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FIG. 4. Discoveries of chiral and axial phonons in the recent literature. a, Scattering of light by axial chiral phonons
in 2D and chiral materials, such as hexagonal boron nitride (left) and quartz (right) [15, 16, 38, 40, 53, 54]. b, Transport
phenomena arising from axial chiral and achiral phonons, such as the chiral-phonon activated spin Seebeck e↵ect (CPASS)
(left) [55] and the phonon Hall e↵ect (right) [18, 19, 21]. c, Ultrafast angular momentum transfer between magnetization
and lattice vibrations. In the phonon Einstein-de Haas e↵ect, laser-induced demagnetization induces axial chiral and achiral
phonons [27–31]. In the phonon Barnett e↵ect, laser-induced axial chiral phonons produce a magnetization [23, 34–37, 47, 56].
d, Phonon magnetic moments lead to the phonon Zeeman e↵ect, a splitting of the frequencies of degenerate axial achiral
phonons in a magnetic field [23, 25, 26, 48, 49, 57].

tors in bulk chiral crystals, such as quartz, by X-ray and
Raman spectroscopy (Fig. 4a, right) [38, 40]. These non-
degenerate axial phonons are helical and therefore chiral.
Upon a reflection of the motion, but not the crystal itself,
pairs of axial chiral phonons change frequency, detectable
by circularly polarized light [65].

Further, axial phonons are involved in transport phe-
nomena, such as the thermal Hall e↵ect, the deflection
of heat current by a magnetic field, which is convention-
ally known for electrons in metals. Recent observations of
giant thermal Hall signals in insulating ionic crystals pro-
vided evidence for the involvement of acoustic phonons
(Fig. 4b, right) [18–20, 22, 66]. While crystal defects [67–
69] or other intrinsic mechanisms [70, 71] can lead to
an enhanced phonon Hall signal, axial phonons naturally
couple to a magnetic field and may explain giant thermal
Hall signals independent of other mechanisms [19, 21, 72–
75]. Transport occurs at finite wavevectors, making the
acoustic phonons involved in the phonon Hall e↵ect cy-
cloidal and therefore chiral in 2D and achiral in 3D. Other
phonon transport phenomena include a phonon-activated
spin Seebeck e↵ect, in which the propagation of an axial
phonon along a temperature gradient induces a spin cur-
rent (Fig. 4b, left) [55], the propagation of axial phonons
in chiral materials resulting in the chirality-induced spin
selectivity (CISS) e↵ect [76], the mediation of magnetic

interactions across heterostructures [77, 78], and the con-
tribution to thermal expansion [79]. In these examples,
the acoustic phonons are helical and therefore chiral.

Moreover, axial phonons play an important role in
the angular momentum transfer in solids. A change in
magnetization in a free body makes it rotate, known
as the Einstein-de Haas e↵ect [80], which is recipro-
cal to the Barnett e↵ect [81], where rotation induces
magnetization. The realization of these e↵ects in mag-
netic nanomechanical systems [82–84] and on ultrafast
timescales [28, 30, 31] has renewed the interest in their
microscopic origins, sparking new theoretical approaches
[29, 85–88]. It was demonstrated in laser-excited nickel
that the angular momentum from the spin system is first
transferred into axial optical phonons (Fig. 4c, left to
right) [30] and only later converted into axial acoustic
phonons that lead to a macroscopic Einstein-de Haas ef-
fect. To date, the chirality of these phonons is still under
debate, however measurements of axial phonon propa-
gation across interfaces suggest that helical and there-
fore chiral phonons are involved [31]. Reciprocally, circu-
larly polarized terahertz radiation resonantly excites ax-
ial phonons near the �-point that induce e↵ective mag-
netic fields and magnetizations (Fig. 4c, right to left)
[23, 34–37, 56]. This e↵ect has been described using var-
ious notations in recent years, including dynamical multi-
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Which type of  ‘chiral’ phonons?

Acoustic phonons, 2d

Dij(k, ω) = c k2δij + α kikj + λ(ki χj + kj χi) + iηω ϵij

∑
j

Dij(k, ω) ξj = ω2 ξi

where

 enabled by
inversion symmetry breaking
λ(ki χj + kj χi)

Structural chirality 
( Not in this talk )

‘Usual dispersion’ 



TRS-broken phonons

Dij(k, ω) = c k2δij + α kikj + iηω ϵij

∑
j

Dij(k, ω) ξj = ω2 ξi

 enabled by  time-reversal symmetry breakingiηωϵij

• Finite phonon angular momentum (intrinsic chirality)

• Finite thermal Hall effects (Onsager) 

 Do these thermal Hall responses imply an intrinsic phonon chirality? 

Mechanisms underlying phonon-driven thermal Hall effect

Giant thermal Hall conductivity observed in several dielectric oxides 

B. Flebus, and A. H. MacDonald,  PRL(2023); PRB (2022). 



The ‘simplest’ phonons

Dij(k) = c k2δij + α kikj

ωLA(k) = c + α k, ωTA(k) = c k
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Here, Sρ is a matrix whose components are S ε=ρ μν μνρ( ) , where
εμνρ is the Levi-Civita symbol and μ, ν, ρ run over x, y, and z.
Generality of Phonon Angular Momentum Hall Effect

(PAMHE). To understand why PAMHE generally occurs, we
consider the dynamics of phonon modes in the presence of a
thermal gradient, in analogy to the orbital Hall effect of
electrons.35 To gain the intuition for this, it suffices to consider a
two-dimensional elastic continuum, so that the phonon
Hamiltonian is given by

/ ∑ τ
= =−

ikjjjjj y{zzzzzx xH H
D
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0

0k
k k k k

k

0

(2)

where xk = (pk, uk), τ0 is a 2 × 2 identity matrix defined in the
space spanned by the x and y components of pk or uk, and Dk

μν =
vT2k2δμν + (vL2 − vT2)kμkν where μ, ν = x, y is the dynamical matrix.
The Heisenberg’s equation is τ σ= ⊗∂

∂ x xi t H t( ) ( ) ( )k k kt
y

0 ,
where σi with i = x, y, z are the Pauli matrices connecting pk and
uk. In the following, we omit τ0 by writing σi instead of τ0 ⊗ σi.
This equation has four normal modes χ= −x t( ) ek kn n

iE t
, ,

k n, ,

where χ ϵ
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for n = L, T, −L, −T, and the

polarization vectors ϵk,n satisfy Dkϵk,n = Ek,n
2 ϵk,n. Explicitly,
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are longitudinal and transverse polarization vectors, respectively,
with Ek,L = −Ek,−L = vLk and Ek,T = −Ek,−T = vTk, as shown in
Figure 1 (b). Note that only two modes (n = L, T) are physically
independent, but it is more convenient to utilize all four modes.
We normalize the polarization vectors such that χk,m† σyχk,n = δm,n

z ,
where δn,nz = 1 (−1) for n = L, T (n = −L, −T), while δm,nz = 0 for
m ≠ n.
Because we restrict ourselves to two dimensions, only Lz is

meaningful, which is now a 4 × 4 matrix. For the normal modes,
t h e e x p e c t a t i o n v a l u e o f P A M i s
3⟨ ⟩ = =†x xt t L t( ) ( ) ( ) 0k k k

z
n n

z
n, , , . However, phonon states

can develop non-zero angular momentum when a thermal
gradient is applied, as we now explain. We first note that
according to the method of pseudogravitational potential, the
effect of thermal gradient can be treated by introducing a scalar
potential ϕ(r) that couples to the energy E in the form ϕE, with

ϕ∇ = ∇ T
T
.20,36−38 Thus, under the application of a thermal

gradient (∇yT)ŷ with ∇yT > 0 for time δt, states shift in the
momentum space from k to k + δk, where δk = (0, −δky) (δky >
0) and δ ϕδ δ= ∇ = ∇

k E t ty
E T

T
y , as illustrated in Figure 1 (c).

Focusing on the transverse modes, we note that, although χk,T
is not an eigenmode after the momentum shift k→ k + δk, it can
be decomposed in terms of the eigenmodes at k + δk, as χk,T =
∑nαn

Tχk+δk,n, where αn
T = δn,n

z χk+δk,n
† σyχk,T. Then, the evolution of

χk,T for time t gives χα= ∑ δ
−

+
δ+x t( ) ek k kT n

itE
n
T

n,
shift

,
k k n, . Even

though the normal modes have a vanishing expectation value of
PAM, the shi f ted states develop non-zero PAM
3 δ⟨ ⟩ = ∝ −†x xt t L t k k t( ) ( ) ( ) ( )k k k

z
T T

z
T x y,

shift
,

shift
,

shift , to the lowest
order in t and δky (see the Supporting Information).39 Thus,
the states with kx < 0, which drift toward −x̂, have a positive
expectation value of3z, while the states with kx > 0, which drift
toward x̂, have a negative expectation value of 3z, so that PAM
flows toward −x̂. A similar analysis for the longitudinal modes
show that the PAM current is opposite in direction. Since
longitudinal modes generally have higher energy, and therefore
lower occupation, the PAM current from the longitudinal modes
only partially cancels that from the transverse modes, and the net
current direction is toward −x̂.
The above result can straightforwardly be generalized to a

three-dimensional continuum, which yields essentially the same
conclusion that PAM 3⟨ ⟩z

flows toward−x̂ (see SI for details39).
Linear Response Theory in a Cubic Lattice. Let us

quantitatively evaluate the PAMHE for a simple harmonic
oscillator model on the simple cubic lattice in Figure 1 (a). For
simplicity, we only consider the longitudinal and transverse
spring constants between the nearest neighbors (NN) and the
next nearest neighbors (NNN) to obtain the dynamical matrix
Dk in the Hamiltonian (see eq 2), whose explicit form is given in
the SI.39 Because we are working in three dimensions, there are
six eigenstates χk,n (n = 3, 2, 1,−1,−2,−3), which we denote as |
n, k⟩. The eigenstates satisfy σyHk|n, k⟩ = Ek,n|n, k⟩ and ⟨m,k|σy|
n,k⟩ = δm,n

z , where the eigenvalues satisfy Ek,n ≥ 0 for n > 0 and
Ek,−n = −Ek,n. The energy spectrum (eigenvalues with n > 0) is
shown in Figure 2 (a). We note that the expectation value of the
PAM for these states is ⟨n, k|Lz|n, k⟩ = 0 because of the time
reversal and inversion symmetries (see SI39). However, as we
argued previously, application of a temperature gradient
dynamically induces a PAM current, which we evaluate below.
To study the transport of PAM, we define the PAM current

density in the μ direction by = ∑μ
σ σ

−
+ρ ρ

μ μ
ρ

x xj k k k
L

V
L v v L1

2 2
k k

y y
, , ,

where V is the volume. We note that this definition of PAM
current corresponds to the conventional definition of spin

Figure 1. Illustration of the phonon angular momentum Hall effect (PAMHE). (a) Illustration of the phonon angular momentum (PAM) in a cubic
lattice. (b) Transverse and acoustic phonon energy spectra and their polarization vectors, which are indicated by arrows, in a two-dimensional
continuum. (c) Shift of the transverse acoustic phonon states at a fixed energy E by δk under the application of thermal gradient and their subsequent
dynamics.
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PT-symmetry implies :

No individual or net phonon angular momentum

However, there are finite angular momentum fluctuations

How can we experimentally access these vacuum effects? 

They survive at T=0: novel, purely collective, type of vacuum noise

R. Yi, V.  Williams and B. Flebus, arXiv (2025)

Park and Yang, NanoLett (2020)
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Giant thermal Hall conductivity in the pseudogap 
phase of cuprate superconductors
G. Grissonnanche1*, A. Legros1,2, S. Badoux1, E. Lefrançois1, V. Zatko1, M. Lizaire1, F. Laliberté1, A. Gourgout1, J.-S. Zhou3,  
S. Pyon4,5, T. Takayama4,6, H. Takagi4,6,7,8, S. Ono9, N. Doiron-Leyraud1 & L. Taillefer1,10*

The nature of the pseudogap phase of the copper oxides (‘cuprates’) 
remains a puzzle. Although there are indications that this phase 
breaks various symmetries, there is no consensus on its fundamental 
nature1. Fermi-surface, transport and thermodynamic signatures 
of the pseudogap phase are reminiscent of a transition into a phase 
with antiferromagnetic order, but evidence for an associated long-
range magnetic order is still lacking2. Here we report measurements 
of the thermal Hall conductivity (in the x–y plane, κxy) in the 
normal state of four different cuprates—La1.6−xNd0.4SrxCuO4, 
La1.8−xEu0.2SrxCuO4, La2−xSrxCuO4 and Bi2Sr2−xLaxCuO6+δ. We 
show that a large negative κxy signal is a property of the pseudogap 
phase, appearing at its critical hole doping, p*. It is also a property 
of the Mott insulator at p ≈ 0, where κxy has the largest reported 
magnitude of any insulator so far3. Because this negative κxy signal 
grows as the system becomes increasingly insulating electrically, it 
cannot be attributed to conventional mobile charge carriers. Nor is 
it due to magnons, because it exists in the absence of magnetic order. 
Our observation is reminiscent of the thermal Hall conductivity of 
insulators with spin-liquid states4–6, pointing to neutral excitations 
with spin chirality7 in the pseudogap phase of cuprates.

Among the different families of unconventional superconductors, 
magnetism and superconductivity are often closely associated8. A nota-
ble exception is the family of hole-doped cuprates, where superconduc-
tivity mostly coexists instead with the pseudogap phase, which is an 
enigmatic state of matter whose nature remains unclear1. The critical 
doping p* (for the onset of the pseudogap phase) bears the hallmarks 
of an antiferromagnetic quantum critical point2, with a sharp drop in 
the carrier density n from n ≈ 1 + p above p* to n ≈ p below p*, a 
resistivity linear with temperature T, and a specific heat with a log(1/T) 
dependence. Yet, there is no evidence for long-range magnetic order 
appearing at p*. However, numerical solutions of the Hubbard model 
have shown that a pseudogap phase can arise from short-range antifer-
romagnetic correlations9. It has been argued that an exotic state with 
topological order can account for such a pseudogap and for the drop 
in carrier density without breaking translational symmetry10, but the 
low-energy excitations of such a state have yet to be detected.

In recent years, the thermal Hall effect has emerged as a powerful 
probe of magnetic texture and topological excitations in insulators.  
On the theory side, a non-zero thermal Hall conductivity κxy was 
shown to arise even without long-range magnetic order, either from the 
spin chirality of a paramagnetic state7 or from fractionalized (topolog-
ical) excitations in a spin liquid11. On the experimental side, a sizeable 
κxy has been measured in insulators without magnetic order, such as 
the spin-ice system Tb2Ti2O7 (ref. 12) and the spin-liquid systems RuCl3 
(ref. 4), volborthite5 and Ca kapellasite6.

In cuprates, studies of κxy have so far been limited to the super-
conducting state13–15, except for the case of YBa2Cu3Oy (YBCO) at 
p = 0.11, where κxy was measured in the field-induced normal state16, 

which has charge-density-wave order2. See Methods for a discussion 
of this particular case.

Here, we investigate the thermal Hall response of the pseu-
dogap phase via measurements of κxy in four different cuprate 

1Département de physique, Institut quantique, and RQMP, Université de Sherbrooke, Sherbrooke, Québec, Canada. 2SPEC, CEA, CNRS-UMR3680, Université Paris-Saclay, Gif-sur-Yvette, France. 
3Materials Science and Engineering Program, Department of Mechanical Engineering, University of Texas at Austin, Austin, TX, USA. 4Department of Advanced Materials Science, University of 
Tokyo, Kashiwa, Japan. 5Department of Applied Physics, University of Tokyo, Tokyo, Japan. 6Max Planck Institute for Solid State Research, Stuttgart, Germany. 7Department of Physics, University 
of Tokyo, Tokyo, Japan. 8Institute for Functional Matter and Quantum Technologies, University of Stuttgart, Stuttgart, Germany. 9Central Research Institute of Electric Power Industry, Kanagawa, 
Japan. 10Canadian Institute for Advanced Research, Toronto, Ontario, Canada. *e-mail: gael.grissonnanche@usherbrooke.ca; louis.taillefer@usherbrooke.ca
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Fig. 1 | Phase diagram and thermal Hall conductivity of cuprates.  
a, Temperature–doping phase diagram of Nd-LSCO, Eu-LSCO and LSCO, 
showing the antiferromagnetic phase below the Néel temperature TN and 
the pseudogap phase below T* (ref. 29), which ends at the critical doping 
p* = 0.23 for both Nd-LSCO (ref. 17) and Eu-LSCO (ref. 30). For LSCO, 
p* ≈ 0.18 (ref. 29). Short-range incommensurate spin order occurs below 
Tm, as measured by µSR on Nd-LSCO (squares21), Eu-LSCO (circles31) and 
LSCO (triangles32). The coloured vertical strips indicate the temperature 
range where the thermal Hall conductivity κxy/T at the corresponding 
doping decreases towards negative values at low temperature (see b).  
b, Thermal Hall conductivity κxy/T versus temperature in a field H = 15 T, 
for four materials and dopings as indicated, colour-coded with the vertical 
strips in a. On the right vertical axis, the magnitude of κxy/T is expressed 
in fundamental units of thermal conductance per plane (kB

2/ħ).
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MOTIVATION : GIANT THERMAL HALL EFFECT IN HOLE-DOPED CUPRATES
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The origin of the pseudogap phase in cuprates still remains unknown. We use thermal Hall conductivity as a new way of probing the 
pseudogap phase and we observe new, yet unreported, excitations, linking the pseudogap phase to the Mott insulator.
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Conclusions
• Large negative thermal Hall signal in Sr2CuO2Cl2, Nd2CuO4 

and La2CuO4.


• The effect is not caused by spin canting (absent in 
Sr2CuO2Cl2 and Nd2CuO4 ). So magnons are ruled out.


• The Kxy signal could come from phonons.


• But not phonons scattered by domain boundaries 
(structural or antiferromagnetic.


• Is the signal present in the electron-doped cuprates ?


Negative thermal Hall signal 
appears in the pseudogap 

phase and grows as doping 
is reduced.

Why is the signal largest in 
the Mott insulator? 
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THERMAL HALL CONDUCTIVITY IN THREE CUPRATE MOTT INSULATORS
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Could the antiferromagnetic domain walls give rise to Κxy ?

WHAT IS THE ORIGIN OF THE ΚXY SIGNAL ?

Sr2CuO2Cl2

Large negative thermal Hall conductivity in the Mott insulators. 
There are similarities between Kxy and Kxx. Could the signal 

come from phonons ?
Different crystal structure and magnetic structure. Qualitatively, the ratio Kxy / Kxx 

is similar in all three materials.
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The nature of the pseudogap phase of the copper oxides (‘cuprates’) 
remains a puzzle. Although there are indications that this phase 
breaks various symmetries, there is no consensus on its fundamental 
nature1. Fermi-surface, transport and thermodynamic signatures 
of the pseudogap phase are reminiscent of a transition into a phase 
with antiferromagnetic order, but evidence for an associated long-
range magnetic order is still lacking2. Here we report measurements 
of the thermal Hall conductivity (in the x–y plane, κxy) in the 
normal state of four different cuprates—La1.6−xNd0.4SrxCuO4, 
La1.8−xEu0.2SrxCuO4, La2−xSrxCuO4 and Bi2Sr2−xLaxCuO6+δ. We 
show that a large negative κxy signal is a property of the pseudogap 
phase, appearing at its critical hole doping, p*. It is also a property 
of the Mott insulator at p ≈ 0, where κxy has the largest reported 
magnitude of any insulator so far3. Because this negative κxy signal 
grows as the system becomes increasingly insulating electrically, it 
cannot be attributed to conventional mobile charge carriers. Nor is 
it due to magnons, because it exists in the absence of magnetic order. 
Our observation is reminiscent of the thermal Hall conductivity of 
insulators with spin-liquid states4–6, pointing to neutral excitations 
with spin chirality7 in the pseudogap phase of cuprates.

Among the different families of unconventional superconductors, 
magnetism and superconductivity are often closely associated8. A nota-
ble exception is the family of hole-doped cuprates, where superconduc-
tivity mostly coexists instead with the pseudogap phase, which is an 
enigmatic state of matter whose nature remains unclear1. The critical 
doping p* (for the onset of the pseudogap phase) bears the hallmarks 
of an antiferromagnetic quantum critical point2, with a sharp drop in 
the carrier density n from n ≈ 1 + p above p* to n ≈ p below p*, a 
resistivity linear with temperature T, and a specific heat with a log(1/T) 
dependence. Yet, there is no evidence for long-range magnetic order 
appearing at p*. However, numerical solutions of the Hubbard model 
have shown that a pseudogap phase can arise from short-range antifer-
romagnetic correlations9. It has been argued that an exotic state with 
topological order can account for such a pseudogap and for the drop 
in carrier density without breaking translational symmetry10, but the 
low-energy excitations of such a state have yet to be detected.

In recent years, the thermal Hall effect has emerged as a powerful 
probe of magnetic texture and topological excitations in insulators.  
On the theory side, a non-zero thermal Hall conductivity κxy was 
shown to arise even without long-range magnetic order, either from the 
spin chirality of a paramagnetic state7 or from fractionalized (topolog-
ical) excitations in a spin liquid11. On the experimental side, a sizeable 
κxy has been measured in insulators without magnetic order, such as 
the spin-ice system Tb2Ti2O7 (ref. 12) and the spin-liquid systems RuCl3 
(ref. 4), volborthite5 and Ca kapellasite6.

In cuprates, studies of κxy have so far been limited to the super-
conducting state13–15, except for the case of YBa2Cu3Oy (YBCO) at 
p = 0.11, where κxy was measured in the field-induced normal state16, 

which has charge-density-wave order2. See Methods for a discussion 
of this particular case.

Here, we investigate the thermal Hall response of the pseu-
dogap phase via measurements of κxy in four different cuprate 
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Fig. 1 | Phase diagram and thermal Hall conductivity of cuprates.  
a, Temperature–doping phase diagram of Nd-LSCO, Eu-LSCO and LSCO, 
showing the antiferromagnetic phase below the Néel temperature TN and 
the pseudogap phase below T* (ref. 29), which ends at the critical doping 
p* = 0.23 for both Nd-LSCO (ref. 17) and Eu-LSCO (ref. 30). For LSCO, 
p* ≈ 0.18 (ref. 29). Short-range incommensurate spin order occurs below 
Tm, as measured by µSR on Nd-LSCO (squares21), Eu-LSCO (circles31) and 
LSCO (triangles32). The coloured vertical strips indicate the temperature 
range where the thermal Hall conductivity κxy/T at the corresponding 
doping decreases towards negative values at low temperature (see b).  
b, Thermal Hall conductivity κxy/T versus temperature in a field H = 15 T, 
for four materials and dopings as indicated, colour-coded with the vertical 
strips in a. On the right vertical axis, the magnitude of κxy/T is expressed 
in fundamental units of thermal conductance per plane (kB

2/ħ).

3 7 6  |  N A T U R E  |  V O L  5 7 1  |  1 8  J U L Y  2 0 1 9

Non-reciprocal phonon-scattering in ionic crystals
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materials—La1.6−xNd0.4SrxCuO4 (Nd-LSCO), La1.8−xEu0.2SrxCuO4 
(Eu-LSCO), La2−xSrxCuO4 (LSCO) and Bi2Sr2−xLaxCuO6+δ (Bi2201)—
across a wide doping range, from the overdoped metal at p = 0.24 down 
to the Mott insulator at p ≈ 0 (Fig. 1a). The κxy data reported here are all 
in the normal state, with superconductivity suppressed by application 
of a magnetic field normal to the CuO2 planes.

In Nd-LSCO and Eu-LSCO, the critical doping17 is at p* = 0.23 
(Fig. 1a). In Fig. 2a, we plot κxy/T versus T for Nd-LSCO at p = 0.24. 
We find that κxy is positive and that κxy/T increases monotonically 
with decreasing T, tracking closely the electrical Hall conductivity σxy 
measured on the same sample, satisfying the Wiedemann–Franz law as 
T → 0, namely κxy/T = L0σxy, where L0 = (π2/3)(kB/e)2 (here kB is the 
Boltzmann constant and e the electron charge). The large positive value 
of σxy is dictated by the large Fermi surface at p > p* and its positive 
Hall number nH ≈ 1 + p (ref. 17). Clearly, at p = 0.24, κxy is entirely due 
to the conventional Hall effect of mobile charge carriers.

We now turn to dopings immediately below the pseudogap critical 
point. In Fig. 2b, we plot κxy/T versus T for Nd-LSCO at p = 0.20. We 
see a qualitatively different behaviour, with κxy becoming negative at 
low T. As seen in Fig. 3a, this qualitative change occurs immediately 
below p*. In Eu-LSCO, the very same change occurs across p* (Fig. 3b), 
from positive κxy above p* (p = 0.24) to negative κxy (at low T) below 
p* (p = 0.21), with essentially identical data to Nd-LSCO at p = 0.24 
and p = 0.21. The negative κxy is therefore a property of the pseudogap 
phase.

We also measured κxy in Bi2201 (a cuprate with a different crystal 
structure to that of Nd-LSCO and Eu-LSCO), using an overdoped sam-
ple of La content x = 0.2, with p slightly below p* (ref. 18). In Fig. 2d, 
we see that κxy(T) in Bi2201 displays a remarkably similar behaviour 
to that of Nd-LSCO and Eu-LSCO at p < p*. A negative thermal Hall 
conductivity κxy at low temperature is therefore a generic property of 
the pseudogap phase, independent of material. Note that the electrical 
Hall conductivity σxy measured on the same samples remains positive 
down to T → 0 (Fig. 2b, d).

We now move to much lower doping. In Fig. 1b, we see that κxy/T 
is still negative at low temperature in Eu-LSCO at p = 0.08 and in 
LSCO at p = 0.06, where in both cases σxy is positive and completely 
negligible (Fig. 2e, f), because the samples are almost electrically insu-
lating at low temperature. This shows that the negative κxy signal of the 
pseudogap phase is not due to the conventional Hall effect of mobile 
charge carriers.

Magnons can be excluded as the source of this negative κxy. In the 
phase diagram of Fig. 1a, we delineate in grey the regions where static 
magnetism is detected by muon spin resonance (µSR), whether as 
incommensurate correlations below an onset temperature Tm or as 
commensurate Néel order below the Néel temperature, TN. We see that 
in all three materials—Nd-LSCO at p = 0.20, Eu-LSCO at p = 0.08 
and LSCO at p = 0.06—the negative κxy signal is present well above 
Tm (Fig. 1), where there is no static magnetism. Moreover, the κxy(T) 
curve for La2CuO4 (Fig. 1b), that is, undoped LSCO with p ≈ 0, where 
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Fig. 2 | Thermal and electrical Hall conductivities of four cuprates. 
Data panels show thermal Hall conductivity κxy, plotted as κxy/T (red), 
and electrical Hall conductivity σxy, expressed as L0σxy (blue), where 
L0 = (π2/3)(kB/e)2, as a function of temperature: the material, its doping 
p and field H are indicated. a, b, Nd-LSCO; c, sketch of the thermal Hall 
measurement set-up (see Methods); d, Bi2201; e, Eu-LSCO; and f, LSCO. 

(For Nd-LSCO p = 0.20 (b), σxy was measured17 at H = 33 T.)  
In Nd-LSCO at p = 0.24, κxy/T and L0σxy are both positive at all temperatures 
and they track each other, satisfying the Wiedemann–Franz law in the T = 0 
limit. By contrast, for p < p* in all four materials, κxy/T falls to large and 
negative values at low temperature, whereas L0σxy remains positive.
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Giant thermal Hall conductivity in the pseudogap 
phase of cuprate superconductors
G. Grissonnanche1*, A. Legros1,2, S. Badoux1, E. Lefrançois1, V. Zatko1, M. Lizaire1, F. Laliberté1, A. Gourgout1, J.-S. Zhou3,  
S. Pyon4,5, T. Takayama4,6, H. Takagi4,6,7,8, S. Ono9, N. Doiron-Leyraud1 & L. Taillefer1,10*

The nature of the pseudogap phase of the copper oxides (‘cuprates’) 
remains a puzzle. Although there are indications that this phase 
breaks various symmetries, there is no consensus on its fundamental 
nature1. Fermi-surface, transport and thermodynamic signatures 
of the pseudogap phase are reminiscent of a transition into a phase 
with antiferromagnetic order, but evidence for an associated long-
range magnetic order is still lacking2. Here we report measurements 
of the thermal Hall conductivity (in the x–y plane, κxy) in the 
normal state of four different cuprates—La1.6−xNd0.4SrxCuO4, 
La1.8−xEu0.2SrxCuO4, La2−xSrxCuO4 and Bi2Sr2−xLaxCuO6+δ. We 
show that a large negative κxy signal is a property of the pseudogap 
phase, appearing at its critical hole doping, p*. It is also a property 
of the Mott insulator at p ≈ 0, where κxy has the largest reported 
magnitude of any insulator so far3. Because this negative κxy signal 
grows as the system becomes increasingly insulating electrically, it 
cannot be attributed to conventional mobile charge carriers. Nor is 
it due to magnons, because it exists in the absence of magnetic order. 
Our observation is reminiscent of the thermal Hall conductivity of 
insulators with spin-liquid states4–6, pointing to neutral excitations 
with spin chirality7 in the pseudogap phase of cuprates.

Among the different families of unconventional superconductors, 
magnetism and superconductivity are often closely associated8. A nota-
ble exception is the family of hole-doped cuprates, where superconduc-
tivity mostly coexists instead with the pseudogap phase, which is an 
enigmatic state of matter whose nature remains unclear1. The critical 
doping p* (for the onset of the pseudogap phase) bears the hallmarks 
of an antiferromagnetic quantum critical point2, with a sharp drop in 
the carrier density n from n ≈ 1 + p above p* to n ≈ p below p*, a 
resistivity linear with temperature T, and a specific heat with a log(1/T) 
dependence. Yet, there is no evidence for long-range magnetic order 
appearing at p*. However, numerical solutions of the Hubbard model 
have shown that a pseudogap phase can arise from short-range antifer-
romagnetic correlations9. It has been argued that an exotic state with 
topological order can account for such a pseudogap and for the drop 
in carrier density without breaking translational symmetry10, but the 
low-energy excitations of such a state have yet to be detected.

In recent years, the thermal Hall effect has emerged as a powerful 
probe of magnetic texture and topological excitations in insulators.  
On the theory side, a non-zero thermal Hall conductivity κxy was 
shown to arise even without long-range magnetic order, either from the 
spin chirality of a paramagnetic state7 or from fractionalized (topolog-
ical) excitations in a spin liquid11. On the experimental side, a sizeable 
κxy has been measured in insulators without magnetic order, such as 
the spin-ice system Tb2Ti2O7 (ref. 12) and the spin-liquid systems RuCl3 
(ref. 4), volborthite5 and Ca kapellasite6.

In cuprates, studies of κxy have so far been limited to the super-
conducting state13–15, except for the case of YBa2Cu3Oy (YBCO) at 
p = 0.11, where κxy was measured in the field-induced normal state16, 

which has charge-density-wave order2. See Methods for a discussion 
of this particular case.

Here, we investigate the thermal Hall response of the pseu-
dogap phase via measurements of κxy in four different cuprate 
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Fig. 1 | Phase diagram and thermal Hall conductivity of cuprates.  
a, Temperature–doping phase diagram of Nd-LSCO, Eu-LSCO and LSCO, 
showing the antiferromagnetic phase below the Néel temperature TN and 
the pseudogap phase below T* (ref. 29), which ends at the critical doping 
p* = 0.23 for both Nd-LSCO (ref. 17) and Eu-LSCO (ref. 30). For LSCO, 
p* ≈ 0.18 (ref. 29). Short-range incommensurate spin order occurs below 
Tm, as measured by µSR on Nd-LSCO (squares21), Eu-LSCO (circles31) and 
LSCO (triangles32). The coloured vertical strips indicate the temperature 
range where the thermal Hall conductivity κxy/T at the corresponding 
doping decreases towards negative values at low temperature (see b).  
b, Thermal Hall conductivity κxy/T versus temperature in a field H = 15 T, 
for four materials and dopings as indicated, colour-coded with the vertical 
strips in a. On the right vertical axis, the magnitude of κxy/T is expressed 
in fundamental units of thermal conductance per plane (kB

2/ħ).
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Non-reciprocal phonon-scattering due to Lorentz forces 
 acting on charged defects as a possible mechanism 

 for thermal Hall signal

G. Grissonnanche et al, Nature (2019)

Giant thermal Hall signal appears in 
the pseudo-gap phase and 
reaches its maximum value 
in the Mott insulating phase

Electrons are not 
the main heat carriers

Giant Phonon thermal Hall (inception)



Giant thermal Hall conductivity in cuprates

Are magnons carrying the heat?

Magnetic ordering of Cu

J.W.  Lynn, Handbook on the Physics and Chemistry of Rare Earths, Vol 31, 315-350 (2001)
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Fig. 5. (left) Temperature dependence 
of five Nd2CuO 4 magnetic Bragg 
peaks (Skanthakumar et al. 1989, 
1999). (right) Temperature dependence 
of five Pr 2CuO 4 magnetic Bragg peaks. 
The solid curves are fits to the 
theory (Sachidanandam et al. 1997); 
the dashed curves on the right show 
the contribution of the Cu spins to the 
intensities. 

system, the dilution of the Sm sublattice smoothly decreases the N6el temperature to 
~4.9 K, with little other effect on the magnetism. In the superconducting state (Tc = 23 K), 
but above the Sm antiferromagnetic ordering temperature, the Cu-O layers contain a 
mirror (m) symmetry, which the superconducting wave function must accommodate. 
When the Sm ions order magnetically, on the other hand, then the Cu-O layers 
contain an antimirror symmetry (rn~), and the superconducting wave function must then 
accommodate this change in symmetry. Viewed along the c-axis, the system consists of 
alternating superconducting and ferromagnetic layers, which should require a change of 
sign of  the superconducting order parameter in adjacent Cu-O layers. This "g-phase" 
model is predicted to substantially affect the superconducting state below the magnetic 
ordering temperature (Andreev et al. 1990), and this is an active area of interest both in 
this natural layered system and in artificially layered films. 

The nature of the lanthanide moments and magnetic ordering can also have important 
consequences for the Cu magnetic structure, and vice versa, as we will now discuss. 
The column on the left of fig. 5 shows the temperature dependence of five magnetic 

Elastic neutron-scattering intensity as un function of temperature for as-grown 
Nd2CuO4. The sudden change in intensity occur at the transition form type I to 
type II, then type II to type III Nd-Cu moment configuration with decreasing 
temperature.
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Bragg peaks for Nd2CuO4. Five magnetic transitions have been identified (Skanthakumar 
et al. 1989, Endoh et al. 1989, Lynn et al. 1990, Matsuda et al. 1990). The initial 
ordering of the Cu spins occurs at a N6el temperature of 276 K for this sample, where all 
the 11 (g,~,/)-type reflections increase in intensity with decreasing temperature in phase I 
(75 K~< T ~<276K), and the noncollinear Cu spin structure is that shown in fig. 3d. 
We remark that the Cu ordering temperature is quite sensitive to small changes in the 
oxygen content, with TN varying from 245 K to 276K (Skanthakumar 1993). At 75 K 
the intensities of the odd-integral (odd-l) peaks suddenly drop, while the even-integral 
peaks increase abruptly in intensity. This indicates that a spin-reorientation transition for 
the Cu spins has occurred, and the new noncollinear Cu spin structure is shown in fig. 3b. 
At 30 K another abrupt spin reorientation takes place, where the spins rotate back to the 
original spin sense as indicated by the negligible intensity for T < 30 K of the (1,½,0) peak, 
which has nonzero intensity only in Phase II (30 K ~< T ~< 75 K). Note that this is the same 
peak that has the strongest intensity for Sm2CuO4, and it turns out that these transitions 
are the result of a spin reorientation from one noncollinear structure to the other, and 
then back again, as shown in fig. 6. Similar types of spin-reorientation transitions have 
been observed in some other related compounds (e.g. La2CoO4), but those transitions are 
accompanied by structural phase transitions (Yamada et al. 1989). In N d 2 C u O 4 ,  there is no 
evidence for structural phase transitions accompanying the magnetic order, and hence the 
origin of these spin-reorientation transitions must be different. Finally, the Nd ions order 
antiferromagnetically in the vicinity of 1.5 K, also in a noncollinear spin arrangement, 
and the magnetic symmetry of the Nd spins is identical to that of Cu spins. In addition to 
all these transitions, there is a fifth transition of a continuous nature at 0.15 K, which is 
due to an induced ordering of the nuclear spins through the hyperfine interactions. Such 
a nuclear spin ordering was originally introduced to explain the low-temperature data of  
both Nd2CuO4 and Sm2CuO4, and has been recently investigated thoroughly in Nd2CuO4 
(Chattopadhyay and Siemensmeyer 1995). 

There is no evidence for structural phase transitions accompanying the magnetic 
order.

Thermal Hall conductivity in Nd2CuO4

Lynn, Hanbook on the  Physics and Chemistry of Rare Earths, 31, 315-350 (2001)

Is Κxy dependent on the magnetic state? Not really.
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that phonons in Nd-LSCO have no Hall effect at p = 0.24 for any 
direction of motion. (Note that the contribution of charge carriers 
to κzy(T) is extremely small; see Methods.) In other words, phonons 
have no chirality outside of the pseudogap phase.

In the related material La1.8−xEu0.2SrxCuO4 (Eu-LSCO), which also 
has p* = 0.23 (ref. 22), we find again that κzy(T) = 0 at p = 0.24 > p* 
(Fig. 1d). The fact that κzy(T) = 0 down to 10 K (on two separate 
samples) shows that our measurement technique does not intro-
duce any spurious background Hall signal (see Methods). That is, 
any thermal Hall signal coming from the sample mount is negligible 
compared to the signal from the samples.

Inside the pseudogap phase (p < p*), a large negative κxy was 
observed at low T in La2−xSrxCuO4 (LSCO) with p = 0.06, Eu-LSCO 
with p = 0.08, Bi2Sr2−xLaxCuO6+δ with x = 0.2 and Nd-LSCO with 
p = 0.20, 0.21 and 0.22 (ref. 3). In Fig. 1c, we show the published 
κxy data for Nd-LSCO with p = 0.21, which become negative below 
25 K. This is in contrast to σxy, which remains positive as T → 0  
(refs. 3,20). In the same figure, we report our data for κzy as measured 
in Nd-LSCO with p = 0.21. We see that there is now a sizeable (nega-
tive) κzy signal, in contrast to that at p = 0.24.

We summarize our κzy measurements in Fig. 2b. At p = 0.24, just 
outside the pseudogap phase (p > p*; Fig. 2a), κzy(T) = 0 and pho-
nons have no chirality. At p = 0.21, just inside the pseudogap phase 
(p < p*; Fig. 2a), κzy(T)≪0 and phonons have suddenly acquired 
chirality. This new phonon Hall effect is of comparable magnitude 
throughout the pseudogap phase, from p* down to p = 0, when mea-
sured relative to κnn (| κny / κnn| ≈ 0.3–0.5 at H = 15 T and T = 20 K). 
Therefore, we have two key findings: the large negative thermal Hall 
signal in cuprates is carried by phonons, and the phonons become 
chiral only once they enter the pseudogap phase. (In ref. 3, a pho-
non scenario was considered unlikely because of the small size of 

two expected signatures, a field dependence of κxx and a drop in κxx 
below p*; see Methods.)

The question then becomes what special property of the pseu-
dogap phase confers chirality to phonons. One possibility is that 
phonons acquire Berry curvature9 from their interaction with the 
special electronic properties of that phase. A rather universal con-
sequence of Berry curvature is the production of a thermal Hall 
response that varies as κxy / T ∝ exp(−T/T0) at intermediate tem-
peratures10. In Fig. 3, we show a fit of our κzy data to the relation κzy / 
T = A exp(−T/T0) + C, for La2CuO4 and Nd-LSCO with p = 0.21. We 
see that the fits are excellent, down to T ≈ T0 ≈ 15 K. This supports 
the scenario in which phonons have Berry curvature below p*.

Further experimental and theoretical work is needed to identify 
the microscopic mechanism responsible for the chirality of phonons 
in the pseudogap phase. Note that it cannot simply be the skew scat-
tering of phonons from impurities. Indeed, although skew scatter-
ing of phonons by rare-earth impurities can produce a thermal Hall 
effect14,23, this extrinsic impurity-related mechanism cannot apply 
here, as for the same Nd-LSCO material (with the same impuri-
ties) we find zero thermal Hall effect when p > p*. Also, changing 
non-magnetic Eu ions for magnetic Nd ions in La2−y−xREySrxCuO4 
(RE = Eu,Nd), at p = 0.24, still yields zero phonon Hall signal. What 
is needed is a qualitative change below p* in the intrinsic coupling 
of phonons to their environment. A recent ARPES study24 in the 
cuprate Bi2Sr2CaCu2O8+δ saw a rapid increase in the coupling of 
phonons to electrons upon crossing below p*.

A large κxy signal due to phonons was recently observed in 
SrTiO3, but not in the related material KTaO3, for which κxy(T) ≈ 0 
below 100 K (ref. 16). This difference was attributed to the presence 
of structural domains in SrTiO3 that are absent in KTaO3. Exactly 
how structural domains can generate a Hall effect is still unclear19, 
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Fig. 1 | Thermal Hall conductivity of cuprates at three different dopings. a–d, Thermal Hall conductivity versus temperature in a field of magnitude 
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Intrinsic or extrinsic mechanism?
Intrinsic: contribution to the phonon Berry curvature due to 

interaction with the environment  
(spin-phonon, electric dipole-phonon, ..)

~ much smaller than observed effect J-Y Chen et al, PRL (2020)

Magnon spectrum in La2CuO4

is very anisotropic (quasi-2d)
C. Hess et al., PRL (2003)

The thermal Hall conductivity 
is almost isotropic, 

like the phonon spectrum.
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It has been known for more than a decade that phonons can produce an off-diagonal thermal conductivity
in the presence of a magnetic field. Recent studies of thermal Hall conductivity, κxy, in a variety of contexts,
however, have assumed a negligibly small phonon contribution. We present a study of κxy in quantum
paraelectric SrTiO3, which is a nonmagnetic insulator and find that its peak value exceeds what has been
reported in any other insulator, including those in which the signal has been qualified as “giant.”
Remarkably, κxyðTÞ and κðTÞ peak at the same temperature and the former decreases faster than the latter at
both sides of the peak. Interestingly, in the case of La2CuO4 and α-RuCl3, κxyðTÞ and κðTÞ peak also at the
same temperature. We also studied KTaO3 and found a small signal, indicating that a sizable κxyðTÞ is not a
generic feature of quantum paraelectrics. Combined to other observations, this points to a crucial role
played by antiferrodistortive domains in generating κxy of this solid.

DOI: 10.1103/PhysRevLett.124.105901

In most insulators, thermal conductivity can be under-
stood with reasonable accuracy by picturing phonons as
carriers of heat scattered either by other phonons or by
defects and boundaries [1]. An impressive agreement
between experimental data near room temperature and
ab initio solutions of the Peierls-Boltzmann equation has
been achieved in the last few years [2]. Since phonons are
neutral quasiparticles lacking magnetic moment, one may
assume that their path is not affected by a magnetic field and
therefore, in contrast to magnons and electrons, they cannot
give rise to a transverse response. However, experiments
carried out more than a decade ago [3] showed that there is
a finite measurable phonon Hall effect. The appearance of a
finite transverse thermal gradient upon application of a
longitudinal heat current, implied a finite κxy in Tb3Ga3O12,
a paramagnetic insulator [3,4]. The experimental observa-
tionmotivated numerous theoretical studies [5–11] invoking
a variety of possible sources of phonon Hall effect including
spin-phonon coupling [5–7], phonon Berry curvature [8,9],
skew scattering [10] or simply ionic bonding [11].
During the past few years, thermal Hall effect was

studied in magnetic insulators [12–14], spin-liquid candi-
dates [15,16] and multiferroics [17]. These studies of κxy
mostly assumed a marginal contribution by phonons and
the detected signal was often (but not always [16])
attributed to magnetic excitations. More recently, κxy has
been measured in the Kitaev spin-liquid candidate α-RuCl3
[18–20] and in cuprates [21]. In both cases, the observed
signal was assumed to exceed significantly what could be
purely a phononic contribution.

In this Letter, we present a study of thermal Hall effect in
SrTiO3 crystals, a quantumparaelectric [22]with a variety of
remarkable properties [23]. We found a sizable κxy in this
solid. Since phonons are the unique heat carriers in this
nonmagnetic band insulator, it is hard to see how carriers
other than phonons can cause the observed κxy. The
magnitude of the observed signal is twice larger than what
was reported in LaCuO4 [21]. However, at 15 T, κxy remains
400 times smaller than κxx and calling this a “giant” thermal
Hall effect [17,21] does not appear as an illuminating choice.
The study of three different crystals showed that while

the peak κxy can vary from one sample to another, the
overall temperature dependence remains the same. This
sample dependence is reminiscent of what was reported in
α-RuCl3 [18–20]. Comparing the temperature dependence
of κ and κxy in SrTiO3, it becomes clear that they both peak
at the same temperature, but the decrease in κxy is sharper
both below and above the peak temperature. We note that in
both α-RuCl3 [20] and La2CuO4 [21] κ and κxy peak at the
same temperature. We also studied KTaO3, another quan-
tum paraelectric with no antiferrodistortive (AFD) transi-
tion and found that its κxy is much smaller. This observation
indicates a crucial role played by polar domain walls of
SrTiO3 in generating κxy. This hypothesis is strengthened
by detailed study of how the amplitude of the signal in the
same sample is affected by its thermal history after trips
across the 105 K structural transition.
A member of the perovskite ABO3 family, SrTiO3

avoids a ferroelectric instability thanks to the quantum
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The origin of the pseudogap phase in cuprates still remains unknown. We use thermal Hall conductivity as a new way of probing the 
pseudogap phase and we observe new, yet unreported, excitations, linking the pseudogap phase to the Mott insulator.
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Conclusions
• Large negative thermal Hall signal in Sr2CuO2Cl2, Nd2CuO4 

and La2CuO4.


• The effect is not caused by spin canting (absent in 
Sr2CuO2Cl2 and Nd2CuO4 ). So magnons are ruled out.


• The Kxy signal could come from phonons.


• But not phonons scattered by domain boundaries 
(structural or antiferromagnetic.


• Is the signal present in the electron-doped cuprates ?


Negative thermal Hall signal 
appears in the pseudogap 

phase and grows as doping 
is reduced.

Why is the signal largest in 
the Mott insulator? 
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Defects

Phonon-phonon 
 scattering

Mean free path 
~ sample size

Phonons as heat carriers

Magnetic ordering of Cu

J.W.  Lynn, Handbook on the Physics and Chemistry of Rare Earths, Vol 31, 315-350 (2001)
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Fig. 5. (left) Temperature dependence 
of five Nd2CuO 4 magnetic Bragg 
peaks (Skanthakumar et al. 1989, 
1999). (right) Temperature dependence 
of five Pr 2CuO 4 magnetic Bragg peaks. 
The solid curves are fits to the 
theory (Sachidanandam et al. 1997); 
the dashed curves on the right show 
the contribution of the Cu spins to the 
intensities. 

system, the dilution of the Sm sublattice smoothly decreases the N6el temperature to 
~4.9 K, with little other effect on the magnetism. In the superconducting state (Tc = 23 K), 
but above the Sm antiferromagnetic ordering temperature, the Cu-O layers contain a 
mirror (m) symmetry, which the superconducting wave function must accommodate. 
When the Sm ions order magnetically, on the other hand, then the Cu-O layers 
contain an antimirror symmetry (rn~), and the superconducting wave function must then 
accommodate this change in symmetry. Viewed along the c-axis, the system consists of 
alternating superconducting and ferromagnetic layers, which should require a change of 
sign of  the superconducting order parameter in adjacent Cu-O layers. This "g-phase" 
model is predicted to substantially affect the superconducting state below the magnetic 
ordering temperature (Andreev et al. 1990), and this is an active area of interest both in 
this natural layered system and in artificially layered films. 

The nature of the lanthanide moments and magnetic ordering can also have important 
consequences for the Cu magnetic structure, and vice versa, as we will now discuss. 
The column on the left of fig. 5 shows the temperature dependence of five magnetic 

Elastic neutron-scattering intensity as un function of temperature for as-grown 
Nd2CuO4. The sudden change in intensity occur at the transition form type I to 
type II, then type II to type III Nd-Cu moment configuration with decreasing 
temperature.
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Bragg peaks for Nd2CuO4. Five magnetic transitions have been identified (Skanthakumar 
et al. 1989, Endoh et al. 1989, Lynn et al. 1990, Matsuda et al. 1990). The initial 
ordering of the Cu spins occurs at a N6el temperature of 276 K for this sample, where all 
the 11 (g,~,/)-type reflections increase in intensity with decreasing temperature in phase I 
(75 K~< T ~<276K), and the noncollinear Cu spin structure is that shown in fig. 3d. 
We remark that the Cu ordering temperature is quite sensitive to small changes in the 
oxygen content, with TN varying from 245 K to 276K (Skanthakumar 1993). At 75 K 
the intensities of the odd-integral (odd-l) peaks suddenly drop, while the even-integral 
peaks increase abruptly in intensity. This indicates that a spin-reorientation transition for 
the Cu spins has occurred, and the new noncollinear Cu spin structure is shown in fig. 3b. 
At 30 K another abrupt spin reorientation takes place, where the spins rotate back to the 
original spin sense as indicated by the negligible intensity for T < 30 K of the (1,½,0) peak, 
which has nonzero intensity only in Phase II (30 K ~< T ~< 75 K). Note that this is the same 
peak that has the strongest intensity for Sm2CuO4, and it turns out that these transitions 
are the result of a spin reorientation from one noncollinear structure to the other, and 
then back again, as shown in fig. 6. Similar types of spin-reorientation transitions have 
been observed in some other related compounds (e.g. La2CoO4), but those transitions are 
accompanied by structural phase transitions (Yamada et al. 1989). In N d 2 C u O 4 ,  there is no 
evidence for structural phase transitions accompanying the magnetic order, and hence the 
origin of these spin-reorientation transitions must be different. Finally, the Nd ions order 
antiferromagnetically in the vicinity of 1.5 K, also in a noncollinear spin arrangement, 
and the magnetic symmetry of the Nd spins is identical to that of Cu spins. In addition to 
all these transitions, there is a fifth transition of a continuous nature at 0.15 K, which is 
due to an induced ordering of the nuclear spins through the hyperfine interactions. Such 
a nuclear spin ordering was originally introduced to explain the low-temperature data of  
both Nd2CuO4 and Sm2CuO4, and has been recently investigated thoroughly in Nd2CuO4 
(Chattopadhyay and Siemensmeyer 1995). 

There is no evidence for structural phase transitions accompanying the magnetic 
order.

Thermal Hall conductivity in Nd2CuO4

Lynn, Hanbook on the  Physics and Chemistry of Rare Earths, 31, 315-350 (2001)
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Giant thermal Hall conductivity in the pseudogap 
phase of cuprate superconductors
G. Grissonnanche1*, A. Legros1,2, S. Badoux1, E. Lefrançois1, V. Zatko1, M. Lizaire1, F. Laliberté1, A. Gourgout1, J.-S. Zhou3,  
S. Pyon4,5, T. Takayama4,6, H. Takagi4,6,7,8, S. Ono9, N. Doiron-Leyraud1 & L. Taillefer1,10*

The nature of the pseudogap phase of the copper oxides (‘cuprates’) 
remains a puzzle. Although there are indications that this phase 
breaks various symmetries, there is no consensus on its fundamental 
nature1. Fermi-surface, transport and thermodynamic signatures 
of the pseudogap phase are reminiscent of a transition into a phase 
with antiferromagnetic order, but evidence for an associated long-
range magnetic order is still lacking2. Here we report measurements 
of the thermal Hall conductivity (in the x–y plane, κxy) in the 
normal state of four different cuprates—La1.6−xNd0.4SrxCuO4, 
La1.8−xEu0.2SrxCuO4, La2−xSrxCuO4 and Bi2Sr2−xLaxCuO6+δ. We 
show that a large negative κxy signal is a property of the pseudogap 
phase, appearing at its critical hole doping, p*. It is also a property 
of the Mott insulator at p ≈ 0, where κxy has the largest reported 
magnitude of any insulator so far3. Because this negative κxy signal 
grows as the system becomes increasingly insulating electrically, it 
cannot be attributed to conventional mobile charge carriers. Nor is 
it due to magnons, because it exists in the absence of magnetic order. 
Our observation is reminiscent of the thermal Hall conductivity of 
insulators with spin-liquid states4–6, pointing to neutral excitations 
with spin chirality7 in the pseudogap phase of cuprates.

Among the different families of unconventional superconductors, 
magnetism and superconductivity are often closely associated8. A nota-
ble exception is the family of hole-doped cuprates, where superconduc-
tivity mostly coexists instead with the pseudogap phase, which is an 
enigmatic state of matter whose nature remains unclear1. The critical 
doping p* (for the onset of the pseudogap phase) bears the hallmarks 
of an antiferromagnetic quantum critical point2, with a sharp drop in 
the carrier density n from n ≈ 1 + p above p* to n ≈ p below p*, a 
resistivity linear with temperature T, and a specific heat with a log(1/T) 
dependence. Yet, there is no evidence for long-range magnetic order 
appearing at p*. However, numerical solutions of the Hubbard model 
have shown that a pseudogap phase can arise from short-range antifer-
romagnetic correlations9. It has been argued that an exotic state with 
topological order can account for such a pseudogap and for the drop 
in carrier density without breaking translational symmetry10, but the 
low-energy excitations of such a state have yet to be detected.

In recent years, the thermal Hall effect has emerged as a powerful 
probe of magnetic texture and topological excitations in insulators.  
On the theory side, a non-zero thermal Hall conductivity κxy was 
shown to arise even without long-range magnetic order, either from the 
spin chirality of a paramagnetic state7 or from fractionalized (topolog-
ical) excitations in a spin liquid11. On the experimental side, a sizeable 
κxy has been measured in insulators without magnetic order, such as 
the spin-ice system Tb2Ti2O7 (ref. 12) and the spin-liquid systems RuCl3 
(ref. 4), volborthite5 and Ca kapellasite6.

In cuprates, studies of κxy have so far been limited to the super-
conducting state13–15, except for the case of YBa2Cu3Oy (YBCO) at 
p = 0.11, where κxy was measured in the field-induced normal state16, 

which has charge-density-wave order2. See Methods for a discussion 
of this particular case.

Here, we investigate the thermal Hall response of the pseu-
dogap phase via measurements of κxy in four different cuprate 
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Fig. 1 | Phase diagram and thermal Hall conductivity of cuprates.  
a, Temperature–doping phase diagram of Nd-LSCO, Eu-LSCO and LSCO, 
showing the antiferromagnetic phase below the Néel temperature TN and 
the pseudogap phase below T* (ref. 29), which ends at the critical doping 
p* = 0.23 for both Nd-LSCO (ref. 17) and Eu-LSCO (ref. 30). For LSCO, 
p* ≈ 0.18 (ref. 29). Short-range incommensurate spin order occurs below 
Tm, as measured by µSR on Nd-LSCO (squares21), Eu-LSCO (circles31) and 
LSCO (triangles32). The coloured vertical strips indicate the temperature 
range where the thermal Hall conductivity κxy/T at the corresponding 
doping decreases towards negative values at low temperature (see b).  
b, Thermal Hall conductivity κxy/T versus temperature in a field H = 15 T, 
for four materials and dopings as indicated, colour-coded with the vertical 
strips in a. On the right vertical axis, the magnitude of κxy/T is expressed 
in fundamental units of thermal conductance per plane (kB

2/ħ).
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materials—La1.6−xNd0.4SrxCuO4 (Nd-LSCO), La1.8−xEu0.2SrxCuO4 
(Eu-LSCO), La2−xSrxCuO4 (LSCO) and Bi2Sr2−xLaxCuO6+δ (Bi2201)—
across a wide doping range, from the overdoped metal at p = 0.24 down 
to the Mott insulator at p ≈ 0 (Fig. 1a). The κxy data reported here are all 
in the normal state, with superconductivity suppressed by application 
of a magnetic field normal to the CuO2 planes.

In Nd-LSCO and Eu-LSCO, the critical doping17 is at p* = 0.23 
(Fig. 1a). In Fig. 2a, we plot κxy/T versus T for Nd-LSCO at p = 0.24. 
We find that κxy is positive and that κxy/T increases monotonically 
with decreasing T, tracking closely the electrical Hall conductivity σxy 
measured on the same sample, satisfying the Wiedemann–Franz law as 
T → 0, namely κxy/T = L0σxy, where L0 = (π2/3)(kB/e)2 (here kB is the 
Boltzmann constant and e the electron charge). The large positive value 
of σxy is dictated by the large Fermi surface at p > p* and its positive 
Hall number nH ≈ 1 + p (ref. 17). Clearly, at p = 0.24, κxy is entirely due 
to the conventional Hall effect of mobile charge carriers.

We now turn to dopings immediately below the pseudogap critical 
point. In Fig. 2b, we plot κxy/T versus T for Nd-LSCO at p = 0.20. We 
see a qualitatively different behaviour, with κxy becoming negative at 
low T. As seen in Fig. 3a, this qualitative change occurs immediately 
below p*. In Eu-LSCO, the very same change occurs across p* (Fig. 3b), 
from positive κxy above p* (p = 0.24) to negative κxy (at low T) below 
p* (p = 0.21), with essentially identical data to Nd-LSCO at p = 0.24 
and p = 0.21. The negative κxy is therefore a property of the pseudogap 
phase.

We also measured κxy in Bi2201 (a cuprate with a different crystal 
structure to that of Nd-LSCO and Eu-LSCO), using an overdoped sam-
ple of La content x = 0.2, with p slightly below p* (ref. 18). In Fig. 2d, 
we see that κxy(T) in Bi2201 displays a remarkably similar behaviour 
to that of Nd-LSCO and Eu-LSCO at p < p*. A negative thermal Hall 
conductivity κxy at low temperature is therefore a generic property of 
the pseudogap phase, independent of material. Note that the electrical 
Hall conductivity σxy measured on the same samples remains positive 
down to T → 0 (Fig. 2b, d).

We now move to much lower doping. In Fig. 1b, we see that κxy/T 
is still negative at low temperature in Eu-LSCO at p = 0.08 and in 
LSCO at p = 0.06, where in both cases σxy is positive and completely 
negligible (Fig. 2e, f), because the samples are almost electrically insu-
lating at low temperature. This shows that the negative κxy signal of the 
pseudogap phase is not due to the conventional Hall effect of mobile 
charge carriers.

Magnons can be excluded as the source of this negative κxy. In the 
phase diagram of Fig. 1a, we delineate in grey the regions where static 
magnetism is detected by muon spin resonance (µSR), whether as 
incommensurate correlations below an onset temperature Tm or as 
commensurate Néel order below the Néel temperature, TN. We see that 
in all three materials—Nd-LSCO at p = 0.20, Eu-LSCO at p = 0.08 
and LSCO at p = 0.06—the negative κxy signal is present well above 
Tm (Fig. 1), where there is no static magnetism. Moreover, the κxy(T) 
curve for La2CuO4 (Fig. 1b), that is, undoped LSCO with p ≈ 0, where 
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Fig. 2 | Thermal and electrical Hall conductivities of four cuprates. 
Data panels show thermal Hall conductivity κxy, plotted as κxy/T (red), 
and electrical Hall conductivity σxy, expressed as L0σxy (blue), where 
L0 = (π2/3)(kB/e)2, as a function of temperature: the material, its doping 
p and field H are indicated. a, b, Nd-LSCO; c, sketch of the thermal Hall 
measurement set-up (see Methods); d, Bi2201; e, Eu-LSCO; and f, LSCO. 

(For Nd-LSCO p = 0.20 (b), σxy was measured17 at H = 33 T.)  
In Nd-LSCO at p = 0.24, κxy/T and L0σxy are both positive at all temperatures 
and they track each other, satisfying the Wiedemann–Franz law in the T = 0 
limit. By contrast, for p < p* in all four materials, κxy/T falls to large and 
negative values at low temperature, whereas L0σxy remains positive.
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Giant thermal Hall conductivity in the pseudogap 
phase of cuprate superconductors
G. Grissonnanche1*, A. Legros1,2, S. Badoux1, E. Lefrançois1, V. Zatko1, M. Lizaire1, F. Laliberté1, A. Gourgout1, J.-S. Zhou3,  
S. Pyon4,5, T. Takayama4,6, H. Takagi4,6,7,8, S. Ono9, N. Doiron-Leyraud1 & L. Taillefer1,10*

The nature of the pseudogap phase of the copper oxides (‘cuprates’) 
remains a puzzle. Although there are indications that this phase 
breaks various symmetries, there is no consensus on its fundamental 
nature1. Fermi-surface, transport and thermodynamic signatures 
of the pseudogap phase are reminiscent of a transition into a phase 
with antiferromagnetic order, but evidence for an associated long-
range magnetic order is still lacking2. Here we report measurements 
of the thermal Hall conductivity (in the x–y plane, κxy) in the 
normal state of four different cuprates—La1.6−xNd0.4SrxCuO4, 
La1.8−xEu0.2SrxCuO4, La2−xSrxCuO4 and Bi2Sr2−xLaxCuO6+δ. We 
show that a large negative κxy signal is a property of the pseudogap 
phase, appearing at its critical hole doping, p*. It is also a property 
of the Mott insulator at p ≈ 0, where κxy has the largest reported 
magnitude of any insulator so far3. Because this negative κxy signal 
grows as the system becomes increasingly insulating electrically, it 
cannot be attributed to conventional mobile charge carriers. Nor is 
it due to magnons, because it exists in the absence of magnetic order. 
Our observation is reminiscent of the thermal Hall conductivity of 
insulators with spin-liquid states4–6, pointing to neutral excitations 
with spin chirality7 in the pseudogap phase of cuprates.

Among the different families of unconventional superconductors, 
magnetism and superconductivity are often closely associated8. A nota-
ble exception is the family of hole-doped cuprates, where superconduc-
tivity mostly coexists instead with the pseudogap phase, which is an 
enigmatic state of matter whose nature remains unclear1. The critical 
doping p* (for the onset of the pseudogap phase) bears the hallmarks 
of an antiferromagnetic quantum critical point2, with a sharp drop in 
the carrier density n from n ≈ 1 + p above p* to n ≈ p below p*, a 
resistivity linear with temperature T, and a specific heat with a log(1/T) 
dependence. Yet, there is no evidence for long-range magnetic order 
appearing at p*. However, numerical solutions of the Hubbard model 
have shown that a pseudogap phase can arise from short-range antifer-
romagnetic correlations9. It has been argued that an exotic state with 
topological order can account for such a pseudogap and for the drop 
in carrier density without breaking translational symmetry10, but the 
low-energy excitations of such a state have yet to be detected.

In recent years, the thermal Hall effect has emerged as a powerful 
probe of magnetic texture and topological excitations in insulators.  
On the theory side, a non-zero thermal Hall conductivity κxy was 
shown to arise even without long-range magnetic order, either from the 
spin chirality of a paramagnetic state7 or from fractionalized (topolog-
ical) excitations in a spin liquid11. On the experimental side, a sizeable 
κxy has been measured in insulators without magnetic order, such as 
the spin-ice system Tb2Ti2O7 (ref. 12) and the spin-liquid systems RuCl3 
(ref. 4), volborthite5 and Ca kapellasite6.

In cuprates, studies of κxy have so far been limited to the super-
conducting state13–15, except for the case of YBa2Cu3Oy (YBCO) at 
p = 0.11, where κxy was measured in the field-induced normal state16, 

which has charge-density-wave order2. See Methods for a discussion 
of this particular case.

Here, we investigate the thermal Hall response of the pseu-
dogap phase via measurements of κxy in four different cuprate 
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Fig. 1 | Phase diagram and thermal Hall conductivity of cuprates.  
a, Temperature–doping phase diagram of Nd-LSCO, Eu-LSCO and LSCO, 
showing the antiferromagnetic phase below the Néel temperature TN and 
the pseudogap phase below T* (ref. 29), which ends at the critical doping 
p* = 0.23 for both Nd-LSCO (ref. 17) and Eu-LSCO (ref. 30). For LSCO, 
p* ≈ 0.18 (ref. 29). Short-range incommensurate spin order occurs below 
Tm, as measured by µSR on Nd-LSCO (squares21), Eu-LSCO (circles31) and 
LSCO (triangles32). The coloured vertical strips indicate the temperature 
range where the thermal Hall conductivity κxy/T at the corresponding 
doping decreases towards negative values at low temperature (see b).  
b, Thermal Hall conductivity κxy/T versus temperature in a field H = 15 T, 
for four materials and dopings as indicated, colour-coded with the vertical 
strips in a. On the right vertical axis, the magnitude of κxy/T is expressed 
in fundamental units of thermal conductance per plane (kB

2/ħ).

3 7 6  |  N A T U R E  |  V O L  5 7 1  |  1 8  J U L Y  2 0 1 9

Non-reciprocal phonon-scattering due to Lorentz forces 
 acting on charged defects as a possible mechanism 

 for thermal Hall signal

G. Grissonnanche et al, Nature (2019)

Insulating phase of high-  superconductors Tc

 

Phonon Thermal Hall Effect in Strontium Titanate
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It has been known for more than a decade that phonons can produce an off-diagonal thermal conductivity
in the presence of a magnetic field. Recent studies of thermal Hall conductivity, κxy, in a variety of contexts,
however, have assumed a negligibly small phonon contribution. We present a study of κxy in quantum
paraelectric SrTiO3, which is a nonmagnetic insulator and find that its peak value exceeds what has been
reported in any other insulator, including those in which the signal has been qualified as “giant.”
Remarkably, κxyðTÞ and κðTÞ peak at the same temperature and the former decreases faster than the latter at
both sides of the peak. Interestingly, in the case of La2CuO4 and α-RuCl3, κxyðTÞ and κðTÞ peak also at the
same temperature. We also studied KTaO3 and found a small signal, indicating that a sizable κxyðTÞ is not a
generic feature of quantum paraelectrics. Combined to other observations, this points to a crucial role
played by antiferrodistortive domains in generating κxy of this solid.

DOI: 10.1103/PhysRevLett.124.105901

In most insulators, thermal conductivity can be under-
stood with reasonable accuracy by picturing phonons as
carriers of heat scattered either by other phonons or by
defects and boundaries [1]. An impressive agreement
between experimental data near room temperature and
ab initio solutions of the Peierls-Boltzmann equation has
been achieved in the last few years [2]. Since phonons are
neutral quasiparticles lacking magnetic moment, one may
assume that their path is not affected by a magnetic field and
therefore, in contrast to magnons and electrons, they cannot
give rise to a transverse response. However, experiments
carried out more than a decade ago [3] showed that there is
a finite measurable phonon Hall effect. The appearance of a
finite transverse thermal gradient upon application of a
longitudinal heat current, implied a finite κxy in Tb3Ga3O12,
a paramagnetic insulator [3,4]. The experimental observa-
tionmotivated numerous theoretical studies [5–11] invoking
a variety of possible sources of phonon Hall effect including
spin-phonon coupling [5–7], phonon Berry curvature [8,9],
skew scattering [10] or simply ionic bonding [11].
During the past few years, thermal Hall effect was

studied in magnetic insulators [12–14], spin-liquid candi-
dates [15,16] and multiferroics [17]. These studies of κxy
mostly assumed a marginal contribution by phonons and
the detected signal was often (but not always [16])
attributed to magnetic excitations. More recently, κxy has
been measured in the Kitaev spin-liquid candidate α-RuCl3
[18–20] and in cuprates [21]. In both cases, the observed
signal was assumed to exceed significantly what could be
purely a phononic contribution.

In this Letter, we present a study of thermal Hall effect in
SrTiO3 crystals, a quantumparaelectric [22]with a variety of
remarkable properties [23]. We found a sizable κxy in this
solid. Since phonons are the unique heat carriers in this
nonmagnetic band insulator, it is hard to see how carriers
other than phonons can cause the observed κxy. The
magnitude of the observed signal is twice larger than what
was reported in LaCuO4 [21]. However, at 15 T, κxy remains
400 times smaller than κxx and calling this a “giant” thermal
Hall effect [17,21] does not appear as an illuminating choice.
The study of three different crystals showed that while

the peak κxy can vary from one sample to another, the
overall temperature dependence remains the same. This
sample dependence is reminiscent of what was reported in
α-RuCl3 [18–20]. Comparing the temperature dependence
of κ and κxy in SrTiO3, it becomes clear that they both peak
at the same temperature, but the decrease in κxy is sharper
both below and above the peak temperature. We note that in
both α-RuCl3 [20] and La2CuO4 [21] κ and κxy peak at the
same temperature. We also studied KTaO3, another quan-
tum paraelectric with no antiferrodistortive (AFD) transi-
tion and found that its κxy is much smaller. This observation
indicates a crucial role played by polar domain walls of
SrTiO3 in generating κxy. This hypothesis is strengthened
by detailed study of how the amplitude of the signal in the
same sample is affected by its thermal history after trips
across the 105 K structural transition.
A member of the perovskite ABO3 family, SrTiO3

avoids a ferroelectric instability thanks to the quantum
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fluctuations [22]. Upon the introduction of a tiny amount of
mobile electrons, this wide-gap insulator turns to a dilute
metal [24] subject to a superconducting instability [25,26]
and displaying nontrivial charge transport at room temper-
ature [27]. Its cubic crystal structure at room temperature is
lost below 105 K [28]. This structural transition is AFD:
neighboring TiO6 octahedra tilt clockwise and anticlock-
wise. As a consequence, the tiny tetragonal distortion
generates significant anisotropy in charge transport [29].
In absence of strain, three possible domains can be present
[29]. The polar walls between these micrometric domains
have been a subject of numerous studies [30–32].
Previous studies of heat transport in this solid [33–35]

uncovered two remarkable features. In a pioneer study,
Steigmeier [33] determined the temperature dependence of
the thermal conductivity (which peaks to 30 W=K-m at
T ≃ 20 K), and found that below the maximum, it depends
on the applied electric field. More recently, Martelli and co-
workers [35] found that thermal conductivity decreases
faster than T3 below the peak. Such a behavior has only
been observed in a handful of solids and attributed to the
Poiseuille flow of phonons [36], triggered by abundant
normal (i.e., momentum-conserving) collisions among
phonons. Soft phonons, either those associated with the
antiferrodistortive transition [37,38], or modes correspond-
ing to the aborted ferroelectricity [38], are suspected to

drive these unusual features of heat transport [35]. This
may also be the case of the observation reported in the
present Letter.
We measured the thermal Hall effect by using a one-

heater-three-thermometers method as shown in Figs. 1(a)
and 1(b) (see the Supplemental Material [39] for more
details). Figures 1(c)–1(d) shows the data at 24 K. As seen
in Fig. 1(c), ΔTx is an even and ΔTy is an odd function of
magnetic field. ΔTy, shifted vertically to zero by a tiny
quantity due to unavoidable misalignment between T2 and
T3, has opposite signs for positive and negative magnetic
fields, which implies κxyðμ0HÞ ¼ −κxyð−μ0HÞ, as one
would expect for the off-diagonal component of the
conductivity tensor. On the other hand, ΔTx is finite at
zero field and increases symmetrically with applied mag-
netic field implying κðμ0HÞ ¼ κð−μ0HÞ.
The field dependence of thermal Hall conductivity κxy and

the field-induced change in thermal conductivity Δκ ¼
κðμ0HÞ − κð0Þ at T ¼ 24 K are plotted in Fig. 1(d). The
magnitude of κxy attains−80 mW=K-m, twice larger than the
maximum observed in cuprates [21]. As seen in the figure,
however, this is four times smaller than the field-induced
change in longitudinal thermal conductivity, Δκ, itself about
one percent of total signal. We note that Jin et al. [40] have
recently reported on a similar field-induced decrease in the
lattice thermal conductivity of another band insulator.
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FIG. 1. Quantifying the thermal Hall effect in SrTiO3. (a) Setup for measuring longitudinal and transverse thermal differences
(ΔTx ¼ T1 − T2,ΔTy ¼ T3 − T2) generated by a longitudinal thermal current. (b) A photograph of the sample and the setup. The heater
and the heat sink were connected to two sides of the sample and at the same level. Three thermometers were mounted near the middle of
the sample. (c) Field dependence of ΔTy and ΔTx at T2 ¼ 24 K (labeled as sample temperature T below), ΔTy has been shifted
vertically to cancel an unavoidable misalignment offset. Note that ΔTx is even dominant and ΔTy is odd dominant in magnetic field.
(d) Extracted thermal Hall conductivity κxy and field-induced change in thermal conductivity Δκ ¼ κðμ0HÞ − κð0Þ as function of field.
The latter signal is noisier, because the measurement of ΔTx has not been done in differential mode.
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Therefore, the fact that κxy peaks at the same temperature
but decreases faster may be ascribed to one of the right-
hand terms of Eq. (2) or their combination.
The magnitude of κxy in strontium titanate is two orders

of magnitude larger than what was reported for Tb3Ga3O12

[4]. This raises a natural question: can proximity to a
ferroelectric quantum criticality [42] play a role in gen-
erating a large phonon thermal Hall effect? In order to
answer this question, we investigated heat transport in
KTaO3. This insulator, like SrTiO3, is close to a ferroelec-
tric transition, but its low-temperature electric permittivity
is five times smaller [43].
In agreement with what was reported before for KTaO3

[44] and SrTiO3 [33,35], we found that the amplitude of the
peak in longitudinal thermal conductivity is comparable
(30–35 W=K-m) in the two perovskites [see Fig. 3(a)]. On
the other hand, the amplitude of the thermal Hall conduc-
tivity is very different. In KTaO3, κxy is more than one order
of magnitude smaller than in SrTiO3 [Fig. 3(b)]. Let us note
that even in the case of longitudinal thermal conductivity,
there are remarkable differences between these two solids.
Around T ≃ 5 K, thermal conductivity is sharply decreas-
ing (displaying a faster than cubic temperature dependence)
in SrTiO3 but is increasing [presenting an additional bump,
as seen in the inset of Fig. 3(a)] in KTaO3. In other words,
the consequences of anharmonicity for longitudinal heat
transport is qualitatively different in these two apparently

similar solids. Structurally, the most notable difference is
the absence of the AFD transition in cubic KTaO3 [45], in
contrast to its presence in SrTiO3. This is our first evidence
that this peculiar structural transition plays a role in setting
the amplitude of κxy.
The correlation between the position of peaks in longi-

tudinal and transverse response in SrTiO3 and KTaO3 led
us to put under scrutiny the published data in two other
insulators. As seen in Figs. 3(c) and 3(d), according to the
available data, there is a similar correlation between κxyðTÞ
and κðTÞ in both La2CuO4 [21,46] and in α-RuCl3 [20]. In
all cases, κxy and κ peak at almost the same temperature and
the decrease in κxy is sharper (or in one case almost equal)
to the decrease in κ. We notice that this correlation, which
was not reported before, indicates a major role played by
the principal heat carriers in setting the transverse response.
Our additional measurements build up the case for a

prominent role played by AFD domains. The results are
shown in Fig. 4. First of all, we studied three different
SrTiO3 samples, provided by two different companies. As
shown in Figs. 4(a) and 4(b), all three samples show a
sizable κxy, but different amplitudes. Two samples in which
the magnitude of κ is almost the same [Fig. 4(a)], display
a threefold difference in their peak of κxy [Figs. 4(b)
and 4(d)]. As seen in Fig. 4(c), the field-induced decrease
in κ is roughly the same in the two samples.
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Non-magnetic dielectric oxide 

Material
xy xx xy/xx T , H

[mW/Km] [W/Km][10�3] [K], [T]

Cu3TeO6 - 1000 330 - 3.0 20, 15
Fe2Mo3O8[4] 12 2.5 4.8 65, 14
Tb2Ti2O7[19] 1.2 0.27 4.4 15, 12
Y2Ti2O7[19, 20] 0 18 0 15, 8
La2CuO4[5] - 38 12 - 3.2 20, 15
Sr2CuO2Cl2[6] - 21 7 - 3.0 20, 15
Nd2CuO4[6] - 200 56 - 3.6 20, 15
SrTiO3[8] - 80 36 - 2.2 20, 12
KTaO3[8] 2 32 0.06 30, 12
RuCl3[21] 8 15.5 0.5 20, 15

TABLE I: Thermal Hall conductivity in various insulators.
The values of xy and xx are taken at the specified temper-
ature T and field H. Their ratio gives the degree of chirality.

freedom may nevertheless play a role.
Methods.— Single crystals of Cu3TeO6 were grown

from CuO powder and TeO2 flux. The starting mate-
rials were mixed in a molar ratio of 3:5 and heated to
870�C at 5�C/min, held for 24 hours, cooled to 700�C at
1.5�C/h, and cooled to room temperature at 3�C/min.
Crystals of approximate dimensions 4⇥ 4⇥ 1 mm3 were
harvested after washing the solvent with sodium hydrox-
ide and deionized water. Our sample was cut and pol-
ished in the shape of a rectangular platelet, with the
following dimensions (length between contacts ⇥ width
⇥ thickness) : 2.2 ⇥ 1.61 ⇥ 0.073 mm. Cu3TeO6 has a
centro-symmetric cubic crystal structure [16]. It is not
known to undergo any structural transition. The normal
to each of the three faces of the sample is along each
of the three equivalent high-symmetry (100) direction of
the cubic lattice. Contacts were made using silver wires
and silver paint. The thermal conductivity xx and ther-
mal Hall conductivity xy were measured as described
in refs. [5, 6, 18], by applying a heat current along the
x axis (longest sample dimension) and a magnetic field
along the z axis (normal to the largest face), and mea-
suring the longitudinal (�Tx) and transverse (�Ty) tem-
perature di↵erences with type-E thermocouples.

Thermal conductivity and thermal Hall conductivity.—
In Fig. 1(a), the thermal conductivity xx, measured in
a field of 15 T, is plotted as a function of temperature.
The field dependence of xx is weak, being at most 6%
(at T ' 20 K) and negligible for T > 30 K (Fig. 1(a)).
Our xx data are consistent with prior zero-field data [22].
These authors have argued that although magnons below
TN can in principle carry heat, phonons dominate the
thermal conductivity of Cu3TeO6, which is certainly the
case above TN. xx(T ) shows a peak typical of phonons
in insulators, located here at T ' 20 K (Fig. 1(a)).

In Fig. 2(a), we zoom on the data near TN. Above
TN, xx is flat, evidence that phonons are scattered by
spin excitations associated with the proximate onset of
antiferromagnetic order [22]. Upon cooling below TN,
xx suddenly rises, presumably because that scattering

FIG. 1: (a) Thermal conductivity xx of Cu3TeO6 as a func-
tion of temperature, in zero field (open circles) and in a mag-
netic field H = 15 T (full circles). The arrow marks the
onset of antiferromagnetic order, at TN ' 63 K. (b) Corre-
sponding thermal Hall conductivity xy (at H = 15 T). Lines
are a guide to the eye. Both xx(T ) and xy(T ) peak at
T ' 17 K, following a large increase relative to their values at
TN, by a factor ⇠ 25 and ⇠ 150, respectively. The peak value,
|xy| ' 1.0 W/Km, is the largest thermal Hall conductivity
reported to date in an insulator.

is weakened when order sets in.

In Fig. 1(b), the thermal Hall conductivity xy, mea-
sured on the same sample in the same conditions, is dis-
played as a function of temperature. There is a large
negative Hall e↵ect. We see that xy(T ) mirrors the
evolution of xx(T ), both peaking at the same tem-
perature. This immediately suggests that xy is car-
ried predominently by phonons, as is xx. At its peak,
|xy| ' 1.0 W/Km, the largest value of |xy| reported so
far in any insulator (Table I).

In Fig. 2(a), we see that xy(T ) evolves in tandem
with xx(T ) across TN: it is almost flat above TN and
rises below TN. This parallel evolution is further evidence
that xy is carried by phonons. It is instructive to plot
the ratio xy/xx vs T , as done in Fig. 2(b), a quantity
that may be viewed as the degree of chirality – the extent
to which phonons respond asymmetrically to a magnetic
field. We see that the ratio goes smoothly through TN,
unaltered by the onset of antiferromagnetic order. This
shows that long-range order per se does not play a key
role in conferring chirality to phonons. Note that despite
the record-high amplitude of |xy| in Cu3TeO6, the ratio
xy/xx is similar to that found in several other insulators
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Phonons are known to generate a thermal Hall e!ect in certain insulators, including
oxides with rare-earth impurities, quantum paraelectrics, multiferroic materials, and
cuprate Mott insulators. In each case, a special feature of the material is presumed
relevant for the underlying mechanism that confers chirality to phonons in a mag-
netic "eld. A fundamental question is whether a phonon Hall e!ect is an unusual
occurrence—linked to special characteristics such as skew scattering o! rare-earth
impurities, structural domains, ferroelectricity, or ferromagnetism—or a much more
common property of insulators than hitherto believed. To help answer this question,
we have turned to a material with none of the previously encountered special features:
the cubic antiferromagnet Cu3TeO6. We "nd that its thermal Hall conductivity κxy is
among the largest of any insulator so far. We show that this record-high κxy signal is
due to phonons, and it does not require the presence of magnetic order, as it persists
above the ordering temperature. We conclude that the phonon Hall e!ect is likely to be
a fairly common property of solids.

thermal Hall effect | antiferromagnetism | phonons | impurities | thermal conductivity

The thermal Hall e!ect is the thermal analog of the electrical Hall e!ect. Instead of
a transverse voltage induced by a perpendicular magnetic "eld in the presence of an
electric current, a transverse temperature di!erence is induced in the presence of a heat
current. #e thermal Hall e!ect is a consequence of what we call “chirality”—which we
de"ne as a handedness that heat carriers acquire in a magnetic "eld. Electrons acquire
chirality through the Lorentz force acting on charge carriers. However, understanding how
chirality arises for electrically neutral particles—like phonons, magnons, or more exotic
excitations—relies on new and mostly unknown mechanisms.

#e phonon thermal Hall e!ect was "rst observed in the insulator Tb3Ga5O12

(1, 2), whose small thermal Hall conductivity κxy was attributed to a special skew
scattering of phonons by superstoichiometric Tb impurities (3). Later on, a much larger
κxy was measured in the multiferroic material Fe2Mo3O8, a ferrimagnetic insulator,
where it was attributed to phonons in the presence of strong spin-lattice coupling (4).
More recently, an even larger κxy was reported in two other families of insulators: the
cuprate Mott insulators (5–8), such as La2CuO4 and Sr2CuO2Cl2, and the quantum
paraelectric SrTiO3 (9). #ere is little doubt that phonons are the bearers of chirality
in both families, but the underlying mechanisms for the thermal Hall e!ect remain
unknown.

#e origin of phonon chirality is an open question. #ere are two classes of scenarios:
scenarios based on the coupling of phonons to their pristine environment and scenarios
based on the scattering of phonons by impurities or defects. For SrTiO3, the "rst type
of scenario includes the $exoelectric coupling of phonons to their nearly ferroelectric
environment, and the second type of scenario includes the scattering of phonons from
structural domains (10). For cuprates, the "rst type includes the coupling of phonons to
magnons (11) or spinons (12, 13), a special magnetoelectric order parameter (14), or an
intrinsic $uctuating "eld arising from spin–lattice coupling (15). #e second type includes
the scattering of phonons by oxygen vacancies (16), by pointlike impurities in the presence
of a Hall viscosity due to a coupling of phonons to their electronic environment (17), and
by impurities and defects through the resonant skew-scattering process (18) or the “side-
jump” e!ect (19).

In this article, we provide insights on the origin of phonon chirality by turning to a
completely di!erent and simpler material: Cu3TeO6. #is is an insulator with a cubic
structure, which retains its structure down to low temperature and therefore does not
harbor structural domains. It also does not contain rare-earth elements and is neither
a Mott insulator nor a multiferroic or nearly ferroelectric material. It develops three-
dimensional long-range collinear antiferromagnetic order below the Néel temperature
TN = 63 K (20, 21).

Significance

Phonons are believed not to be
able to generate a thermal Hall
signal due to their lack of charge
or spin. However, since the first
discovery of a phonon thermal
Hall effect in the paramagnetic
insulator Tb3Ga5O12, much larger
signals have been observed in
several other families of
insulators, which raises a
fundamental question: How can
phonons become chiral in a
magnetic field? Most of the
insulators that exhibit a phonon
Hall effect have some special
feature, believed to be a key to
the underlying mechanism. Here,
our discovery of a large phonon
thermal Hall conductivity in a
simple material with none of the
special features of the previous
cases opens up the subject into a
much broader question.
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We report a thermal Hall conductivity among the largest ever
observed in an insulator yet, with κxy ! 1 W/K · m at T = 20 K
and H = 15 T in Cu3TeO6. !is is 50 times larger than in
the cuprate Sr2CuO2Cl2, for example. However, the phonon
conductivity κxx is also 50 times larger in Cu3TeO6, due to
a better sample quality, resulting in less phonon scattering by
defects and impurities. !en, the degree of chirality de"ned by
the ratio |κxy/κxx| is similar (in magnitude and temperature
dependence) in these two very di#erent materials with di#erent
structures, defects, and impurities. !is shows that phonon chiral-
ity is a much more general phenomenon than hitherto perceived.
Because |κxy/κxx| goes smoothly through TN, we infer that
antiferromagnetic order per se is not required, but we speculate
that a coupling of phonons to the spin degrees of freedom may
nevertheless play a role.

Results

In Fig. 1A, the thermal conductivity κxx, measured at 0 T and 15
T, is plotted as a function of temperature. !e "eld dependence
of κxx is weak, at most 6% (at T ! 20 K) and negligible for
T > 30 K (Fig. 1A). Our κxx data are consistent with prior
zero-"eld data (22), where the authors have argued that although
magnons below TN can, in principle, carry heat, phonons dom-
inate the thermal conductivity of Cu3TeO6, which is certainly
the case above TN. κxx(T ) shows a peak typical of phonons in
insulators, located here at T ! 20 K (Fig. 1A).
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Fig. 1. (A) Thermal conductivity κxx of Cu3TeO6 as a function of temperature,
in zero field (open circles) and in a magnetic field H = 15 T (filled circles).
The arrow marks the onset of antiferromagnetic order, at TN ! 63 K. (B)
Corresponding thermal Hall conductivity κxy at H = 15 T. B, Inset shows the T
dependence of thermal Hall conductivity κxy plotted as κxy/H at 10 T and 15 T.
κxy scales linearly with H above 40 K. Below 40 K, there is a slight sublinearity.
Lines are a guide to the eye. Bothκxx(T) and κxy(T) peak at T ! 17 K, following
a large increase relative to their values at TN, by a factor of ∼25 and ∼150,
respectively. The peak value, |κxy| ! 1.0 W/K ·m, is among the largest thermal
Hall conductivity reported to date in an insulator.
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Fig. 2. (A) Comparison of κxx(T) (blue) and κxy(T) (red; data multiplied by a
factor of 500) near the antiferromagnetic transition at TN (dashed line). Both
curves are seen to rise upon cooling below TN. (B) Ratio of κxy(T) over κxx(T),
vs. T, at H = 15 T. The magnitude of this ratio increases upon cooling from
T = 70 K to T = 20 K. The fact that it goes smoothly through TN (dashed
line) shows that the onset of long-range magnetic order does not directly
affect the thermal Hall effect. Although κxy in Cu3TeO6 is exceptionally large,
the maximal value of the ratio, |κxy/κxx| ! 3 × 10−3, is typical of various
insulators (Table 1). Lines are a guide to the eye.

In Fig. 2A, we zoom on the data near TN. Above TN, κxx is $at,
evidence that phonons are scattered by spin excitations associated
with the proximate onset of antiferromagnetic order (22). Upon
cooling below TN, κxx suddenly rises, presumably because that
scattering is weakened when order sets in.

In Fig. 1B, the thermal Hall conductivity κxy, measured on
the same sample in the same conditions, is displayed as a function
of temperature. !ere is a large negative Hall e#ect. We see that
κxy(T ) mirrors the evolution of κxx(T ), with a peak at the same
temperature. As pointed out in ref. 9, this suggests that κxy is
carried predominantly by phonons, as is κxx. At its peak, |κxy| !
1.0 W/K · m, among the largest values of |κxy| reported so far in
insulators (Table 1).

In Fig. 2A, we see that κxy(T ) evolves in tandem with κxx(T )
across TN: It is almost $at above TN and rises below TN. !is par-
allel evolution is further evidence thatκxy is carried by phonons. It
is instructive to plot the ratio κxy/κxx vs. T , as done in Fig. 2B, a
quantity that may be viewed as the degree of chirality—the extent
to which phonons respond asymmetrically to a magnetic "eld. We
see that the ratio goes smoothly through TN, unaltered by the
onset of antiferromagnetic order. !is shows that long-range order
per se does not play a key role in conferring chirality to phonons.
Note that despite the high amplitude of |κxy| in Cu3TeO6, the
ratio κxy/κxx is similar to that found in several other insulators
(Table 1), as we discuss below.

2 of 5 https://doi.org/10.1073/pnas.2208016119 pnas.org
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Insulating AFM



What allows acoustic phonons to couple to the magnetic field?

Low-  thermal Hall effects          Acoustic phononsT

Breaking time-reversal symmetry

Chen et al., PRL (2020); Barkeshli et al., PRB (2012); Tuegel et al., PRB (2017); Shapourian et al., PRB (2015); 
Ye et al., PRR (2020)…

Time-reversal-symmetry-breaking (TRSB) mechanisms : 

  TRSB embedded in the phonon medium - intrinsic
 (i.e., Hamiltonian coupling term)

Coupling to a degree of freedom that couples to the magnetic field :     
electronic states, polarization, magnetization, …

TRSB embedded in the scatterers - extrinsic  
(i.e., skew scatting rates in a transport theory)

Phonon scattering on time-reversal-symmetry-breaking impurities 
Flebus et al., PRB (2022);  Sun et al., (2022); Mangeolle et al. (2023), …
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FIG. 1. Sketch of microscopic origins of the phonon angular mo-
mentum in a fictitious material with two atoms per unit cell (drawn as
green and orange circles). The first column corresponds to material
where P , T , and PT symmetries are present. In the second column,
inversion (P) is broken by displacement of the green atom (class
III). In the third column, time reversal (T ) is broken by (class IV)
magnetism on the green atom (magnetic moment points out of the
page). Strengths of force constant matrices Fαβ

i j and velocity-force
constant matrices Gαβ

i j are indicated with black lines in the first and
the second row for all three cases. The third row shows sketches
of the corresponding phonon band structures and phonon angular
momenta in the vicinity of the Brillouin zone origin. Signs of angular
momenta for two sketched phonon branches follow from Eqs. (1)
and (2). Phonon angular momentum exactly at the origin is excluded
from the sketch, as in this work we focus on generic nonsymmetric
points of the Brillouin zone only. Phonon angular momentum in the
second column (broken inversion, P , class III) arises from the asym-
metric force constants Fi j (as sketched in the top panel of the second
column). Analogously, in the third column (broken time reversal,
T , class IV) phonon angular momentum arises from the presence
of nonzero Gi j (as sketched in the middle panel of the third column).

B. Class IV

The situation in class IV is somewhat more complex. In
this class of materials, containing ferromagnets such as iron,
the inversion symmetry is preserved while the time-reversal
symmetry is broken. As a general principle, one would expect
that time-reversal breaking in the electronic subsystem must
somehow spill into the ionic subsystem, as electrons and ions
are coupled. While this is true, the spilling of the time-reversal
breaking into ions does not occur in the first term of the
expansion in Eq. (7), the force constant matrix Fαβ

i j , but it does

spill into the velocity-force matrix Gαβ
i j . Let us demonstrate

this from the definition of Fαβ
i j and Gαβ

i j .

The force constant Fαβ
i j was defined in Eq. (6) as the second

derivative of the total energy Ex with respect to atom coordi-
nate. For the solid of any symmetry, the total energy Ex is a
scalar that is invariant under the time-reversal operation,

T : Ex −→ Ex, (11)

for any set of atom coordinates x. Therefore, the derivatives
of Ex with respect to x are also unchanged under T , so the
force-constant matrix is unchanged as well,

T : Fαβ
i j −→ Fαβ

i j . (12)

This holds regardless of whether the solid itself is in a time-
reversal symmetric ground state or not. Therefore, Eq. (12)
holds even in a ferromagnet like bulk Fe, or any other
materials in class IV. For example, ferromagnetic bulk Fe
magnetized along the positive ẑ direction will have exactly the
same force-constant matrix Fαβ

i j as its time-reversed image,
where the magnetic moment is reversed to point along the
negative ẑ axis. This holds true even if spin-orbit interaction,
or any other relativistic effect, is included in the calculation.

Since the force-constant matrix Fαβ
i j is unaware of the time-

reversal symmetry breaking in the solid, any ionic motion in
the class IV material that is driven only by the force-constant
matrix Fαβ

i j will preserve time-reversal symmetry. Therefore,
following symmetry analysis from Sec. II, the phonons in
class IV material described only by Fαβ

i j will not have angular
momentum at a generic nonsymmetric point in the Brillouin
zone. This same observation can be again made on our toy
model from Fig. 1. Imagine that instead of displacing the
green atom, we make the green atom magnetic, therefore
breaking the time-reversal symmetry in the solid. Magnetiza-
tion of the green atom is pointing out of the page. Since the
distribution of charge on the atom was changed when we made
the atom magnetic, one might expect that the resulting force
constants between the green and orange atoms will change as
well. And they do, but clearly the changes to all four force
constants must be equal. More importantly, these four force
constants would change by the same amount, regardless of
whether the magnetic moment on the green atom in Fig. 1 is
pointing in or out of the page. Therefore, adding a magnetic
moment to the green atom did not change the symmetry in the
force constant matrices Fαβ

i j , so the underlying phonons did

not acquire angular momentum from changes in Fαβ
i j .

Now let us consider the equation of motion for a solid
in class IV that includes the next term in the expansion,
the velocity-force constant term Gαβ

i j . While force-constant
matrix is defined in terms of a scalar quantity (total energy
Ex) which does not change under time-reversal operation, the
velocity-force constant is defined in terms of the electron wave
functions [see Eq. (8)], which do change under time reversal.
The time-reversal operation, when acting on electron wave
functions, is represented by an antiunitary operator T̂ . For any
two wave functions |φ1〉 and |φ2〉 we define |φ′

1〉 = T̂ |φ1〉 and
|φ′

2〉 = T̂ |φ2〉. For any antiunitary operation, by definition, we
have 〈φ′

1|φ′
2〉 = [〈φ1|φ2〉]∗. This gives us

T :
〈
∂φx

∂xα
i

∣∣∣∣
∂φx

∂xβ
j

〉
→

[〈
∂φx

∂xα
i

∣∣∣∣
∂φx

∂xβ
j

〉]∗

. (13)

Since Gαβ
i j from Eq. (8) depends on the imaginary part of

this overlap, we conclude that Gi j changes sign under time-
reversal operation,

T : Gαβ
i j −→ −Gαβ

i j . (14)
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green and orange circles). The first column corresponds to material
where P , T , and PT symmetries are present. In the second column,
inversion (P) is broken by displacement of the green atom (class
III). In the third column, time reversal (T ) is broken by (class IV)
magnetism on the green atom (magnetic moment points out of the
page). Strengths of force constant matrices Fαβ

i j and velocity-force
constant matrices Gαβ

i j are indicated with black lines in the first and
the second row for all three cases. The third row shows sketches
of the corresponding phonon band structures and phonon angular
momenta in the vicinity of the Brillouin zone origin. Signs of angular
momenta for two sketched phonon branches follow from Eqs. (1)
and (2). Phonon angular momentum exactly at the origin is excluded
from the sketch, as in this work we focus on generic nonsymmetric
points of the Brillouin zone only. Phonon angular momentum in the
second column (broken inversion, P , class III) arises from the asym-
metric force constants Fi j (as sketched in the top panel of the second
column). Analogously, in the third column (broken time reversal,
T , class IV) phonon angular momentum arises from the presence
of nonzero Gi j (as sketched in the middle panel of the third column).

B. Class IV

The situation in class IV is somewhat more complex. In
this class of materials, containing ferromagnets such as iron,
the inversion symmetry is preserved while the time-reversal
symmetry is broken. As a general principle, one would expect
that time-reversal breaking in the electronic subsystem must
somehow spill into the ionic subsystem, as electrons and ions
are coupled. While this is true, the spilling of the time-reversal
breaking into ions does not occur in the first term of the
expansion in Eq. (7), the force constant matrix Fαβ

i j , but it does

spill into the velocity-force matrix Gαβ
i j . Let us demonstrate

this from the definition of Fαβ
i j and Gαβ

i j .

The force constant Fαβ
i j was defined in Eq. (6) as the second

derivative of the total energy Ex with respect to atom coordi-
nate. For the solid of any symmetry, the total energy Ex is a
scalar that is invariant under the time-reversal operation,

T : Ex −→ Ex, (11)

for any set of atom coordinates x. Therefore, the derivatives
of Ex with respect to x are also unchanged under T , so the
force-constant matrix is unchanged as well,

T : Fαβ
i j −→ Fαβ

i j . (12)

This holds regardless of whether the solid itself is in a time-
reversal symmetric ground state or not. Therefore, Eq. (12)
holds even in a ferromagnet like bulk Fe, or any other
materials in class IV. For example, ferromagnetic bulk Fe
magnetized along the positive ẑ direction will have exactly the
same force-constant matrix Fαβ

i j as its time-reversed image,
where the magnetic moment is reversed to point along the
negative ẑ axis. This holds true even if spin-orbit interaction,
or any other relativistic effect, is included in the calculation.

Since the force-constant matrix Fαβ
i j is unaware of the time-

reversal symmetry breaking in the solid, any ionic motion in
the class IV material that is driven only by the force-constant
matrix Fαβ

i j will preserve time-reversal symmetry. Therefore,
following symmetry analysis from Sec. II, the phonons in
class IV material described only by Fαβ

i j will not have angular
momentum at a generic nonsymmetric point in the Brillouin
zone. This same observation can be again made on our toy
model from Fig. 1. Imagine that instead of displacing the
green atom, we make the green atom magnetic, therefore
breaking the time-reversal symmetry in the solid. Magnetiza-
tion of the green atom is pointing out of the page. Since the
distribution of charge on the atom was changed when we made
the atom magnetic, one might expect that the resulting force
constants between the green and orange atoms will change as
well. And they do, but clearly the changes to all four force
constants must be equal. More importantly, these four force
constants would change by the same amount, regardless of
whether the magnetic moment on the green atom in Fig. 1 is
pointing in or out of the page. Therefore, adding a magnetic
moment to the green atom did not change the symmetry in the
force constant matrices Fαβ

i j , so the underlying phonons did

not acquire angular momentum from changes in Fαβ
i j .

Now let us consider the equation of motion for a solid
in class IV that includes the next term in the expansion,
the velocity-force constant term Gαβ

i j . While force-constant
matrix is defined in terms of a scalar quantity (total energy
Ex) which does not change under time-reversal operation, the
velocity-force constant is defined in terms of the electron wave
functions [see Eq. (8)], which do change under time reversal.
The time-reversal operation, when acting on electron wave
functions, is represented by an antiunitary operator T̂ . For any
two wave functions |φ1〉 and |φ2〉 we define |φ′

1〉 = T̂ |φ1〉 and
|φ′

2〉 = T̂ |φ2〉. For any antiunitary operation, by definition, we
have 〈φ′

1|φ′
2〉 = [〈φ1|φ2〉]∗. This gives us

T :
〈
∂φx

∂xα
i

∣∣∣∣
∂φx

∂xβ
j

〉
→

[〈
∂φx

∂xα
i

∣∣∣∣
∂φx

∂xβ
j

〉]∗

. (13)

Since Gαβ
i j from Eq. (8) depends on the imaginary part of

this overlap, we conclude that Gi j changes sign under time-
reversal operation,

T : Gαβ
i j −→ −Gαβ

i j . (14)
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Figure 2: (a) Regime 1 is realized in magnetic or ionic materials where TRS is broken at equilibrium, leading to a linear response. 
(b) Regime 2 is realized in non-magnetic and covalent materials, where TRS is preserved at equilibrium. Linear response must 
vanish in this regime and a non-linear response appears instead. (c) and (d) show nonreciprocal responses to temperature bias 
and magnetic field, respectively. The latter is only possible in chiral crystals at either linear or non-linear response level. 

Regime 1: Linear response from chiral phonons when TRS is broken at equilibrium 

Within the linear response regime, a key factor for generating a THE is a mechanism that breaks time-
reversal symmetry (TRS) at equilibrium enabling phonons to interact with a magnetic field. Such a 
mechanism entails coupling between acoustic phonons and TRS-breaking degrees of freedom, including 
electron spin, magnons, and out-of-phase ionic displacements (Fig. 2a). So far, the investigation of phonon 
chirality has focused on such linear thermal responses in centrosymmetric materials exhibiting magnetic, 
ferroelectric, or ionic properties [5-8]. We will go beyond these initial studies and investigate chiral phonons 
in noncentrosymmetric and chiral structures, where two forms of nonreciprocity can be found.  

1. In a simple noncentrosymmetric (broken-inversion symmetry) material that breaks TRS (magnetic 
or ionic systems), the phonon dispersions will be asymmetric such that 𝜔(𝑘) ≠ 𝜔(−𝑘). This leads 
to a nonreciprocal thermal response, i.e. thermal transport changes when 𝛻𝑇 → −𝛻𝑇 (Fig. 2c). The 
best example of such a response would be a thermal diode effect where linear thermal conductivity 
changes upon reversing the temperature bias. 

2. In a chiral crystal (which breaks both inversion and mirror symmetries), an additional degree of 
nonreciprocity appears where the magnetic field direction can alter the transport of phonons with 
+𝑘 and −𝑘 (Fig. 2d). This effect is particularly important because it will enable us to control the 
heat flow using an external magnetic field. If such an effect is large enough, it enables logic 
operations with thermal currents, so the wasted heat can be used in phononics technologies. 

To investigate this regime, we will grow crystals of magnetic insulators with either noncentrosymmetric or 
chiral structures. Candidate materials include Ni4GaGe2, MgNi3B2, and FePO4, all of which can be grown 
in the Tafti Lab using either flux growth or chemical vapor transport. We will perform neutron scattering 
at ORNL and NIST to map the phonon and magnon dispersions. Thermal transport measurements will be 
performed by Tafti’s group at BC. 
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In this basis, we can rewrite the dynamical matrix (6) as

Aðkx;ωÞ ¼

2

6666666664

ð2γþγ1þγ2ÞðkxaÞ2
mþþm−

0 ½mþðγþγ2Þ−m−ðγþγ1Þ&ðkxaÞ2ffiffiffiffiffiffiffiffiffiffi
mþm−

p ðmþþm−Þ
− iZeBωffiffiffiffiffiffiffiffiffiffi

mþm−
p

0 ðγ1þγ2ÞðkxaÞ2
mþþm−

iZeBωffiffiffiffiffiffiffiffiffiffi
mþm−

p ðmþγ2−m−γ1ÞðkxaÞ2ffiffiffiffiffiffiffiffiffiffi
mþm−

p ðmþþm−Þ

½mþðγþγ2Þ−m−ðγþγ1Þ&ðkxaÞ2ffiffiffiffiffiffiffiffiffiffi
mþm−

p ðmþþm−Þ
− iZeBωffiffiffiffiffiffiffiffiffiffi

mþm−
p 2γðmþþm−Þ2þðγ2m2

þþγ1m2
1−2γmþm−ÞðkxaÞ2

mþm−ðmþþm−Þ
− iZeBðmþ−m−Þω

mþm−

iZeBωffiffiffiffiffiffiffiffiffiffi
mþm−

p ðmþγ2−m−γ1ÞðkxaÞ2ffiffiffiffiffiffiffiffiffiffi
mþm−

p ðmþþm−Þ
iZeBðmþ−m−Þω

mþm−
2γðmþþm−Þ2þðm2

þγ2þm2−γ1ÞðkxaÞ2
mþm−ðmþþm−Þ
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7777777775

:

ð9Þ

Equation (9) shows that the in-phase motion is coupled
to the out-of-phase motion when either kx or B is nonzero.
The longitudinal (transverse) in-phase motion of the cations
and anions is coupled to out-of-phase longitudinal (trans-
verse) motion via elastic forces, which vanish as kx → 0. In
contrast the Lorentz force yields a wave vector–indepen-
dent interaction between the longitudinal in-phase motion
and the out-of-phase transverse motion. When the cation
and anion have different masses, the Lorentz force also
directly couples the transverse and longitudinal out-of-
phase motions.
Phonon Hall viscosity.—When TRS is broken, the action

of a two-dimensional phonon system allows for a non-
dissipative Hall viscosity term [25], i.e.,

SH ¼
Z

d2x dt
"
−
ηH
2
ð∇2uaxu̇ay −∇2uayu̇axÞ

#
: ð10Þ

To make contact with the definition of phonon Hall
viscosity ηH introduced in Eq. (10), we derive a low-
energy theory for the in-phase modes ua by integrating
over out-of-phase modes in the imaginary-time phonon-
system action S½ua;uo& corresponding to Eq. (9). The
effective action Sa for the low-energy nearly in-phase
modes is

e−Sa½ua& ¼
Z

Du'
oDuoe−S½ua;uo&: ð11Þ

To leading order in the small parameters kxa and ωc=ωo,
the resulting equations of motion are

ω2

"
1þ ω2

c

ω2
o

#
uax ¼ c2l ðkxaÞ2uax

þ iωωc

ω2
o

½mþðγ þ 2γ2Þ −m−ðγ þ 2γ1Þ&ðkxaÞ2

ðmþ þm−Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mþm−

p uay; ð12Þ

ω2

"
1þ ω2

c

ω2
o

#
uay ¼ c2t ðkxaÞ2uay

− iωωc

ω2
o

½mþðγ þ 2γ2Þ −m−ðγ þ 2γ1Þ&ðkxaÞ2

ðmþ þm−Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mþm−

p uax: ð13Þ

Here, ωo is the optical phonon frequency at the Γ ¼ ð0; 0Þ
point, ωc is the cyclotron frequency, and cl and ct are the
longitudinal and transverse phonon velocities:

ωo ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2γðmþ þm−Þ

mþm−

s

; ωc ¼
Z'eB
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mþm−

p ;

cl ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2γ þ γ1 þ γ2
mþ þm−

s

; ct ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ1 þ γ2
mþ þm−

r
: ð14Þ

The phonon Hall viscosity ηH can be extracted from
Eqs. (10), (12), and (13) by identifying ρ ¼ a−2ðmþ þm−Þ
[39]. We find that

ηH ¼ ωc

ω2
0

mþðγ þ 2γ2Þ −m−ðγ þ 2γ1Þffiffiffiffiffiffiffiffiffiffiffiffiffi
m−mþ

p ;

¼ mþðγ þ 2γ2Þ −m−ðγ þ 2γ1Þ
2γðmþ þm−Þ

Z'eB: ð15Þ

Equation (15) shows that acoustic phonons in ionic crystals
can acquire a dissipationless Hall viscosity whose strength
is proportional to the magnetic field. This is the central
result of our work.
The strength and sign of the phonon Hall viscosity (15)

strongly depends on the ratio x ¼ m−=mþ between the mass
of cations and anions.Forx ≫ 1, theHall viscosity is negative
and approaches the value ηH ∼ −ð1=2 þ γ1=γÞZeB. For
x ¼ ðγ þ 2γ2Þ=ðγ þ 2γ1ÞηH crosses zero, to then increase
until it reaches its saturation value ηH ∼ ð1=2þ γ2=γÞZeB
for x ≪ 1. We therefore expect positive Hall viscosities in
oxides because their anions are light.
Since the Lorentz force couples transverse and longi-

tudinal motion only when the ion motion is out of phase,
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Can also ‘boring’’ ionic insulators with no magnetism, ferroelectricity 
or non trivial electronic topology have a finite Hall viscosity? 

Magnons 

 

Enhanced Thermal Hall Effect in Nearly Ferroelectric Insulators
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In the context of recent experimental observations of an unexpectedly large thermal Hall conductivity,
κH , in insulating La2CuO4 (LCO) and SrTiO3 (STO), we theoretically explore conditions under which
acoustic phonons can give rise to such a large κH . Both the intrinsic and extrinsic contributions to κH are
large in proportion to the dielectric constant, ϵ, and the “flexoelectric” coupling, F. While the intrinsic
contribution is still orders of magnitude smaller than the observed effect, an extrinsic contribution
proportional to the phonon mean-free path appears likely to account for the observations, at least in STO.
We predict a larger intrinsic κH in certain insulating perovskites.
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Introduction.—While it is well known that “neutral”
excitations in solids, including phonons and other collec-
tive modes, induce some charge motion, it is intuitively
clear that this is in some sense a “small” effect. In
particular, this suggests that the coupling of such modes
to magnetic fields is generically weak, and consequently
that their contribution to the Hall component of the thermal
conductivity tensor, κH, is relatively small. This argument is
assumed implicitly when the ratio of κH to the Hall
conductivity is used to test the Weidemann-Franz law in
metals. It is also why the recent observation of a large κH in
La2CuO4 (LCO) [1], an insulating cuprate, generated so
much interest [2–5]. Moreover, an anomalous contribution
to κH of smaller but still comparable magnitude has been
identified in the doped material, La2−xSrxCuO4 (LSCO),
for a range of 0 ≤ x < 0.19 comprising much of the “high
temperature” superconducting range of doping. Still more
recently, a comparably large κH has been found in the
nearly ferroelectric insulator SrTiO3 (STO) [6].
In this Letter we analyze the contribution of phonons to

κH at temperatures small compared to the Debye temper-
ature, so as to identify conditions under which it can be
larger than expected on the basis of dimensional analysis.
Naively, κH is small compared to the longitudinal response,
κL, for two reasons: (i) κH is small in proportion to B=B0

where B is the applied field, and B0 ≡ ϕ0=a2 ∼ 104 T is the
magnetic field corresponding to one quantum of flux
(ϕ0 ¼ 2πℏc=e) per unit cell cross-sectional area, a2. (ii) κL
is large in proportion to l=a, the ratio of the phonon mean
free path to the lattice constant. However, especially in the
context of STO, we show that κH is enhanced by a factor
proportional to the dielectric constant, ϵ, times the flexo-
electric coupling F (defined below). Moreover, we find that
there is an extrinsic contribution to κH that—in common
with κL—is proportional to l. A combination of these
effects is the likely explanation of the large κH observed in

STO; we speculate that they are responsible for the
anomalous thermal Hall response in the cuprates, as well.
To be explicit, at low temperatures in an insulator, the

dominant heat carriers are the acoustic phonons. We can
express the thermal conductivity tensor in terms of the
thermal diffusivity D as

κij ¼ Cv Dij ð1Þ

where i; j ¼ x, y, Cv ¼ ð2π2=5ÞðT=ℏv1Þ3 is the specific
heat per unit volume, v1 is an appropriate average of the
sound speed over polarizations and directions of propaga-
tion, and we will use units in which kB ¼ 1. As is well
known, the longitudinal piece of D is DL ≡Dxx ¼ Dyy ¼
ð1=3Þv2l where v2 is a slightly different average of the
sound speed [7]. In the following, we will focus on DH ≡
ð1=2ÞðDxy −DyxÞ [8]. Here we have assumed B ¼ Bẑ and
assumed rotational symmetry at low energies for simplicity;
our results will be qualitatively unchanged in lower
symmetry situations.
Effective field theory.—The low energy dynamics in a

nearly ferroelectric insulator is described by the continuum
Lagrangian density L ¼ L0 þ Lint þ LP in terms of the
vector fields u and P, which represent the local acoustic
displacement and the dipole density respectively.
L0 is the bare Lagrangian of the acoustic modes

L0 ¼
ρ
2
_u2 −

K1

2
ð∇uÞ2 − K2

2
ð∇ · uÞ2 þ % % % ð2Þ

where ρ is the mass density, andKa the elastic moduli. Here
and below “% % %” refers to higher derivative terms.
Near ferroelectric quantum criticality [9], while there is

no net dipole density hPi, it is essential to include a
fluctuating dipole order parameter P which arises from a
combination of all the infrared active phonon modes. To
leading order
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Angular Momentum of Phonons and the Einstein–de Haas Effect
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We study the angular momentum of phonons in a magnetic crystal. In the presence of a spin-phonon
interaction, we obtain a nonzero angular momentum of phonons, which is an odd function of
magnetization. At zero temperature, a phonon has a zero-point angular momentum in addition to a
zero-point energy. With increasing temperature, the total phonon angular momentum diminishes and
approaches zero in the classical limit. The nonzero phonon angular momentum can have a significant
impact on the Einstein–de Haas effect. To obtain the change of angular momentum of electrons, the change
of the phonon angular momentum needs to be subtracted from the opposite change of the lattice angular
momentum. Furthermore, the finding of the phonon angular momentum gives a potential method to study
the spin-phonon interaction. Possible experiments on phonon angular momentum are also discussed.
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The Einstein–de Haas effect [1,2], a phenomenon of
mechanical rotation induced by a magnetization change,
was originally designed to prove the existence of Ampere’s
molecular currents, but subsequent experiments [3] showed
that the magnetic moment of an atom is dominated by spin
while contribution from orbital motion to the magnetic
moment is almost absent. The Einstein–de Haas experiment
together with the Barnett experiment [4,5] (a change of
magnetization resulting from a mechanical rotation) has
provided an effective method of measuring the gyromag-
netic ratio for various materials [6–8]. The accuracy of
gyromagnetic ratio is crucial to determining of orbital and
spin contribution in total magnetization [9–15].
Because of conservation of total angular momentum of

the whole system in the Einstein–de Haas effect, the change
of angular momentum of electrons (including both spin and
orbital parts) is taken to be equal in magnitude but opposite
in sign to the change of lattice angular momentum, which
corresponds to mechanical rotation. However, the mechani-
cal rotation only reflects angular momentum of the rigid-
body lattice where atoms are assumed in the corresponding
equilibrium positions, while phonons, which come from
atomic vibrations around equilibrium positions, are
assumed to have no macroscopic angular momentum.
Recently, a remarkable phenomenon of the phonon Hall
effect was observed in a paramagnetic insulator [16,17],
which is indeed a surprise since phonons as neutral
quasiparticles cannot directly couple to magnetic field
via Lorentz force. The following theoretical studies
[18,19] showed that through Raman spin-phonon interac-
tion the magnetic field can have an effective force to distort
phonon transport, and thus drive a circulating heat flow
[20]. Therefore, a natural question arises: can such circu-
lating phonons have nontrivial angular momentum and
emergent macroscopic effects?

In this Letter, we study the angular momentum of
phonons in a magnetic crystal in a microscopic picture.
It is found that the Raman spin-phonon interaction induces
a nonzero phonon angular momentum, which is an odd
function of magnetization. In addition to a zero-point
energy, the phonon has a zero-point angular momentum
at zero temperature. Such zero-point phonon angular
momentum is offset by that of excited phonon modes such
that the total angular momentum of phonons vanishes in the
classical limit. Phonon angular momentum cannot be
ignored in total angular momentum especially in magnetic
materials with large magnetization and spin-phonon inter-
action. Revisiting the Einstein–de Haas effect, we find that
phonon angular momentum needs to be subtracted in
calculating the angular momentum of electrons. With this
correction, the spin and orbital angular momentum can be
precisely determined. In addition to the Einstein–de Haas
effect, nontrivial phonon angular momentum can be
applied to the study of spin-phonon interaction, thermal
Hall effect, and other topics related to phonons.
Angular momentum of phonons.—The lattice angular

momentum related to mechanical rotation only reflects the
rigid-body motion of the lattice. However, the angular
momentum of phonons has never been considered. In a
microscopic picture, we can define the angular momentum
of phonons as

Jph ¼
X

lα

ulα × u
:
lα: (1)

Here ulα is a displacement vector of the αth atom in the lth
unit cell, multiplied by square root of mass. Along z
direction, Jphz ¼

P
lαðuxlαu

: y
lα − uylαu

: x
lαÞ. One can present the

displacement in the second quantization form as

ul ¼
P

kεke
iðRl·k−ωktÞ

ffiffiffiffiffiffiffiffi
ℏ

2ωkN

q
ak þ H:c:, with k ¼ ðk; σÞ
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Unquantized thermal Hall effect in quantum spin liquids with spinon Fermi surfaces
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Recent theoretical studies have found quantum spin-liquid states with spinon Fermi surfaces upon the
application of a magnetic field on a gapped state with topological order. We investigate the thermal Hall
conductivity across this transition, describing how the quantized thermal Hall conductivity of the gapped state
changes to an unquantized thermal Hall conductivity in the gapless spinon Fermi surface state. We consider
two cases, both of potential experimental interest: the state with non-Abelian Ising topological order on the
honeycomb lattice and the state with Abelian chiral spin-liquid topological order on the triangular lattice.
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I. INTRODUCTION

Quantum spin liquids (QSLs) are highly correlated systems
of mutually interacting spins, in which zero-point quantum
fluctuations are so strong as to prevent symmetry-breaking
magnetic ordering down to the lowest temperatures [1–4].
More generally speaking, QSLs are best defined as phases
of matter realizing ground states with long-range many-body
entanglement, or massive quantum superposition [5]. The
exotic properties of these highly entangled states can often be
better understood in terms of new (possibly nonlocal) degrees
of freedom rather than the constituent spins themselves [6].
Indeed, quite generically, QSLs are characterized by “frac-
tionalized” excitations such as charge-neutral spinons. These
spinons, which are accompanied by emergent gauge fields,
may or may not possess an energy gap and can obey either
Fermi or Bose statistics [7–9].

First proposed in the 1970s, QSLs eluded experimental
discovery in magnetic compounds for nearly half a century
and even today, undisputed material candidates are few and
far in between [10,11]. On the theoretical side, however, mod-
els of these enigmatic phases are plentiful. The prototypical
example of a system with an exact spin-liquid ground state is
the Kitaev model [12]. When placed in a magnetic field, this
model hosts a gapped phase with topological order, supporting
Majorana fermions and non-Abelian Ising anyons [13], which
may be relevant for quantum computation [14]. Despite the
seemingly contrived form of the bond-directional interactions
in the Kitaev model, variants thereof can actually be realized
in some spin-orbit entangled j = 1/2 Mott insulators [15–17].
Among these so-called “Kitaev materials” [18–22] are layered
iridates such as Na2IrO3 [23,24] and La2IrO3 [25], where the
iridium atoms form the sites of a honeycomb lattice.

Published by the American Physical Society under the terms of the
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Another promising material in this family, which has at-
tracted much attention recently, is α-RuCl3; here, the Ru3+

ions act as effective localized moments. The ground state
of α-RuCl3 is known to be magnetically ordered [26,27]
in the absence of a Zeeman field, with a zigzag antiferro-
magnetic pattern [28–30]. While the system orders, in zero
field, at about 7 K [31,32], the Kitaev exchange interac-
tion is estimated to be ∼50–90 K. This wide separation
of scales has been interpreted as evidence for proximity
to Kitaev’s QSL state. However, searching for fingerprints
of charge-neutral quasiparticles that could unambiguously
identify this state is challenging with the familiar techniques
that rely on electrical transport. In this regard, a powerful
probe of unconventional excitations in insulators is the ther-
mal Hall effect, also known as the Righi-Leduc effect. For
instance, recent measurements of a giant thermal Hall con-
ductivity in several undoped cuprate superconductors [33,34]
have offered new insights [35–40] into their underlying
electronic phases.

The thermal Hall effect is especially of relevance to the
Kitaev materials because even if the charge degrees of free-
dom are frozen out, heat transport [41] can still be facilitated
through charge-neutral modes. In α-RuCl3, upon applying a
Zeeman field, the intrinsic zigzag order melts [42–45], driving
the system into a paramagnetic phase. If the field induces
the aforementioned topologically ordered phase, which has
a chiral Majorana fermion edge state, one would expect a
half-quantized [in units of (π/6)k2

B/h̄] thermal Hall response
[46] as T → 0. Claims of such observations [47], suggesting
a non-Abelian Ising anyon phase, have sparked extensive
investigation, both experimentally [48–52] and theoretically
[53–56]. Curiously enough, a finite but unquantized thermal
Hall conductivity was also measured in α-RuCl3, over a broad
range of temperatures and magnetic fields [48,57]. This points
toward a scenario where the effect of the field yields an
additional U(1) QSL phase [58]. Indeed a plethora of numer-
ical studies [59–65] indicate the presence of an intermediate
gapless phase with spinon Fermi surfaces (SFS), between the
gapped topological order and the trivial polarized phase at
very strong fields.
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We study the acoustic phonon response of crystals hosting a gapped time-reversal symmetry-breaking electronic
state. The phonon effective action can in general acquire a dissipationless “Hall’ viscosity, which is determined
by the adiabatic Berry curvature of the electron wave function. This Hall viscosity endows the system with a
characteristic frequency ωv; for acoustic phonons of frequency ω, it shifts the phonon spectrum by an amount of
order (ω/ωv)2 and it mixes the longitudinal and transverse acoustic phonons with a relative amplitude ratio of
ω/ωv and with a phase shift of ±π/2, to lowest order in ω/ωv . We study several examples, including the integer
quantum Hall states, the quantum anomalous Hall state in Hg1−yMnyTe quantum wells, and a mean-field model
for px + ipy superconductors. We discuss situations in which the acoustic phonon response is directly related to
the gravitational response, for which striking predictions have been made. When the electron-phonon system is
viewed as a whole, this provides an example where measurements of Goldstone modes may serve as a probe of
adiabatic curvature of the wave function of the gapped sector of a system.
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I. INTRODUCTION

One of the most important discoveries in condensed matter
physics has been that there are distinct states of matter
that are distinguished not by their patterns of symmetry
breaking, but by their topological order.1 Such topological
states of matter (TSM) can not be described by local order
parameters, but can sometimes be characterized by quantized
topological responses to external fields. For example, the
quantum Hall states,2,3 the first topological states discovered
in nature, can be characterized by their quantized Hall
conductance. The three-dimensional time-reversal-invariant
topological insulators discovered more recently4–6 can be
characterized by a topological magnetoelectric effect.7,8 More
generically, topological insulators in arbitrary dimensions can
be characterized by topological responses to electromag-
netic fields.7 However, many TSM can not be characterized
by electromagnetic response. For example, in topological
superconductors (TSC), the charge conservation symme-
try is effectively broken, and the electromagnetic field is
screened. Thus, more generic response properties need to
be investigated in order to distinguish different topological
states.9–11

In this paper, we propose a response property, the “phonon
Hall viscosity,” for gapped states that break time-reversal
symmetry. For a quantum liquid, the viscosity tensor ηijkl

is defined by the linear response Tij = −pij + ηijklvkl , with
Tij the stress tensor, pij the pressure tensor, and vij =
1
2 (∂ivj + ∂j vi) the gradient of the velocity field vi . Usually,
a finite viscosity indicates dissipation in the system, similar
to a finite resistivity. However, the viscosity can have a
dissipationless component, associated with the part of ηijkl

that is antisymmetric under exchange of the first and second
pair of indices.12 This Hall viscosity can only exist in a
system that breaks time-reversal symmetry and is analogous
to the dissipationless Hall resistivity. The Hall viscosity has
appeared in the hydrodynamic theory of the A-phase of
He-3 (Ref. 13) and was studied for quantum Hall liquids by
Avron et al.14,15 It has since been studied for various (2 + 1)-
dimensional topological states, including integer quantum
Hall (IQH) states,14 the (2 + 1)-dimensional Dirac model,16

fractional quantum Hall (FQH) states,17–20 and px + ipy-
paired topological superconductors.17

The Hall viscosity provides a probe of gapped time-reversal
symmetry-breaking states in the charge-neutral channel, which
does not require charge conservation and thus may be a
suitable response for TSC and more generic TSM that can
not be characterized by topological electromagnetic response.
In particular, it was recently proposed that the Hall viscosity
of a rotationally invariant system is related to the angular
momentum carried by each quasiparticle of the system,17,21

which is in turn proportional to the “topological shift’ of the
topological field theory on the sphere.22 However, the Hall
viscosity is only defined for a liquid in continuum since the
stress tensor is a momentum current which is ill defined if
continuous translation symmetry is broken by the lattice. The
discussions of Hall viscosity in the literature have been treating
the electron system as a liquid without explicitly considering
the lattice effects. This approximation is in general problematic
since the Hall viscosity intrinsically depends on a length
scale, and there are two natural length scales in a gapped
system: a length scale associated with the energy gap, and a
different length scale associated with the electron density. In
general, the Hall viscosity will depend on both of these length
scales and will therefore depend on nonuniversal short-range
physics. Even if the results in the continuum approximation
are applicable in some cases, we are facing another problem of
how to observe the Hall viscosity in general since it is difficult
to measure the velocity and stress of the electron liquid. To
distinguish the Hall viscosity defined in this traditional way
with the phonon Hall viscosity that we study in this work, we
refer to the Hall viscosity of the continuum electron liquid as
the gravitational Hall viscosity since the viscosity tensor of the
electron liquid can be considered as a response to an external
deformation of the spatial metric gij .14

To solve these problems of the gravitational Hall viscosity,
we alternatively define the phonon Hall viscosity, which is
the adiabatic response of the electron state to the deformation
of the crystal, i.e., to acoustic phonons. Instead of the stress
tensor which couples to the deformation of the spatial metric
and is only well defined in the continuum, the deformation
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Figure 2: (a) Regime 1 is realized in magnetic or ionic materials where TRS is broken at equilibrium, leading to a linear response. 
(b) Regime 2 is realized in non-magnetic and covalent materials, where TRS is preserved at equilibrium. Linear response must 
vanish in this regime and a non-linear response appears instead. (c) and (d) show nonreciprocal responses to temperature bias 
and magnetic field, respectively. The latter is only possible in chiral crystals at either linear or non-linear response level. 

Regime 1: Linear response from chiral phonons when TRS is broken at equilibrium 

Within the linear response regime, a key factor for generating a THE is a mechanism that breaks time-
reversal symmetry (TRS) at equilibrium enabling phonons to interact with a magnetic field. Such a 
mechanism entails coupling between acoustic phonons and TRS-breaking degrees of freedom, including 
electron spin, magnons, and out-of-phase ionic displacements (Fig. 2a). So far, the investigation of phonon 
chirality has focused on such linear thermal responses in centrosymmetric materials exhibiting magnetic, 
ferroelectric, or ionic properties [5-8]. We will go beyond these initial studies and investigate chiral phonons 
in noncentrosymmetric and chiral structures, where two forms of nonreciprocity can be found.  

1. In a simple noncentrosymmetric (broken-inversion symmetry) material that breaks TRS (magnetic 
or ionic systems), the phonon dispersions will be asymmetric such that 𝜔(𝑘) ≠ 𝜔(−𝑘). This leads 
to a nonreciprocal thermal response, i.e. thermal transport changes when 𝛻𝑇 → −𝛻𝑇 (Fig. 2c). The 
best example of such a response would be a thermal diode effect where linear thermal conductivity 
changes upon reversing the temperature bias. 

2. In a chiral crystal (which breaks both inversion and mirror symmetries), an additional degree of 
nonreciprocity appears where the magnetic field direction can alter the transport of phonons with 
+𝑘 and −𝑘 (Fig. 2d). This effect is particularly important because it will enable us to control the 
heat flow using an external magnetic field. If such an effect is large enough, it enables logic 
operations with thermal currents, so the wasted heat can be used in phononics technologies. 

To investigate this regime, we will grow crystals of magnetic insulators with either noncentrosymmetric or 
chiral structures. Candidate materials include Ni4GaGe2, MgNi3B2, and FePO4, all of which can be grown 
in the Tafti Lab using either flux growth or chemical vapor transport. We will perform neutron scattering 
at ORNL and NIST to map the phonon and magnon dispersions. Thermal transport measurements will be 
performed by Tafti’s group at BC. 
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Analogy with electronic systems: need two-bands
for some topological e↵ect?

Can we observe the Hall viscosity?

typical lattice constant a ⇠ 4⇥ 10�8 cm and c2
l � c2

t ⇠
(↵2 � 1) ⇥ 1010 cm2/s2, where ↵ = cl/ct and typically
↵ ⇠ 2. Make an estimate for the correction in frequency
and eliptical polarization.

Maybe distinguish between electronic systems where
notion of Hall viscosity.

Phonon Hall viscosity [1]. The non-dissipative phonon
Hall viscosity can appear only in a system with broken
time-reversal symmetry.

Magnon and phonon proposals
There have been many theory addressing the origin

of the phonon Hall viscosity that include a set up with
a magnetic field. In these theory, the chirality in the
phonon Hamiltonian must ultimately arise from their
coupling to the electrons (since phonons are assumed to
be neutral) 4.

chiral spinons ?
Here comment magnons - maybe last part of [1] has

some truth to it. It is a di↵erent mechanism.
Can we translate this in Berry phase lan-

guage?Check Sachdev paper

it shifts the phonon spectrum by an amount of order
( and it mixes the longitudinal and transverse acoustic
phonons with a relative amplitude ratio of //

Ionic crystals: are the charge screened? Paper on the
Berry phases.

Discuss how intrinsic phonon Hall in a magnetic
field has always been explained in terms of coupling of
phonons to spins or other degrees of freedom sensitive to
the magnetic field - rather than phonons itself.

Let us make a point that phonons should not be treated
The absence of electronic screening induces the exis-

tence of charged point defects
At the same time, it is know that in ionic crystals (i.e.

where there are opposite charges connected to the two
species), the out-of-phase (optical) modes can couple to
electromagnetic radiation and are responsible for much of
the characteristic optical behavior of such crystals. Now
if they couple to the acoustic modes, the acoustic will
also behave as having an e↵ective charge (hall viscosity).

I. INTRINSIC HALL VISCOSITY

Maybe introduce before model of Sachdev.

-
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FIG. 1. Ionic square lattice subjected to an out-of-plane mag-
netic field B. The cation (anion) has mass m± and charge
±Ze. �, �1 and �2 are the spring constants between, respec-
tively, cation and anion, cation and cation, and anion and
anion.

II. MODEL

Let us consider a square lattice with a basis of two ions
subjected to an out-of-plane magnetic field B, as shown
in Fig. 1. The cation (anion) has mass and mass m±
and charge ±Ze, with e > 0 being the electron charge
and Z the charge number. We define �, �1 and �2 as
the spring constants between, respectively, the masses
m+ and m�, m+ and m+, and m� and m�. Assuming
translational invariance, we can introduce the amplitude
of lattice displacement along the ith direction (with i =
x, y) of the nth ion (with n = ±) in the lth unit cell as

uinl(k, !) = m�1/2
n uineik·Rn(l)�i!t , (1)

where ~k and ! are, respectively, the wavevector and fre-
quency of the lattice vibrations, and Rn(l) is a lattice
translation vector. In the harmonic approximation, the
equations of motion for the lattice vibrations read as

!2uni =
X

m,j

Dij(mn,k)umj +
X

j

i!Bqnunj✏ij , (2)

where ✏ij is the Levi-Civita tensor, i.e., ✏±⌥ = ±1 and
✏±± = 0. The elements Dij(mn,k) of the dynamical
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Hall viscosity can appear only in a system with broken
time-reversal symmetry.

Magnon and phonon proposals
There have been many theory addressing the origin

of the phonon Hall viscosity that include a set up with
a magnetic field. In these theory, the chirality in the
phonon Hamiltonian must ultimately arise from their
coupling to the electrons (since phonons are assumed to
be neutral) 4.
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FIG. 1. Ionic square lattice subjected to an out-of-plane mag-
netic field B. The cation (anion) has mass m± and charge
±Ze. �, �1 and �2 are the spring constants between, respec-
tively, cation and anion, cation and cation, and anion and
anion.

II. MODEL

Let us consider a square lattice with a basis of two ions
subjected to an out-of-plane magnetic field B, as shown
in Fig. 1. The cation (anion) has mass and mass m±
and charge ±Ze, with e > 0 being the electron charge
and Z the charge number. We define �, �1 and �2 as
the spring constants between, respectively, the masses
m+ and m�, m+ and m+, and m� and m�. Assuming
translational invariance, we can introduce the amplitude
of lattice displacement along the ith direction (with i =
x, y) of the nth ion (with n = ±) in the lth unit cell as

uinl(k, !) = m�1/2
n uineik·Rn(l)�i!t , (1)

where ~k and ! are, respectively, the wavevector and fre-
quency of the lattice vibrations, and Rn(l) is a lattice
translation vector. In the harmonic approximation, the
equations of motion for the lattice vibrations read as

!2uni =
X

m,j

Dij(mn,k)umj +
X

j

i!Bqnunj✏ij , (2)

where ✏ij is the Levi-Civita tensor, i.e., ✏±⌥ = ±1 and
✏±± = 0. The elements Dij(mn,k) of the dynamical

Bipartite ionic crystal lattice 
 

Ionic crystals

B. Flebus & A.H. MacDonald, PRL (2022)

Equation of motion for the lattice displacements

• In/out of phase motion :  eigenvectors of  at the  point    D Γ

Phonon Hall Viscosity of Ionic Crystals

B. Flebus1 and A. H. MacDonald2
1Department of Physics, Boston College, 140 Commonwealth Avenue Chestnut Hill, Massachusetts 02467, USA

2Physics Department, University of Texas at Austin, Austin, Texas 78712, USA

(Received 26 May 2022; revised 14 March 2023; accepted 6 November 2023; published 4 December 2023)

When time-reversal symmetry is broken, the low-energy description of acoustic lattice dynamics allows
for a dissipationless component of the viscosity tensor, the phonon Hall viscosity, which captures how
phonon chirality grows with the wave vector. In this work, we show that, in ionic crystals, a phonon Hall
viscosity contribution is produced by the Lorentz forces on moving ions. We calculate typical values of the
Lorentz force contribution to the Hall viscosity using a simple square lattice toy model, and we compare it
with literature estimates of the strengths of other Hall-viscosity mechanisms.

DOI: 10.1103/PhysRevLett.131.236301

Introduction.—Recent measurements of giant thermal
Hall signals in many insulating ionic crystals [1–5] have
ignited widespread interest in the processes underlying
chiral phonon transport. The mechanisms by which pho-
nons acquire chirality can be broadly divided in two
classes: (i) intrinsic—i.e., originating from external mag-
netic fields or magnetism that breaks time-reversal sym-
metry (TRS) in crystals [6–25], and (ii) extrinsic—i.e.,
originating from scattering on TRS-breaking crystal defects
[26–29].
In the low-energy elasticity-theory description of acous-

tic waves, intrinsic TRS-breaking is accounted for by a Hall
viscosity contribution to the response of the system’s
viscoelastic stress tensor to an applied strain uλμ [7,11]:

hT̂λμi ¼ Λλμνξuνξ þ ηλμνξu̇νξ: ð1Þ

Here, T̂ is the stress tensor, uλμ ¼ 1
2 ð∂λuμ þ ∂μuλÞ is the

strain tensor, uλ is the atomic displacement field along the
λth direction, and Λ and η are, respectively, the elasticity
and viscosity tensors. The viscosity tensor η can have
dissipationless component, dubbed the Hall (or odd)
viscosity, which is associated with the part of ηλμνξ that
is antisymmetric under exchange of the pairs of indices
ðλμÞ and ðνξÞ.
Dissipationless Hall contributions to the viscosity [7] are

allowed only in systems with broken TRS where they alters
the acoustic phonon spectrum, and mix longitudinal and
transverse modes. Previous theoretical work has addressed
phonon Hall viscosities produced by coupling of acoustic
phonons to a ferroelectric [6], electronic [7–10,12–15], or
spin environment [16–25] in which TRS is broken.
In this Letter, we consider the role of Lorentz forces in

ionic crystals, which act on the electric dipoles produced by
out-of-phase motion of cations and anions. The out-of-
phase lattice vibrations are, in turn, coupled at finite wave
vector to the in-phase modes by elastic forces. By deriving

an effective theory for the low-energy acoustic waves, we
show that Lorentz forces always lead to finite Hall
viscosities that are linear in magnetic field.
The Lorentz-force Hall effect mechanism identified in

this Letter must be present in any ionic crystal and is readily

FIG. 1. Top: Diatomic square lattice with interatomic distance
a, subjected to an out-of-plane magnetic field B. The cation and
anion masses are mþ and m−, and the ion effective charges are
q% ¼ %Z&e. We include centrosymmetric pairwise interactions
between ions characterized by spring constants γ, γ1, and γ2 for
near-neighbor interactions between cations and anions, second-
neighbor interactions cations, and second-neighbor interactions
between anions, respectively. Bottom: optical modes in an ionic
crystal. In the presence of a magnetic field B perpendicular to the
2d crystalline plane, the Lorentz forces on cations and anions
moving in opposite directions do not cancel.
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Introduction.—Recentmeasurementsofgiantthermal
Hallsignalsinmanyinsulatingioniccrystals[1–5]have
ignitedwidespreadinterestintheprocessesunderlying
chiralphonontransport.Themechanismsbywhichpho-
nonsacquirechiralitycanbebroadlydividedintwo
classes:(i)intrinsic—i.e.,originatingfromexternalmag-
neticfieldsormagnetismthatbreakstime-reversalsym-
metry(TRS)incrystals[6–25],and(ii)extrinsic—i.e.,
originatingfromscatteringonTRS-breakingcrystaldefects
[26–29].

Inthelow-energyelasticity-theorydescriptionofacous-
ticwaves,intrinsicTRS-breakingisaccountedforbyaHall
viscositycontributiontotheresponseofthesystem’s
viscoelasticstresstensortoanappliedstrainuλμ[7,11]:

hT̂λμi¼Λλμνξuνξþηλμνξu̇νξ:ð1Þ

Here,T̂isthestresstensor,uλμ¼1
2ð∂λuμþ∂μuλÞisthe

straintensor,uλistheatomicdisplacementfieldalongthe
λthdirection,andΛandηare,respectively,theelasticity
andviscositytensors.Theviscositytensorηcanhave
dissipationlesscomponent,dubbedtheHall(orodd)
viscosity,whichisassociatedwiththepartofηλμνξthat
isantisymmetricunderexchangeofthepairsofindices
ðλμÞandðνξÞ.

DissipationlessHallcontributionstotheviscosity[7]are
allowedonlyinsystemswithbrokenTRSwheretheyalters
theacousticphononspectrum,andmixlongitudinaland
transversemodes.Previoustheoreticalworkhasaddressed
phononHallviscositiesproducedbycouplingofacoustic
phononstoaferroelectric[6],electronic[7–10,12–15],or
spinenvironment[16–25]inwhichTRSisbroken.

InthisLetter,weconsidertheroleofLorentzforcesin
ioniccrystals,whichactontheelectricdipolesproducedby
out-of-phasemotionofcationsandanions.Theout-of-
phaselatticevibrationsare,inturn,coupledatfinitewave
vectortothein-phasemodesbyelasticforces.Byderiving

aneffectivetheoryforthelow-energyacousticwaves,we
showthatLorentzforcesalwaysleadtofiniteHall
viscositiesthatarelinearinmagneticfield.

TheLorentz-forceHalleffectmechanismidentifiedin
thisLettermustbepresentinanyioniccrystalandisreadily

FIG.1.Top:Diatomicsquarelatticewithinteratomicdistance
a,subjectedtoanout-of-planemagneticfieldB.Thecationand
anionmassesaremþandm−,andtheioneffectivechargesare
q%¼%Z&e.Weincludecentrosymmetricpairwiseinteractions
betweenionscharacterizedbyspringconstantsγ,γ1,andγ2for
near-neighborinteractionsbetweencationsandanions,second-
neighborinteractionscations,andsecond-neighborinteractions
betweenanions,respectively.Bottom:opticalmodesinanionic
crystal.InthepresenceofamagneticfieldBperpendiculartothe
2dcrystallineplane,theLorentzforcesoncationsandanions
movinginoppositedirectionsdonotcancel.
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Introduction.—Recent measurements of giant thermal
Hall signals in many insulating ionic crystals [1–5] have
ignited widespread interest in the processes underlying
chiral phonon transport. The mechanisms by which pho-
nons acquire chirality can be broadly divided in two
classes: (i) intrinsic—i.e., originating from external mag-
netic fields or magnetism that breaks time-reversal sym-
metry (TRS) in crystals [6–25], and (ii) extrinsic—i.e.,
originating from scattering on TRS-breaking crystal defects
[26–29].
In the low-energy elasticity-theory description of acous-

tic waves, intrinsic TRS-breaking is accounted for by a Hall
viscosity contribution to the response of the system’s
viscoelastic stress tensor to an applied strain uλμ [7,11]:

hT̂λμi ¼ Λλμνξuνξ þ ηλμνξu̇νξ: ð1Þ

Here, T̂ is the stress tensor, uλμ ¼ 1
2 ð∂λuμ þ ∂μuλÞ is the

strain tensor, uλ is the atomic displacement field along the
λth direction, and Λ and η are, respectively, the elasticity
and viscosity tensors. The viscosity tensor η can have
dissipationless component, dubbed the Hall (or odd)
viscosity, which is associated with the part of ηλμνξ that
is antisymmetric under exchange of the pairs of indices
ðλμÞ and ðνξÞ.
Dissipationless Hall contributions to the viscosity [7] are

allowed only in systems with broken TRS where they alters
the acoustic phonon spectrum, and mix longitudinal and
transverse modes. Previous theoretical work has addressed
phonon Hall viscosities produced by coupling of acoustic
phonons to a ferroelectric [6], electronic [7–10,12–15], or
spin environment [16–25] in which TRS is broken.
In this Letter, we consider the role of Lorentz forces in

ionic crystals, which act on the electric dipoles produced by
out-of-phase motion of cations and anions. The out-of-
phase lattice vibrations are, in turn, coupled at finite wave
vector to the in-phase modes by elastic forces. By deriving

an effective theory for the low-energy acoustic waves, we
show that Lorentz forces always lead to finite Hall
viscosities that are linear in magnetic field.
The Lorentz-force Hall effect mechanism identified in

this Letter must be present in any ionic crystal and is readily

FIG. 1. Top: Diatomic square lattice with interatomic distance
a, subjected to an out-of-plane magnetic field B. The cation and
anion masses are mþ and m−, and the ion effective charges are
q% ¼ %Z&e. We include centrosymmetric pairwise interactions
between ions characterized by spring constants γ, γ1, and γ2 for
near-neighbor interactions between cations and anions, second-
neighbor interactions cations, and second-neighbor interactions
between anions, respectively. Bottom: optical modes in an ionic
crystal. In the presence of a magnetic field B perpendicular to the
2d crystalline plane, the Lorentz forces on cations and anions
moving in opposite directions do not cancel.
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Introduction.—Recent measurements of giant thermal
Hall signals in many insulating ionic crystals [1–5] have
ignited widespread interest in the processes underlying
chiral phonon transport. The mechanisms by which pho-
nons acquire chirality can be broadly divided in two
classes: (i) intrinsic—i.e., originating from external mag-
netic fields or magnetism that breaks time-reversal sym-
metry (TRS) in crystals [6–25], and (ii) extrinsic—i.e.,
originating from scattering on TRS-breaking crystal defects
[26–29].
In the low-energy elasticity-theory description of acous-

tic waves, intrinsic TRS-breaking is accounted for by a Hall
viscosity contribution to the response of the system’s
viscoelastic stress tensor to an applied strain uλμ [7,11]:

hT̂λμi ¼ Λλμνξuνξ þ ηλμνξu̇νξ: ð1Þ

Here, T̂ is the stress tensor, uλμ ¼ 1
2 ð∂λuμ þ ∂μuλÞ is the

strain tensor, uλ is the atomic displacement field along the
λth direction, and Λ and η are, respectively, the elasticity
and viscosity tensors. The viscosity tensor η can have
dissipationless component, dubbed the Hall (or odd)
viscosity, which is associated with the part of ηλμνξ that
is antisymmetric under exchange of the pairs of indices
ðλμÞ and ðνξÞ.
Dissipationless Hall contributions to the viscosity [7] are

allowed only in systems with broken TRS where they alters
the acoustic phonon spectrum, and mix longitudinal and
transverse modes. Previous theoretical work has addressed
phonon Hall viscosities produced by coupling of acoustic
phonons to a ferroelectric [6], electronic [7–10,12–15], or
spin environment [16–25] in which TRS is broken.
In this Letter, we consider the role of Lorentz forces in

ionic crystals, which act on the electric dipoles produced by
out-of-phase motion of cations and anions. The out-of-
phase lattice vibrations are, in turn, coupled at finite wave
vector to the in-phase modes by elastic forces. By deriving

an effective theory for the low-energy acoustic waves, we
show that Lorentz forces always lead to finite Hall
viscosities that are linear in magnetic field.
The Lorentz-force Hall effect mechanism identified in

this Letter must be present in any ionic crystal and is readily

FIG. 1. Top: Diatomic square lattice with interatomic distance
a, subjected to an out-of-plane magnetic field B. The cation and
anion masses are mþ and m−, and the ion effective charges are
q% ¼ %Z&e. We include centrosymmetric pairwise interactions
between ions characterized by spring constants γ, γ1, and γ2 for
near-neighbor interactions between cations and anions, second-
neighbor interactions cations, and second-neighbor interactions
between anions, respectively. Bottom: optical modes in an ionic
crystal. In the presence of a magnetic field B perpendicular to the
2d crystalline plane, the Lorentz forces on cations and anions
moving in opposite directions do not cancel.
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Introduction.—Recent measurements of giant thermal
Hall signals in many insulating ionic crystals [1–5] have
ignited widespread interest in the processes underlying
chiral phonon transport. The mechanisms by which pho-
nons acquire chirality can be broadly divided in two
classes: (i) intrinsic—i.e., originating from external mag-
netic fields or magnetism that breaks time-reversal sym-
metry (TRS) in crystals [6–25], and (ii) extrinsic—i.e.,
originating from scattering on TRS-breaking crystal defects
[26–29].
In the low-energy elasticity-theory description of acous-

tic waves, intrinsic TRS-breaking is accounted for by a Hall
viscosity contribution to the response of the system’s
viscoelastic stress tensor to an applied strain uλμ [7,11]:

hT̂λμi ¼ Λλμνξuνξ þ ηλμνξu̇νξ: ð1Þ

Here, T̂ is the stress tensor, uλμ ¼ 1
2 ð∂λuμ þ ∂μuλÞ is the

strain tensor, uλ is the atomic displacement field along the
λth direction, and Λ and η are, respectively, the elasticity
and viscosity tensors. The viscosity tensor η can have
dissipationless component, dubbed the Hall (or odd)
viscosity, which is associated with the part of ηλμνξ that
is antisymmetric under exchange of the pairs of indices
ðλμÞ and ðνξÞ.
Dissipationless Hall contributions to the viscosity [7] are

allowed only in systems with broken TRS where they alters
the acoustic phonon spectrum, and mix longitudinal and
transverse modes. Previous theoretical work has addressed
phonon Hall viscosities produced by coupling of acoustic
phonons to a ferroelectric [6], electronic [7–10,12–15], or
spin environment [16–25] in which TRS is broken.
In this Letter, we consider the role of Lorentz forces in

ionic crystals, which act on the electric dipoles produced by
out-of-phase motion of cations and anions. The out-of-
phase lattice vibrations are, in turn, coupled at finite wave
vector to the in-phase modes by elastic forces. By deriving

an effective theory for the low-energy acoustic waves, we
show that Lorentz forces always lead to finite Hall
viscosities that are linear in magnetic field.
The Lorentz-force Hall effect mechanism identified in

this Letter must be present in any ionic crystal and is readily

FIG. 1. Top: Diatomic square lattice with interatomic distance
a, subjected to an out-of-plane magnetic field B. The cation and
anion masses are mþ and m−, and the ion effective charges are
q% ¼ %Z&e. We include centrosymmetric pairwise interactions
between ions characterized by spring constants γ, γ1, and γ2 for
near-neighbor interactions between cations and anions, second-
neighbor interactions cations, and second-neighbor interactions
between anions, respectively. Bottom: optical modes in an ionic
crystal. In the presence of a magnetic field B perpendicular to the
2d crystalline plane, the Lorentz forces on cations and anions
moving in opposite directions do not cancel.

PHYSICAL REVIEW LETTERS 131, 236301 (2023)

0031-9007=23=131(23)=236301(6) 236301-1 © 2023 American Physical Society

Out-of-phase phonon modes

Acoustic phonon at the  point    Γ

Optical phonon at the  point    Γ

• Elastic interactions  couple 
in-phase and out-of-phase modes  

∝ f(γ, γ1, γ2) k2

The phonon Hall viscosity of ionic crystals

B. Flebus1 and A.H. MacDonald2

1
Department of Physics, Boston College, 140 Commonwealth Avenue Chestnut Hill, MA 02467

2
Physics Department, University of Texas at Austin, Austin TX 78712

(Dated: May 30, 2022)

When time-reversal symmetry is broken, the low-energy description of acoustic lattice dynamics
allows for a dissipationless component of the viscosity tensor, the phonon Hall viscosity, which
captures how phonon chirality grows with the wavevector. In this work, we show that, in ionic
crystals, a phonon Hall viscosity contribution is produced by the Lorentz forces on moving ions. We
calculate typical values of the Lorentz force contribution to the Hall viscosity using a simple square
lattice toy model, and we compare it with literature estimates of the strengths of other Hall-viscosity
mechanisms.

Introduction. Recent measurements of giant thermal
Hall signals in many insulating ionic crystals [1–5] have
ignited widespread interest in the processes underlying
chiral phonon transport. The mechanisms by which
phonons acquire chirality can be broadly divided in two
classes: i) intrinsic - i.e., originating from external mag-
netic fields or magnetism that breaks time-reversal sym-
metry in crystals [6–25], and ii) extrinsic - i.e., originat-
ing from scattering on time-reversal-symmetry-breaking
crystal defects [26–28].

In the low-energy elasticity-theory description of
acoustic waves, intrinsic time-reversal symmetry break-
ing is accounted for by a Hall viscosity contribution to
the response of the system’s viscoelastic stress tensor to
an applied strain uij [7, 8]:

hT̂iji = ⇤ijkl ukl + ⌘ijkl u̇kl . (1)

Here T̂ is the stress tensor, uij = 1
2 (@iuj + @jui) is the

strain tensor, ui is the atomic displacement field, and ⇤
and ⌘ are, respectively, the elasticity and viscosity ten-
sors. The viscosity tensor ⌘ can have dissipationless com-
ponent, dubbed the Hall (or odd) viscosity, which is asso-
ciated with the part of ⌘ijkl that is antisymmetric under
exchange of the pairs of indices (ij) and (kl).

Dissipationless Hall contributions to the viscosity [7]
are allowed only in systems with broken time-reversal
symmetry where they alters the acoustic phonon spec-
trum, and mix longitudinal and transverse modes. Pre-
vious theoretical work has addressed phonon Hall viscosi-
ties produced by coupling of acoustic phonons to a ferro-
electric [6], electronic [7, 9–15] or spin environment [16–
25] in which time-reversal symmetry is broken.

In this Letter, we consider the role of Lorentz forces in
ionic crystals, which act on the electric dipoles produced
by out-of-phase motion of cations and anions. The out-
of-phase lattice vibrations are, in turn, coupled at finite
wavevector to the in-phase modes by elastic forces. By
deriving an e↵ective theory for the low-energy acoustic
waves, we show that Lorentz forces always lead to finite
Hall viscosities that are linear in magnetic field.

We employ a two-dimensional (2d) toy model, i.e.,
the diatomic square lattice subjected to an out-of-plane

magnetic field sketched in Fig. 1, to estimate the typical
size of contributions to the Hall viscosity tensor ⌘
supplied by this mechanism. Due to the C4 rotational
symmetry of our 2d model, there is only one indepen-
dent coe�cient in the phonon Hall viscosity tensor, i.e.,
⌘H = ⌘xxxy [29]. We find that this coe�cient is propor-
tional to the external magnetic field, and that its typical
numerical value is comparable to the those estimated

-
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<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>m+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>�

-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>m+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>

�
-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>

�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>

�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>

m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>

m+

a
<latexit sha1_base64="wqZLPcGml9Og5FDdUdFUNWEF4FE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxKuM6Q==</latexit>

x̂
<latexit sha1_base64="mabZmWMmUSa6qajBkkBtH11mLPk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGxio/N</latexit>

ŷ
<latexit sha1_base64="MIQRtRNu2AtbSlq9aOk2tkcIifM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRAihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3czvPHFtRKweMUu4H9GREqFgFK3U6Y8p5tl0UKm6NXcOskq8glShQHNQ+eoPY5ZGXCGT1Jie5ybo51SjYJJPy/3U8ISyCR3xnqWKRtz4+fzcKTm3ypCEsbalkMzV3xM5jYzJosB2RhTHZtmbif95vRTDGz8XKkmRK7ZYFKaSYExmv5Oh0JyhzCyhTAt7K2FjqilDm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB7MPj84=</latexit>

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>�

-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>m+

-

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>

�
-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>

�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>

�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>

m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>

m+

+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>�

-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>m+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>

�
-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>

�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>

�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>

m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>

m+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>�

-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>m+

a
<latexit sha1_base64="wqZLPcGml9Og5FDdUdFUNWEF4FE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxKuM6Q==</latexit>-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>

�
-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>

�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>

�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>

m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>

m+-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>

�
-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>

�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>

�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>

m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>

m+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>�

-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>m+
-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>

�
-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>

�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>

�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>

m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>

m+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>

�
-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>

�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>

�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>

m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>

m+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>�

-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>m+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>

�
-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>

�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>

�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>

m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>

m+

- +
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>

�
-<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit> � 1

<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit> � 2 <latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit> B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit> m
�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit> m
+

- +
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>

�
-<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit> � 1

<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit> � 2 <latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit> B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit> m
�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit> m
+

�
<latexit sha1_base64="IoELSitFJaTQ4WT4pr8f01q0csw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPiDmPGQ==</latexit>

�1
<latexit sha1_base64="kWBfKEhYCz1Uo6aCp+u6o3FGoIM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPbUCbbTbt0dxN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqCG2SmMeqE6KmnEnaNMxw2kkURRFy2g7HtzO//USVZrF8MJOEBgKHkkWMoLHSY2+IQmA/86f9csWrenO4q8TPSQVyNPrlr94gJqmg0hCOWnd9LzFBhsowwum01Es1TZCMcUi7lkoUVAfZ/OKpe2aVgRvFypY07lz9PZGh0HoiQtsp0Iz0sjcT//O6qYmug4zJJDVUksWiKOWuid3Z++6AKUoMn1iCRDF7q0tGqJAYG1LJhuAvv7xKWrWqf1Gt3V9W6jd5HEU4gVM4Bx+uoA530IAmEJDwDK/w5mjnxXl3PhatBSefOYY/cD5/AHoKkMk=</latexit>

�2
<latexit sha1_base64="a5yA5R/oodWjVzx0d+WJ96sgFsU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPbUCbbTbt0dxN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqCG2SmMeqE6KmnEnaNMxw2kkURRFy2g7HtzO//USVZrF8MJOEBgKHkkWMoLHSY2+IQmA/q0375YpX9eZwV4mfkwrkaPTLX71BTFJBpSEcte76XmKCDJVhhNNpqZdqmiAZ45B2LZUoqA6y+cVT98wqAzeKlS1p3Ln6eyJDofVEhLZToBnpZW8m/ud1UxNdBxmTSWqoJItFUcpdE7uz990BU5QYPrEEiWL2VpeMUCExNqSSDcFffnmVtGpV/6Jau7+s1G/yOIpwAqdwDj5cQR3uoAFNICDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AHuPkMo=</latexit>

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>�

-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>m+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>

�
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<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>
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<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>

�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>
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<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>

m+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>�

-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>m+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>

�
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<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>
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<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>
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<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>

m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>

m+

x̂
<latexit sha1_base64="mabZmWMmUSa6qajBkkBtH11mLPk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGxio/N</latexit>

ŷ
<latexit sha1_base64="MIQRtRNu2AtbSlq9aOk2tkcIifM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRAihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3czvPHFtRKweMUu4H9GREqFgFK3U6Y8p5tl0UKm6NXcOskq8glShQHNQ+eoPY5ZGXCGT1Jie5ybo51SjYJJPy/3U8ISyCR3xnqWKRtz4+fzcKTm3ypCEsbalkMzV3xM5jYzJosB2RhTHZtmbif95vRTDGz8XKkmRK7ZYFKaSYExmv5Oh0JyhzCyhTAt7K2FjqilDm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB7MPj84=</latexit>

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>�

-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>m+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>�

-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>m+

-

+
<latexit sha1_base64="Rrp0RAne1FkP5Jvi8P6fz9TqAUg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCb2T2WTMzOwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJpyho0EYluR2iY4Io1LLeCtVPNUEaCtaLR7cxvPTFteKIe7DhlocSB4jGnaJ3U7A5QSuyVyn7Fn4OskiAnZchR75W+uv2EZpIpSwUa0wn81IYT1JZTwabFbmZYinSEA9ZxVKFkJpzMr52Sc6f0SZxoV8qSufp7YoLSmLGMXKdEOzTL3kz8z+tkNr4JJ1ylmWWKLhbFmSA2IbPXSZ9rRq0YO4JUc3croUPUSK0LqOhCCJZfXiXNaiW4qlTvL8u1Wh5HAU7hDC4ggGuowR3UoQEUHuEZXuHNS7wX7937WLSuefnMCfyB9/kDiJuPGg==</latexit>

�
-

<latexit sha1_base64="RVt4bRfj3vAN4OObOU0+CY//ZSk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXBdNeqexX/DnIKglyUoYc9V7pq9uPaSqZslSgMZ3AT2yYobacCjYtdlPDEqRjHLKOowolM2E2v3hKzp3SJ4NYu1KWzNXfExlKYyYycp0S7cgsezPxP6+T2sFNmHGVpJYpulg0SAWxMZm9T/pcM2rFxBGkmrtbCR2hRmpdSEUXQrD88ippVivBVaV6f1mu1fI4CnAKZ3ABAVxDDe6gDg2goOAZXuHNM96L9+59LFrXvHzmBP7A+/wBemyQyg==</latexit>

�1
<latexit sha1_base64="zZR0kMHDaAwAjG4DKp7/2RpWvyw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME88BkCb2TSTJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuR2iY4Io1LLeCtRPNUEaCtaLx7cxvPTFteKwe7CRhocSh4gNO0TrpsTtEKbGXVae9Utmv+HOQVRLkpAw56r3SV7cf01QyZalAYzqBn9gwQ205FWxa7KaGJUjHOGQdRxVKZsJsfvGUnDulTwaxdqUsmau/JzKUxkxk5Dol2pFZ9mbif14ntYObMOMqSS1TdLFokApiYzJ7n/S5ZtSKiSNINXe3EjpCjdS6kIouhGD55VXSrFaCq0r1/rJcq+VxFOAUzuACAriGGtxBHRpAQcEzvMKbZ7wX7937WLSuefnMCfyB9/kDe/GQyw==</latexit>

�2

<latexit sha1_base64="VA5W0i40sUJjilUSyFpBfGcQ5vs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzYtKvZ7HUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8flhGMyw==</latexit>

B

<latexit sha1_base64="9qrQwAcazQdtFimr7NIfgFKmLOM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpop6k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjJV8MsovZoFpz6+4caJV4BalBgdag+tUfxiQVVBrCsdY9z01MkGFlGOF0VumnmiaYTPCI9iyVWFAdZPNjZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJboKMySQ1VJLFoijlyMQo/xwNmaLE8KklmChmb0VkjBUmxuZTsSF4yy+vknaj7l3VGw+XteZtEUcZTuAUzsGDa2jCPbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD7pwjqA=</latexit>

m�

<latexit sha1_base64="nvfdWN0nUeNA1gG+hOT7qO+yI04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD1JwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk2bg7Y+GHi8N8PMvDDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqK3jVBHqk5jHqhtiTTmT1DfMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMHGSr4YZBezQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VIT3QQZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe1G3buqNx4ua83bIo4ynMApnIMH19CEe2iBDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH7dmjp4=</latexit>

m+

a
<latexit sha1_base64="wqZLPcGml9Og5FDdUdFUNWEF4FE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxKuM6Q==</latexit>
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FIG. 1. Top: Diatomic square lattice with interatomic dis-
tance a, subjected to an out-of-plane magnetic field B. The
cation and anion masses are m+ and m�, and the ion e↵ective
charges are q± = ±Z⇤e. We include centro-symmetric pair-
wise interactions between ions characterized by spring con-
stants �, �1 and �2 for near-neighbor interactions between
cations and anions, second neighbor interactions cations, and
second neighbor interactions between anions, respectively.
Bottom: Optical modes in an ionic crystal. In the presence of
a magnetic field B perpendicular to the 2d crystalline plane,
the Lorentz forces on cations and anions moving in opposite
directions do not cancel.
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Figure 2: (a) Regime 1 is realized in magnetic or ionic materials where TRS is broken at equilibrium, leading to a linear response. 
(b) Regime 2 is realized in non-magnetic and covalent materials, where TRS is preserved at equilibrium. Linear response must 
vanish in this regime and a non-linear response appears instead. (c) and (d) show nonreciprocal responses to temperature bias 
and magnetic field, respectively. The latter is only possible in chiral crystals at either linear or non-linear response level. 

Regime 1: Linear response from chiral phonons when TRS is broken at equilibrium 

Within the linear response regime, a key factor for generating a THE is a mechanism that breaks time-
reversal symmetry (TRS) at equilibrium enabling phonons to interact with a magnetic field. Such a 
mechanism entails coupling between acoustic phonons and TRS-breaking degrees of freedom, including 
electron spin, magnons, and out-of-phase ionic displacements (Fig. 2a). So far, the investigation of phonon 
chirality has focused on such linear thermal responses in centrosymmetric materials exhibiting magnetic, 
ferroelectric, or ionic properties [5-8]. We will go beyond these initial studies and investigate chiral phonons 
in noncentrosymmetric and chiral structures, where two forms of nonreciprocity can be found.  

1. In a simple noncentrosymmetric (broken-inversion symmetry) material that breaks TRS (magnetic 
or ionic systems), the phonon dispersions will be asymmetric such that 𝜔(𝑘) ≠ 𝜔(−𝑘). This leads 
to a nonreciprocal thermal response, i.e. thermal transport changes when 𝛻𝑇 → −𝛻𝑇 (Fig. 2c). The 
best example of such a response would be a thermal diode effect where linear thermal conductivity 
changes upon reversing the temperature bias. 

2. In a chiral crystal (which breaks both inversion and mirror symmetries), an additional degree of 
nonreciprocity appears where the magnetic field direction can alter the transport of phonons with 
+𝑘 and −𝑘 (Fig. 2d). This effect is particularly important because it will enable us to control the 
heat flow using an external magnetic field. If such an effect is large enough, it enables logic 
operations with thermal currents, so the wasted heat can be used in phononics technologies. 

To investigate this regime, we will grow crystals of magnetic insulators with either noncentrosymmetric or 
chiral structures. Candidate materials include Ni4GaGe2, MgNi3B2, and FePO4, all of which can be grown 
in the Tafti Lab using either flux growth or chemical vapor transport. We will perform neutron scattering 
at ORNL and NIST to map the phonon and magnon dispersions. Thermal transport measurements will be 
performed by Tafti’s group at BC. 
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Analogy with electronic systems: need two-bands
for some topological e↵ect?

Can we observe the Hall viscosity?

typical lattice constant a ⇠ 4⇥ 10�8 cm and c2
l � c2

t ⇠
(↵2 � 1) ⇥ 1010 cm2/s2, where ↵ = cl/ct and typically
↵ ⇠ 2. Make an estimate for the correction in frequency
and eliptical polarization.

Maybe distinguish between electronic systems where
notion of Hall viscosity.

Phonon Hall viscosity [1]. The non-dissipative phonon
Hall viscosity can appear only in a system with broken
time-reversal symmetry.

Magnon and phonon proposals
There have been many theory addressing the origin

of the phonon Hall viscosity that include a set up with
a magnetic field. In these theory, the chirality in the
phonon Hamiltonian must ultimately arise from their
coupling to the electrons (since phonons are assumed to
be neutral) 4.

chiral spinons ?
Here comment magnons - maybe last part of [1] has

some truth to it. It is a di↵erent mechanism.
Can we translate this in Berry phase lan-

guage?Check Sachdev paper

it shifts the phonon spectrum by an amount of order
( and it mixes the longitudinal and transverse acoustic
phonons with a relative amplitude ratio of //

Ionic crystals: are the charge screened? Paper on the
Berry phases.

Discuss how intrinsic phonon Hall in a magnetic
field has always been explained in terms of coupling of
phonons to spins or other degrees of freedom sensitive to
the magnetic field - rather than phonons itself.

Let us make a point that phonons should not be treated
The absence of electronic screening induces the exis-

tence of charged point defects
At the same time, it is know that in ionic crystals (i.e.

where there are opposite charges connected to the two
species), the out-of-phase (optical) modes can couple to
electromagnetic radiation and are responsible for much of
the characteristic optical behavior of such crystals. Now
if they couple to the acoustic modes, the acoustic will
also behave as having an e↵ective charge (hall viscosity).

I. INTRINSIC HALL VISCOSITY

Maybe introduce before model of Sachdev.

-
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FIG. 1. Ionic square lattice subjected to an out-of-plane mag-
netic field B. The cation (anion) has mass m± and charge
±Ze. �, �1 and �2 are the spring constants between, respec-
tively, cation and anion, cation and cation, and anion and
anion.

II. MODEL

Let us consider a square lattice with a basis of two ions
subjected to an out-of-plane magnetic field B, as shown
in Fig. 1. The cation (anion) has mass and mass m±
and charge ±Ze, with e > 0 being the electron charge
and Z the charge number. We define �, �1 and �2 as
the spring constants between, respectively, the masses
m+ and m�, m+ and m+, and m� and m�. Assuming
translational invariance, we can introduce the amplitude
of lattice displacement along the ith direction (with i =
x, y) of the nth ion (with n = ±) in the lth unit cell as

uinl(k, !) = m�1/2
n uineik·Rn(l)�i!t , (1)

where ~k and ! are, respectively, the wavevector and fre-
quency of the lattice vibrations, and Rn(l) is a lattice
translation vector. In the harmonic approximation, the
equations of motion for the lattice vibrations read as

!2uni =
X

m,j

Dij(mn,k)umj +
X

j

i!Bqnunj✏ij , (2)

where ✏ij is the Levi-Civita tensor, i.e., ✏±⌥ = ±1 and
✏±± = 0. The elements Dij(mn,k) of the dynamical

Effective theory for long-wavelength acoustic modes

Finite dissipationless Hall viscosity = finite phonon angular momentum 

• Equation of motion for the lattice displacements

Integrate out out-of-phase modes (gapped)
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Dissipationless Hall viscosity

Due to coupling to electrons:

B = 15 T, Z = 2
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Effective action for the 
long-wavelength acoustic phonons

Guo et al., PRB (2021)

•   Intrinsic Hall viscosity + scattering on
 point-like impurities; 

Rayleigh regime, weak scattering

xx ⇠ T�1
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THERMAL HALL EFFECT IN CUPRATES

MOTIVATION : GIANT THERMAL HALL EFFECT IN HOLE-DOPED CUPRATES

Figure 1 a
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Figure 2
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The origin of the pseudogap phase in cuprates still remains unknown. We use thermal Hall conductivity as a new way of probing the 
pseudogap phase and we observe new, yet unreported, excitations, linking the pseudogap phase to the Mott insulator.

κxx =
·Q

ΔTx

L
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Conclusions
• Large negative thermal Hall signal in Sr2CuO2Cl2, Nd2CuO4 

and La2CuO4.


• The effect is not caused by spin canting (absent in 
Sr2CuO2Cl2 and Nd2CuO4 ). So magnons are ruled out.


• The Kxy signal could come from phonons.


• But not phonons scattered by domain boundaries 
(structural or antiferromagnetic.


• Is the signal present in the electron-doped cuprates ?


Negative thermal Hall signal 
appears in the pseudogap 

phase and grows as doping 
is reduced.

Why is the signal largest in 
the Mott insulator? 
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METHOD

?

THERMAL HALL CONDUCTIVITY IN THREE CUPRATE MOTT INSULATORS
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Could the antiferromagnetic domain walls give rise to Κxy ?

WHAT IS THE ORIGIN OF THE ΚXY SIGNAL ?

Sr2CuO2Cl2

Large negative thermal Hall conductivity in the Mott insulators. 
There are similarities between Kxy and Kxx. Could the signal 

come from phonons ?
Different crystal structure and magnetic structure. Qualitatively, the ratio Kxy / Kxx 

is similar in all three materials.

Inconsistent with 
experiments?

 
Intrinsic mechanism 

Barkeshli et al. PRB (2012)

More recently : giant thermal Hall in non-ionic crystals 
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Labelling !tk = ctk and !lk = clk, we can rewrite Eq. (316) as
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Question: we have two equations that we need to solve in the defect region while being coupled. How about
outside? Do they come with the same coe�cients? They should not. Where is ever the sin � dependence that I am
searching for going to come out from?

D. New model

Let us start with a new model, illustrated in Fig. 1.
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<latexit sha1_base64="7gxsz35rV55iow5b8W6EqtQy0sk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMptk2NtksSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNGUNqoTS7QgNEzxhDcutYO1UM5SRYK1odDurt56YNlwlD3acslDiIOExp2id1ewOUErslSt+1Z+LrEKQQwVy1Xvlr25f0UyyxFKBxnQCP7XhBLXlVLBpqZsZliId4YB1HCYomQkn822n5Mw5fRIr7V5iydz9PTFBacxYRq5Toh2a5drM/K/WyWx8HU54kmaWJXTxUZwJYhWZnU76XDNqxdgBUs3droQOUSO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+G7Y8V</latexit><latexit sha1_base64="7gxsz35rV55iow5b8W6EqtQy0sk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMptk2NtksSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNGUNqoTS7QgNEzxhDcutYO1UM5SRYK1odDurt56YNlwlD3acslDiIOExp2id1ewOUErslSt+1Z+LrEKQQwVy1Xvlr25f0UyyxFKBxnQCP7XhBLXlVLBpqZsZliId4YB1HCYomQkn822n5Mw5fRIr7V5iydz9PTFBacxYRq5Toh2a5drM/K/WyWx8HU54kmaWJXTxUZwJYhWZnU76XDNqxdgBUs3droQOUSO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+G7Y8V</latexit><latexit sha1_base64="7gxsz35rV55iow5b8W6EqtQy0sk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMptk2NtksSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNGUNqoTS7QgNEzxhDcutYO1UM5SRYK1odDurt56YNlwlD3acslDiIOExp2id1ewOUErslSt+1Z+LrEKQQwVy1Xvlr25f0UyyxFKBxnQCP7XhBLXlVLBpqZsZliId4YB1HCYomQkn822n5Mw5fRIr7V5iydz9PTFBacxYRq5Toh2a5drM/K/WyWx8HU54kmaWJXTxUZwJYhWZnU76XDNqxdgBUs3droQOUSO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+G7Y8V</latexit><latexit sha1_base64="7gxsz35rV55iow5b8W6EqtQy0sk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qXMptk2NtksSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNGUNqoTS7QgNEzxhDcutYO1UM5SRYK1odDurt56YNlwlD3acslDiIOExp2id1ewOUErslSt+1Z+LrEKQQwVy1Xvlr25f0UyyxFKBxnQCP7XhBLXlVLBpqZsZliId4YB1HCYomQkn822n5Mw5fRIr7V5iydz9PTFBacxYRq5Toh2a5drM/K/WyWx8HU54kmaWJXTxUZwJYhWZnU76XDNqxdgBUs3droQOUSO1LqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACFR3iGV3jzlPfivXsfi9aCl88cwx95nz+G7Y8V</latexit>

�1
<latexit sha1_base64="DvUuWw3rIHqGdOEQqv1Fz2v4sZQ=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD26XMpmkbmmSXJCuUpf/CiwdFvPpvvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNU2casoaNBaxbkdomOCKNSy3grUTzVBGgrWi8e2s3npi2vBYPdhJwkKJQ8UHnKJ11mN3iFJiLwumvXLFr/pzkVUIcqhArnqv/NXtxzSVTFkq0JhO4Cc2zFBbTgWblrqpYQnSMQ5Zx6FCyUyYzTeekjPn9Mkg1u4pS+bu74kMpTETGblOiXZklmsz879aJ7WD6zDjKkktU3Tx0SAVxMZkdj7pc82oFRMHSDV3uxI6Qo3UupBKLoRg+eRVaF5UA8f3l5XaTR5HEU7gFM4hgCuowR3UoQEUFDzDK7x5xnvx3r2PRWvBy2eO4Y+8zx94vpDF</latexit><latexit sha1_base64="DvUuWw3rIHqGdOEQqv1Fz2v4sZQ=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD26XMpmkbmmSXJCuUpf/CiwdFvPpvvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNU2casoaNBaxbkdomOCKNSy3grUTzVBGgrWi8e2s3npi2vBYPdhJwkKJQ8UHnKJ11mN3iFJiLwumvXLFr/pzkVUIcqhArnqv/NXtxzSVTFkq0JhO4Cc2zFBbTgWblrqpYQnSMQ5Zx6FCyUyYzTeekjPn9Mkg1u4pS+bu74kMpTETGblOiXZklmsz879aJ7WD6zDjKkktU3Tx0SAVxMZkdj7pc82oFRMHSDV3uxI6Qo3UupBKLoRg+eRVaF5UA8f3l5XaTR5HEU7gFM4hgCuowR3UoQEUFDzDK7x5xnvx3r2PRWvBy2eO4Y+8zx94vpDF</latexit><latexit sha1_base64="DvUuWw3rIHqGdOEQqv1Fz2v4sZQ=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD26XMpmkbmmSXJCuUpf/CiwdFvPpvvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNU2casoaNBaxbkdomOCKNSy3grUTzVBGgrWi8e2s3npi2vBYPdhJwkKJQ8UHnKJ11mN3iFJiLwumvXLFr/pzkVUIcqhArnqv/NXtxzSVTFkq0JhO4Cc2zFBbTgWblrqpYQnSMQ5Zx6FCyUyYzTeekjPn9Mkg1u4pS+bu74kMpTETGblOiXZklmsz879aJ7WD6zDjKkktU3Tx0SAVxMZkdj7pc82oFRMHSDV3uxI6Qo3UupBKLoRg+eRVaF5UA8f3l5XaTR5HEU7gFM4hgCuowR3UoQEUFDzDK7x5xnvx3r2PRWvBy2eO4Y+8zx94vpDF</latexit><latexit sha1_base64="DvUuWw3rIHqGdOEQqv1Fz2v4sZQ=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD26XMpmkbmmSXJCuUpf/CiwdFvPpvvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNU2casoaNBaxbkdomOCKNSy3grUTzVBGgrWi8e2s3npi2vBYPdhJwkKJQ8UHnKJ11mN3iFJiLwumvXLFr/pzkVUIcqhArnqv/NXtxzSVTFkq0JhO4Cc2zFBbTgWblrqpYQnSMQ5Zx6FCyUyYzTeekjPn9Mkg1u4pS+bu74kMpTETGblOiXZklmsz879aJ7WD6zDjKkktU3Tx0SAVxMZkdj7pc82oFRMHSDV3uxI6Qo3UupBKLoRg+eRVaF5UA8f3l5XaTR5HEU7gFM4hgCuowR3UoQEUFDzDK7x5xnvx3r2PRWvBy2eO4Y+8zx94vpDF</latexit>

0
<latexit sha1_base64="FJ1n3O7XZSfmg6Z6EvKHkv6MFFc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEerNghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO7m9c4TKs1j+WCmCfoRHUkeckaNtZruoFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT3vgZl0lqULLlR2EqiInJ/Goy5AqZEVMLlCludyVsTBVlxmZTsiF4qyevQ/uq6lluXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/kfP4AeDSMsQ==</latexit><latexit sha1_base64="FJ1n3O7XZSfmg6Z6EvKHkv6MFFc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEerNghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO7m9c4TKs1j+WCmCfoRHUkeckaNtZruoFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT3vgZl0lqULLlR2EqiInJ/Goy5AqZEVMLlCludyVsTBVlxmZTsiF4qyevQ/uq6lluXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/kfP4AeDSMsQ==</latexit><latexit sha1_base64="FJ1n3O7XZSfmg6Z6EvKHkv6MFFc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEerNghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO7m9c4TKs1j+WCmCfoRHUkeckaNtZruoFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT3vgZl0lqULLlR2EqiInJ/Goy5AqZEVMLlCludyVsTBVlxmZTsiF4qyevQ/uq6lluXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/kfP4AeDSMsQ==</latexit><latexit sha1_base64="FJ1n3O7XZSfmg6Z6EvKHkv6MFFc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEerNghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO7m9c4TKs1j+WCmCfoRHUkeckaNtZruoFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT3vgZl0lqULLlR2EqiInJ/Goy5AqZEVMLlCludyVsTBVlxmZTsiF4qyevQ/uq6lluXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/kfP4AeDSMsQ==</latexit>

1
<latexit sha1_base64="OL4Vmt7g8hUAsxpbAuwSR+d5fAI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEerNghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO7m9c4TKs1j+WCmCfoRHUkeckaNtZreoFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT3vgZl0lqULLlR2EqiInJ/Goy5AqZEVMLlCludyVsTBVlxmZTsiF4qyevQ/uq6lluXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/kfP4AebiMsg==</latexit><latexit sha1_base64="OL4Vmt7g8hUAsxpbAuwSR+d5fAI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEerNghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO7m9c4TKs1j+WCmCfoRHUkeckaNtZreoFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT3vgZl0lqULLlR2EqiInJ/Goy5AqZEVMLlCludyVsTBVlxmZTsiF4qyevQ/uq6lluXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/kfP4AebiMsg==</latexit><latexit sha1_base64="OL4Vmt7g8hUAsxpbAuwSR+d5fAI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEerNghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO7m9c4TKs1j+WCmCfoRHUkeckaNtZreoFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT3vgZl0lqULLlR2EqiInJ/Goy5AqZEVMLlCludyVsTBVlxmZTsiF4qyevQ/uq6lluXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/kfP4AebiMsg==</latexit><latexit sha1_base64="OL4Vmt7g8hUAsxpbAuwSR+d5fAI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEerNghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO7m9c4TKs1j+WCmCfoRHUkeckaNtZreoFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT3vgZl0lqULLlR2EqiInJ/Goy5AqZEVMLlCludyVsTBVlxmZTsiF4qyevQ/uq6lluXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/kfP4AebiMsg==</latexit>

4
<latexit sha1_base64="JzpFCrM7Yx6oE5YKU9eRxq91eFQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKejNghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO7m9c4TKs1j+WCmCfoRHUkeckaNtZq1QbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcrFXqt3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwBfkSMtQ==</latexit><latexit sha1_base64="YTh7blt8x31M1TCfwN2+ZYOGHN4=">AAAB5HicbZBNS8NAEIYn9avGr+rVy2IRPJVEBL1Z8OKxgmkLbSib7aRdu9mE3Y1QQn+BFw+KV3+TN/+N2zYHbX1h4eGdGXbmjTLBtfG8b6eysbm1vVPddff2Dw6Pau5xW6e5YhiwVKSqG1GNgksMDDcCu5lCmkQCO9Hkbl7vPKPSPJWPZpphmNCR5DFn1Fjr4WpQq3sNbyGyDn4JdSjVGtS++sOU5QlKwwTVuud7mQkLqgxnAmduP9eYUTahI+xZlDRBHRaLRWfk3DpDEqfKPmnIwv09UdBE62kS2c6EmrFerc3N/2q93MQ3YcFllhuUbPlRnAtiUjK/mgy5QmbE1AJlittdCRtTRZmx2bg2BH/15HVoXzZ8y/XmbRlGFU7hDC7Ah2towj20IAAGCC/wBu/Ok/PqfCwbK045cQJ/5Hz+ABP0i4s=</latexit><latexit sha1_base64="YTh7blt8x31M1TCfwN2+ZYOGHN4=">AAAB5HicbZBNS8NAEIYn9avGr+rVy2IRPJVEBL1Z8OKxgmkLbSib7aRdu9mE3Y1QQn+BFw+KV3+TN/+N2zYHbX1h4eGdGXbmjTLBtfG8b6eysbm1vVPddff2Dw6Pau5xW6e5YhiwVKSqG1GNgksMDDcCu5lCmkQCO9Hkbl7vPKPSPJWPZpphmNCR5DFn1Fjr4WpQq3sNbyGyDn4JdSjVGtS++sOU5QlKwwTVuud7mQkLqgxnAmduP9eYUTahI+xZlDRBHRaLRWfk3DpDEqfKPmnIwv09UdBE62kS2c6EmrFerc3N/2q93MQ3YcFllhuUbPlRnAtiUjK/mgy5QmbE1AJlittdCRtTRZmx2bg2BH/15HVoXzZ8y/XmbRlGFU7hDC7Ah2towj20IAAGCC/wBu/Ok/PqfCwbK045cQJ/5Hz+ABP0i4s=</latexit><latexit sha1_base64="YTh7blt8x31M1TCfwN2+ZYOGHN4=">AAAB5HicbZBNS8NAEIYn9avGr+rVy2IRPJVEBL1Z8OKxgmkLbSib7aRdu9mE3Y1QQn+BFw+KV3+TN/+N2zYHbX1h4eGdGXbmjTLBtfG8b6eysbm1vVPddff2Dw6Pau5xW6e5YhiwVKSqG1GNgksMDDcCu5lCmkQCO9Hkbl7vPKPSPJWPZpphmNCR5DFn1Fjr4WpQq3sNbyGyDn4JdSjVGtS++sOU5QlKwwTVuud7mQkLqgxnAmduP9eYUTahI+xZlDRBHRaLRWfk3DpDEqfKPmnIwv09UdBE62kS2c6EmrFerc3N/2q93MQ3YcFllhuUbPlRnAtiUjK/mgy5QmbE1AJlittdCRtTRZmx2bg2BH/15HVoXzZ8y/XmbRlGFU7hDC7Ah2towj20IAAGCC/wBu/Ok/PqfCwbK045cQJ/5Hz+ABP0i4s=</latexit>

2
<latexit sha1_base64="olmikpWMgHHukrhrhXLjGD2ZSAM=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIujNghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO7m9c4TKs1j+WCmCfoRHUkeckaNtZq1QbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh3at6lluXlXqt3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwBezyMsw==</latexit><latexit sha1_base64="olmikpWMgHHukrhrhXLjGD2ZSAM=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIujNghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO7m9c4TKs1j+WCmCfoRHUkeckaNtZq1QbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh3at6lluXlXqt3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwBezyMsw==</latexit><latexit sha1_base64="olmikpWMgHHukrhrhXLjGD2ZSAM=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIujNghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO7m9c4TKs1j+WCmCfoRHUkeckaNtZq1QbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh3at6lluXlXqt3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwBezyMsw==</latexit><latexit sha1_base64="olmikpWMgHHukrhrhXLjGD2ZSAM=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIujNghePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTO7m9c4TKs1j+WCmCfoRHUkeckaNtZq1QbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh3at6lluXlXqt3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwBezyMsw==</latexit>
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FIG. 3: Schematic illustration of the rock-salt structure of CuO2 planes. The parameter � and �1 represent the force constants
between ions.

Charge: A CuO2 layer consists of Cu2+ and O2� and hence is charged �2 per formula unit. The role of
the block-layers is to supply the CuO2 planes with carriers. To mantain charge neutrality, the average charge of the
block-layer must be +2 in the insulating compound. E.g., with La3+ and Sr2+, in the compound La2�xSrxCuO4 the
charge of the block layer is 2 � x, while the charge of the CuO2 layer should then be �2 + x.
Simple initial approximation: For starters, to ensure charge neutrality in our 2d treatment, let us assign charge 4+
to the copper ions.
Recall: In our model, the e↵ective charge associated with each ion is a parameter that can capture the qualitative
di↵erence with the superconducting transition.

System size: The size of the system is (1000 ⇥ 500 ⇥ 250) µm. The heat is along the longest dimension
and the field along the c axis.

Phonons: The general equation for the ions motion is
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while the force on a given atom and the constraint due to the potential energy and the force on a given atom being
invariant under rigid body displacement of the whole crystal read as
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where ei(m) is the ith component of the unit vector along Rm(l).
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MOTIVATION : GIANT THERMAL HALL EFFECT IN HOLE-DOPED CUPRATES
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The origin of the pseudogap phase in cuprates still remains unknown. We use thermal Hall conductivity as a new way of probing the 
pseudogap phase and we observe new, yet unreported, excitations, linking the pseudogap phase to the Mott insulator.
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Conclusions
• Large negative thermal Hall signal in Sr2CuO2Cl2, Nd2CuO4 

and La2CuO4.


• The effect is not caused by spin canting (absent in 
Sr2CuO2Cl2 and Nd2CuO4 ). So magnons are ruled out.


• The Kxy signal could come from phonons.


• But not phonons scattered by domain boundaries 
(structural or antiferromagnetic.


• Is the signal present in the electron-doped cuprates ?


Negative thermal Hall signal 
appears in the pseudogap 

phase and grows as doping 
is reduced.

Why is the signal largest in 
the Mott insulator? 
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THERMAL HALL CONDUCTIVITY IN THREE CUPRATE MOTT INSULATORS

a b

c

(a) (b)

Nd2CuO4 La2CuO4 Sr2CuO2Cl2

Cu
O
Nd

(c)

Cu
O
La

Cu
O
Sr
Cl

Could the antiferromagnetic domain walls give rise to Κxy ?

WHAT IS THE ORIGIN OF THE ΚXY SIGNAL ?

Sr2CuO2Cl2

Large negative thermal Hall conductivity in the Mott insulators. 
There are similarities between Kxy and Kxx. Could the signal 

come from phonons ?
Different crystal structure and magnetic structure. Qualitatively, the ratio Kxy / Kxx 

is similar in all three materials.

Boundary

M-E. Boulanger1, G. Grissonnanche1, S. Badoux1, É. Lefrançois1, A. Legros1, M. Dion1, A. Gourgout1,
 C.H. Wang2, X.H. Chen2, R. Liang3, W.N. Hardy3, D.A.  Bonn3, L. Taillefer1,4

1 Institut Quantique & RQMP, Université de Sherbrooke, Sherbrooke, Canada

2 Department of Physics, University of Science and Technology of China, Heifei, China


3 Department of Physics & Astronomy, University of British Columbia, British Columbia, Canada

4 Canadian Institute for Advanced Research, Toronto, Canada


THERMAL HALL EFFECT IN CUPRATES

MOTIVATION : GIANT THERMAL HALL EFFECT IN HOLE-DOPED CUPRATES

Figure 1 a
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Figure 2

κxy = − κyy
ΔTy

ΔTx

L
w

The origin of the pseudogap phase in cuprates still remains unknown. We use thermal Hall conductivity as a new way of probing the 
pseudogap phase and we observe new, yet unreported, excitations, linking the pseudogap phase to the Mott insulator.
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Conclusions
• Large negative thermal Hall signal in Sr2CuO2Cl2, Nd2CuO4 

and La2CuO4.


• The effect is not caused by spin canting (absent in 
Sr2CuO2Cl2 and Nd2CuO4 ). So magnons are ruled out.


• The Kxy signal could come from phonons.


• But not phonons scattered by domain boundaries 
(structural or antiferromagnetic.


• Is the signal present in the electron-doped cuprates ?


Negative thermal Hall signal 
appears in the pseudogap 

phase and grows as doping 
is reduced.

Why is the signal largest in 
the Mott insulator? 
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METHOD

?

THERMAL HALL CONDUCTIVITY IN THREE CUPRATE MOTT INSULATORS
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Could the antiferromagnetic domain walls give rise to Κxy ?

WHAT IS THE ORIGIN OF THE ΚXY SIGNAL ?

Sr2CuO2Cl2

Large negative thermal Hall conductivity in the Mott insulators. 
There are similarities between Kxy and Kxx. Could the signal 

come from phonons ?
Different crystal structure and magnetic structure. Qualitatively, the ratio Kxy / Kxx 

is similar in all three materials.

Defects

Phonon-phonon

 scattering

Mean free path

~ sample size Only long-wavelength 

phonons are excited 


Low Temperature

a
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Defects modelled as a spherical region
 with a specific strain and mass density
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It has been known for decades that a magnetic field can deflect phonons as they flow in response to
a thermal gradient, producing a thermal Hall e↵ect. Recent experiments on oxide dielectrics reveal
that the ratio between the Hall and longitudinal thermal conductivity (H/L) is not strongly
temperature dependent, suggesting that quasi-elastic skew-scattering of long-wavelength phonons is
responsible. In this Letter we show that Lorentz forces acting on charged defects produce substantial
skew-scattering amplitudes and related thermal Hall e↵ects that vanish more slowly than heat
capacity with temperature, consistent with recent observations.

Introduction— In recent years the thermal Hall e↵ect
has frequently been employed as an informative probe of
strongly correlated materials [1–19]. In the process, it
has become clear that thermal Hall conductivities (H)
that are linearly proportional to magnetic field H are
common in oxide dielectrics. Collective spin excitations
(magnons) can supply a thermal Hall signal that is lin-
ear in magnetic field. [20–23]. However magnons can be
eliminated as a source of the signal in many cases, either
because the insulator is not magnetic or because the ther-
mal Hall signal is uncorrelated with magnetic order [1].In
La2CuO4, for example, the thermal Hall conductivity is
almost isotropic [3], like the phonon spectrum, whereas
the magnon spectrum is quasi-two-dimensional. This
Letter is motivated by the experiments that establish
phonons as the source of the thermal Hall signal in many
ionic crystals.

For magnetic fields ⇠ 10 Tesla, the ratio of H to the
longitudinal thermal conductivity L is often larger than
10�3 over a wide range of temperatures [1–4]. The linear
dependence of H on H is expected since the magnetic
field breaks time-reversal symmetry. What is surprising
therefore is not the presence of this non-reciprocal re-
sponse coe�cient, but its relatively large size. Intrinsic
mechanisms responsible for chirality in phonon transport
have been extensively investigated [6–8, 12, 25]. For ex-
ample, coupling to the surrounding spin environment can
provide phonon bands a finite Hall viscosity, ⌘H , [18, 19]
which characterizes the strength of the time-reversal sym-
metry breaking inherited from the spin-system. Mag-
netic fields also influence the lattice dynamics of ionic
crystals directly through the Lorentz forces that act on
moving ions. The Lorentz force couples longitudinal in-
phase motion of the cations and anions to out-of-phase
transverse motion. At small k the out-of-phase compo-
nent of acoustic phonon polarization vectors vanishes like
(ka)2. It follows that ⌘H has a Lorentz force contribu-
tion ⇠ Z

⇤
eB/(ca) = M⌦cI/a, where !cI = Z

⇤
eB/Mc

is the ion cyclotron frequency, Z
⇤ is the e↵ective ion

charge, M is the ion mass and a is the crystal lattice con-
stant. Whatever its origin, Hall viscosity combined with
non-chiral phonon scattering always produces a thermal

Hall conductivity. The intrinsic Hall viscosity mechanism
weakens dramatically at low temperature, however, yield-
ing [19] H/L ⇠ T

4 behavior that is clearly inconsistent
with typical experiments. In order to retain its impact
at low-temperatures, time-reversal-breaking must be em-
bedded in the properties of the phonon scatterers, not of
the phonon medium.

Our model for phonon Hall e↵ects is motivated by the
following two observations: i) the phonon Hall e↵ect is
normally stronger in relative terms at lower temperatures
where ` � �, where ` is the phonon mean-free-path, and
� is the thermal phonon wavelength. It has been under-
stood for decades [27, 28] that phonon transport in this
regime can be described using a Boltzmann equation. ii)
the ratio of the Hall conductivity to the longitudinal con-
ductivity does not decrease monotonically with tempera-

Cu2+
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<latexit sha1_base64="FAqQDhmwFTT9mkywy1DKzXuOxUY=">AAAB9HicbZBNS8NAEIY3ftb6VfXoJVgEL5akCHosePFmBfsBbSyb7aRdutnE3UmxhPwOLx4U8eqP8ea/cdvmoK0vLDy8M8PMvn4suEbH+bZWVtfWNzYLW8Xtnd29/dLBYVNHiWLQYJGIVNunGgSX0ECOAtqxAhr6Alr+6Hpab41BaR7Je5zE4IV0IHnAGUVjeV2EJ0xvs4e0ep71SmWn4sxkL4ObQ5nkqvdKX91+xJIQJDJBte64ToxeShVyJiArdhMNMWUjOoCOQUlD0F46OzqzT43Tt4NImSfRnrm/J1Iaaj0JfdMZUhzqxdrU/K/WSTC48lIu4wRBsvmiIBE2RvY0AbvPFTAUEwOUKW5utdmQKsrQ5FQ0IbiLX16GZrXiGr67KNdqeRwFckxOyBlxySWpkRtSJw3CyCN5Jq/kzRpbL9a79TFvXbHymSPyR9bnD8uokhc=</latexit><latexit sha1_base64="FAqQDhmwFTT9mkywy1DKzXuOxUY=">AAAB9HicbZBNS8NAEIY3ftb6VfXoJVgEL5akCHosePFmBfsBbSyb7aRdutnE3UmxhPwOLx4U8eqP8ea/cdvmoK0vLDy8M8PMvn4suEbH+bZWVtfWNzYLW8Xtnd29/dLBYVNHiWLQYJGIVNunGgSX0ECOAtqxAhr6Alr+6Hpab41BaR7Je5zE4IV0IHnAGUVjeV2EJ0xvs4e0ep71SmWn4sxkL4ObQ5nkqvdKX91+xJIQJDJBte64ToxeShVyJiArdhMNMWUjOoCOQUlD0F46OzqzT43Tt4NImSfRnrm/J1Iaaj0JfdMZUhzqxdrU/K/WSTC48lIu4wRBsvmiIBE2RvY0AbvPFTAUEwOUKW5utdmQKsrQ5FQ0IbiLX16GZrXiGr67KNdqeRwFckxOyBlxySWpkRtSJw3CyCN5Jq/kzRpbL9a79TFvXbHymSPyR9bnD8uokhc=</latexit><latexit sha1_base64="FAqQDhmwFTT9mkywy1DKzXuOxUY=">AAAB9HicbZBNS8NAEIY3ftb6VfXoJVgEL5akCHosePFmBfsBbSyb7aRdutnE3UmxhPwOLx4U8eqP8ea/cdvmoK0vLDy8M8PMvn4suEbH+bZWVtfWNzYLW8Xtnd29/dLBYVNHiWLQYJGIVNunGgSX0ECOAtqxAhr6Alr+6Hpab41BaR7Je5zE4IV0IHnAGUVjeV2EJ0xvs4e0ep71SmWn4sxkL4ObQ5nkqvdKX91+xJIQJDJBte64ToxeShVyJiArdhMNMWUjOoCOQUlD0F46OzqzT43Tt4NImSfRnrm/J1Iaaj0JfdMZUhzqxdrU/K/WSTC48lIu4wRBsvmiIBE2RvY0AbvPFTAUEwOUKW5utdmQKsrQ5FQ0IbiLX16GZrXiGr67KNdqeRwFckxOyBlxySWpkRtSJw3CyCN5Jq/kzRpbL9a79TFvXbHymSPyR9bnD8uokhc=</latexit><latexit sha1_base64="FAqQDhmwFTT9mkywy1DKzXuOxUY=">AAAB9HicbZBNS8NAEIY3ftb6VfXoJVgEL5akCHosePFmBfsBbSyb7aRdutnE3UmxhPwOLx4U8eqP8ea/cdvmoK0vLDy8M8PMvn4suEbH+bZWVtfWNzYLW8Xtnd29/dLBYVNHiWLQYJGIVNunGgSX0ECOAtqxAhr6Alr+6Hpab41BaR7Je5zE4IV0IHnAGUVjeV2EJ0xvs4e0ep71SmWn4sxkL4ObQ5nkqvdKX91+xJIQJDJBte64ToxeShVyJiArdhMNMWUjOoCOQUlD0F46OzqzT43Tt4NImSfRnrm/J1Iaaj0JfdMZUhzqxdrU/K/WSTC48lIu4wRBsvmiIBE2RvY0AbvPFTAUEwOUKW5utdmQKsrQ5FQ0IbiLX16GZrXiGr67KNdqeRwFckxOyBlxySWpkRtSJw3CyCN5Jq/kzRpbL9a79TFvXbHymSPyR9bnD8uokhc=</latexit>

vacancy
<latexit sha1_base64="m8cIHhI9cEXrl/jpGBY/pUc7sHw=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjxWsB/Q1rLZbtqlm03YnVRD6P/w4kERr/4Xb/4bt20O2vrCwsM7M8zs68dSGHTdb2dldW19Y7OwVdze2d3bLx0cNkyUaMbrLJKRbvnUcCkUr6NAyVux5jT0JW/6o5tpvTnm2ohI3WMa825IB0oEglG01kMH+RNmY8qoYumkVyq7FXcmsgxeDmXIVeuVvjr9iCUhV8gkNabtuTF2M6pRMMknxU5ieEzZiA5426KiITfdbHb1hJxap0+CSNunkMzc3xMZDY1JQ992hhSHZrE2Nf+rtRMMrrqZUHGCXLH5oiCRBCMyjYD0heYMZWqBMi3srYQNqaYMbVBFG4K3+OVlaJxXPMt3F+XqdR5HAY7hBM7Ag0uowi3UoA4MNDzDK7w5j86L8+58zFtXnHzmCP7I+fwBTLOTBA==</latexit><latexit sha1_base64="m8cIHhI9cEXrl/jpGBY/pUc7sHw=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjxWsB/Q1rLZbtqlm03YnVRD6P/w4kERr/4Xb/4bt20O2vrCwsM7M8zs68dSGHTdb2dldW19Y7OwVdze2d3bLx0cNkyUaMbrLJKRbvnUcCkUr6NAyVux5jT0JW/6o5tpvTnm2ohI3WMa825IB0oEglG01kMH+RNmY8qoYumkVyq7FXcmsgxeDmXIVeuVvjr9iCUhV8gkNabtuTF2M6pRMMknxU5ieEzZiA5426KiITfdbHb1hJxap0+CSNunkMzc3xMZDY1JQ992hhSHZrE2Nf+rtRMMrrqZUHGCXLH5oiCRBCMyjYD0heYMZWqBMi3srYQNqaYMbVBFG4K3+OVlaJxXPMt3F+XqdR5HAY7hBM7Ag0uowi3UoA4MNDzDK7w5j86L8+58zFtXnHzmCP7I+fwBTLOTBA==</latexit><latexit sha1_base64="m8cIHhI9cEXrl/jpGBY/pUc7sHw=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjxWsB/Q1rLZbtqlm03YnVRD6P/w4kERr/4Xb/4bt20O2vrCwsM7M8zs68dSGHTdb2dldW19Y7OwVdze2d3bLx0cNkyUaMbrLJKRbvnUcCkUr6NAyVux5jT0JW/6o5tpvTnm2ohI3WMa825IB0oEglG01kMH+RNmY8qoYumkVyq7FXcmsgxeDmXIVeuVvjr9iCUhV8gkNabtuTF2M6pRMMknxU5ieEzZiA5426KiITfdbHb1hJxap0+CSNunkMzc3xMZDY1JQ992hhSHZrE2Nf+rtRMMrrqZUHGCXLH5oiCRBCMyjYD0heYMZWqBMi3srYQNqaYMbVBFG4K3+OVlaJxXPMt3F+XqdR5HAY7hBM7Ag0uowi3UoA4MNDzDK7w5j86L8+58zFtXnHzmCP7I+fwBTLOTBA==</latexit><latexit sha1_base64="m8cIHhI9cEXrl/jpGBY/pUc7sHw=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjxWsB/Q1rLZbtqlm03YnVRD6P/w4kERr/4Xb/4bt20O2vrCwsM7M8zs68dSGHTdb2dldW19Y7OwVdze2d3bLx0cNkyUaMbrLJKRbvnUcCkUr6NAyVux5jT0JW/6o5tpvTnm2ohI3WMa825IB0oEglG01kMH+RNmY8qoYumkVyq7FXcmsgxeDmXIVeuVvjr9iCUhV8gkNabtuTF2M6pRMMknxU5ieEzZiA5426KiITfdbHb1hJxap0+CSNunkMzc3xMZDY1JQ992hhSHZrE2Nf+rtRMMrrqZUHGCXLH5oiCRBCMyjYD0heYMZWqBMi3srYQNqaYMbVBFG4K3+OVlaJxXPMt3F+XqdR5HAY7hBM7Ag0uowi3UoA4MNDzDK7w5j86L8+58zFtXnHzmCP7I+fwBTLOTBA==</latexit>

⇢c
<latexit sha1_base64="k1tR8dZ4fxwx4/JMo2iPyiv0ZvY=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07QNzSZrMiuUpX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanfNSPcyNu2VK37Vn4usQpBDBXLVe+Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrqppYnlI3pkHccKhpzG2bzfafkzDl9MtDGPYVk7v6eyGhs7SSOXGdMcWSXazPzv1onxcF1mAmVpMgVW3w0SCVBTWbHk74wnKGcOKDMCLcrYSNqKEMXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIGEZ3iFN+/Re/HevY9Fa8HLZ47hj7zPH1qBkCk=</latexit><latexit sha1_base64="k1tR8dZ4fxwx4/JMo2iPyiv0ZvY=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07QNzSZrMiuUpX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanfNSPcyNu2VK37Vn4usQpBDBXLVe+Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrqppYnlI3pkHccKhpzG2bzfafkzDl9MtDGPYVk7v6eyGhs7SSOXGdMcWSXazPzv1onxcF1mAmVpMgVW3w0SCVBTWbHk74wnKGcOKDMCLcrYSNqKEMXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIGEZ3iFN+/Re/HevY9Fa8HLZ47hj7zPH1qBkCk=</latexit><latexit sha1_base64="k1tR8dZ4fxwx4/JMo2iPyiv0ZvY=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07QNzSZrMiuUpX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanfNSPcyNu2VK37Vn4usQpBDBXLVe+Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrqppYnlI3pkHccKhpzG2bzfafkzDl9MtDGPYVk7v6eyGhs7SSOXGdMcWSXazPzv1onxcF1mAmVpMgVW3w0SCVBTWbHk74wnKGcOKDMCLcrYSNqKEMXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIGEZ3iFN+/Re/HevY9Fa8HLZ47hj7zPH1qBkCk=</latexit><latexit sha1_base64="k1tR8dZ4fxwx4/JMo2iPyiv0ZvY=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07QNzSZrMiuUpX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanfNSPcyNu2VK37Vn4usQpBDBXLVe+Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrqppYnlI3pkHccKhpzG2bzfafkzDl9MtDGPYVk7v6eyGhs7SSOXGdMcWSXazPzv1onxcF1mAmVpMgVW3w0SCVBTWbHk74wnKGcOKDMCLcrYSNqKEMXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIGEZ3iFN+/Re/HevY9Fa8HLZ47hj7zPH1qBkCk=</latexit>

⇢c
<latexit sha1_base64="k1tR8dZ4fxwx4/JMo2iPyiv0ZvY=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07QNzSZrMiuUpX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanfNSPcyNu2VK37Vn4usQpBDBXLVe+Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrqppYnlI3pkHccKhpzG2bzfafkzDl9MtDGPYVk7v6eyGhs7SSOXGdMcWSXazPzv1onxcF1mAmVpMgVW3w0SCVBTWbHk74wnKGcOKDMCLcrYSNqKEMXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIGEZ3iFN+/Re/HevY9Fa8HLZ47hj7zPH1qBkCk=</latexit><latexit sha1_base64="k1tR8dZ4fxwx4/JMo2iPyiv0ZvY=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07QNzSZrMiuUpX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanfNSPcyNu2VK37Vn4usQpBDBXLVe+Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrqppYnlI3pkHccKhpzG2bzfafkzDl9MtDGPYVk7v6eyGhs7SSOXGdMcWSXazPzv1onxcF1mAmVpMgVW3w0SCVBTWbHk74wnKGcOKDMCLcrYSNqKEMXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIGEZ3iFN+/Re/HevY9Fa8HLZ47hj7zPH1qBkCk=</latexit><latexit sha1_base64="k1tR8dZ4fxwx4/JMo2iPyiv0ZvY=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07QNzSZrMiuUpX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanfNSPcyNu2VK37Vn4usQpBDBXLVe+Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrqppYnlI3pkHccKhpzG2bzfafkzDl9MtDGPYVk7v6eyGhs7SSOXGdMcWSXazPzv1onxcF1mAmVpMgVW3w0SCVBTWbHk74wnKGcOKDMCLcrYSNqKEMXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIGEZ3iFN+/Re/HevY9Fa8HLZ47hj7zPH1qBkCk=</latexit><latexit sha1_base64="k1tR8dZ4fxwx4/JMo2iPyiv0ZvY=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07QNzSZrMiuUpX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanfNSPcyNu2VK37Vn4usQpBDBXLVe+Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrqppYnlI3pkHccKhpzG2bzfafkzDl9MtDGPYVk7v6eyGhs7SSOXGdMcWSXazPzv1onxcF1mAmVpMgVW3w0SCVBTWbHk74wnKGcOKDMCLcrYSNqKEMXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIGEZ3iFN+/Re/HevY9Fa8HLZ47hj7zPH1qBkCk=</latexit>

B
<latexit sha1_base64="84VY/ugUIsqyCmnCBj/Y8tjyQ2E=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY6sVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ9UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryu1eh5HEc7gHC7BgxuowT00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlGOMxg==</latexit><latexit sha1_base64="84VY/ugUIsqyCmnCBj/Y8tjyQ2E=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY6sVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ9UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryu1eh5HEc7gHC7BgxuowT00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlGOMxg==</latexit><latexit sha1_base64="84VY/ugUIsqyCmnCBj/Y8tjyQ2E=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY6sVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ9UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryu1eh5HEc7gHC7BgxuowT00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlGOMxg==</latexit><latexit sha1_base64="84VY/ugUIsqyCmnCBj/Y8tjyQ2E=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY6sVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ9UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryu1eh5HEc7gHC7BgxuowT00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlGOMxg==</latexit>

Acoustic scattering
<latexit sha1_base64="hik/h3MTp3lSFbxpYiaWf4QMDGU=">AAACA3icbZBNS8NAEIY39avWr6g3vQSL4KkkIuix6sVjBfsBbSib7bRdutmE3YlYQsGLf8WLB0W8+ie8+W/ctDlo68DCw/vOzDJvEAuu0XW/rcLS8srqWnG9tLG5tb1j7+41dJQoBnUWiUi1AqpBcAl15CigFSugYSCgGYyuM795D0rzSN7hOAY/pAPJ+5xRNFLXPuggPGB6yaJEI2eONgaC4nIw6dplt+JOy1kEL4cyyavWtb86vYglIUhkgmrd9twY/ZQqs1jApNRJNMSUjegA2gYlDUH76fSGiXNslJ7Tj5R5Ep2p+nsipaHW4zAwnSHFoZ73MvE/r51g/8JPuYwTBMlmH/UT4WDkZIE4Pa6AoRgboEzxLAQ2pIoyE4MumRC8+ZMXoXFa8QzfnpWrV3kcRXJIjsgJ8cg5qZIbUiN1wsgjeSav5M16sl6sd+tj1lqw8pl98qeszx/yNphX</latexit><latexit sha1_base64="hik/h3MTp3lSFbxpYiaWf4QMDGU=">AAACA3icbZBNS8NAEIY39avWr6g3vQSL4KkkIuix6sVjBfsBbSib7bRdutmE3YlYQsGLf8WLB0W8+ie8+W/ctDlo68DCw/vOzDJvEAuu0XW/rcLS8srqWnG9tLG5tb1j7+41dJQoBnUWiUi1AqpBcAl15CigFSugYSCgGYyuM795D0rzSN7hOAY/pAPJ+5xRNFLXPuggPGB6yaJEI2eONgaC4nIw6dplt+JOy1kEL4cyyavWtb86vYglIUhkgmrd9twY/ZQqs1jApNRJNMSUjegA2gYlDUH76fSGiXNslJ7Tj5R5Ep2p+nsipaHW4zAwnSHFoZ73MvE/r51g/8JPuYwTBMlmH/UT4WDkZIE4Pa6AoRgboEzxLAQ2pIoyE4MumRC8+ZMXoXFa8QzfnpWrV3kcRXJIjsgJ8cg5qZIbUiN1wsgjeSav5M16sl6sd+tj1lqw8pl98qeszx/yNphX</latexit><latexit sha1_base64="hik/h3MTp3lSFbxpYiaWf4QMDGU=">AAACA3icbZBNS8NAEIY39avWr6g3vQSL4KkkIuix6sVjBfsBbSib7bRdutmE3YlYQsGLf8WLB0W8+ie8+W/ctDlo68DCw/vOzDJvEAuu0XW/rcLS8srqWnG9tLG5tb1j7+41dJQoBnUWiUi1AqpBcAl15CigFSugYSCgGYyuM795D0rzSN7hOAY/pAPJ+5xRNFLXPuggPGB6yaJEI2eONgaC4nIw6dplt+JOy1kEL4cyyavWtb86vYglIUhkgmrd9twY/ZQqs1jApNRJNMSUjegA2gYlDUH76fSGiXNslJ7Tj5R5Ep2p+nsipaHW4zAwnSHFoZ73MvE/r51g/8JPuYwTBMlmH/UT4WDkZIE4Pa6AoRgboEzxLAQ2pIoyE4MumRC8+ZMXoXFa8QzfnpWrV3kcRXJIjsgJ8cg5qZIbUiN1wsgjeSav5M16sl6sd+tj1lqw8pl98qeszx/yNphX</latexit><latexit sha1_base64="hik/h3MTp3lSFbxpYiaWf4QMDGU=">AAACA3icbZBNS8NAEIY39avWr6g3vQSL4KkkIuix6sVjBfsBbSib7bRdutmE3YlYQsGLf8WLB0W8+ie8+W/ctDlo68DCw/vOzDJvEAuu0XW/rcLS8srqWnG9tLG5tb1j7+41dJQoBnUWiUi1AqpBcAl15CigFSugYSCgGYyuM795D0rzSN7hOAY/pAPJ+5xRNFLXPuggPGB6yaJEI2eONgaC4nIw6dplt+JOy1kEL4cyyavWtb86vYglIUhkgmrd9twY/ZQqs1jApNRJNMSUjegA2gYlDUH76fSGiXNslJ7Tj5R5Ep2p+nsipaHW4zAwnSHFoZ73MvE/r51g/8JPuYwTBMlmH/UT4WDkZIE4Pa6AoRgboEzxLAQ2pIoyE4MumRC8+ZMXoXFa8QzfnpWrV3kcRXJIjsgJ8cg5qZIbUiN1wsgjeSav5M16sl6sd+tj1lqw8pl98qeszx/yNphX</latexit>

Lorentz force
<latexit sha1_base64="0R+uQqrRBFshqMwaSbyDHid/SQ4=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWZE0GXRjQsXFewD2qFk0kwbmkmG5I7YDsVfceNCEbf+hzv/xkzbhbYeCBzOua+cMBHcgOd9O0vLK6tr64WN4ubW9s6uu7dfNyrVlNWoEko3Q2KY4JLVgINgzUQzEoeCNcLBde43Hpg2XMl7GCYsiElP8ohTAlbquIdtYI+Q3SrNJIxwpOzYcccteWVvArxI/BkpoRmqHfer3VU0je0MKogxLd9LIMiIBk4FGxfbqWEJoQPSYy1LJYmZCbLJ9WN8YpVuvtk+CXii/u7ISGzMMA5tZUygb+a9XPzPa6UQXQYZl0kKTNLpoigVGBTOo8BdrhkFMbSEUM3trZj2iSYUbGBFG4I//+VFUj8r+5bfnZcqV7M4CugIHaNT5KMLVEE3qIpqiKIRekav6M15cl6cd+djWrrkzHoO0B84nz8oI5Wp</latexit><latexit sha1_base64="0R+uQqrRBFshqMwaSbyDHid/SQ4=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWZE0GXRjQsXFewD2qFk0kwbmkmG5I7YDsVfceNCEbf+hzv/xkzbhbYeCBzOua+cMBHcgOd9O0vLK6tr64WN4ubW9s6uu7dfNyrVlNWoEko3Q2KY4JLVgINgzUQzEoeCNcLBde43Hpg2XMl7GCYsiElP8ohTAlbquIdtYI+Q3SrNJIxwpOzYcccteWVvArxI/BkpoRmqHfer3VU0je0MKogxLd9LIMiIBk4FGxfbqWEJoQPSYy1LJYmZCbLJ9WN8YpVuvtk+CXii/u7ISGzMMA5tZUygb+a9XPzPa6UQXQYZl0kKTNLpoigVGBTOo8BdrhkFMbSEUM3trZj2iSYUbGBFG4I//+VFUj8r+5bfnZcqV7M4CugIHaNT5KMLVEE3qIpqiKIRekav6M15cl6cd+djWrrkzHoO0B84nz8oI5Wp</latexit><latexit sha1_base64="0R+uQqrRBFshqMwaSbyDHid/SQ4=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWZE0GXRjQsXFewD2qFk0kwbmkmG5I7YDsVfceNCEbf+hzv/xkzbhbYeCBzOua+cMBHcgOd9O0vLK6tr64WN4ubW9s6uu7dfNyrVlNWoEko3Q2KY4JLVgINgzUQzEoeCNcLBde43Hpg2XMl7GCYsiElP8ohTAlbquIdtYI+Q3SrNJIxwpOzYcccteWVvArxI/BkpoRmqHfer3VU0je0MKogxLd9LIMiIBk4FGxfbqWEJoQPSYy1LJYmZCbLJ9WN8YpVuvtk+CXii/u7ISGzMMA5tZUygb+a9XPzPa6UQXQYZl0kKTNLpoigVGBTOo8BdrhkFMbSEUM3trZj2iSYUbGBFG4I//+VFUj8r+5bfnZcqV7M4CugIHaNT5KMLVEE3qIpqiKIRekav6M15cl6cd+djWrrkzHoO0B84nz8oI5Wp</latexit><latexit sha1_base64="0R+uQqrRBFshqMwaSbyDHid/SQ4=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWZE0GXRjQsXFewD2qFk0kwbmkmG5I7YDsVfceNCEbf+hzv/xkzbhbYeCBzOua+cMBHcgOd9O0vLK6tr64WN4ubW9s6uu7dfNyrVlNWoEko3Q2KY4JLVgINgzUQzEoeCNcLBde43Hpg2XMl7GCYsiElP8ohTAlbquIdtYI+Q3SrNJIxwpOzYcccteWVvArxI/BkpoRmqHfer3VU0je0MKogxLd9LIMiIBk4FGxfbqWEJoQPSYy1LJYmZCbLJ9WN8YpVuvtk+CXii/u7ISGzMMA5tZUygb+a9XPzPa6UQXQYZl0kKTNLpoigVGBTOo8BdrhkFMbSEUM3trZj2iSYUbGBFG4I//+VFUj8r+5bfnZcqV7M4CugIHaNT5KMLVEE3qIpqiKIRekav6M15cl6cd+djWrrkzHoO0B84nz8oI5Wp</latexit>

cL(T )2
<latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit><latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit><latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit><latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit>

cL(T )2
<latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit><latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit><latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit><latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit>

ŷ
<latexit sha1_base64="xweS5KigigH5GK508TshcvdtzTw=">AAAB+XicbZBLSwMxFIXv+Kz1NerSTbAIrsqMCLqsuHFZwT6gU0omzbShmQfJncIwDPhD3LhQxK3/xJ3/xkzbhbZeCHycc0NOjp9IodFxvq219Y3Nre3KTnV3b//g0D46bus4VYy3WCxj1fWp5lJEvIUCJe8mitPQl7zjT+5KvzPlSos4esQs4f2QjiIRCEbRSAPb9sYUcy+kOPaDPCuKgV1z6s5syCq4C6jBYpoD+8sbxiwNeYRMUq17rpNgP6cKBZO8qHqp5gllEzriPYMRDbnu57PkBTk3ypAEsTInQjJTf9/Iaah1Fvpms4yol71S/M/rpRjc9HMRJSnyiM0fClJJMCZlDWQoFGcoMwOUKWGyEjamijI0ZVVNCe7yl1ehfVl3DT9c1Rq3T/M6KnAKZ3ABLlxDA+6hCS1gMIVneIU3K7derHfrY766Zi0qPIE/Y33+AH1AlJo=</latexit><latexit sha1_base64="xweS5KigigH5GK508TshcvdtzTw=">AAAB+XicbZBLSwMxFIXv+Kz1NerSTbAIrsqMCLqsuHFZwT6gU0omzbShmQfJncIwDPhD3LhQxK3/xJ3/xkzbhbZeCHycc0NOjp9IodFxvq219Y3Nre3KTnV3b//g0D46bus4VYy3WCxj1fWp5lJEvIUCJe8mitPQl7zjT+5KvzPlSos4esQs4f2QjiIRCEbRSAPb9sYUcy+kOPaDPCuKgV1z6s5syCq4C6jBYpoD+8sbxiwNeYRMUq17rpNgP6cKBZO8qHqp5gllEzriPYMRDbnu57PkBTk3ypAEsTInQjJTf9/Iaah1Fvpms4yol71S/M/rpRjc9HMRJSnyiM0fClJJMCZlDWQoFGcoMwOUKWGyEjamijI0ZVVNCe7yl1ehfVl3DT9c1Rq3T/M6KnAKZ3ABLlxDA+6hCS1gMIVneIU3K7derHfrY766Zi0qPIE/Y33+AH1AlJo=</latexit><latexit sha1_base64="xweS5KigigH5GK508TshcvdtzTw=">AAAB+XicbZBLSwMxFIXv+Kz1NerSTbAIrsqMCLqsuHFZwT6gU0omzbShmQfJncIwDPhD3LhQxK3/xJ3/xkzbhbZeCHycc0NOjp9IodFxvq219Y3Nre3KTnV3b//g0D46bus4VYy3WCxj1fWp5lJEvIUCJe8mitPQl7zjT+5KvzPlSos4esQs4f2QjiIRCEbRSAPb9sYUcy+kOPaDPCuKgV1z6s5syCq4C6jBYpoD+8sbxiwNeYRMUq17rpNgP6cKBZO8qHqp5gllEzriPYMRDbnu57PkBTk3ypAEsTInQjJTf9/Iaah1Fvpms4yol71S/M/rpRjc9HMRJSnyiM0fClJJMCZlDWQoFGcoMwOUKWGyEjamijI0ZVVNCe7yl1ehfVl3DT9c1Rq3T/M6KnAKZ3ABLlxDA+6hCS1gMIVneIU3K7derHfrY766Zi0qPIE/Y33+AH1AlJo=</latexit><latexit sha1_base64="xweS5KigigH5GK508TshcvdtzTw=">AAAB+XicbZBLSwMxFIXv+Kz1NerSTbAIrsqMCLqsuHFZwT6gU0omzbShmQfJncIwDPhD3LhQxK3/xJ3/xkzbhbZeCHycc0NOjp9IodFxvq219Y3Nre3KTnV3b//g0D46bus4VYy3WCxj1fWp5lJEvIUCJe8mitPQl7zjT+5KvzPlSos4esQs4f2QjiIRCEbRSAPb9sYUcy+kOPaDPCuKgV1z6s5syCq4C6jBYpoD+8sbxiwNeYRMUq17rpNgP6cKBZO8qHqp5gllEzriPYMRDbnu57PkBTk3ypAEsTInQjJTf9/Iaah1Fvpms4yol71S/M/rpRjc9HMRJSnyiM0fClJJMCZlDWQoFGcoMwOUKWGyEjamijI0ZVVNCe7yl1ehfVl3DT9c1Rq3T/M6KnAKZ3ABLlxDA+6hCS1gMIVneIU3K7derHfrY766Zi0qPIE/Y33+AH1AlJo=</latexit>

ẑ
<latexit sha1_base64="eYmfV17qFjlYWa0vuedKFunD5To=">AAAB+XicbZBLS8NAFIVv6qvWV9Slm2ARXJVEBF1W3LisYB/QhjKZTtqhk0mYuSnUEPCHuHGhiFv/iTv/jZO2C229MPBxzh3mzAkSwTW67rdVWlvf2Nwqb1d2dvf2D+zDo5aOU0VZk8YiVp2AaCa4ZE3kKFgnUYxEgWDtYHxb+O0JU5rH8gGnCfMjMpQ85JSgkfq23RsRzHoRwVEQZo953rerbs2djbMK3gKqsJhG3/7qDWKaRkwiFUTrrucm6GdEIaeC5ZVeqllC6JgMWdegJBHTfjZLnjtnRhk4YazMkejM1N83MhJpPY0Cs1lE1MteIf7ndVMMr/2MyyRFJun8oTAVDsZOUYMz4IpRFFMDhCpusjp0RBShaMqqmBK85S+vQuui5hm+v6zWb57mdZThBE7hHDy4gjrcQQOaQGECz/AKb1ZmvVjv1sd8tWQtKjyGP2N9/gB+xpSb</latexit><latexit sha1_base64="eYmfV17qFjlYWa0vuedKFunD5To=">AAAB+XicbZBLS8NAFIVv6qvWV9Slm2ARXJVEBF1W3LisYB/QhjKZTtqhk0mYuSnUEPCHuHGhiFv/iTv/jZO2C229MPBxzh3mzAkSwTW67rdVWlvf2Nwqb1d2dvf2D+zDo5aOU0VZk8YiVp2AaCa4ZE3kKFgnUYxEgWDtYHxb+O0JU5rH8gGnCfMjMpQ85JSgkfq23RsRzHoRwVEQZo953rerbs2djbMK3gKqsJhG3/7qDWKaRkwiFUTrrucm6GdEIaeC5ZVeqllC6JgMWdegJBHTfjZLnjtnRhk4YazMkejM1N83MhJpPY0Cs1lE1MteIf7ndVMMr/2MyyRFJun8oTAVDsZOUYMz4IpRFFMDhCpusjp0RBShaMqqmBK85S+vQuui5hm+v6zWb57mdZThBE7hHDy4gjrcQQOaQGECz/AKb1ZmvVjv1sd8tWQtKjyGP2N9/gB+xpSb</latexit><latexit sha1_base64="eYmfV17qFjlYWa0vuedKFunD5To=">AAAB+XicbZBLS8NAFIVv6qvWV9Slm2ARXJVEBF1W3LisYB/QhjKZTtqhk0mYuSnUEPCHuHGhiFv/iTv/jZO2C229MPBxzh3mzAkSwTW67rdVWlvf2Nwqb1d2dvf2D+zDo5aOU0VZk8YiVp2AaCa4ZE3kKFgnUYxEgWDtYHxb+O0JU5rH8gGnCfMjMpQ85JSgkfq23RsRzHoRwVEQZo953rerbs2djbMK3gKqsJhG3/7qDWKaRkwiFUTrrucm6GdEIaeC5ZVeqllC6JgMWdegJBHTfjZLnjtnRhk4YazMkejM1N83MhJpPY0Cs1lE1MteIf7ndVMMr/2MyyRFJun8oTAVDsZOUYMz4IpRFFMDhCpusjp0RBShaMqqmBK85S+vQuui5hm+v6zWb57mdZThBE7hHDy4gjrcQQOaQGECz/AKb1ZmvVjv1sd8tWQtKjyGP2N9/gB+xpSb</latexit><latexit sha1_base64="eYmfV17qFjlYWa0vuedKFunD5To=">AAAB+XicbZBLS8NAFIVv6qvWV9Slm2ARXJVEBF1W3LisYB/QhjKZTtqhk0mYuSnUEPCHuHGhiFv/iTv/jZO2C229MPBxzh3mzAkSwTW67rdVWlvf2Nwqb1d2dvf2D+zDo5aOU0VZk8YiVp2AaCa4ZE3kKFgnUYxEgWDtYHxb+O0JU5rH8gGnCfMjMpQ85JSgkfq23RsRzHoRwVEQZo953rerbs2djbMK3gKqsJhG3/7qDWKaRkwiFUTrrucm6GdEIaeC5ZVeqllC6JgMWdegJBHTfjZLnjtnRhk4YazMkejM1N83MhJpPY0Cs1lE1MteIf7ndVMMr/2MyyRFJun8oTAVDsZOUYMz4IpRFFMDhCpusjp0RBShaMqqmBK85S+vQuui5hm+v6zWb57mdZThBE7hHDy4gjrcQQOaQGECz/AKb1ZmvVjv1sd8tWQtKjyGP2N9/gB+xpSb</latexit>

FIG. 1. Oxygen vacancies, like the one depicted in this two-
dimensional cartoon, are common defects in oxide dielectrics.
We model them as spherical scatterers that have a finite net
charge density ⇢c, and longitudinal and transverse local sound
velocities that di↵er from those of the surrounding medium.
In the presence of an out-of-plane magnetic field B, acoustic
waves will experience a Lorentz force inside the defect region
that combines with normal acoustic scattering to add a small
non-reciprocal contribution to the phonon scattering rates.
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It has been known for decades that a magnetic field can deflect phonons as they flow in response to
a thermal gradient, producing a thermal Hall e↵ect. Recent experiments on oxide dielectrics reveal
that the ratio between the Hall and longitudinal thermal conductivity (H/L) is not strongly
temperature dependent, suggesting that quasi-elastic skew-scattering of long-wavelength phonons is
responsible. In this Letter we show that Lorentz forces acting on charged defects produce substantial
skew-scattering amplitudes and related thermal Hall e↵ects that vanish more slowly than heat
capacity with temperature, consistent with recent observations.

Introduction— In recent years the thermal Hall e↵ect
has frequently been employed as an informative probe of
strongly correlated materials [1–19]. In the process, it
has become clear that thermal Hall conductivities (H)
that are linearly proportional to magnetic field H are
common in oxide dielectrics. Collective spin excitations
(magnons) can supply a thermal Hall signal that is lin-
ear in magnetic field. [20–23]. However magnons can be
eliminated as a source of the signal in many cases, either
because the insulator is not magnetic or because the ther-
mal Hall signal is uncorrelated with magnetic order [1].In
La2CuO4, for example, the thermal Hall conductivity is
almost isotropic [3], like the phonon spectrum, whereas
the magnon spectrum is quasi-two-dimensional. This
Letter is motivated by the experiments that establish
phonons as the source of the thermal Hall signal in many
ionic crystals.

For magnetic fields ⇠ 10 Tesla, the ratio of H to the
longitudinal thermal conductivity L is often larger than
10�3 over a wide range of temperatures [1–4]. The linear
dependence of H on H is expected since the magnetic
field breaks time-reversal symmetry. What is surprising
therefore is not the presence of this non-reciprocal re-
sponse coe�cient, but its relatively large size. Intrinsic
mechanisms responsible for chirality in phonon transport
have been extensively investigated [6–8, 12, 25]. For ex-
ample, coupling to the surrounding spin environment can
provide phonon bands a finite Hall viscosity, ⌘H , [18, 19]
which characterizes the strength of the time-reversal sym-
metry breaking inherited from the spin-system. Mag-
netic fields also influence the lattice dynamics of ionic
crystals directly through the Lorentz forces that act on
moving ions. The Lorentz force couples longitudinal in-
phase motion of the cations and anions to out-of-phase
transverse motion. At small k the out-of-phase compo-
nent of acoustic phonon polarization vectors vanishes like
(ka)2. It follows that ⌘H has a Lorentz force contribu-
tion ⇠ Z

⇤
eB/(ca) = M⌦cI/a, where !cI = Z

⇤
eB/Mc

is the ion cyclotron frequency, Z
⇤ is the e↵ective ion

charge, M is the ion mass and a is the crystal lattice con-
stant. Whatever its origin, Hall viscosity combined with
non-chiral phonon scattering always produces a thermal

Hall conductivity. The intrinsic Hall viscosity mechanism
weakens dramatically at low temperature, however, yield-
ing [19] H/L ⇠ T

4 behavior that is clearly inconsistent
with typical experiments. In order to retain its impact
at low-temperatures, time-reversal-breaking must be em-
bedded in the properties of the phonon scatterers, not of
the phonon medium.

Our model for phonon Hall e↵ects is motivated by the
following two observations: i) the phonon Hall e↵ect is
normally stronger in relative terms at lower temperatures
where ` � �, where ` is the phonon mean-free-path, and
� is the thermal phonon wavelength. It has been under-
stood for decades [27, 28] that phonon transport in this
regime can be described using a Boltzmann equation. ii)
the ratio of the Hall conductivity to the longitudinal con-
ductivity does not decrease monotonically with tempera-
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<latexit sha1_base64="k1tR8dZ4fxwx4/JMo2iPyiv0ZvY=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07QNzSZrMiuUpX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanfNSPcyNu2VK37Vn4usQpBDBXLVe+Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrqppYnlI3pkHccKhpzG2bzfafkzDl9MtDGPYVk7v6eyGhs7SSOXGdMcWSXazPzv1onxcF1mAmVpMgVW3w0SCVBTWbHk74wnKGcOKDMCLcrYSNqKEMXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIGEZ3iFN+/Re/HevY9Fa8HLZ47hj7zPH1qBkCk=</latexit><latexit sha1_base64="k1tR8dZ4fxwx4/JMo2iPyiv0ZvY=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07QNzSZrMiuUpX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanfNSPcyNu2VK37Vn4usQpBDBXLVe+Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrqppYnlI3pkHccKhpzG2bzfafkzDl9MtDGPYVk7v6eyGhs7SSOXGdMcWSXazPzv1onxcF1mAmVpMgVW3w0SCVBTWbHk74wnKGcOKDMCLcrYSNqKEMXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIGEZ3iFN+/Re/HevY9Fa8HLZ47hj7zPH1qBkCk=</latexit><latexit sha1_base64="k1tR8dZ4fxwx4/JMo2iPyiv0ZvY=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07QNzSZrMiuUpX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanfNSPcyNu2VK37Vn4usQpBDBXLVe+Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrqppYnlI3pkHccKhpzG2bzfafkzDl9MtDGPYVk7v6eyGhs7SSOXGdMcWSXazPzv1onxcF1mAmVpMgVW3w0SCVBTWbHk74wnKGcOKDMCLcrYSNqKEMXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIGEZ3iFN+/Re/HevY9Fa8HLZ47hj7zPH1qBkCk=</latexit><latexit sha1_base64="k1tR8dZ4fxwx4/JMo2iPyiv0ZvY=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07QNzSZrMiuUpX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanfNSPcyNu2VK37Vn4usQpBDBXLVe+Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrqppYnlI3pkHccKhpzG2bzfafkzDl9MtDGPYVk7v6eyGhs7SSOXGdMcWSXazPzv1onxcF1mAmVpMgVW3w0SCVBTWbHk74wnKGcOKDMCLcrYSNqKEMXUcmFECyfvArNi2rg+P6yUrvJ4yjCCZzCOQRwBTW4gzo0gIGEZ3iFN+/Re/HevY9Fa8HLZ47hj7zPH1qBkCk=</latexit>

B
<latexit sha1_base64="84VY/ugUIsqyCmnCBj/Y8tjyQ2E=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY6sVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ9UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryu1eh5HEc7gHC7BgxuowT00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlGOMxg==</latexit><latexit sha1_base64="84VY/ugUIsqyCmnCBj/Y8tjyQ2E=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY6sVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ9UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryu1eh5HEc7gHC7BgxuowT00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlGOMxg==</latexit><latexit sha1_base64="84VY/ugUIsqyCmnCBj/Y8tjyQ2E=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY6sVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ9UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryu1eh5HEc7gHC7BgxuowT00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlGOMxg==</latexit><latexit sha1_base64="84VY/ugUIsqyCmnCBj/Y8tjyQ2E=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY6sVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ9UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryu1eh5HEc7gHC7BgxuowT00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AlGOMxg==</latexit>

Acoustic scattering
<latexit sha1_base64="hik/h3MTp3lSFbxpYiaWf4QMDGU=">AAACA3icbZBNS8NAEIY39avWr6g3vQSL4KkkIuix6sVjBfsBbSib7bRdutmE3YlYQsGLf8WLB0W8+ie8+W/ctDlo68DCw/vOzDJvEAuu0XW/rcLS8srqWnG9tLG5tb1j7+41dJQoBnUWiUi1AqpBcAl15CigFSugYSCgGYyuM795D0rzSN7hOAY/pAPJ+5xRNFLXPuggPGB6yaJEI2eONgaC4nIw6dplt+JOy1kEL4cyyavWtb86vYglIUhkgmrd9twY/ZQqs1jApNRJNMSUjegA2gYlDUH76fSGiXNslJ7Tj5R5Ep2p+nsipaHW4zAwnSHFoZ73MvE/r51g/8JPuYwTBMlmH/UT4WDkZIE4Pa6AoRgboEzxLAQ2pIoyE4MumRC8+ZMXoXFa8QzfnpWrV3kcRXJIjsgJ8cg5qZIbUiN1wsgjeSav5M16sl6sd+tj1lqw8pl98qeszx/yNphX</latexit><latexit sha1_base64="hik/h3MTp3lSFbxpYiaWf4QMDGU=">AAACA3icbZBNS8NAEIY39avWr6g3vQSL4KkkIuix6sVjBfsBbSib7bRdutmE3YlYQsGLf8WLB0W8+ie8+W/ctDlo68DCw/vOzDJvEAuu0XW/rcLS8srqWnG9tLG5tb1j7+41dJQoBnUWiUi1AqpBcAl15CigFSugYSCgGYyuM795D0rzSN7hOAY/pAPJ+5xRNFLXPuggPGB6yaJEI2eONgaC4nIw6dplt+JOy1kEL4cyyavWtb86vYglIUhkgmrd9twY/ZQqs1jApNRJNMSUjegA2gYlDUH76fSGiXNslJ7Tj5R5Ep2p+nsipaHW4zAwnSHFoZ73MvE/r51g/8JPuYwTBMlmH/UT4WDkZIE4Pa6AoRgboEzxLAQ2pIoyE4MumRC8+ZMXoXFa8QzfnpWrV3kcRXJIjsgJ8cg5qZIbUiN1wsgjeSav5M16sl6sd+tj1lqw8pl98qeszx/yNphX</latexit><latexit sha1_base64="hik/h3MTp3lSFbxpYiaWf4QMDGU=">AAACA3icbZBNS8NAEIY39avWr6g3vQSL4KkkIuix6sVjBfsBbSib7bRdutmE3YlYQsGLf8WLB0W8+ie8+W/ctDlo68DCw/vOzDJvEAuu0XW/rcLS8srqWnG9tLG5tb1j7+41dJQoBnUWiUi1AqpBcAl15CigFSugYSCgGYyuM795D0rzSN7hOAY/pAPJ+5xRNFLXPuggPGB6yaJEI2eONgaC4nIw6dplt+JOy1kEL4cyyavWtb86vYglIUhkgmrd9twY/ZQqs1jApNRJNMSUjegA2gYlDUH76fSGiXNslJ7Tj5R5Ep2p+nsipaHW4zAwnSHFoZ73MvE/r51g/8JPuYwTBMlmH/UT4WDkZIE4Pa6AoRgboEzxLAQ2pIoyE4MumRC8+ZMXoXFa8QzfnpWrV3kcRXJIjsgJ8cg5qZIbUiN1wsgjeSav5M16sl6sd+tj1lqw8pl98qeszx/yNphX</latexit><latexit sha1_base64="hik/h3MTp3lSFbxpYiaWf4QMDGU=">AAACA3icbZBNS8NAEIY39avWr6g3vQSL4KkkIuix6sVjBfsBbSib7bRdutmE3YlYQsGLf8WLB0W8+ie8+W/ctDlo68DCw/vOzDJvEAuu0XW/rcLS8srqWnG9tLG5tb1j7+41dJQoBnUWiUi1AqpBcAl15CigFSugYSCgGYyuM795D0rzSN7hOAY/pAPJ+5xRNFLXPuggPGB6yaJEI2eONgaC4nIw6dplt+JOy1kEL4cyyavWtb86vYglIUhkgmrd9twY/ZQqs1jApNRJNMSUjegA2gYlDUH76fSGiXNslJ7Tj5R5Ep2p+nsipaHW4zAwnSHFoZ73MvE/r51g/8JPuYwTBMlmH/UT4WDkZIE4Pa6AoRgboEzxLAQ2pIoyE4MumRC8+ZMXoXFa8QzfnpWrV3kcRXJIjsgJ8cg5qZIbUiN1wsgjeSav5M16sl6sd+tj1lqw8pl98qeszx/yNphX</latexit>

Lorentz force
<latexit sha1_base64="0R+uQqrRBFshqMwaSbyDHid/SQ4=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWZE0GXRjQsXFewD2qFk0kwbmkmG5I7YDsVfceNCEbf+hzv/xkzbhbYeCBzOua+cMBHcgOd9O0vLK6tr64WN4ubW9s6uu7dfNyrVlNWoEko3Q2KY4JLVgINgzUQzEoeCNcLBde43Hpg2XMl7GCYsiElP8ohTAlbquIdtYI+Q3SrNJIxwpOzYcccteWVvArxI/BkpoRmqHfer3VU0je0MKogxLd9LIMiIBk4FGxfbqWEJoQPSYy1LJYmZCbLJ9WN8YpVuvtk+CXii/u7ISGzMMA5tZUygb+a9XPzPa6UQXQYZl0kKTNLpoigVGBTOo8BdrhkFMbSEUM3trZj2iSYUbGBFG4I//+VFUj8r+5bfnZcqV7M4CugIHaNT5KMLVEE3qIpqiKIRekav6M15cl6cd+djWrrkzHoO0B84nz8oI5Wp</latexit><latexit sha1_base64="0R+uQqrRBFshqMwaSbyDHid/SQ4=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWZE0GXRjQsXFewD2qFk0kwbmkmG5I7YDsVfceNCEbf+hzv/xkzbhbYeCBzOua+cMBHcgOd9O0vLK6tr64WN4ubW9s6uu7dfNyrVlNWoEko3Q2KY4JLVgINgzUQzEoeCNcLBde43Hpg2XMl7GCYsiElP8ohTAlbquIdtYI+Q3SrNJIxwpOzYcccteWVvArxI/BkpoRmqHfer3VU0je0MKogxLd9LIMiIBk4FGxfbqWEJoQPSYy1LJYmZCbLJ9WN8YpVuvtk+CXii/u7ISGzMMA5tZUygb+a9XPzPa6UQXQYZl0kKTNLpoigVGBTOo8BdrhkFMbSEUM3trZj2iSYUbGBFG4I//+VFUj8r+5bfnZcqV7M4CugIHaNT5KMLVEE3qIpqiKIRekav6M15cl6cd+djWrrkzHoO0B84nz8oI5Wp</latexit><latexit sha1_base64="0R+uQqrRBFshqMwaSbyDHid/SQ4=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWZE0GXRjQsXFewD2qFk0kwbmkmG5I7YDsVfceNCEbf+hzv/xkzbhbYeCBzOua+cMBHcgOd9O0vLK6tr64WN4ubW9s6uu7dfNyrVlNWoEko3Q2KY4JLVgINgzUQzEoeCNcLBde43Hpg2XMl7GCYsiElP8ohTAlbquIdtYI+Q3SrNJIxwpOzYcccteWVvArxI/BkpoRmqHfer3VU0je0MKogxLd9LIMiIBk4FGxfbqWEJoQPSYy1LJYmZCbLJ9WN8YpVuvtk+CXii/u7ISGzMMA5tZUygb+a9XPzPa6UQXQYZl0kKTNLpoigVGBTOo8BdrhkFMbSEUM3trZj2iSYUbGBFG4I//+VFUj8r+5bfnZcqV7M4CugIHaNT5KMLVEE3qIpqiKIRekav6M15cl6cd+djWrrkzHoO0B84nz8oI5Wp</latexit><latexit sha1_base64="0R+uQqrRBFshqMwaSbyDHid/SQ4=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWZE0GXRjQsXFewD2qFk0kwbmkmG5I7YDsVfceNCEbf+hzv/xkzbhbYeCBzOua+cMBHcgOd9O0vLK6tr64WN4ubW9s6uu7dfNyrVlNWoEko3Q2KY4JLVgINgzUQzEoeCNcLBde43Hpg2XMl7GCYsiElP8ohTAlbquIdtYI+Q3SrNJIxwpOzYcccteWVvArxI/BkpoRmqHfer3VU0je0MKogxLd9LIMiIBk4FGxfbqWEJoQPSYy1LJYmZCbLJ9WN8YpVuvtk+CXii/u7ISGzMMA5tZUygb+a9XPzPa6UQXQYZl0kKTNLpoigVGBTOo8BdrhkFMbSEUM3trZj2iSYUbGBFG4I//+VFUj8r+5bfnZcqV7M4CugIHaNT5KMLVEE3qIpqiKIRekav6M15cl6cd+djWrrkzHoO0B84nz8oI5Wp</latexit>

cL(T )2
<latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit><latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit><latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit><latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit>

cL(T )2
<latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit><latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit><latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit><latexit sha1_base64="fGOt0oSDORft8oOx6My+gOsZBZo=">AAAB8XicbZDNSgMxFIXv1L9a/6ou3QSLUDdlpgi6LOjChYsKbS22Q8mkmTY0yQxJRihD38KNC0Xc+jbufBsz7Sy09UDg49x7yb0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRhLZJxCPVDbCmnEnaNsxw2o0VxSLg9CGYXGf1hyeqNItky0xj6gs8kixkBBtrPZJBeldtnddnpUG54tbcudAqeDlUIFdzUP7qDyOSCCoN4VjrnufGxk+xMoxwOiv1E01jTCZ4RHsWJRZU++l84xk6s84QhZGyTxo0d39PpFhoPRWB7RTYjPVyLTP/q/USE175KZNxYqgki4/ChCMToex8NGSKEsOnFjBRzO6KyBgrTIwNKQvBWz55FTr1mmf5/qLSuMnjKMIJnEIVPLiEBtxCE9pAQMIzvMKbo50X5935WLQWnHzmGP7I+fwB8rSPxw==</latexit>
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FIG. 1. Oxygen vacancies, like the one depicted in this two-
dimensional cartoon, are common defects in oxide dielectrics.
We model them as spherical scatterers that have a finite net
charge density ⇢c, and longitudinal and transverse local sound
velocities that di↵er from those of the surrounding medium.
In the presence of an out-of-plane magnetic field B, acoustic
waves will experience a Lorentz force inside the defect region
that combines with normal acoustic scattering to add a small
non-reciprocal contribution to the phonon scattering rates.
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contribution ∼Z∗eB/(ca) = M!cI/a, where ωcI = Z∗eB/Mc
is the ion cyclotron frequency, Z∗ is the effective ion charge,
M is the ion mass, and a is the crystal lattice constant. What-
ever its origin, Hall viscosity combined with nonchiral phonon
scattering always produces a thermal Hall conductivity. Be-
cause the chirality of the active phonons is proportional to k2,
and the typical k ∼ λ−1

T ∝ T , this mechanism always yields a
κH/κL ratio that declines with decreasing temperature. (Guo
et al. have recently concluded that the intrinsic mechanism
yields κH/κL ∼ T 4 [20] behavior.) Experimentally κH/κL is
weakly temperature dependent except at the lowest tempera-
tures where boundary scattering starts to play a role, pointing
to an extrinsic mechanism. In order to retain its impact at
low temperatures, time-reversal symmetry breaking must be
embedded in the properties of the phonon scatterers, not the
phonon medium.

Our model for phonon Hall effects applies when the
phonon mean-free path % exceeds the thermal wavelength
λT of acoustic phonons with energy h̄ω ∼ kBT , i.e., % % λT .
The mean-free path can be estimated from measured thermal
conductivities and heat capacities using the relationship % ∼
κ/cC, where C is the heat capacity. The thermal wavelength
is of order ∼aTD/T , where TD is the acoustic phonon Debye
temperature, and a is the crystal lattice constant. It has been
understood for decades [29–31] that phonon transport in this
regime, which is commonly attained in good crystals, can
be described using a Boltzmann equation. In the temperature
range of interest, scattering of long-wavelength longitudinal
acoustic (LA) phonons by defects, for example oxygen vacan-
cies, limits thermal transport [31]. The removal or the addition
of an atom from a lattice site disrupts the local bonding,
yielding strain fields that produce a crudely spherical defect
with elastic properties that differ from those of the surround-
ing medium, as depicted in Fig. 1. Since oxygen vacancies
and interstitials are dopants, the ions in its neighborhood have
a net charge when the donor bound electronic levels are not
occupied, and will therefore experience a local Lorentz force.
In this Letter we propose that the thermal Hall effect in many
oxide dielectrics is due to nonreciprocal phonon scattering
from charged defects. Specifically, we show that a contribu-
tion to phonon skew scattering that is linear in magnetic field
results from interference between Lorentz force and acoustic
potential scattering processes. As illustrated in Fig. 1, this
physical picture is able to account for many observations.

Phonon Boltzmann equation. We consider the steady-state
phonon distribution function fk,s of a system driven from
equilibrium by a temperature gradient ∇T . (Here k is the
phonon wave vector and s the mode label.) We write fk,s =
f (0)
k,s + gk,s, where f (0)

k,s is the equilibrium Bose-Einstein distri-
bution function and gks is linear in ∇T . At low temperatures
the thermal conductivity is limited by elastic scattering of lon-
gitudinal phonons [30,31]. The Boltzmann equation therefore
reads

ωk
∂ωk

∂k
·
(∇T

T

)(
−

∂ f (0)
k

∂ωk

)
=

∑

q

(Wq→k gq − Wk→q gk ),

(1)
where we have restricted attention to the longitudinal phonon
mode with frequency ωk. Here, Wk→q is the rate of elas-

tic scattering from initial state (k) to final state (q). For
temperatures well below the Debye temperature, the phonon
Hall conductivity is largest, ωk ≈ c|k|, where c is the longitu-
dinal phonon velocity. Nonreciprocal (skew) phonon scatter-
ing (Wq→k (= Wk→q) requires broken time-reversal symmetry
that is, in the case of interest, supplied by an external magnetic
field B = Bn̂B, where n̂B is a unit vector along the direction of
the field. For a cubic crystal with short-range scatterers,

Wk→q = 1
V

τ−1
ω ν−1

ω [1 − )ωn̂B · (k̂ × q̂)]δ(ω − cq), (2)

where V is the system volume, τω is the phonon relaxation
time, νω is the phonon density of states, and )ω * 1 is a small
parameter, calculated explicitly below, that characterizes the
ratio of nonreciprocal to reciprocal phonon scattering. When
inserted in the Boltzmann equation, Eq. (2) yields the longitu-
dinal (κL) and Hall (κH ) thermal conductivities:

κL = k4
BT 3

2π2h̄3c

∫
dx τω

x4ex

(ex − 1)2
, (3)

κH = k4
BT 3

2π2h̄3c

∫
dx

)ωτω

3
x4ex

(ex − 1)2
, (4)

with h̄ω = kBT x. It follows that κH/κL ∼ )ω at ω ∼ kBT .
The goal of the next section is to estimate the parameter )ω

by investigating the interference between conventional long-
wavelength acoustic and Lorentz scattering processes.

Low-temperature phonon scattering. Since the ions in the
vicinity of a dopant complex have a net charge, the local
Lorentz force does not vanish in the interior of the scattering
center, as sketched in Fig. 1. Below we show that a contribu-
tion to phonon skew scattering that is linear in magnetic field
results from the interference between this Lorentz force and
the acoustic scattering potential. The strength of the effect can
be characterized by the ion-cyclotron frequency ωc, which is
∼105 Hz at B = 10 T, depending on the ion charge and mass.

In order to obtain an explicit form for the scattering am-
plitude we first examine acoustic scattering in the absence of
a magnetic field. It is convenient to rewrite the acoustic wave
equation in this limit as

(
∇2 + K2

n

)
un(r) −

(
1 − K2

n

k2
n

)
∇[∇ · un(r)] = 0, (5)

where Kn = ω/cT n and kn = ω/cLn, where n = 1 (2) labels
the region outside (inside) the defect. Here c2

Tn = µn/ρn and
c2

Ln = (λn + 2µn)/ρn are, respectively, the squares of the
transverse and longitudinal phonon velocities, ρn is the mass
density, and λn and µn are Lamé constants. It is known that
ionic compounds, including high-Tc superconductors, display
acoustic wave attenuation [32–36] that survives to T = 0.
Several experimental studies have observed a correlation be-
tween acoustic wave attenuation and the density of oxygen
defects [35–37]. Inelastic relaxation effects in solids can ap-
pear, for example, where the strain fields of the probing
elastic wave differentially alter the energies of the atomic
sites available to mobile species [38]. We account for these
small absorption losses by including a kinetic viscosity coef-
ficient η1(2)ω * λ1(2), µ1(2) [39] in the acoustic model of the
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contribution ∼Z∗eB/(ca) = M!cI/a, where ωcI = Z∗eB/Mc
is the ion cyclotron frequency, Z∗ is the effective ion charge,
M is the ion mass, and a is the crystal lattice constant. What-
ever its origin, Hall viscosity combined with nonchiral phonon
scattering always produces a thermal Hall conductivity. Be-
cause the chirality of the active phonons is proportional to k2,
and the typical k ∼ λ−1

T ∝ T , this mechanism always yields a
κH/κL ratio that declines with decreasing temperature. (Guo
et al. have recently concluded that the intrinsic mechanism
yields κH/κL ∼ T 4 [20] behavior.) Experimentally κH/κL is
weakly temperature dependent except at the lowest tempera-
tures where boundary scattering starts to play a role, pointing
to an extrinsic mechanism. In order to retain its impact at
low temperatures, time-reversal symmetry breaking must be
embedded in the properties of the phonon scatterers, not the
phonon medium.

Our model for phonon Hall effects applies when the
phonon mean-free path % exceeds the thermal wavelength
λT of acoustic phonons with energy h̄ω ∼ kBT , i.e., % % λT .
The mean-free path can be estimated from measured thermal
conductivities and heat capacities using the relationship % ∼
κ/cC, where C is the heat capacity. The thermal wavelength
is of order ∼aTD/T , where TD is the acoustic phonon Debye
temperature, and a is the crystal lattice constant. It has been
understood for decades [29–31] that phonon transport in this
regime, which is commonly attained in good crystals, can
be described using a Boltzmann equation. In the temperature
range of interest, scattering of long-wavelength longitudinal
acoustic (LA) phonons by defects, for example oxygen vacan-
cies, limits thermal transport [31]. The removal or the addition
of an atom from a lattice site disrupts the local bonding,
yielding strain fields that produce a crudely spherical defect
with elastic properties that differ from those of the surround-
ing medium, as depicted in Fig. 1. Since oxygen vacancies
and interstitials are dopants, the ions in its neighborhood have
a net charge when the donor bound electronic levels are not
occupied, and will therefore experience a local Lorentz force.
In this Letter we propose that the thermal Hall effect in many
oxide dielectrics is due to nonreciprocal phonon scattering
from charged defects. Specifically, we show that a contribu-
tion to phonon skew scattering that is linear in magnetic field
results from interference between Lorentz force and acoustic
potential scattering processes. As illustrated in Fig. 1, this
physical picture is able to account for many observations.

Phonon Boltzmann equation. We consider the steady-state
phonon distribution function fk,s of a system driven from
equilibrium by a temperature gradient ∇T . (Here k is the
phonon wave vector and s the mode label.) We write fk,s =
f (0)
k,s + gk,s, where f (0)

k,s is the equilibrium Bose-Einstein distri-
bution function and gks is linear in ∇T . At low temperatures
the thermal conductivity is limited by elastic scattering of lon-
gitudinal phonons [30,31]. The Boltzmann equation therefore
reads

ωk
∂ωk

∂k
·
(∇T

T

)(
−

∂ f (0)
k

∂ωk

)
=

∑

q

(Wq→k gq − Wk→q gk ),

(1)
where we have restricted attention to the longitudinal phonon
mode with frequency ωk. Here, Wk→q is the rate of elas-

tic scattering from initial state (k) to final state (q). For
temperatures well below the Debye temperature, the phonon
Hall conductivity is largest, ωk ≈ c|k|, where c is the longitu-
dinal phonon velocity. Nonreciprocal (skew) phonon scatter-
ing (Wq→k (= Wk→q) requires broken time-reversal symmetry
that is, in the case of interest, supplied by an external magnetic
field B = Bn̂B, where n̂B is a unit vector along the direction of
the field. For a cubic crystal with short-range scatterers,

Wk→q = 1
V

τ−1
ω ν−1

ω [1 − )ωn̂B · (k̂ × q̂)]δ(ω − cq), (2)

where V is the system volume, τω is the phonon relaxation
time, νω is the phonon density of states, and )ω * 1 is a small
parameter, calculated explicitly below, that characterizes the
ratio of nonreciprocal to reciprocal phonon scattering. When
inserted in the Boltzmann equation, Eq. (2) yields the longitu-
dinal (κL) and Hall (κH ) thermal conductivities:

κL = k4
BT 3

2π2h̄3c

∫
dx τω

x4ex

(ex − 1)2
, (3)

κH = k4
BT 3

2π2h̄3c

∫
dx

)ωτω

3
x4ex

(ex − 1)2
, (4)

with h̄ω = kBT x. It follows that κH/κL ∼ )ω at ω ∼ kBT .
The goal of the next section is to estimate the parameter )ω

by investigating the interference between conventional long-
wavelength acoustic and Lorentz scattering processes.

Low-temperature phonon scattering. Since the ions in the
vicinity of a dopant complex have a net charge, the local
Lorentz force does not vanish in the interior of the scattering
center, as sketched in Fig. 1. Below we show that a contribu-
tion to phonon skew scattering that is linear in magnetic field
results from the interference between this Lorentz force and
the acoustic scattering potential. The strength of the effect can
be characterized by the ion-cyclotron frequency ωc, which is
∼105 Hz at B = 10 T, depending on the ion charge and mass.

In order to obtain an explicit form for the scattering am-
plitude we first examine acoustic scattering in the absence of
a magnetic field. It is convenient to rewrite the acoustic wave
equation in this limit as

(
∇2 + K2

n

)
un(r) −

(
1 − K2

n

k2
n

)
∇[∇ · un(r)] = 0, (5)

where Kn = ω/cT n and kn = ω/cLn, where n = 1 (2) labels
the region outside (inside) the defect. Here c2

Tn = µn/ρn and
c2

Ln = (λn + 2µn)/ρn are, respectively, the squares of the
transverse and longitudinal phonon velocities, ρn is the mass
density, and λn and µn are Lamé constants. It is known that
ionic compounds, including high-Tc superconductors, display
acoustic wave attenuation [32–36] that survives to T = 0.
Several experimental studies have observed a correlation be-
tween acoustic wave attenuation and the density of oxygen
defects [35–37]. Inelastic relaxation effects in solids can ap-
pear, for example, where the strain fields of the probing
elastic wave differentially alter the energies of the atomic
sites available to mobile species [38]. We account for these
small absorption losses by including a kinetic viscosity coef-
ficient η1(2)ω * λ1(2), µ1(2) [39] in the acoustic model of the
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contribution ∼Z∗eB/(ca) = M!cI/a, where ωcI = Z∗eB/Mc
is the ion cyclotron frequency, Z∗ is the effective ion charge,
M is the ion mass, and a is the crystal lattice constant. What-
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cause the chirality of the active phonons is proportional to k2,
and the typical k ∼ λ−1
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weakly temperature dependent except at the lowest tempera-
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yielding strain fields that produce a crudely spherical defect
with elastic properties that differ from those of the surround-
ing medium, as depicted in Fig. 1. Since oxygen vacancies
and interstitials are dopants, the ions in its neighborhood have
a net charge when the donor bound electronic levels are not
occupied, and will therefore experience a local Lorentz force.
In this Letter we propose that the thermal Hall effect in many
oxide dielectrics is due to nonreciprocal phonon scattering
from charged defects. Specifically, we show that a contribu-
tion to phonon skew scattering that is linear in magnetic field
results from interference between Lorentz force and acoustic
potential scattering processes. As illustrated in Fig. 1, this
physical picture is able to account for many observations.

Phonon Boltzmann equation. We consider the steady-state
phonon distribution function fk,s of a system driven from
equilibrium by a temperature gradient ∇T . (Here k is the
phonon wave vector and s the mode label.) We write fk,s =
f (0)
k,s + gk,s, where f (0)

k,s is the equilibrium Bose-Einstein distri-
bution function and gks is linear in ∇T . At low temperatures
the thermal conductivity is limited by elastic scattering of lon-
gitudinal phonons [30,31]. The Boltzmann equation therefore
reads
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where we have restricted attention to the longitudinal phonon
mode with frequency ωk. Here, Wk→q is the rate of elas-

tic scattering from initial state (k) to final state (q). For
temperatures well below the Debye temperature, the phonon
Hall conductivity is largest, ωk ≈ c|k|, where c is the longitu-
dinal phonon velocity. Nonreciprocal (skew) phonon scatter-
ing (Wq→k (= Wk→q) requires broken time-reversal symmetry
that is, in the case of interest, supplied by an external magnetic
field B = Bn̂B, where n̂B is a unit vector along the direction of
the field. For a cubic crystal with short-range scatterers,

Wk→q = 1
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ω [1 − )ωn̂B · (k̂ × q̂)]δ(ω − cq), (2)

where V is the system volume, τω is the phonon relaxation
time, νω is the phonon density of states, and )ω * 1 is a small
parameter, calculated explicitly below, that characterizes the
ratio of nonreciprocal to reciprocal phonon scattering. When
inserted in the Boltzmann equation, Eq. (2) yields the longitu-
dinal (κL) and Hall (κH ) thermal conductivities:
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with h̄ω = kBT x. It follows that κH/κL ∼ )ω at ω ∼ kBT .
The goal of the next section is to estimate the parameter )ω

by investigating the interference between conventional long-
wavelength acoustic and Lorentz scattering processes.

Low-temperature phonon scattering. Since the ions in the
vicinity of a dopant complex have a net charge, the local
Lorentz force does not vanish in the interior of the scattering
center, as sketched in Fig. 1. Below we show that a contribu-
tion to phonon skew scattering that is linear in magnetic field
results from the interference between this Lorentz force and
the acoustic scattering potential. The strength of the effect can
be characterized by the ion-cyclotron frequency ωc, which is
∼105 Hz at B = 10 T, depending on the ion charge and mass.

In order to obtain an explicit form for the scattering am-
plitude we first examine acoustic scattering in the absence of
a magnetic field. It is convenient to rewrite the acoustic wave
equation in this limit as
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)
∇[∇ · un(r)] = 0, (5)

where Kn = ω/cT n and kn = ω/cLn, where n = 1 (2) labels
the region outside (inside) the defect. Here c2

Tn = µn/ρn and
c2

Ln = (λn + 2µn)/ρn are, respectively, the squares of the
transverse and longitudinal phonon velocities, ρn is the mass
density, and λn and µn are Lamé constants. It is known that
ionic compounds, including high-Tc superconductors, display
acoustic wave attenuation [32–36] that survives to T = 0.
Several experimental studies have observed a correlation be-
tween acoustic wave attenuation and the density of oxygen
defects [35–37]. Inelastic relaxation effects in solids can ap-
pear, for example, where the strain fields of the probing
elastic wave differentially alter the energies of the atomic
sites available to mobile species [38]. We account for these
small absorption losses by including a kinetic viscosity coef-
ficient η1(2)ω * λ1(2), µ1(2) [39] in the acoustic model of the
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<latexit sha1_base64="D8BIjDIGG0TIawYwBCBBJ7jFT0s=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEvJptM2NJusSVYoS/+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oEN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaoZNpoTSnYgaFFxi03IrsJNopHEksB1Nbuf19hNqw5V8sNMEw5iOJB9yRq2zOj09Vv2sNuuXK37VX4isQ5BDBXI1+uWv3kCxNEZpmaDGdAM/sWFGteVM4KzUSw0mlE3oCLsOJY3RhNli3xm5cM6ADJV2T1qycH9PZDQ2ZhpHrjOmdmxWa3Pzv1o3tcObMOMySS1KtvxomApiFZkfTwZcI7Ni6oAyzd2uhI2ppsy6iEouhGD15HVo1aqB4/urSr2ex1GEMziHSwjgGupwBw1oAgMBz/AKb96j9+K9ex/L1oKXz5zCH3mfPw9yj/Y=</latexit><latexit sha1_base64="D8BIjDIGG0TIawYwBCBBJ7jFT0s=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEvJptM2NJusSVYoS/+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oEN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaoZNpoTSnYgaFFxi03IrsJNopHEksB1Nbuf19hNqw5V8sNMEw5iOJB9yRq2zOj09Vv2sNuuXK37VX4isQ5BDBXI1+uWv3kCxNEZpmaDGdAM/sWFGteVM4KzUSw0mlE3oCLsOJY3RhNli3xm5cM6ADJV2T1qycH9PZDQ2ZhpHrjOmdmxWa3Pzv1o3tcObMOMySS1KtvxomApiFZkfTwZcI7Ni6oAyzd2uhI2ppsy6iEouhGD15HVo1aqB4/urSr2ex1GEMziHSwjgGupwBw1oAgMBz/AKb96j9+K9ex/L1oKXz5zCH3mfPw9yj/Y=</latexit><latexit sha1_base64="D8BIjDIGG0TIawYwBCBBJ7jFT0s=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEvJptM2NJusSVYoS/+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oEN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaoZNpoTSnYgaFFxi03IrsJNopHEksB1Nbuf19hNqw5V8sNMEw5iOJB9yRq2zOj09Vv2sNuuXK37VX4isQ5BDBXI1+uWv3kCxNEZpmaDGdAM/sWFGteVM4KzUSw0mlE3oCLsOJY3RhNli3xm5cM6ADJV2T1qycH9PZDQ2ZhpHrjOmdmxWa3Pzv1o3tcObMOMySS1KtvxomApiFZkfTwZcI7Ni6oAyzd2uhI2ppsy6iEouhGD15HVo1aqB4/urSr2ex1GEMziHSwjgGupwBw1oAgMBz/AKb96j9+K9ex/L1oKXz5zCH3mfPw9yj/Y=</latexit><latexit sha1_base64="D8BIjDIGG0TIawYwBCBBJ7jFT0s=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEvJptM2NJusSVYoS/+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oEN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaoZNpoTSnYgaFFxi03IrsJNopHEksB1Nbuf19hNqw5V8sNMEw5iOJB9yRq2zOj09Vv2sNuuXK37VX4isQ5BDBXI1+uWv3kCxNEZpmaDGdAM/sWFGteVM4KzUSw0mlE3oCLsOJY3RhNli3xm5cM6ADJV2T1qycH9PZDQ2ZhpHrjOmdmxWa3Pzv1o3tcObMOMySS1KtvxomApiFZkfTwZcI7Ni6oAyzd2uhI2ppsy6iEouhGD15HVo1aqB4/urSr2ex1GEMziHSwjgGupwBw1oAgMBz/AKb96j9+K9ex/L1oKXz5zCH3mfPw9yj/Y=</latexit>

(Kelvin-Voigt model)

 
Model

Wave equation in spherical coordinates for a longitudinal incident wave

M. K. Hinders (1990)

Defect

Longitudinal 

acoustic wave

Pomeranchuk (1941) 

Lorentz potential

We consider random impurities with no spatial correlation among them 
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<latexit sha1_base64="cgtKEsKF5v9lkyY1HTU9DUvsJvc="></latexit><latexit sha1_base64="cgtKEsKF5v9lkyY1HTU9DUvsJvc="></latexit><latexit sha1_base64="cgtKEsKF5v9lkyY1HTU9DUvsJvc="></latexit><latexit sha1_base64="cgtKEsKF5v9lkyY1HTU9DUvsJvc="></latexit>

Lorentz force

Fermi Golden rule :

Acoustic scattering
(Solve wave equation 
& continuity conditions 

in spherical coordinates)

(By itself  )∝ B2
Kelvin-Voigt model

Longitudinal 
waveLongitudinal 

wave

Shear
wave

μ1, λ1, η1
μ2, λ2, η2

ImC(0)
1

<latexit sha1_base64="m4GHZmhByt3TckhogvVKCdi6xDc=">AAAB/nicbZBLSwMxFIUzPmt9jYorN8Ei1E2ZEUGXhW50V8E+oB2HTJppQzMPkjtiCQP9K25cKOLW3+HOf2P6WGjrgcDHOTfk5gSp4Aoc59taWV1b39gsbBW3d3b39u2Dw6ZKMklZgyYike2AKCZ4zBrAQbB2KhmJAsFawbA2yVuPTCqexPcwSpkXkX7MQ04JGMu3j7vAnkDfRjmuPeiyc5772s19u+RUnKnwMrhzKKG56r791e0lNItYDFQQpTquk4KniQROBcuL3UyxlNAh6bOOwZhETHl6un6Oz4zTw2EizYkBT93fNzSJlBpFgZmMCAzUYjYx/8s6GYTXnuZxmgGL6eyhMBMYEjzpAve4ZBTEyAChkptdMR0QSSiYxoqmBHfxy8vQvKi4hu8uS9XqeFZHAZ2gU1RGLrpCVXSD6qiBKNLoGb2iN2tsvVjv1sdsdMWaV3iE/sj6/AF5OJWM</latexit><latexit sha1_base64="m4GHZmhByt3TckhogvVKCdi6xDc=">AAAB/nicbZBLSwMxFIUzPmt9jYorN8Ei1E2ZEUGXhW50V8E+oB2HTJppQzMPkjtiCQP9K25cKOLW3+HOf2P6WGjrgcDHOTfk5gSp4Aoc59taWV1b39gsbBW3d3b39u2Dw6ZKMklZgyYike2AKCZ4zBrAQbB2KhmJAsFawbA2yVuPTCqexPcwSpkXkX7MQ04JGMu3j7vAnkDfRjmuPeiyc5772s19u+RUnKnwMrhzKKG56r791e0lNItYDFQQpTquk4KniQROBcuL3UyxlNAh6bOOwZhETHl6un6Oz4zTw2EizYkBT93fNzSJlBpFgZmMCAzUYjYx/8s6GYTXnuZxmgGL6eyhMBMYEjzpAve4ZBTEyAChkptdMR0QSSiYxoqmBHfxy8vQvKi4hu8uS9XqeFZHAZ2gU1RGLrpCVXSD6qiBKNLoGb2iN2tsvVjv1sdsdMWaV3iE/sj6/AF5OJWM</latexit><latexit sha1_base64="m4GHZmhByt3TckhogvVKCdi6xDc=">AAAB/nicbZBLSwMxFIUzPmt9jYorN8Ei1E2ZEUGXhW50V8E+oB2HTJppQzMPkjtiCQP9K25cKOLW3+HOf2P6WGjrgcDHOTfk5gSp4Aoc59taWV1b39gsbBW3d3b39u2Dw6ZKMklZgyYike2AKCZ4zBrAQbB2KhmJAsFawbA2yVuPTCqexPcwSpkXkX7MQ04JGMu3j7vAnkDfRjmuPeiyc5772s19u+RUnKnwMrhzKKG56r791e0lNItYDFQQpTquk4KniQROBcuL3UyxlNAh6bOOwZhETHl6un6Oz4zTw2EizYkBT93fNzSJlBpFgZmMCAzUYjYx/8s6GYTXnuZxmgGL6eyhMBMYEjzpAve4ZBTEyAChkptdMR0QSSiYxoqmBHfxy8vQvKi4hu8uS9XqeFZHAZ2gU1RGLrpCVXSD6qiBKNLoGb2iN2tsvVjv1sdsdMWaV3iE/sj6/AF5OJWM</latexit><latexit sha1_base64="m4GHZmhByt3TckhogvVKCdi6xDc=">AAAB/nicbZBLSwMxFIUzPmt9jYorN8Ei1E2ZEUGXhW50V8E+oB2HTJppQzMPkjtiCQP9K25cKOLW3+HOf2P6WGjrgcDHOTfk5gSp4Aoc59taWV1b39gsbBW3d3b39u2Dw6ZKMklZgyYike2AKCZ4zBrAQbB2KhmJAsFawbA2yVuPTCqexPcwSpkXkX7MQ04JGMu3j7vAnkDfRjmuPeiyc5772s19u+RUnKnwMrhzKKG56r791e0lNItYDFQQpTquk4KniQROBcuL3UyxlNAh6bOOwZhETHl6un6Oz4zTw2EizYkBT93fNzSJlBpFgZmMCAzUYjYx/8s6GYTXnuZxmgGL6eyhMBMYEjzpAve4ZBTEyAChkptdMR0QSSiYxoqmBHfxy8vQvKi4hu8uS9XqeFZHAZ2gU1RGLrpCVXSD6qiBKNLoGb2iN2tsvVjv1sdsdMWaV3iE/sj6/AF5OJWM</latexit>

Elastic scattering/
<latexit sha1_base64="s04Oo3ZUymaNDD6aBS+3lNqWvCU=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHCrYV2qVk02wbmk1CMiuUUvAvePGgiFd/jzf/jenHQVtfCDy8M2Fm3sRI4TAMv4PC2vrG5lZxu7Szu7d/UD48ajqdW8YbTEttHxLquBSKN1Cg5A/GcpolkreS4c203nrk1gmt7nFkeJzRvhKpYBS91eoYqw3qbrkSVsOZyCpEC6jAQvVu+avT0yzPuEImqXPtKDQYj6lFwSSflDq544ayIe3ztkdFM+7i8WzdCTnzTo+k2vqnkMzc3z/GNHNulCW+M6M4cMu1qflfrZ1jeh2PhTI5csXmg9JcEtRkejvpCcsZypEHyqzwuxI2oJYy9AmVfAjR8smr0LyoRp7vLiu12tM8jiKcwCmcQwRXUINbqEMDGAzhGV7hLTDBS/AefMxbC8EiwmP4o+DzB8hDkD4=</latexit><latexit sha1_base64="s04Oo3ZUymaNDD6aBS+3lNqWvCU=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHCrYV2qVk02wbmk1CMiuUUvAvePGgiFd/jzf/jenHQVtfCDy8M2Fm3sRI4TAMv4PC2vrG5lZxu7Szu7d/UD48ajqdW8YbTEttHxLquBSKN1Cg5A/GcpolkreS4c203nrk1gmt7nFkeJzRvhKpYBS91eoYqw3qbrkSVsOZyCpEC6jAQvVu+avT0yzPuEImqXPtKDQYj6lFwSSflDq544ayIe3ztkdFM+7i8WzdCTnzTo+k2vqnkMzc3z/GNHNulCW+M6M4cMu1qflfrZ1jeh2PhTI5csXmg9JcEtRkejvpCcsZypEHyqzwuxI2oJYy9AmVfAjR8smr0LyoRp7vLiu12tM8jiKcwCmcQwRXUINbqEMDGAzhGV7hLTDBS/AefMxbC8EiwmP4o+DzB8hDkD4=</latexit><latexit sha1_base64="s04Oo3ZUymaNDD6aBS+3lNqWvCU=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHCrYV2qVk02wbmk1CMiuUUvAvePGgiFd/jzf/jenHQVtfCDy8M2Fm3sRI4TAMv4PC2vrG5lZxu7Szu7d/UD48ajqdW8YbTEttHxLquBSKN1Cg5A/GcpolkreS4c203nrk1gmt7nFkeJzRvhKpYBS91eoYqw3qbrkSVsOZyCpEC6jAQvVu+avT0yzPuEImqXPtKDQYj6lFwSSflDq544ayIe3ztkdFM+7i8WzdCTnzTo+k2vqnkMzc3z/GNHNulCW+M6M4cMu1qflfrZ1jeh2PhTI5csXmg9JcEtRkejvpCcsZypEHyqzwuxI2oJYy9AmVfAjR8smr0LyoRp7vLiu12tM8jiKcwCmcQwRXUINbqEMDGAzhGV7hLTDBS/AefMxbC8EiwmP4o+DzB8hDkD4=</latexit><latexit sha1_base64="s04Oo3ZUymaNDD6aBS+3lNqWvCU=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHCrYV2qVk02wbmk1CMiuUUvAvePGgiFd/jzf/jenHQVtfCDy8M2Fm3sRI4TAMv4PC2vrG5lZxu7Szu7d/UD48ajqdW8YbTEttHxLquBSKN1Cg5A/GcpolkreS4c203nrk1gmt7nFkeJzRvhKpYBS91eoYqw3qbrkSVsOZyCpEC6jAQvVu+avT0yzPuEImqXPtKDQYj6lFwSSflDq544ayIe3ztkdFM+7i8WzdCTnzTo+k2vqnkMzc3z/GNHNulCW+M6M4cMu1qflfrZ1jeh2PhTI5csXmg9JcEtRkejvpCcsZypEHyqzwuxI2oJYy9AmVfAjR8smr0LyoRp7vLiu12tM8jiKcwCmcQwRXUINbqEMDGAzhGV7hLTDBS/AefMxbC8EiwmP4o+DzB8hDkD4=</latexit>

η1, η2ReC(0)
1

<latexit sha1_base64="i5yctHHs5UzqFftIo1jLKuNZShQ=">AAAB/nicbZBLSwMxFIUzPmt9jYorN8Ei1E2ZEUGXhW5cVrEPaMeSSW/b0MyD5I5YhoH+FTcuFHHr73DnvzF9LLT1QODjnBtyc/xYCo2O822trK6tb2zmtvLbO7t7+/bBYV1HieJQ45GMVNNnGqQIoYYCJTRjBSzwJTT8YWWSNx5BaRGF9ziKwQtYPxQ9wRkaq2MftxGeML2DjFYe0qJznnVSN+vYBafkTEWXwZ1DgcxV7dhf7W7EkwBC5JJp3XKdGL2UKRRcQpZvJxpixoesDy2DIQtAe+l0/YyeGadLe5EyJ0Q6dX/fSFmg9SjwzWTAcKAXs4n5X9ZKsHftpSKME4SQzx7qJZJiRCdd0K5QwFGODDCuhNmV8gFTjKNpLG9KcBe/vAz1i5Jr+PayUC6PZ3XkyAk5JUXikitSJjekSmqEk5Q8k1fyZo2tF+vd+piNrljzCo/IH1mfP3rSlY0=</latexit><latexit sha1_base64="i5yctHHs5UzqFftIo1jLKuNZShQ=">AAAB/nicbZBLSwMxFIUzPmt9jYorN8Ei1E2ZEUGXhW5cVrEPaMeSSW/b0MyD5I5YhoH+FTcuFHHr73DnvzF9LLT1QODjnBtyc/xYCo2O822trK6tb2zmtvLbO7t7+/bBYV1HieJQ45GMVNNnGqQIoYYCJTRjBSzwJTT8YWWSNx5BaRGF9ziKwQtYPxQ9wRkaq2MftxGeML2DjFYe0qJznnVSN+vYBafkTEWXwZ1DgcxV7dhf7W7EkwBC5JJp3XKdGL2UKRRcQpZvJxpixoesDy2DIQtAe+l0/YyeGadLe5EyJ0Q6dX/fSFmg9SjwzWTAcKAXs4n5X9ZKsHftpSKME4SQzx7qJZJiRCdd0K5QwFGODDCuhNmV8gFTjKNpLG9KcBe/vAz1i5Jr+PayUC6PZ3XkyAk5JUXikitSJjekSmqEk5Q8k1fyZo2tF+vd+piNrljzCo/IH1mfP3rSlY0=</latexit><latexit sha1_base64="i5yctHHs5UzqFftIo1jLKuNZShQ=">AAAB/nicbZBLSwMxFIUzPmt9jYorN8Ei1E2ZEUGXhW5cVrEPaMeSSW/b0MyD5I5YhoH+FTcuFHHr73DnvzF9LLT1QODjnBtyc/xYCo2O822trK6tb2zmtvLbO7t7+/bBYV1HieJQ45GMVNNnGqQIoYYCJTRjBSzwJTT8YWWSNx5BaRGF9ziKwQtYPxQ9wRkaq2MftxGeML2DjFYe0qJznnVSN+vYBafkTEWXwZ1DgcxV7dhf7W7EkwBC5JJp3XKdGL2UKRRcQpZvJxpixoesDy2DIQtAe+l0/YyeGadLe5EyJ0Q6dX/fSFmg9SjwzWTAcKAXs4n5X9ZKsHftpSKME4SQzx7qJZJiRCdd0K5QwFGODDCuhNmV8gFTjKNpLG9KcBe/vAz1i5Jr+PayUC6PZ3XkyAk5JUXikitSJjekSmqEk5Q8k1fyZo2tF+vd+piNrljzCo/IH1mfP3rSlY0=</latexit><latexit sha1_base64="i5yctHHs5UzqFftIo1jLKuNZShQ=">AAAB/nicbZBLSwMxFIUzPmt9jYorN8Ei1E2ZEUGXhW5cVrEPaMeSSW/b0MyD5I5YhoH+FTcuFHHr73DnvzF9LLT1QODjnBtyc/xYCo2O822trK6tb2zmtvLbO7t7+/bBYV1HieJQ45GMVNNnGqQIoYYCJTRjBSzwJTT8YWWSNx5BaRGF9ziKwQtYPxQ9wRkaq2MftxGeML2DjFYe0qJznnVSN+vYBafkTEWXwZ1DgcxV7dhf7W7EkwBC5JJp3XKdGL2UKRRcQpZvJxpixoesDy2DIQtAe+l0/YyeGadLe5EyJ0Q6dX/fSFmg9SjwzWTAcKAXs4n5X9ZKsHftpSKME4SQzx7qJZJiRCdd0K5QwFGODDCuhNmV8gFTjKNpLG9KcBe/vAz1i5Jr+PayUC6PZ3XkyAk5JUXikitSJjekSmqEk5Q8k1fyZo2tF+vd+piNrljzCo/IH1mfP3rSlY0=</latexit>

Wave attenuation /
<latexit sha1_base64="s04Oo3ZUymaNDD6aBS+3lNqWvCU=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHCrYV2qVk02wbmk1CMiuUUvAvePGgiFd/jzf/jenHQVtfCDy8M2Fm3sRI4TAMv4PC2vrG5lZxu7Szu7d/UD48ajqdW8YbTEttHxLquBSKN1Cg5A/GcpolkreS4c203nrk1gmt7nFkeJzRvhKpYBS91eoYqw3qbrkSVsOZyCpEC6jAQvVu+avT0yzPuEImqXPtKDQYj6lFwSSflDq544ayIe3ztkdFM+7i8WzdCTnzTo+k2vqnkMzc3z/GNHNulCW+M6M4cMu1qflfrZ1jeh2PhTI5csXmg9JcEtRkejvpCcsZypEHyqzwuxI2oJYy9AmVfAjR8smr0LyoRp7vLiu12tM8jiKcwCmcQwRXUINbqEMDGAzhGV7hLTDBS/AefMxbC8EiwmP4o+DzB8hDkD4=</latexit><latexit sha1_base64="s04Oo3ZUymaNDD6aBS+3lNqWvCU=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHCrYV2qVk02wbmk1CMiuUUvAvePGgiFd/jzf/jenHQVtfCDy8M2Fm3sRI4TAMv4PC2vrG5lZxu7Szu7d/UD48ajqdW8YbTEttHxLquBSKN1Cg5A/GcpolkreS4c203nrk1gmt7nFkeJzRvhKpYBS91eoYqw3qbrkSVsOZyCpEC6jAQvVu+avT0yzPuEImqXPtKDQYj6lFwSSflDq544ayIe3ztkdFM+7i8WzdCTnzTo+k2vqnkMzc3z/GNHNulCW+M6M4cMu1qflfrZ1jeh2PhTI5csXmg9JcEtRkejvpCcsZypEHyqzwuxI2oJYy9AmVfAjR8smr0LyoRp7vLiu12tM8jiKcwCmcQwRXUINbqEMDGAzhGV7hLTDBS/AefMxbC8EiwmP4o+DzB8hDkD4=</latexit><latexit sha1_base64="s04Oo3ZUymaNDD6aBS+3lNqWvCU=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHCrYV2qVk02wbmk1CMiuUUvAvePGgiFd/jzf/jenHQVtfCDy8M2Fm3sRI4TAMv4PC2vrG5lZxu7Szu7d/UD48ajqdW8YbTEttHxLquBSKN1Cg5A/GcpolkreS4c203nrk1gmt7nFkeJzRvhKpYBS91eoYqw3qbrkSVsOZyCpEC6jAQvVu+avT0yzPuEImqXPtKDQYj6lFwSSflDq544ayIe3ztkdFM+7i8WzdCTnzTo+k2vqnkMzc3z/GNHNulCW+M6M4cMu1qflfrZ1jeh2PhTI5csXmg9JcEtRkejvpCcsZypEHyqzwuxI2oJYy9AmVfAjR8smr0LyoRp7vLiu12tM8jiKcwCmcQwRXUINbqEMDGAzhGV7hLTDBS/AefMxbC8EiwmP4o+DzB8hDkD4=</latexit><latexit sha1_base64="s04Oo3ZUymaNDD6aBS+3lNqWvCU=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHCrYV2qVk02wbmk1CMiuUUvAvePGgiFd/jzf/jenHQVtfCDy8M2Fm3sRI4TAMv4PC2vrG5lZxu7Szu7d/UD48ajqdW8YbTEttHxLquBSKN1Cg5A/GcpolkreS4c203nrk1gmt7nFkeJzRvhKpYBS91eoYqw3qbrkSVsOZyCpEC6jAQvVu+avT0yzPuEImqXPtKDQYj6lFwSSflDq544ayIe3ztkdFM+7i8WzdCTnzTo+k2vqnkMzc3z/GNHNulCW+M6M4cMu1qflfrZ1jeh2PhTI5csXmg9JcEtRkejvpCcsZypEHyqzwuxI2oJYy9AmVfAjR8smr0LyoRp7vLiu12tM8jiKcwCmcQwRXUINbqEMDGAzhGV7hLTDBS/AefMxbC8EiwmP4o+DzB8hDkD4=</latexit>

/
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The scattering rate from an incoming longitudinal wave
with wave vector k to an outgoing unperturbed wave with
wave vector k′ is related to the acoustic scattering T matrix
by

Wk→k′ = 2π

V 2ω2
|〈k′|T |k〉|2δ(ωk′ − ω), (24)

where T = (AR + AL ) + (AR + AL )G0T is the total acoustic
scattering T matrix and

G0 =
[
δi j (ω + iη)2 − A0

i j

]−1
(25)

is the unperturbed acoustic Green’s function. To first order
in AL, T = T R + T R(AR)−1AL(AR)−1T R + · · · [50], where
T R = AR + ARG0T R is the Rayleigh scattering T matrix,
which is related to the scattering amplitude calculated above
by

fkL→k′L = − 1
4π

1
c2

L1
〈k′, L|T R|k, L〉. (26)

Because the B = 0 long-wavelength phonon scattering is
weak, in the long-wavelength Rayleigh limit we can approxi-
mate T R(AR)−1 ≈ I , which yields T ≈ T R + AL, where

〈k′, L|AL|k, L〉 = iωωc(ẑ × êL ) · n̂B

×
∫

d3r e−i(k′−k)·r%(a − r)

(︸︷︷︸
ka)1

iVspωωc(ẑ × êL ) · n̂B, (27)

and %(x) is the Heaviside step function and Vsp = 4πa3/3 is
the defect volume.

Phonon Hall effect. Combining Eqs. (27), (24), (26), and
(18), and assuming that the dielectric contains a density ns of
randomly distributed charged defects, we obtain the expres-
sion employed below to estimate the phonon Hall effect:

WkL→k′L = 2πns

V ω2
δ(ωk′L − ω)

×
∣∣∣∣4πc2

L1
iReC0 − ImC0

k
+ iVspωωc(ẑ × êL ) · n̂B

∣∣∣∣
2

.

(28)

Random Lorentz forces would on their own yield a phonon
scattering rate proportional to B2, and a skew scattering rate
proportional to B3. The linear in B effect observed experimen-
tally must therefore arise from interference between Rayleigh
and Lorentz scattering terms. Retaining only the linear terms
and setting ω = cL1k, we obtain an expression for the dimen-
sionless skewness parameter employed in Eq. (4):

&ω (
ωcη1

( 4µ1
λ1

+ 6µ2
λ1

+ 9λ2
λ1

− 4
)
− 5ωcη2

(
1 + 2µ1

λ1

)

λ1
[(

1 − λ2
λ1

)
+ 2

3

(
µ1
λ1

− µ2
λ1

)]2 . (29)

The right-hand side of Eq. (29) is energy independent, im-
plying that in the Rayleigh scattering regime, the Hall to
longitudinal conductivity ratio is temperature independent,
with both quantities ∝ T −1.

We estimate the typical values of &ω at magnetic field H =
15 T and temperature T = 15 K by setting ωc to the oxygen

ion cyclotron frequency, with ρc > 0 for oxygen vacancies
[51], and assuming a 1% difference for the Lamé constants
inside and outside the defect region with λ1, µ1 > λ2, µ2,
µ1(2) ∼ 0.8λ1(2) and setting η2ω/λ1 > η1ω/λ1 ∼ 10−2. These
estimates yield

κH

κL
∼ −10−3, (30)

which is consistent with the order of magnitude observed in
experiment [1–3]. Note that the skewness in these estimates is
larger than the ratio of the ion cyclotron frequency at 15 T to
the thermal phonon frequency at T = 15 K because the elastic
constant jump near the defect is assumed to be small in rela-
tive terms; skew scattering is larger in relative terms because
the reciprocal scattering processes are weak. The sign of the
thermal Hall conductivity is negative in many systems—also
in agreement with our result (30). It must be noted, however,
that the sign of Eq. (30), as well as its magnitude, is very
sensitive to the relative strength of elastic and attenuation
constants. Both positive and negative signs are possible in
our interpretation. When elastic scattering from electrically
neutral defects plays a more important role, the κH/κL (30)
ratio should decline. The emergence of an important role for
boundary scattering, which normally dominates in the low-
temperature limit, is signaled experimentally by a maximum
in κL(T ) at a finite temperature Tmax. The explanation for the
phonon Hall effect predicts, in agreement with experiment,
that κH/κL begins to decrease rapidly for T ) Tmax.

Discussion. The dominant phonon scattering process in
good crystals is generally expected to switch from boundary
scattering, to defect scattering, to umklapp phonon-phonon
scattering as temperatures increase and typical phonon wave-
lengths shorten [29,30]. In comparing our theory with
experimental data, we must account for these additional
scattering processes, which are not expected to be strongly
nonreciprocal. If we assume that the heat capacity has its
asymptotic T 3 form over the temperature range of interest, we
find by applying Mattheisen’s rule [29] to phonon scattering
that

κL = AT 3

Cb + Cd T 4 + CuT 3 exp(−T ∗/T )
, (31)

κH

κL
= &ωCd T 4

Cb + Cd T 4 + CuT 3 exp(−T ∗/T )
. (32)

The constants Cb, Cd , and Cu parametrize the strengths of
boundary, defect, and umklapp phonon-phonon scattering, re-
spectively, and are multiplied by characteristic temperature
dependencies and summed to obtain the total phonon scatter-
ing rate. Here T ∗ is the umklapp scattering cutoff temperature
[29]. At higher temperatures the phonon Hall conductivity
in good crystals is insensitive to disorder or boundaries, and
it can in principle be accurately described using ab initio
methods that capture all relevant microscopic details [52–55].
Where this information is available, it can be used to improve
the interpretation.

We have explicitly noted in Eq. (32) that the ther-
mal phonon mean-free path * = cτω ∝ T −4 [30,31] when

L220301-4
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It has been known for decades that a magnetic field can deflect phonons as they flow in response to a thermal
gradient, producing a thermal Hall effect. Several recent experiments have revealed ratios of the phonon Hall
conductivity κH to the phonon longitudinal conductivity κL in oxide dielectrics that are larger than 10−3 when
phonon mean-free paths exceed phonon wavelengths. At the same time κH/κL is not strongly temperature
dependent. We argue that these two properties together imply a mechanism related to phonon scattering from
defects that break time-reversal symmetry, and we show that Lorentz forces acting on charged defects can
produce substantial skew-scattering amplitudes and related thermal Hall effects.

DOI: 10.1103/PhysRevB.105.L220301

Introduction. In recent years the thermal Hall effect has
frequently been employed as an informative probe of strongly
correlated materials [1–20]. In the process, it has become clear
that relatively large thermal Hall conductivities (κH ) that are
linearly proportional to magnetic field B are common in oxide
dielectrics. The linear dependence of κH on B is expected
since this nonreciprocal transport coefficient requires time-
reversal symmetry breaking. What is surprising is not that
κH/B "= 0, but that it is relatively large. For magnetic fields
∼10 T, the ratio of κH to the longitudinal thermal conductivity
κL is often larger than 10−3 over a wide range of temperatures
[1–4].

Large thermal Hall conductivities are not limited to mag-
netic materials, and even in magnetic materials usually have
an onset that is not related to that of magnetic order [1]. In
La2CuO4 the thermal Hall conductivity is almost isotropic
[3], like the phonon spectrum, whereas the magnon spec-
trum is quasi-two-dimensional. Although there must be a
magnon Hall effect, whose theoretical description is of inter-
est [21–25], it is therefore not typically the dominant source
of the thermal Hall effect. Phonons, the dominant heat carriers
in most dielectrics, must also have a Hall effect [12].

Large thermal Hall effects are normally observed in a tem-
perature range over which the the phonon mean-free path "
exceeds the typical wavelength of thermally active phonons,
λT ∼ h̄c/kBT , where c is the mode velocity. When this con-
dition is satisfied, phonon transport can be described using a
Boltzmann equation, and the phonon conductivity is limited
by phonon scattering. The nonreciprocity could in princi-
ple originate from an intrinsic mechanism that acts between
scattering events, or from a nonreciprocal property of the
extrinsic scatterers. Mechanisms responsible for intrinsic chi-
rality in phonon transport have been extensively investigated
[6–8,12,26,27]. Coupling to a spin environment can, for ex-
ample, provide phonon bands with a finite Hall viscosity, ηH
[19,20], which characterizes the strength of the time-reversal
symmetry breaking inherited from the spin system. Magnetic

fields also influence the lattice dynamics of ionic crystals di-
rectly through the Lorentz forces that act on moving ions [28].
The Lorentz force couples longitudinal in-phase motion of the
cations and anions to out-of-phase transverse motion. At small
k the chiral components of acoustic phonon polarization vec-
tors vanish like (ka)2. It follows that ηH has a Lorentz force
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FIG. 1. Left side: Longitudinal thermal conductivity κxx (top
panel) and the thermal Hall to longitudinal conductivity ratio κxy/κxx

(bottom panel) of a model in which scattering off charge defects is
weakly nonreciprocal in the presence of a magnetic field. Right side:
Schematic illustration of scattering of acoustic waves on charged de-
fects. Parameters have been chosen to fit the data (blue dots) reported
in Ref. [15]. The yellow, blue, and red shading in the bottom panel
identifies the temperature ranges in which boundary, defect, and
umklapp scattering are respectively dominant. Similarly high-quality
fits can be achieved in all systems that we have examined.
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observed order of magnitude

Cu3TeO6Fit of the data for
Chen et al., PNAS (2022)

• cyclotron frequency for a single oxygen defect !c
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Finite phonon Hall viscosity in ionic crystals without coupling to 
degrees of freedom other phononic

The observed giant thermal Hall conductivity might be explained
  by Rayleigh scattering of phonons on charged impurities 

… Still an open puzzle : 
Universal mechanism (or not)? 

This mechanisms requires imperfect local screening of the charged 
defects and acoustic wave attenuation
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Abstract 

Thermal Hall effect (THE) in insulator is a remarkable phenomenon that arises 

from the motion of chargeless quasi-particles under a magnetic field1-11. While 

magnons1-3 or exotic spin excitations4,5,12,13 were considered as the origin of THE 

in some magnetic materials, there are more and more evidences suggesting that 

phonons play a significant role8-11,14-23. However, the mechanism behind phonon 

THE is still unknown. Here we report the observation of THE, including planar 

THE, in a broad range of non-magnetic insulators and semiconductors: SrTiO3, 

SiO2 (quartz), MgO, MgAl2O4, Si and Ge. While the presence of antiferrodistortive 

domains in SrTiO3 and chiral phonons in SiO2 may complicate the interpretation 

of THE, the striking observations of THE in trivial insulators MgO and MgAl2O4, 

as well as in high-purity intrinsic semiconductors Si and Ge, demonstrate that 

phonon THE is a universal property of crystals. Without other effects on phonons 

such as from magnons, this universal phonon THE is characterized by a scaling 

law of |κxy| ~ κxx2. Our results experimentally discover a fundamental physics of 

phonons in magnetic field, which should come from the direct coupling between 

atom vibrations and the field. Starting from this universal phonon THE in crystals, 

all previous interpretations of THE in magnetic or non-magnetic materials need 

to be reconsidered. 
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FIG. 1. Sketch of microscopic origins of the phonon angular mo-
mentum in a fictitious material with two atoms per unit cell (drawn as
green and orange circles). The first column corresponds to material
where P , T , and PT symmetries are present. In the second column,
inversion (P) is broken by displacement of the green atom (class
III). In the third column, time reversal (T ) is broken by (class IV)
magnetism on the green atom (magnetic moment points out of the
page). Strengths of force constant matrices Fαβ

i j and velocity-force
constant matrices Gαβ

i j are indicated with black lines in the first and
the second row for all three cases. The third row shows sketches
of the corresponding phonon band structures and phonon angular
momenta in the vicinity of the Brillouin zone origin. Signs of angular
momenta for two sketched phonon branches follow from Eqs. (1)
and (2). Phonon angular momentum exactly at the origin is excluded
from the sketch, as in this work we focus on generic nonsymmetric
points of the Brillouin zone only. Phonon angular momentum in the
second column (broken inversion, P , class III) arises from the asym-
metric force constants Fi j (as sketched in the top panel of the second
column). Analogously, in the third column (broken time reversal,
T , class IV) phonon angular momentum arises from the presence
of nonzero Gi j (as sketched in the middle panel of the third column).

B. Class IV

The situation in class IV is somewhat more complex. In
this class of materials, containing ferromagnets such as iron,
the inversion symmetry is preserved while the time-reversal
symmetry is broken. As a general principle, one would expect
that time-reversal breaking in the electronic subsystem must
somehow spill into the ionic subsystem, as electrons and ions
are coupled. While this is true, the spilling of the time-reversal
breaking into ions does not occur in the first term of the
expansion in Eq. (7), the force constant matrix Fαβ

i j , but it does

spill into the velocity-force matrix Gαβ
i j . Let us demonstrate

this from the definition of Fαβ
i j and Gαβ

i j .

The force constant Fαβ
i j was defined in Eq. (6) as the second

derivative of the total energy Ex with respect to atom coordi-
nate. For the solid of any symmetry, the total energy Ex is a
scalar that is invariant under the time-reversal operation,

T : Ex −→ Ex, (11)

for any set of atom coordinates x. Therefore, the derivatives
of Ex with respect to x are also unchanged under T , so the
force-constant matrix is unchanged as well,

T : Fαβ
i j −→ Fαβ

i j . (12)

This holds regardless of whether the solid itself is in a time-
reversal symmetric ground state or not. Therefore, Eq. (12)
holds even in a ferromagnet like bulk Fe, or any other
materials in class IV. For example, ferromagnetic bulk Fe
magnetized along the positive ẑ direction will have exactly the
same force-constant matrix Fαβ

i j as its time-reversed image,
where the magnetic moment is reversed to point along the
negative ẑ axis. This holds true even if spin-orbit interaction,
or any other relativistic effect, is included in the calculation.

Since the force-constant matrix Fαβ
i j is unaware of the time-

reversal symmetry breaking in the solid, any ionic motion in
the class IV material that is driven only by the force-constant
matrix Fαβ

i j will preserve time-reversal symmetry. Therefore,
following symmetry analysis from Sec. II, the phonons in
class IV material described only by Fαβ

i j will not have angular
momentum at a generic nonsymmetric point in the Brillouin
zone. This same observation can be again made on our toy
model from Fig. 1. Imagine that instead of displacing the
green atom, we make the green atom magnetic, therefore
breaking the time-reversal symmetry in the solid. Magnetiza-
tion of the green atom is pointing out of the page. Since the
distribution of charge on the atom was changed when we made
the atom magnetic, one might expect that the resulting force
constants between the green and orange atoms will change as
well. And they do, but clearly the changes to all four force
constants must be equal. More importantly, these four force
constants would change by the same amount, regardless of
whether the magnetic moment on the green atom in Fig. 1 is
pointing in or out of the page. Therefore, adding a magnetic
moment to the green atom did not change the symmetry in the
force constant matrices Fαβ

i j , so the underlying phonons did

not acquire angular momentum from changes in Fαβ
i j .

Now let us consider the equation of motion for a solid
in class IV that includes the next term in the expansion,
the velocity-force constant term Gαβ

i j . While force-constant
matrix is defined in terms of a scalar quantity (total energy
Ex) which does not change under time-reversal operation, the
velocity-force constant is defined in terms of the electron wave
functions [see Eq. (8)], which do change under time reversal.
The time-reversal operation, when acting on electron wave
functions, is represented by an antiunitary operator T̂ . For any
two wave functions |φ1〉 and |φ2〉 we define |φ′

1〉 = T̂ |φ1〉 and
|φ′

2〉 = T̂ |φ2〉. For any antiunitary operation, by definition, we
have 〈φ′

1|φ′
2〉 = [〈φ1|φ2〉]∗. This gives us

T :
〈
∂φx

∂xα
i

∣∣∣∣
∂φx

∂xβ
j

〉
→

[〈
∂φx

∂xα
i

∣∣∣∣
∂φx

∂xβ
j

〉]∗

. (13)

Since Gαβ
i j from Eq. (8) depends on the imaginary part of

this overlap, we conclude that Gi j changes sign under time-
reversal operation,

T : Gαβ
i j −→ −Gαβ

i j . (14)
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2d crystal with two non-degenerate phonon modes
Minimal model

Time- and inversion-symmetry preserving 

No external drive (e.g., temperature gradients)

Vacuum state



 
Angular momentum operator

L. Zhang and Q. Niu, 
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FIG. 1. (a) Schematic of an NV-center two-level spin relaxing via angular-momentum coupling into a longitudinal (L) and a
transverse (T) phonon at momenta ±k0. (b) 2D phonon trajectory uy(t) vs. ux(t) over one beat period T = 2⇡/� with ! = 1 and
� = 0.25, color-coded by time and marked at key instants. (c) Evolution of the phonon angular momentum Jz(t) over the same
period, with identical time-color mapping.

Conclusion and outlook. In this work, we have
shown that the vacuum state of a crystal can ex-
hibit finite-frequency fluctuations of phonon angu-
lar momentum, even when symmetry forbids individ-
ual phonon modes from carrying angular momentum.
These fluctuations manifest in the spontaneous gen-
eration of phonon pairs forming coherent superposi-
tions whose instantaneous angular momentum can be
nonzero when the constituent modes are nondegener-
ate. Unlike polarization entanglement in quantum op-
tics, no auxiliary idler modes or path recombination are
required—the correlations arise intrinsically from the
structure of the phonon vacuum.

We trace the origin of this phenomenon to the non-
commutativity of the angular momentum operator with
the phonon Hamiltonian when orthogonally polarized
modes are nondegenerate. A classical analogy, involv-
ing the slow precession of elliptical trajectories formed
by such mode superpositions, provides intuitive insight
into the underlying quantum coherence and its depen-
dence on frequency splitting.

The requirements for observing this e↵ect are re-
markably general: it can occur in any crystalline sys-

tem supporting two nondegenerate orthogonal phonon
modes—a condition widely realized in solids. While
this e↵ect encompasses both acoustic and optical
phonons, optical modes might o↵er a more suitable
platform for its experimental investigation since they
do not require cryogenic temperatures to operate at the
ground state. The resulting angular momentum dynam-
ics may be probed via time-resolved optical rotation
measurements, while a more direct window into the un-
derlying entanglement structure may be provided by the
polarization-resolved two-phonon correlator, accessible
in principle via time-resolved or coherent Raman spec-
troscopy.

Thus, we expect that our findings will stimulate pro-
fuse experimental e↵orts, opening new avenues for ex-
ploring quantum geometry, nonclassical correlations,
and symmetry-protected vacuum structure in lattice
systems.
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Example : two-level system coupled to 
angular momentum fluctuations

Spontaneous emission 
=> pair of phonons with opposite momenta 

 and orthogonal linear polarizationk
ω = ωk,σ + ωk,σ′￼

Can the phonon pair form a superposition state associated 
with a finite  ?̂J ph

z (t)

[Ĥ, ̂J ph
z ] ∝ (ωk,σ − ωk,σ′￼)



 
A classical analogy

Generation of a superposition of two classical waves  and ux(t) uy(t)

u(t) = e−iωxt (x̂ + ŷ e−iδωt)

Only superposition allowed by constraints 
of phonon-pair emission

δω = ωy − ωx > 0

4

FIG. 1. (a) Schematic of an NV-center two-level spin relaxing via angular-momentum coupling into a longitudinal (L) and a
transverse (T) phonon at momenta ±k0. (b) 2D phonon trajectory uy(t) vs. ux(t) over one beat period T = 2⇡/� with ! = 1 and
� = 0.25, color-coded by time and marked at key instants. (c) Evolution of the phonon angular momentum Jz(t) over the same
period, with identical time-color mapping.

Conclusion and outlook. In this work, we have
shown that the vacuum state of a crystal can ex-
hibit finite-frequency fluctuations of phonon angu-
lar momentum, even when symmetry forbids individ-
ual phonon modes from carrying angular momentum.
These fluctuations manifest in the spontaneous gen-
eration of phonon pairs forming coherent superposi-
tions whose instantaneous angular momentum can be
nonzero when the constituent modes are nondegener-
ate. Unlike polarization entanglement in quantum op-
tics, no auxiliary idler modes or path recombination are
required—the correlations arise intrinsically from the
structure of the phonon vacuum.

We trace the origin of this phenomenon to the non-
commutativity of the angular momentum operator with
the phonon Hamiltonian when orthogonally polarized
modes are nondegenerate. A classical analogy, involv-
ing the slow precession of elliptical trajectories formed
by such mode superpositions, provides intuitive insight
into the underlying quantum coherence and its depen-
dence on frequency splitting.

The requirements for observing this e↵ect are re-
markably general: it can occur in any crystalline sys-

tem supporting two nondegenerate orthogonal phonon
modes—a condition widely realized in solids. While
this e↵ect encompasses both acoustic and optical
phonons, optical modes might o↵er a more suitable
platform for its experimental investigation since they
do not require cryogenic temperatures to operate at the
ground state. The resulting angular momentum dynam-
ics may be probed via time-resolved optical rotation
measurements, while a more direct window into the un-
derlying entanglement structure may be provided by the
polarization-resolved two-phonon correlator, accessible
in principle via time-resolved or coherent Raman spec-
troscopy.

Thus, we expect that our findings will stimulate pro-
fuse experimental e↵orts, opening new avenues for ex-
ploring quantum geometry, nonclassical correlations,
and symmetry-protected vacuum structure in lattice
systems.
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∝ uy

∝ ux

ωy

ωx

Relative phase  modulates the instantaneous ellipticity of the 
displacement field

δω ⋅ t

No instantaneous ellipticity if the modes are degenerate, i.e.,  δω = 0



 
A classical analogy

Jz(t) = −
δ
2

sin ((2ω0 + δ)t) −
2ω0 + δ

2
sin(δt)

Instantaneous classical angular momentum
(vanishing time average) 

J z
(t)



 
Summary (Part II) 

The vacuum of an inversion and time-reversal symmetric crystal can 
exhibit finite phonon angular momentum fluctuations.

Key requirement : lack of mode degeneracy

A probe that couples bilinearly to phonon operators may 
generate/detect this phenomenon (optical phonons + Raman?)

Non-commutativity of angular momentum 
operator & classical analogy

g2?

To do : temperature effects, geometric phases, distinguishability between 
‘’virtual’’ and  ‘’real’’ angular momentum noise, etc ..

 
Thank you for the attention!


