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1- Non-relativistic spin-splittings.

2- Sublattice Hubbard models (and briefly altermagnetism).

3- Odd-parity spin-splitting (and other ferroic orders) from lattice 

doubling antiferromagnetism.
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Breaking T and preserving I will give altermagnetism (AM)

                   

TI symmetry and spin-splitting

Non-magnetic state: time-reversal (T), inversion (I). 

Both I and T take k to –k. 

2-fold spin-like degeneracy from (TI)2=-1 at each k. Need to 

break TI symmetry to split spins.

𝐻𝑠𝑝𝑖𝑛 = sin( 𝑘𝑥)𝜎𝑦 − sin( 𝑘𝑦)𝜎𝑥

𝐻𝑠𝑝𝑖𝑛 = (cos 𝑘𝑥 − cos 𝑘𝑦) 𝜎𝑧

Breaking I and preserving T will give odd-parity magnetism

Smejkal et al, PRX (2022)

Rashba SOC



When spin and spatial transformations decoupled:

 Find three collinear magnetic states: FM, AF, AM

Non-Relativistic Spin-Splittings

[𝑅𝑠𝑝𝑖𝑛||𝑅𝑠𝑝𝑎𝑐𝑒] = [𝐶2| 𝐶4
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Smejkal et al,  PRX (2022).

E (Spin-Splitting) not due to SOC and can be large (100 meV)

Large spin-splittings also possible in noncollinear states:

Example: p-wave magnetism coplanar CeNiAsO

Hellenes et al, arXiv:2309.01607

Allowed spin-splittings classified in PRXs 2024 – 

More than 100000 spin-space groups (Xiao et al, 

Chen et al, Jiang et al)

Goal here is  minimal Hubbard-like models for such spin-textures.



Prior Minimal Models

Single band theory: Pomeranchuck instability of the Fermi surface in 
spin-channel (Stoner instability is example)

Can deform Fermi surface into altermagnetic spin-splittings or odd-parity 
spin-splittings. These are interaction-driven  non-relativistic spin-
splittings. 

Here spin-splitting is the primary order parameter.

We already have 

a minimal model.

Gorkov and Sokal  (1992), Wu, Sun, Fradkin, 

Zhang, PRB (2007),



● Minimal two-Wyckoff model: sublattice     , spin

𝑡𝑧,𝑘 = 𝑡(cos 𝑘𝑥 − cos 𝑘𝑦)

𝑡𝑥,𝑘 = 𝑡 cos
𝑘𝑥

2
cos

𝑘𝑦

2

𝐸±,± = 𝜀0,𝑘 ± 𝑡𝑥,𝑘
2 + (| Ԧ𝐽| ± 𝑡𝑧,𝑘)2

Nodes in E  when tz,k=0 

Asymmetric crystal hopping - z and 

tz,k have symmetry N 

Self-consistent RPA Neel order is 

Primary order

Spin-splitting is a “secondary” order parameter:

Asymmetric crystal hopping (tzk) determines spin-splitting

Spin splitting: Ferroic magnetic octupole order (McClarty, Rau PRL 2024)

∆𝐸 ∝ |𝑡𝑧,𝑘|𝐽

Hubbard Models: Altermagnets

Hopping between magnetic ions

𝐻 = 𝜀0,𝑘 + 𝑡𝑥,𝑘𝜏𝑥 + 𝑡𝑧,𝑘𝜏𝑧 + 𝜏𝑧
Ԧ𝐽 ∙ Ԧ𝜎

SG 123, 

Wyckoff 2f

Lieb Lattice model

𝑁 ∈ Γ𝑁⨂Γ𝐴
𝑆

e.g. N is B1g  x
2-y2

Spin vectorSpatial symmetry



a) Find space groups with Wyckoff position of multiplicity 2 (2 atom sublattice)

b) Require the Wyckoff site symmetry contains inversion (for altermagnets)

c) Include on-site Hubbard and all tight-binding terms allowed by symmetry

d) Study within RPA

Minimal Hubbard Models

● Gives altermagnetic spin-splitting as a secondary order parameter (d-wave, 

g-wave, i-wave). 40 space group/Wyckoff symmetry pairs.

● Understand when altermagnetism is stable - band degeneracies help.  

● Understand spin-orbit coupling and origin of AHE and ferromagnetism in AM

● Understand the appearance of Weyl lines in electronic spectrum

● Generalizable to theories of non-relativistic odd-parity spin-splittings – 

include Wyckoff pairs related by inversion symmetry. 

Phys. Rev. B 110, 144412 (2024)

Nature Communications 16, 2950 (2025)
Phys. Rev. B  111, 174436 (2025) 
Phys. Rev. Lett., (2025)
Phys. Rev. Lett., (2025)
arXiv:2509.03247 (2025)
arXiv:2508.21073 (2025)

See Also:

Brekke et al, PRB 108, 224421 (2023).

Antonenko et al, PRL 134 096703 (2025) 

See Brian’s talk for more applications to altermagnetism.

Minimal models for odd-parity magnetism are similar  



Odd-parity spin-splitting: Ginzburg Landau

Sublattice Hubbard models: also find Q=(,) or Q=(,0) instabilities.

𝐹𝐺𝐿 = 𝛼 ෍

𝑖

𝑆𝑖 ∙ 𝑆𝑖 + 𝛽1 ෍

𝑖

𝑆𝑖 ∙ 𝑆𝑖

2

      +𝛽2 𝑆1 ∙ 𝑆2

2
+ 𝛽3 𝑆1 ∙ 𝑆1 𝑆2 ∙ 𝑆2

𝛽2

𝛽1

𝛽3

𝛽1

S2S1

Q=(,0) 

Inversion (I)

Assume global spin-rotational invariance:

Why does CeNiAsO, an antiferromagnet with Q=(,0) have p-wave magnetism? Hellenes et al, arXiv:2309.01607.



Induced ferroic orders

𝛽2

𝛽1

𝛽3

𝛽1

Each state has a translation invariant or ferroic order:

Ԧ𝑆1

2
− Ԧ𝑆2

2
≠ 0 

spin-scalar
odd-parity

Ԧ𝑆1 ⋅ Ԧ𝑆2 ≠ 0
spin-scalar

Nematic

Ԧ𝑆1 × Ԧ𝑆2 ≠ 0
spin-vector
odd-parity 

𝑆1 → 𝑆2 𝑆2 → 𝑆1

𝑆1 × 𝑆2  →
I

− 𝑆1 × 𝑆2

is translation/time-reversal invariant and 

odd-parity
𝑆1 × 𝑆2

can generate fermionic spin-splitting zf(k)
 

f(k)=-f(-k) (reminiscent of Rashba SOC) 

𝑆1 × 𝑆2 CeNiAsO 

This phase subject of 

Watanabe, Arita PRL 134, 

266703 (2025)

Nematic order in Fe-based materials. 
R.M. Fernandes, P. P. Orth, and J Schmalian, ARCMP (2019)



When is FGL valid?

● In FGL, 𝑆1 ∙ 𝑆2 typically appears. This forbids                                    
and                               states.

● 𝑆1 ∙ 𝑆2 term vanishes in non-symmorphic space groups with Q at 
the Brillouin zone boundary (allows mixed parity representations).

● Classify  space groups, wavevectors, and  representation of 
symmetries for which FGL is correct (421 theories).

● This determines form of f(k) in in spin-splitting from coplanar state

● Find: p, f, and h-wave spin-splittings

𝑆1 × 𝑆2 ≠ 0

Ԧ𝑆1

2
− Ԧ𝑆2

2
≠ 0 



Microscopic theory

Usual mean-field theory for SDW:
𝐻 =

𝜀𝑘 𝐽𝑞 ∙ Ԧ𝜎

𝐽𝑞 ∙ Ԧ𝜎 𝜀𝑘+𝑞

𝜀𝑘 = − 𝜀𝑘+𝑞 

Nesting - is good for 

SDW (cuprates)

How does this change with a sublattice? 

𝐻 =
𝜀𝑘 + 𝑡 cos

𝑘𝑥

2
𝜏𝑥 𝑀𝑞

𝑀𝑞 𝜀𝑘+𝑞 − 𝑡 sin
𝑘𝑥

2
 𝜏𝑦

find a large spin splitting ~(Jt)1/2 sin kx z .

find SOC free Berry curvature dipole.   

𝑀𝑞 = 𝐽[𝜏0 𝜎𝑥 + 𝜎𝑦 + 𝜏𝑧(𝜎𝑥 − 𝜎𝑦)]

find (generalized) electronic nematic order also ~(Jt)1/2 

𝑆1 × 𝑆2

𝑆1 ∙ 𝑆2 

Ԧ𝑆1
2 − Ԧ𝑆2

2

Here, simple 1D problem,  Q=:

S2S1

Inversion (I)

𝛽2

𝛽1

𝛽3

𝛽1

Nematic order in Fe-based materials. 
R.M. Fernandes, P. P. Orth, and J Schmalian, ARCMP (2019)



67 Candidate Materials from Magndata

Odd-parity magnet

CeNiAsO

Also find SOC-free Edelstein effect – Chakraborty talk later today



H-wave magnetism in LaFeAs1-xPx

Stadel et al., Communications 

Physics (2022):LaFeAs1-xPx 

h-wave: 𝑘𝑥𝑘𝑦𝑘𝑧 𝑘𝑥
2 − 𝑘𝑦

2 𝜎𝑧

 

Space group P4/nmm (129)

Q=()

See poster by Andreas 

Kreisel, where SOC is 

also included  (with 

interesting 

consequences)



Sublattice-based tight-binding Hubbard models for magnetism

Applies to monoclinic, orthorhombic, tetragonal, hexagonal materials. Yields d-

wave, g-wave, and i-wave altermagnets.

AFM non-symmorphic lattices also allow odd-parity spin-splitting based on co-

planar magnetism – many materials examples.

Odd-parity magnetism competes with nematic and multiferroic states. 

Odd-parity spin-splittings are large, h-wave spin splitting is predicted for 

LaFeAs1-xPx

Nematic generalizations of Fe-based materials and spin-scalar odd-parity  

states are competing states – and are also of interest.

Conclusions



Quasi-symmetry 

• Why do our minimal models predict spin FM moment ~
soc for some 

altermagnetic states and ~ soc for others?

• Answer is quasi-symmetry: an approximate higher symmetry that 
emerges when only a single SOC component is included.

• Example (x,k,y,k,z,k)=(0,0,z,k),  spin-rotations around the z-axis

• Consider point group D4h with a B2g altermagnet:

• GL coupling term is 𝑚𝑥𝐽𝑦 + 𝑚𝑦𝐽𝑥

4−fold 
-( 𝑚𝑥𝐽𝑦 + 𝑚𝑦𝐽𝑥), so 

forbidden. 
• Note that 𝑚𝑥𝐽𝑦 − 𝑚𝑦𝐽𝑥 is the only bilinear that is allowed. It is this 

that gives all the non-zero terms in the theory.

• This argument is very general (only requires that AM is purely exchange 
driven). 
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