1@j ê2)~ 

where <latexit sha1_base64="EGSE4hmbu8QvkliT45ud+6zgO2A="></latexit>

~�o,i =

✓
ê�@iê3
ê+@iê3

◆
translational zero mode 

spin-connection = 
effective vector potential

gauge-invariant linear momentum of 
the spin wave
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topological dipole as a collective coordinate
<latexit sha1_base64="jEEarcAVbI+6OfAAeh17evInqeE=">AAACGHicbVC7TsMwFHXKq4RHA4wsFhUSU0kQAhakChgYW0QfUhtFjuukVh0nsh2kEvVHYIX/YEOsbPwGX4DTZqCFK1k+Oueee6+OnzAqlW1/GaWl5ZXVtfK6ubG5tV2xdnbbMk4FJi0cs1h0fSQJo5y0FFWMdBNBUOQz0vFH17neeSBC0pjfq3FC3AiFnAYUI6Upz6rceRmdwEt4k//HTc+q2jV7WvAvcApQBUU1POu7P4hxGhGuMENS9hw7UW6GhKKYkYnZTyVJEB6hkPQ05Cgi0s2mh0/goWYGMIiFflzBKfvbkaFIynHk684IqaFc1HLyP62XquDCzShPUkU4ni0KUgZVDPMU4IAKghUba4CwoPpWiIdIIKx0VubcGj/Sdjik/DEN9QwSKlOH5CxG8he0T2rOWc1unlbrV0VcZbAPDsARcMA5qINb0AAtgEEKnsELeDWejDfj3fiYtZaMwrMH5sr4/AFv5p7j</latexit>

Ri = Di/Q

trivial shift that can be absorbed into the 
classical coordinate

<latexit sha1_base64="q7NCUxs9fdKmqs6PjhcVoN30ntc="></latexit>

Ri = Rcl,i +
i✏ij
4⇡Q

r
~
s

Z
d2x ~�†

o,j⌧
z~ +

✏ij
4⇡sQ

Pmag,j

<latexit sha1_base64="USxFe/qCKcIfRbBTdCE3UYBX4pc="></latexit>

Ri = Rcl,i +Rmag,i

<latexit sha1_base64="oI2VAK9yjXb57Qo00Glfx+hkySY="></latexit>

Rmag,i =
✏ij

4⇡sQ
Pmag,j

with the quantum correction 
due to spin waves
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Collective coordinate of the skyrmion
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<latexit sha1_base64="USxFe/qCKcIfRbBTdCE3UYBX4pc="></latexit>

Ri = Rcl,i +Rmag,i

<latexit sha1_base64="jEEarcAVbI+6OfAAeh17evInqeE=">AAACGHicbVC7TsMwFHXKq4RHA4wsFhUSU0kQAhakChgYW0QfUhtFjuukVh0nsh2kEvVHYIX/YEOsbPwGX4DTZqCFK1k+Oueee6+OnzAqlW1/GaWl5ZXVtfK6ubG5tV2xdnbbMk4FJi0cs1h0fSQJo5y0FFWMdBNBUOQz0vFH17neeSBC0pjfq3FC3AiFnAYUI6Upz6rceRmdwEt4k//HTc+q2jV7WvAvcApQBUU1POu7P4hxGhGuMENS9hw7UW6GhKKYkYnZTyVJEB6hkPQ05Cgi0s2mh0/goWYGMIiFflzBKfvbkaFIynHk684IqaFc1HLyP62XquDCzShPUkU4ni0KUgZVDPMU4IAKghUba4CwoPpWiIdIIKx0VubcGj/Sdjik/DEN9QwSKlOH5CxG8he0T2rOWc1unlbrV0VcZbAPDsARcMA5qINb0AAtgEEKnsELeDWejDfj3fiYtZaMwrMH5sr4/AFv5p7j</latexit>

Ri = Di/Qcollective coordinate defined in terms of the topological dipole                       conserved
<latexit sha1_base64="I38isXhlh+qS9BC6WoVu1ld1YdA=">AAACG3icbVDLSgMxFM34rPVV69JNsAiuyoyIuhGKblxWsQ9oy5BJM9PQJDMkd8Ra+im61f9wJ25d+Bt+gZm2C9t64MLhnPviBIngBlz321laXlldW89t5De3tnd2C3vFuolTTVmNxiLWzYAYJrhiNeAgWDPRjMhAsEbQv878xgPThsfqHgYJ60gSKR5ySsBKfqHYTogGToQP+M7n+BK7fqHklt0x8CLxpqSEpqj6hZ92N6apZAqoIMa0PDeBzjDbSwUb5dupYQmhfRKxlqWKSGY6w/HvI3xklS4OY21LAR6rfyeGRBozkIHtlAR6Zt7LxP+8VgrhRWfIVZICU3RyKEwFhhhnQeAu14yCGFhCqOb2V0x7RBMKNq78zJlA2nHc4+opjewOFkHehuTNR7JI6idl76zs3p6WKlfTuHLoAB2iY+Shc1RBN6iKaoiiR/SCXtGb8+y8Ox/O56R1yZnO7KMZOF+/f9qf8Q==</latexit>

@tRi = 0 skyrmion immobile — fracton

decomposes however into a classical and a quantum part

previous work computed a finite skyrmion mass — but for  
C. Psaroudaki, S. Hoffman, J. Klinovaja, and D. Loss 
Quantum dynamics of skyrmions in chiral magnets, Phys. Rev. X 7 041045 (2017)

<latexit sha1_base64="MN2QCT+4N88Aiw8OTxtLSWRNmEo=">AAACGHicbVDLTgIxFO3gC/HBqEs3jcTEFZkxRl0S3bhEI4+EIaRTLtDQdiZthwQn/Ihu9T/cGbfu/A2/wAKzEPAkTU7Ouaf35oQxZ9p43reTW1vf2NzKbxd2dvf2i+7BYV1HiaJQoxGPVDMkGjiTUDPMcGjGCogIOTTC4e3Ub4xAaRbJRzOOoS1IX7Ieo8RYqeMWgxFQ/NBJAyUw5ZOOW/LK3gx4lfgZKaEM1Y77E3QjmgiQhnKidcv3YtNOiTKMcpgUgkRDTOiQ9KFlqSQCdDudHT7Bp1bp4l6k7JMGz9S/iZQIrccitJOCmIFe9qbif14rMb3rdspknBiQdL6ol3BsIjxtAXeZAmr42BJCFbO3YjogilBjuyosrAmFjeMBk09J3/4BfVOwJfnLlayS+nnZvyx79xelyk1WVx4doxN0hnx0hSroDlVRDVGUoBf0it6cZ+fd+XA+56M5J8scoQU4X786HJ9d</latexit>

~Rcl

resulting cyclotron motion exactly compensated 
by the quantum magnon cloud!
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• topological charge density                                                  obeys closed  
Girvin-MacDonald-Platzman algebra

• close correspondence with quantum Hall systems remains to be explored

•  generates area-preserving diffeomorphisms and obeys dipole conservation law

• magnetic skyrmion textures are fractons with restricted mobility — platform to study 
fracton phenomena

• topological dipole of a single skyrmion conserved

• dipole serves as a collective coordinate — skyrmion mass is zero

ρtop

<latexit sha1_base64="3sig7mD7Ho35+3SwpEb0OPMchHU="></latexit>

⇢top =
1

4⇡
n̂(@xn̂⇥ @yn̂)

Thank you!


