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We end this section by noting an analogy between AM
in the presence of SOC and unconventional supercon-
ductors. It has been pointed out the similarity between
the d-wave Zeeman-splitting of an altermagnet with the
gap function of a singlet d-wave superconductor [2]. On
the other hand, Eq. (3) resembles the Hamiltonian of a
triplet superconductor:

HSC = �
X

k

� [dSC (k) · �]ss0 c
†
ks

⇣
i�yc

†
�k

⌘

s0
+h.c. (4)

The main di↵erence is in the structures of the particle-
hole and particle-particle condensates in spin space,
which enforce the superconducting d-vector to be odd
in momentum, dSC (�k) = �dSC (k), whereas the alter-
magnetic d-vector must be even, d (�k) = +d (k). An-
other consequence of this property is that the electronic
spectrum of the superconductor consists of the sum in
quadrature of the non-interacting and interacting coe�-
cients:

ESC
± (k) = ±

q
"2k + |�|2 |dSC (k)|2 , (5)

whereas the electronic spectrum of the altermagnets con-
sists of the sum of the two terms, as we will show in Eq.
(6).

IV. SYMMETRY-PROTECTED NODAL LINES
OF THE ZEEMAN-SPLIT BANDS

We are now in position to investigate the properties
of the electronic spectrum of an altermagnet in the pres-
ence of SOC. For simplicity, we first consider the case
of an Ising-like AM order. Using Eq. (3), diagonaliza-
tion of H = H0 +Hint is straightforward and yields two
dispersions:

E± (k) = "k ± �� |d (k)| . (6)

In agreement with previous works [3, 15, 17, 19, 24],
we find a momentum-dependent Zeeman splitting of the
bands, �E (k) ⌘ E+ (k) � E� (k), which in our case is
given by �E (k) / |d (k)|. Therefore, the Zeeman split-
ting only vanishes when the three components of d (k)
are simultaneously zero. Because of the symmetry prop-
erties of d (k), this condition is not as restrictive as it may
seem. Indeed, for all cases shown in Table I, the vector
d (k) vanishes along either lines (for 1D irreps) or planes
(for some multi-dimensional irreps) in momentum space,
giving rise to nodal lines/planes in the band structure.
In contrast, in the case where rotations in spin-space are
decoupled from real space operations (i.e. in the absence
of SOC), d has e↵ectively only one component. As a re-
sult, it vanishes along planes and the Zeeman splitting is
characterized by nodal planes, as discussed in Ref. [5].

To shed further light on the nature of the Zeeman split-
ting nodes, we consider the specific case of an AM order

(a)

FIG. 4. Nodal lines and Weyl-like Fermi-surface pinch
points. (a) Spin-splitting of the Fermi surface of an altermag-
netic metal whose AM order parameter � transforms as the
tetragonal B�

1g irrep. Cyan and purple denote di↵erent Fermi
surface sheets. Six pinch points where the Zeeman splitting
vanishes emerge at the intersection with the nodal lines Lx

(red), Ly (green), and Lz (blue). For better visualization, the
Fermi-surface sheets for kx > 0 and ky < 0 are not shown.
(b) The electronic dispersion in the vicinity of the pinch point
has the shape of a tilted cone, characteristic of a type-II Weyl
node. (c) Zeeman splitting of a simple nearest-neighbor tight-
binding dispersion E(k) (in units of the electronic hopping t)
in the AM state along the high-symmetry directions of the
Brillouin zone shown in panel (d). The Weyl-like pinch point
is located in this case at kW .

parameter � that transforms as B�
1g in a tetragonal sys-

tem. It follows from Table I that d (k) = 0 defines three
nodal lines (Lx, Ly, Lz) determined by the intersection
between the three high-symmetry planes kx = 0, ky = 0,
and kz = 0, such that Lx corresponds to ky = kz = 0, Ly

to kx = kz = 0 and Lz to kx = ky = 0 (see also Ref. [5]).
Along these lines, displayed respectively as red, green,
and blue lines in Fig. 4(a), the Zeeman splitting of the
band structure vanishes, as shown in Fig. 4(c) for the
case of a simple nearest-neighbors tight-binding model
(in this and the remainder figures, we set ⌘ = 1/2 for
concreteness).

The topological properties of the nodal lines L↵ can
be obtained from the symmetry properties of Hint under
time-reversal, charge-conjugation, and chiral operations.
Following the tenfold classification of Ref. [35], we con-
clude that the nodal lines belong to class C of gapless
topological phases, as they correspond to “Fermi sur-
faces” of codimension p = 2 that lie along high-symmetry
directions. Thus, the nodal lines are topologically trivial
with respect to non-crystalline symmetries. Nevertheless,
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• Effect of the crystalline environment (i.e. spin-orbit 
coupling) in 3D? 


• Response to an external magnetic field; does the 
altermagnetic phase survive?


‣ topological transition for field directions that 
respect mirror symmetries.
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Low-energy model
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Assume inversion symmetry, no ferromagnetic moment. 
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Point group AM irrep di (k) ⌘ (di,x, di,y, di,z)
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TABLE I. Classification of the “pure” altermagnetic (AM) order parameters in the four point groups D2h (orthorhombic), D4h

(tetragonal), D6h (hexagonal), and Oh (cubic). The minus sign at the superscript of the irreducible representations (irreps)
indicates that the order parameter is odd under time reversal. The third column shows the small-momentum expansion of the
vector di (k) associated with each of the allowed AM order parameters. The parameters ⌘i are related to magnetic anisotropy
and cannot be determined based on symmetry alone.

the presence of SOC. Sec. III introduces the e↵ective low-
energy models for AM and demonstrates their intrinsic
non-collinearity. In Sec. IV, we show the emergence of
symmetry-protected nodal lines in the Zeeman splitting
of AM. The topological character of the transition from
an altermagnetic to a ferromagnetic state is discussed in
V. Sec. VI is devoted to the conclusions, whereas details
of the model and of the calculations discussed in the main
text are presented in Appendices A-F.

II. ALTERMAGNETS IN THE PRESENCE OF
SOC

We start by employing group theory to classify the
AM order parameter �i (where i denotes di↵erent com-
ponents) whose underlying crystalline environment, via
the SOC, forces the magnetic moments to point along
certain directions. For the magnetization m, this im-
plies that it must transform as the irreducible representa-
tions (irreps) of the crystallographic point group, rather
than a vector in the space of rotations. For instance,
in the tetragonal group D4h, mz transforms as the one-
dimensional (1D) irrep A�

2g, whereas (mx, my) transform
as the two-dimensional (2D) irrep E�

g . Here, the minus
superscript indicates that the quantity is odd under time
reversal. The situation is analogous in the case of �i. In
the widely studied cases of AM states that preserve in-
version and have zero wave-vector, �i must transform as
one of the time-reversal-odd, even-parity irreps of a cen-
trosymmetric point group. We also add the constraint
that the AM phase does not display a non-zero magneti-

zation, like a ferromagnet does. This excludes the irreps
that transform as dipolar magnetic moments, such as the
aforementioned A�

2g and E�
g in the tetragonal group D4h.

These “pure” AM phases should be distinguished from
mixed AM-F phases, in which the onset of �i necessarily
triggers a non-zero magnetic moment. We will return to
this point later.

The irreps of the AM order parameter for common
point groups – orthorhombicD2h, tetragonalD4h, hexag-
onal D6h, and cubic Oh – are shown in the first two
columns of Table I. Extension to other point groups is
straightforward. In most cases, � transforms as a 1D
irrep, and thus behaves as an Ising-like order parameter
[14]. The exceptions are the 2D irreps E�

2g of the hexag-

onal group and E�
g of the cubic group, where

�
�1,�2

�

behaves as a six-state clock-model order parameter, as
well as the 3D irrep T�

2g of the cubic group, in which�
�1,�2,�3

�
has the same free-energy as that of a Heisen-

berg ferromagnet with a cubic anisotropy term (see Ap-
pendix B). This analysis also makes the aforementioned
connection between AM order and magnetic multipolar
order explicit. Indeed, by using the crystallographic clas-
sification of multipoles of Ref. [23], one readily identi-
fies the correspondence between �i and di↵erent types of
multipole moments of the electronic wave-function. For
instance, � transforming as B�

1g in the tetragonal group
is equivalent to a magnetic octupole moment, as pointed
out in Ref. [19], whereas

�
�1,�2,�3

�
transforming as T�

2g
in the cubic group corresponds to magnetic quadrupolar
toroidal moments.

Besides providing a sound framework to investigate the
properties of altermagnets, which we pursue below, this

time reversal inversion ✓❌
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[Fernandes, Carvalho, Birol, RP, PRB 2024]
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(a)

FIG. 2. Polar plot of the d-vector d (k). Panel (a) shows
the squared three components d

2
µ (red corresponds to dx,

green to dy, and blue to dz) while panel (b) shows the total
magnitude |d|2. Here, we considered the specific case of an
AM order parameter that transforms as the B

→
1g irrep of the

tetragonal group D4h, for which d (k) = (kykz, kxkz, ωkxky);
we set ω = 3/4 in this plot.

where ω is a coupling constant and the dot product refers
to spin space, i.e. di (k) ·ωss→ =

∑
µ di,µ (k)ε

µ
ss→ . This is

the analogue of Eq. (2) in momentum space. Recall that
the index i refers to the number of components of the
irrep that describes the AM order parameter. Since the
transformation properties of !i and of ω in terms of the
irreps of each group are known, it is straightforward to
determine the transformation properties of the set of vec-
tors di (k). More specifically, the procedure is as follows:
for a given point group G, we know the time-reversal-odd
irreps ”→

ω according to which the components of ω trans-
form. Then, for a given AM order parameter !i that
transforms as one of the time-reversal-odd irreps ”→

! of
G that are di#erent from ”→

ω , we determine the irreps ”+
d

of the components of di such that di (k) · ω transforms
as !i, i.e. ”+

d → ”→
ω = ”→

! . Once ”+
d is determined, we

construct the polynomials in Table I using group theory.
We note that the low-energy model in Eq. (3) has

similarities with that employed in Ref. [21] to investi-
gate the properties of spin-triplet Pomeranchuk instabil-
ities. Indeed, as we discussed above, ordered states re-

sulting from even-parity spin-triplet Fermi liquid insta-
bilities are altermagnets. While Ref. [21] considered the
case of isotropic systems, here our focus is on the impact
of the crystalline lattice. We also note that Eq. (3) is
similar to that proposed in Ref. [46] to model spin-split
bands in antiferromagnets without SOC, in which case
functions analogous to diµ (k) described electric multi-
pole moments arising from di#erent types of intra-unit-
cell “antiferromagnetism”. The main di#erence is that in
Ref. [46] the spin coordinates transformed independently
of the lattice.
Using the procedure described above, we obtain the ir-

reps for each component of di (k) associated with a given
AM order parameter !i, as shown in the third column of
Table I [47, 48]. Here, we consider only the lowest-order
polynomials in momentum that give non-zero di,µ (k);
these polynomials can also be expressed in terms of lat-
tice harmonics by applying standard methods (see e.g.
[49]). One important feature of di (k) is the presence of
a prefactor ϑ in some of its components. This param-
eter, which cannot be determined solely on symmetry
grounds, is directly related to the magnetic anisotropy of
the lattice. To illustrate this point, consider the case
of the AM order parameter ! that transforms as the
B→

1g irrep of the tetragonal group, which has been in-
voked to describe the rutile AM candidates MnF2 and
RuO2 [2, 19]. Clearly, the combination εzkxky trans-
forms as B→

1g, since εz transforms as A→
2g and kxky, as

B2g. However, there is another combination of Pauli ma-
trices and d-wave form-factors that also transforms as
B→

1g. Using the fact that (εx,εy) transforms as E→
g while

the doublet (kykz,↑kxkz) transforms as Eg, we find that
(kykzεx + kxkzεy) also transforms as B→

1g. As a result,
! must couple to both εzkxky and to (kykzεx + kxkzεy),
but with di#erent coupling constants. When expressed in
terms of Eq. (3), we obtain d (k) as in Table I, with the
parameter ϑ corresponding precisely to the ratio between
the two coupling constants. To illustrate the properties
of d (k), we show in Fig. 2 a polar plot of the square
of its three components d2µ, as well as of its total mag-
nitude |d|2, in the case of an AM order parameter that
transforms B→

1g in the tetragonal group D4h. Note that,
in the absence of SOC, only one of the components dµ is
non-zero.

We note that, in the presence of SOC, depending on the
direction of the magnetic moments, altermagnetism may
also trigger ferromagnetism. Consider, for instance, the
AM state discussed above in the context of the rutiles,
which is characterized by the d-wave form factor kxky.
Instead of an out-of-plane moment, let us instead assume
that the moments point in the plane. The resulting two-
component AM order parameter ! ↓ (kxkyεy, kxkyεx)
transforms as the E→

g irrep of D4h. However, because the
in-plane uniform magnetization m ↓ (εx, εy) also trans-
forms as E→

g , the in-plane components of the di (k) vec-
tors necessarily acquire trivial components proportional
to the uniform magnetization, i.e. d1,↑ (k) = (mx, kxky)
and d2,↑ (k) = (kxky,my). We dub this type of order
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Example: perovskites (ABO3)
Oxygen octahedra rotate to accommodate the A atom, leading to a larger unit 
cell with orthorhombic symmetry (Pnma). AF becomes AM!


First-principle calculations for orthorhombic crystals show noncollinear 
magnetic moments,  e.g. GaCbAc. 

4

classification also o↵ers interesting insights about candi-
date AM materials. Table I shows that, for orthorhom-
bic crystals, there is only one allowed even-parity “pure”
AM order parameter �, which transforms as A�

1g. In-
terestingly, there is a broad class of orthorhombic ma-
terials known to display Q = 0 magnetism: ABO3 per-
ovskites with space group Pnma, such as rare-earth ti-
tanates (LaTiO3) and manganites (CaMnO3) [38, 39]. In
these systems, the ideal perovskite cubic crystal structure
is distorted into an orthorhombic one by octahedral rota-
tions that emerge to accommodate the A-site atom. Be-
cause of the expanded unit cell of the orthorhombic crys-
tal structure shown in Fig. 1(a), magnetic orders charac-
terized by a finite wave-vector in the ideal cubic struc-
ture become Q = 0 magnetic orders in the Pnma space
group. The transformation properties of these intra-unit-
cell “antiferromagnetic” states are well understood [38–
40]. Comparing them with our classification of AM or-
ders, we identify the so-calledGaCbAc magnetic state [40]
shown in Fig. 1(a) (or AaGbCc if Pbnm axes are used for
the orthorhombic cell) as an altermagnetic phase. In this
notation, Ga means there is a G-type ordering (wave-
vector (⇡,⇡,⇡) in the pseudocubic perovskite Brillouin
zone) with magnetic moments pointing along the or-
thorhombic a-axis, superimposed with a C-type ordering
(wave-vector (⇡,⇡, 0)) with magnetic moments along the
b-axis (Cb) and an A-type ordering (wave-vector (0, 0,⇡))
with magnetic moments along the c-axis (Ac). While the
known rare-earth titanates realize a di↵erent magnetic
state with a non-zero ferromagnetic moment, dubbed
AaFbGc in the notation above, DFT calculations show
that the ground state energy of the AM GaCbAc phase is
a close competitor [38]. Note that, as it follows from the
analyses of Refs. [1, 41], the ground state AaFbGc with
a dominant Gc component corresponds to an AM phase
with a weak-ferromagnetic component [42, 43], which we
here dubbed a mixed AM-F phase. The main di↵erence
with respect to the GaCbAc state is that only the former
displays an anomalous Hall e↵ect, which is observed ex-
perimentally in doped CaMnO3 [44] and is related to the
fact that the symmetries of that AM configuration allow
for a non-zero macroscopic magnetization [45].

III. LOW-ENERGY MODELS FOR
ALTERMAGNETS

While our group-theoretical results are not restricted
to a particular model or material, in order to elucidate
the coupling between �i and the electronic degrees of
freedom, it is useful to consider a general low-energy
model. Thus, we start from a non-interacting single-
band Hamiltonian H0 =

P
k "kc

†
kscks, with electronic

dispersion "k and electronic operator cks, where k is the
momentum and s is the spin (summation over the spin in-
dices is implicitly assumed in this paper). For simplicity,
we assume that the orbital described by cks transforms
as a one-dimensional irreducible representation (irrep) of

(a)

(b)

CaMnO3

MnF2

FIG. 1. Non-collinearity of the magnetic moments in
altermagnetic phases. (a) The primitive unit cell of Pnma

CaMnO3 contains four Mn ions (purple spheres). If G-type
intra-unit-cell AF order along the a axis is present (the Ga

order, shown as red arrows), the B-site moments are allowed
to be tilted without reducing the symmetry. This leads to
a C-type intra-unit-cell AF order along the b axis (the Cb

order, green arrows), and an A-type order along the c axis
(the Ac order, blue arrows). The resulting GaCbAc order is
an altermagnetic state. The relative amplitude between the
arrows were obtained from first principles calculations (see
Appendices C-E). (b) The unit cell of MnF2 contains 2 Mn
ions (purple) and 4 F ions (grey). In the altermagnetic phase,
the magnetic moments of the corner and the body-center Mn
moments are antiparallel along the c axis. While all atomic
moments are along c, the spin-density on the 8j Wycko↵ site
(shown as small black spheres) is non-collinear and displays
the in-plane components shown in the figure.

the point group; generalizations to multi-orbital models
are straightforward. The AM order parameter �i must
couple to a fermionic bilinear that transforms as the same
irrep as �i. To construct these bilinears, we extend the
parametrization of the spatial-dependent magnetization
in Eq. (1) to the momentum-dependent quantum spin-
density, which is accomplished upon replacing M0 by the
operator c†ks�ss0cks0 , where �

µ
ss0 are Pauli matrices (with

µ = x, y, z). Then, the interacting Hamitonian Hint that
describes the coupling between the AM order parameter
and the electrons is given by:

Hint = ��
X

k,i

�i [di (k) · �ss0 ] c
†
kscks0 , (3)

octahedral 
rotations



Dispersion:

Dispersion relation and nodal lines
1D representations: Ising-like order parameter      (odd under time reversal). 
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H(k) = "kI� ��d(k) · �
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We end this section by noting an analogy between AM
in the presence of SOC and unconventional supercon-
ductors. It has been pointed out the similarity between
the d-wave Zeeman-splitting of an altermagnet with the
gap function of a singlet d-wave superconductor [2]. On
the other hand, Eq. (3) resembles the Hamiltonian of a
triplet superconductor:

HSC = �
X

k

� [dSC (k) · �]ss0 c
†
ks

⇣
i�yc

†
�k

⌘

s0
+h.c. (4)

The main di↵erence is in the structures of the particle-
hole and particle-particle condensates in spin space,
which enforce the superconducting d-vector to be odd
in momentum, dSC (�k) = �dSC (k), whereas the alter-
magnetic d-vector must be even, d (�k) = +d (k). An-
other consequence of this property is that the electronic
spectrum of the superconductor consists of the sum in
quadrature of the non-interacting and interacting coe�-
cients:

ESC
± (k) = ±

q
"2k + |�|2 |dSC (k)|2 , (5)

whereas the electronic spectrum of the altermagnets con-
sists of the sum of the two terms, as we will show in Eq.
(6).

IV. SYMMETRY-PROTECTED NODAL LINES
OF THE ZEEMAN-SPLIT BANDS

We are now in position to investigate the properties
of the electronic spectrum of an altermagnet in the pres-
ence of SOC. For simplicity, we first consider the case
of an Ising-like AM order. Using Eq. (3), diagonaliza-
tion of H = H0 +Hint is straightforward and yields two
dispersions:

E± (k) = "k ± �� |d (k)| . (6)

In agreement with previous works [3, 15, 17, 19, 24],
we find a momentum-dependent Zeeman splitting of the
bands, �E (k) ⌘ E+ (k) � E� (k), which in our case is
given by �E (k) / |d (k)|. Therefore, the Zeeman split-
ting only vanishes when the three components of d (k)
are simultaneously zero. Because of the symmetry prop-
erties of d (k), this condition is not as restrictive as it may
seem. Indeed, for all cases shown in Table I, the vector
d (k) vanishes along either lines (for 1D irreps) or planes
(for some multi-dimensional irreps) in momentum space,
giving rise to nodal lines/planes in the band structure.
In contrast, in the case where rotations in spin-space are
decoupled from real space operations (i.e. in the absence
of SOC), d has e↵ectively only one component. As a re-
sult, it vanishes along planes and the Zeeman splitting is
characterized by nodal planes, as discussed in Ref. [5].

To shed further light on the nature of the Zeeman split-
ting nodes, we consider the specific case of an AM order

FIG. 4. Nodal lines and Weyl-like Fermi-surface pinch
points. (a) Spin-splitting of the Fermi surface of an altermag-
netic metal whose AM order parameter � transforms as the
tetragonal B�

1g irrep. Cyan and purple denote di↵erent Fermi
surface sheets. Six pinch points where the Zeeman splitting
vanishes emerge at the intersection with the nodal lines Lx

(red), Ly (green), and Lz (blue). For better visualization, the
Fermi-surface sheets for kx > 0 and ky < 0 are not shown.
(b) The electronic dispersion in the vicinity of the pinch point
has the shape of a tilted cone, characteristic of a type-II Weyl
node. (c) Zeeman splitting of a simple nearest-neighbor tight-
binding dispersion E(k) (in units of the electronic hopping t)
in the AM state along the high-symmetry directions of the
Brillouin zone shown in panel (d). The Weyl-like pinch point
is located in this case at kW .

parameter � that transforms as B�
1g in a tetragonal sys-

tem. It follows from Table I that d (k) = 0 defines three
nodal lines (Lx, Ly, Lz) determined by the intersection
between the three high-symmetry planes kx = 0, ky = 0,
and kz = 0, such that Lx corresponds to ky = kz = 0, Ly

to kx = kz = 0 and Lz to kx = ky = 0 (see also Ref. [5]).
Along these lines, displayed respectively as red, green,
and blue lines in Fig. 4(a), the Zeeman splitting of the
band structure vanishes, as shown in Fig. 4(c) for the
case of a simple nearest-neighbors tight-binding model
(in this and the remainder figures, we set ⌘ = 1/2 for
concreteness).

The topological properties of the nodal lines L↵ can
be obtained from the symmetry properties of Hint under
time-reversal, charge-conjugation, and chiral operations.
Following the tenfold classification of Ref. [35], we con-
clude that the nodal lines belong to class C of gapless
topological phases, as they correspond to “Fermi sur-
faces” of codimension p = 2 that lie along high-symmetry
directions. Thus, the nodal lines are topologically trivial
with respect to non-crystalline symmetries. Nevertheless,
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d(k) = (kykz, kxkz, ⌘kxky) = 0
nodal lines



Fermi surfaces and spin texture

Fermi surfaces: 
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E±(k) =
k2

2m
± ��|d(k)| = EF

Inner and outer Fermi surfaces touch at pinch points 
where the sphere k = kF intercepts the nodal lines. 
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We end this section by noting an analogy between AM
in the presence of SOC and unconventional supercon-
ductors. It has been pointed out the similarity between
the d-wave Zeeman-splitting of an altermagnet with the
gap function of a singlet d-wave superconductor [2]. On
the other hand, Eq. (3) resembles the Hamiltonian of a
triplet superconductor:

HSC = �
X

k

� [dSC (k) · �]ss0 c
†
ks

⇣
i�yc

†
�k

⌘

s0
+h.c. (4)

The main di↵erence is in the structures of the particle-
hole and particle-particle condensates in spin space,
which enforce the superconducting d-vector to be odd
in momentum, dSC (�k) = �dSC (k), whereas the alter-
magnetic d-vector must be even, d (�k) = +d (k). An-
other consequence of this property is that the electronic
spectrum of the superconductor consists of the sum in
quadrature of the non-interacting and interacting coe�-
cients:

ESC
± (k) = ±

q
"2k + |�|2 |dSC (k)|2 , (5)

whereas the electronic spectrum of the altermagnets con-
sists of the sum of the two terms, as we will show in Eq.
(6).

IV. SYMMETRY-PROTECTED NODAL LINES
OF THE ZEEMAN-SPLIT BANDS

We are now in position to investigate the properties
of the electronic spectrum of an altermagnet in the pres-
ence of SOC. For simplicity, we first consider the case
of an Ising-like AM order. Using Eq. (3), diagonaliza-
tion of H = H0 +Hint is straightforward and yields two
dispersions:

E± (k) = "k ± �� |d (k)| . (6)

In agreement with previous works [3, 15, 17, 19, 24],
we find a momentum-dependent Zeeman splitting of the
bands, �E (k) ⌘ E+ (k) � E� (k), which in our case is
given by �E (k) / |d (k)|. Therefore, the Zeeman split-
ting only vanishes when the three components of d (k)
are simultaneously zero. Because of the symmetry prop-
erties of d (k), this condition is not as restrictive as it may
seem. Indeed, for all cases shown in Table I, the vector
d (k) vanishes along either lines (for 1D irreps) or planes
(for some multi-dimensional irreps) in momentum space,
giving rise to nodal lines/planes in the band structure.
In contrast, in the case where rotations in spin-space are
decoupled from real space operations (i.e. in the absence
of SOC), d has e↵ectively only one component. As a re-
sult, it vanishes along planes and the Zeeman splitting is
characterized by nodal planes, as discussed in Ref. [5].

To shed further light on the nature of the Zeeman split-
ting nodes, we consider the specific case of an AM order

(a)

FIG. 4. Nodal lines and Weyl-like Fermi-surface pinch
points. (a) Spin-splitting of the Fermi surface of an altermag-
netic metal whose AM order parameter � transforms as the
tetragonal B�

1g irrep. Cyan and purple denote di↵erent Fermi
surface sheets. Six pinch points where the Zeeman splitting
vanishes emerge at the intersection with the nodal lines Lx

(red), Ly (green), and Lz (blue). For better visualization, the
Fermi-surface sheets for kx > 0 and ky < 0 are not shown.
(b) The electronic dispersion in the vicinity of the pinch point
has the shape of a tilted cone, characteristic of a type-II Weyl
node. (c) Zeeman splitting of a simple nearest-neighbor tight-
binding dispersion E(k) (in units of the electronic hopping t)
in the AM state along the high-symmetry directions of the
Brillouin zone shown in panel (d). The Weyl-like pinch point
is located in this case at kW .

parameter � that transforms as B�
1g in a tetragonal sys-

tem. It follows from Table I that d (k) = 0 defines three
nodal lines (Lx, Ly, Lz) determined by the intersection
between the three high-symmetry planes kx = 0, ky = 0,
and kz = 0, such that Lx corresponds to ky = kz = 0, Ly

to kx = kz = 0 and Lz to kx = ky = 0 (see also Ref. [5]).
Along these lines, displayed respectively as red, green,
and blue lines in Fig. 4(a), the Zeeman splitting of the
band structure vanishes, as shown in Fig. 4(c) for the
case of a simple nearest-neighbors tight-binding model
(in this and the remainder figures, we set ⌘ = 1/2 for
concreteness).

The topological properties of the nodal lines L↵ can
be obtained from the symmetry properties of Hint under
time-reversal, charge-conjugation, and chiral operations.
Following the tenfold classification of Ref. [35], we con-
clude that the nodal lines belong to class C of gapless
topological phases, as they correspond to “Fermi sur-
faces” of codimension p = 2 that lie along high-symmetry
directions. Thus, the nodal lines are topologically trivial
with respect to non-crystalline symmetries. Nevertheless,
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(a)

(b)

FIG. 3. Spin texture of the Fermi surface of an al-
termagnetic metal. Expectation value of the out-of-plane
component of the spin Sz projected onto the two split Fermi
surfaces of an altermagnetic metal, panels (a) and (b). Here,
we consider the B

�
1g AM state of a tetragonal system. The

non-interacting Fermi surface is assumed spherical for sim-
plicity.

in which altermagnetism induces weak ferromagnetism a
mixed AM-F phase. Although we will not discuss them
further in the remainder of this paper, we note that AM
configurations that allow an admixture with a weak fer-
romagnetic moment have been widely studied – indeed,
this is the case of the RuO2 compound in the presence of
an in-plane field that is large enough to make the mag-
netic moments switch from out-of-plane to in-plane [1].
Of course, the distinction between pure and mixed AM
phases is only meaningful in the presence of SOC, as they
are described by the same spin group. Experimentally, a
crucial di↵erence between the pure AM and mixed AM-
F phases is that only in the latter the system displays
anomalous Hall e↵ect or spontaneous Kerr rotation [2],
as those e↵ects are enabled by the same symmetries that
allow for the admixture with a weak ferromagnetic mo-
ment. Indeed, as discussed elsewhere [50, 51], symmetry
enforces the anomalous Hall e↵ect to always be accom-
panied by a non-zero magnetization.

The results displayed in Table I show that the vec-
tor di,µ (k) never displays only a single component µ.
Therefore, from Eq. (3), we conclude that the AM order

parameter corresponds to angular modulations of more
than one spin polarization – or, in other words, that an
AM phase is not collinear when the magnetic and lat-
tice degrees of freedom are coupled (see also Ref. [11]).
This points to the fundamentally di↵erent role of SOC
in AM and F systems, as in ferromagnets the magnetic
anisotropy does not necessarily enforce non-collinearity.
In momentum space, the non-collinearity of the AM

phase is manifested as a spin texture of the band struc-
ture. To illustrate this point, in Fig. 3 we show the
expectation value of the out-of-plane spin component
Sz = ~�z/2 projected onto the split Fermi surfaces in-
side the B�

1g AM state of a tetragonal system. This result
is obtained by diagonalizing the Hamiltonian containing
Eq. (3) for a non-zero �; for simplicity, we consider a
non-interacting spherical Fermi surface. Clearly, the split
Fermi surfaces display a rich spin texture. Nevertheless,
we emphasize that along high-symmetry planes d (k) can
point along a single direction. For instance, in the case
of the B�

1g AM phase shown in Fig. 3, d (k) = kxkyẑ
along the entire kz = 0 plane, where hSzi = ±~/2; in-
terestingly, this would correspond to the ↵-phase of the
nematic-spin-nematic state introduced in Ref. [21]. Con-
versely, in the B�

1g AM phase in a hexagonal system,
d (k) at kz = 0 points in-plane and has the same form
as in the �-phase of Ref. [21]. We also note that, in
a crystalline environment, magnetic multipolar moments
of di↵erent ranks l are mixed. For example, in the case of
B�

1g or B�
2g AM order parameters in the hexagonal group,

while (dx�x + dy�y) corresponds to a magnetic octupo-
lar moment and (dx (k) , dy (k)) is a d-wave form factor,
dz�z corresponds to a magnetic hexadecapolar toroidal
moment and dz (k) is a g-wave form factor (using the
notation of Ref. [23]).
In real space, the non-collinearity of the AM state is

associated with the fact that di↵erent magnetic Wycko↵
sites allow di↵erent magnetic moment orientations and
that there will always be a magnetic Wycko↵ site with
non-collinear moments in altermagnets. We illustrate it
in Fig. 1(b) for the proposed AM phase of MnF2. Here,
the magnetic symmetries of the Wycko↵ sites occupied
by the Mn and F atoms, labeled respectively 2a (purple)
and 4f (grey), force the moments to point along the c
axis, as shown in Fig. 1(b). Meanwhile, for the Wycko↵
sites labeled 8j (black), the moments point in the plane,
as expected for a magnetic octupole moment (see Ap-
pendices C-E for more details). Although these Wycko↵
sites are not occupied by atoms in MnF2, the resulting
non-collinearity of the spin-density will be manifested in
the band structure in momentum space. Moreover, in
other AM materials, the Wycko↵ sites with non-collinear
moments is not necessarily unoccupied. For instance,
if the orthorhombic perovskite CaMnO3 were to real-
ize the intra-unit-cell “antiferromagnetic” phase GaCbAc

discussed above, which corresponds to an A�
1g AM or-

der parameter, Fig. 1(a), obtained from DFT calcula-
tions, shows that every atom in the unit cell displays
non-coplanar magnetic moments.
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(b)

FIG. 3. Spin texture of the Fermi surface of an al-
termagnetic metal. Expectation value of the out-of-plane
component of the spin Sz projected onto the two split Fermi
surfaces of an altermagnetic metal, panels (a) and (b). Here,
we consider the B

�
1g AM state of a tetragonal system. The

non-interacting Fermi surface is assumed spherical for sim-
plicity.

in which altermagnetism induces weak ferromagnetism a
mixed AM-F phase. Although we will not discuss them
further in the remainder of this paper, we note that AM
configurations that allow an admixture with a weak fer-
romagnetic moment have been widely studied – indeed,
this is the case of the RuO2 compound in the presence of
an in-plane field that is large enough to make the mag-
netic moments switch from out-of-plane to in-plane [1].
Of course, the distinction between pure and mixed AM
phases is only meaningful in the presence of SOC, as they
are described by the same spin group. Experimentally, a
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F phases is that only in the latter the system displays
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as those e↵ects are enabled by the same symmetries that
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ment. Indeed, as discussed elsewhere [50, 51], symmetry
enforces the anomalous Hall e↵ect to always be accom-
panied by a non-zero magnetization.

The results displayed in Table I show that the vec-
tor di,µ (k) never displays only a single component µ.
Therefore, from Eq. (3), we conclude that the AM order

parameter corresponds to angular modulations of more
than one spin polarization – or, in other words, that an
AM phase is not collinear when the magnetic and lat-
tice degrees of freedom are coupled (see also Ref. [11]).
This points to the fundamentally di↵erent role of SOC
in AM and F systems, as in ferromagnets the magnetic
anisotropy does not necessarily enforce non-collinearity.
In momentum space, the non-collinearity of the AM

phase is manifested as a spin texture of the band struc-
ture. To illustrate this point, in Fig. 3 we show the
expectation value of the out-of-plane spin component
Sz = ~�z/2 projected onto the split Fermi surfaces in-
side the B�

1g AM state of a tetragonal system. This result
is obtained by diagonalizing the Hamiltonian containing
Eq. (3) for a non-zero �; for simplicity, we consider a
non-interacting spherical Fermi surface. Clearly, the split
Fermi surfaces display a rich spin texture. Nevertheless,
we emphasize that along high-symmetry planes d (k) can
point along a single direction. For instance, in the case
of the B�

1g AM phase shown in Fig. 3, d (k) = kxkyẑ
along the entire kz = 0 plane, where hSzi = ±~/2; in-
terestingly, this would correspond to the ↵-phase of the
nematic-spin-nematic state introduced in Ref. [21]. Con-
versely, in the B�

1g AM phase in a hexagonal system,
d (k) at kz = 0 points in-plane and has the same form
as in the �-phase of Ref. [21]. We also note that, in
a crystalline environment, magnetic multipolar moments
of di↵erent ranks l are mixed. For example, in the case of
B�

1g or B�
2g AM order parameters in the hexagonal group,

while (dx�x + dy�y) corresponds to a magnetic octupo-
lar moment and (dx (k) , dy (k)) is a d-wave form factor,
dz�z corresponds to a magnetic hexadecapolar toroidal
moment and dz (k) is a g-wave form factor (using the
notation of Ref. [23]).
In real space, the non-collinearity of the AM state is

associated with the fact that di↵erent magnetic Wycko↵
sites allow di↵erent magnetic moment orientations and
that there will always be a magnetic Wycko↵ site with
non-collinear moments in altermagnets. We illustrate it
in Fig. 1(b) for the proposed AM phase of MnF2. Here,
the magnetic symmetries of the Wycko↵ sites occupied
by the Mn and F atoms, labeled respectively 2a (purple)
and 4f (grey), force the moments to point along the c
axis, as shown in Fig. 1(b). Meanwhile, for the Wycko↵
sites labeled 8j (black), the moments point in the plane,
as expected for a magnetic octupole moment (see Ap-
pendices C-E for more details). Although these Wycko↵
sites are not occupied by atoms in MnF2, the resulting
non-collinearity of the spin-density will be manifested in
the band structure in momentum space. Moreover, in
other AM materials, the Wycko↵ sites with non-collinear
moments is not necessarily unoccupied. For instance,
if the orthorhombic perovskite CaMnO3 were to real-
ize the intra-unit-cell “antiferromagnetic” phase GaCbAc

discussed above, which corresponds to an A�
1g AM or-

der parameter, Fig. 1(a), obtained from DFT calcula-
tions, shows that every atom in the unit cell displays
non-coplanar magnetic moments.

Spin polarization rotates along a 
path in the plane perpendicular 
to the nodal line.



Vicinity of the pinch points
Expand Hamiltonian around a given pinch point:
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as shown in Ref. [35] (see also Ref. [52]), topologically
trivial lines can still be protected by crystalline symme-
tries that leave Hint invariant. This is precisely the case
for the nodal lines L↵: the two planes along which a given
nodal line lies are actually vertical or horizontal mirror
planes of the point group D4h. Therefore, the AM nodal
lines are symmetry-protected. Importantly, this conclu-
sion holds for all AM orders in Table I that transform
as a 1D irrep: as shown in Table IV in Appendix F, at
least one of the planes along which a given nodal line
lies is a crystallographic mirror plane. The case of multi-
dimensional irreps is more subtle, as nodal planes also
emerge for certain order-parameter configurations (see
Appendix F).

The presence of symmetry-protected nodal lines in
the AM state has important consequences for its low-
energy electronic properties, particularly in the case of
a metallic system. To show this, we once again fo-
cus on the case of a B�

1g AM order parameter � in a
tetragonal system with a generic parabolic dispersion
"k = k2

2m � µ. As shown in Fig. 4(a), the crossings be-
tween the three nodal lines {Lx,Ly,Lz} and the Fermi
surface defines six pinch points where the Fermi surface
is not Zeeman-split, k1± = (±kF , 0, 0), k2± = (0,±kF , 0)
and k3± = (0, 0,±kF ), with kF =

p
2mµ. Writing the

Hamiltonian as H =
P

k c
†
ksH

ss0

k cks0 , expanding around
k1+, and defining q ⌘ k� k1+, we obtain:

Hq = vF qx�
0 + ��kF (qz�

y + ⌘qy�
z) , (7)

with vF = kF /m. Using the results of Ref. [36], we iden-
tify Hq as the e↵ective Hamiltonian of a type-II Weyl
node. The dispersion around the pinch point, shown ex-
plicitly in Fig. 4(b), displays the characteristic tilted-
cone structure of type-II Weyl points. The topologi-
cal nature of the pinch points is further confirmed by
a straightforward calculation of the Berry phase, which
yields � = ±⇡ (see Appendix F). Beyond this specific
case, we find that behaviors analogous to type-II Weyl
nodes emerge at the intersections between the nodal lines
and the Fermi surface for all 1D-irrep AM � order pa-
rameters of Table I. In the particular case of the B�

1g

and B�
2g irreps of D6h, these Weyl-like points have a

Berry phase of � = ±2⇡, and thus behave as double
Weyl points [37] (see Appendix F). Note that these Weyl-
like nodes are qualitatively di↵erent from actual Weyl
points that can emerge in certain magnetically ordered
states [53]. We emphasize that our main conclusions for
the band structure of AM systems – i.e. the existence
of symmetry-protected nodal lines – are enabled by the
multi-component nature of the vector d (k), regardless of
the magnitude of the anisotropy parameter ⌘ in Table I.

V. TOPOLOGICAL AM-F TRANSITION
INDUCED BY AN EXTERNAL MAGNETIC

FIELD

The existence of symmetry-protected nodal lines en-
abled by the SOC fundamentally impacts the response
of an AM phase to a magnetic field. In the presence of a
field h, the Hamiltonian acquires a Zeeman term of the
form HZ = gsµB

P
k h ·�ss0c

†
kscks0 , where gs denotes the

e↵ective g-factor and µB , the Bohr magneton. While in
a paramagnet this term leads to a uniform Zeeman split-
ting of the electronic bands, �EZ = gsµBh, the situation
in an altermagnet is qualitatively di↵erent. To see this,
we note that HZ can be incorporated into Hint in Eq. (3)
provided that the vector d (k) is replaced by:

d̃(k) = d (k)� gsµB

��
h . (8)

The key point is that if the direction of the external
field h is perpendicular to one of the mirror planes pro-
tecting the AM nodal lines, the new Hint will remain
invariant under reflection with respect to the correspond-
ing mirror. Consequently, the nodal lines that lie on that
mirror plane will remain symmetry-protected even in the
presence of h. While this symmetry alone is not enough
to ensure that a nodal line must exist, it does imply that
if the nodal line exists before the application of the field,
an infinitesimal field will not be able to gap it out, but
only to move it along the mirror plane. Upon increasing
the magnetic field, the nodal lines form closed loops that
eventually collapse for a critical field value hc, whose ex-
pression we give below. Thus, the momentum-dependent
Zeeman splitting of the band structure, �E (k), is nodal
for h < hc but nodeless for h > hc. Since a nodal Zeeman
splitting is a typical feature of an altermagnet, whereas a
nodeless Zeeman splitting is characteristic of a ferromag-
net, we denote the topological nodal-to-nodeless transi-
tion at hc an AM-F transition.
It is instructive to illustrate these results in the specific

case of a tetragonal B�
1g AM order parameter. Consider

first a field h applied along ẑ, which is perpendicular
to the mirror plane where the zero-field nodal lines Lx

(ky = kz = 0) and Ly (kx = kz = 0) are located. Solving���d̃(k)
��� = 0, we find the condition kz = 0, kxky = gsµB

��⌘ h,

which corresponds to two new nodal lines L0
1 and L0

2.
Note that the number of nodal lines decreases from 3
to 2 upon application of an infinitesimal magnetic field,
because line Lz is immediately gapped due to the fact
that it does not lie on the relevant mirror plane. Like Lx

and Ly, L0
1 and L0

2 are also located on the kz = 0 plane;
however, in contrast to the former, which are straight
nodal lines, the latter are hyperbolic nodal lines. In the
continuum, increasing h just moves the foci of the two
hyperbolas to larger values of momentum. However, on
the lattice, the new nodal lines form closed loops that col-
lapse at a critical magnetic field value hc. To determine
hc, we rewrite d̃(k) in terms of lattice harmonics and

Cf. effective Hamiltonian for type-II Weyl semimetals. 
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We end this section by noting an analogy between AM
in the presence of SOC and unconventional supercon-
ductors. It has been pointed out the similarity between
the d-wave Zeeman-splitting of an altermagnet with the
gap function of a singlet d-wave superconductor [2]. On
the other hand, Eq. (3) resembles the Hamiltonian of a
triplet superconductor:
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The main di↵erence is in the structures of the particle-
hole and particle-particle condensates in spin space,
which enforce the superconducting d-vector to be odd
in momentum, dSC (�k) = �dSC (k), whereas the alter-
magnetic d-vector must be even, d (�k) = +d (k). An-
other consequence of this property is that the electronic
spectrum of the superconductor consists of the sum in
quadrature of the non-interacting and interacting coe�-
cients:
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± (k) = ±
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"2k + |�|2 |dSC (k)|2 , (5)

whereas the electronic spectrum of the altermagnets con-
sists of the sum of the two terms, as we will show in Eq.
(6).
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We are now in position to investigate the properties
of the electronic spectrum of an altermagnet in the pres-
ence of SOC. For simplicity, we first consider the case
of an Ising-like AM order. Using Eq. (3), diagonaliza-
tion of H = H0 +Hint is straightforward and yields two
dispersions:

E± (k) = "k ± �� |d (k)| . (6)

In agreement with previous works [3, 15, 17, 19, 24],
we find a momentum-dependent Zeeman splitting of the
bands, �E (k) ⌘ E+ (k) � E� (k), which in our case is
given by �E (k) / |d (k)|. Therefore, the Zeeman split-
ting only vanishes when the three components of d (k)
are simultaneously zero. Because of the symmetry prop-
erties of d (k), this condition is not as restrictive as it may
seem. Indeed, for all cases shown in Table I, the vector
d (k) vanishes along either lines (for 1D irreps) or planes
(for some multi-dimensional irreps) in momentum space,
giving rise to nodal lines/planes in the band structure.
In contrast, in the case where rotations in spin-space are
decoupled from real space operations (i.e. in the absence
of SOC), d has e↵ectively only one component. As a re-
sult, it vanishes along planes and the Zeeman splitting is
characterized by nodal planes, as discussed in Ref. [5].

To shed further light on the nature of the Zeeman split-
ting nodes, we consider the specific case of an AM order

(a)

FIG. 4. Nodal lines and Weyl-like Fermi-surface pinch
points. (a) Spin-splitting of the Fermi surface of an altermag-
netic metal whose AM order parameter � transforms as the
tetragonal B�

1g irrep. Cyan and purple denote di↵erent Fermi
surface sheets. Six pinch points where the Zeeman splitting
vanishes emerge at the intersection with the nodal lines Lx

(red), Ly (green), and Lz (blue). For better visualization, the
Fermi-surface sheets for kx > 0 and ky < 0 are not shown.
(b) The electronic dispersion in the vicinity of the pinch point
has the shape of a tilted cone, characteristic of a type-II Weyl
node. (c) Zeeman splitting of a simple nearest-neighbor tight-
binding dispersion E(k) (in units of the electronic hopping t)
in the AM state along the high-symmetry directions of the
Brillouin zone shown in panel (d). The Weyl-like pinch point
is located in this case at kW .

parameter � that transforms as B�
1g in a tetragonal sys-

tem. It follows from Table I that d (k) = 0 defines three
nodal lines (Lx, Ly, Lz) determined by the intersection
between the three high-symmetry planes kx = 0, ky = 0,
and kz = 0, such that Lx corresponds to ky = kz = 0, Ly

to kx = kz = 0 and Lz to kx = ky = 0 (see also Ref. [5]).
Along these lines, displayed respectively as red, green,
and blue lines in Fig. 4(a), the Zeeman splitting of the
band structure vanishes, as shown in Fig. 4(c) for the
case of a simple nearest-neighbors tight-binding model
(in this and the remainder figures, we set ⌘ = 1/2 for
concreteness).

The topological properties of the nodal lines L↵ can
be obtained from the symmetry properties of Hint under
time-reversal, charge-conjugation, and chiral operations.
Following the tenfold classification of Ref. [35], we con-
clude that the nodal lines belong to class C of gapless
topological phases, as they correspond to “Fermi sur-
faces” of codimension p = 2 that lie along high-symmetry
directions. Thus, the nodal lines are topologically trivial
with respect to non-crystalline symmetries. Nevertheless,
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We end this section by noting an analogy between AM
in the presence of SOC and unconventional supercon-
ductors. It has been pointed out the similarity between
the d-wave Zeeman-splitting of an altermagnet with the
gap function of a singlet d-wave superconductor [2]. On
the other hand, Eq. (3) resembles the Hamiltonian of a
triplet superconductor:

HSC = �
X

k

� [dSC (k) · �]ss0 c
†
ks

⇣
i�yc

†
�k

⌘

s0
+h.c. (4)

The main di↵erence is in the structures of the particle-
hole and particle-particle condensates in spin space,
which enforce the superconducting d-vector to be odd
in momentum, dSC (�k) = �dSC (k), whereas the alter-
magnetic d-vector must be even, d (�k) = +d (k). An-
other consequence of this property is that the electronic
spectrum of the superconductor consists of the sum in
quadrature of the non-interacting and interacting coe�-
cients:

ESC
± (k) = ±

q
"2k + |�|2 |dSC (k)|2 , (5)

whereas the electronic spectrum of the altermagnets con-
sists of the sum of the two terms, as we will show in Eq.
(6).

IV. SYMMETRY-PROTECTED NODAL LINES
OF THE ZEEMAN-SPLIT BANDS

We are now in position to investigate the properties
of the electronic spectrum of an altermagnet in the pres-
ence of SOC. For simplicity, we first consider the case
of an Ising-like AM order. Using Eq. (3), diagonaliza-
tion of H = H0 +Hint is straightforward and yields two
dispersions:

E± (k) = "k ± �� |d (k)| . (6)

In agreement with previous works [3, 15, 17, 19, 24],
we find a momentum-dependent Zeeman splitting of the
bands, �E (k) ⌘ E+ (k) � E� (k), which in our case is
given by �E (k) / |d (k)|. Therefore, the Zeeman split-
ting only vanishes when the three components of d (k)
are simultaneously zero. Because of the symmetry prop-
erties of d (k), this condition is not as restrictive as it may
seem. Indeed, for all cases shown in Table I, the vector
d (k) vanishes along either lines (for 1D irreps) or planes
(for some multi-dimensional irreps) in momentum space,
giving rise to nodal lines/planes in the band structure.
In contrast, in the case where rotations in spin-space are
decoupled from real space operations (i.e. in the absence
of SOC), d has e↵ectively only one component. As a re-
sult, it vanishes along planes and the Zeeman splitting is
characterized by nodal planes, as discussed in Ref. [5].

To shed further light on the nature of the Zeeman split-
ting nodes, we consider the specific case of an AM order

(b)

(d)

FIG. 4. Nodal lines and Weyl-like Fermi-surface pinch
points. (a) Spin-splitting of the Fermi surface of an altermag-
netic metal whose AM order parameter � transforms as the
tetragonal B�

1g irrep. Cyan and purple denote di↵erent Fermi
surface sheets. Six pinch points where the Zeeman splitting
vanishes emerge at the intersection with the nodal lines Lx

(red), Ly (green), and Lz (blue). For better visualization, the
Fermi-surface sheets for kx > 0 and ky < 0 are not shown.
(b) The electronic dispersion in the vicinity of the pinch point
has the shape of a tilted cone, characteristic of a type-II Weyl
node. (c) Zeeman splitting of a simple nearest-neighbor tight-
binding dispersion E(k) (in units of the electronic hopping t)
in the AM state along the high-symmetry directions of the
Brillouin zone shown in panel (d). The Weyl-like pinch point
is located in this case at kW .
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tem. It follows from Table I that d (k) = 0 defines three
nodal lines (Lx, Ly, Lz) determined by the intersection
between the three high-symmetry planes kx = 0, ky = 0,
and kz = 0, such that Lx corresponds to ky = kz = 0, Ly

to kx = kz = 0 and Lz to kx = ky = 0 (see also Ref. [5]).
Along these lines, displayed respectively as red, green,
and blue lines in Fig. 4(a), the Zeeman splitting of the
band structure vanishes, as shown in Fig. 4(c) for the
case of a simple nearest-neighbors tight-binding model
(in this and the remainder figures, we set ⌘ = 1/2 for
concreteness).

The topological properties of the nodal lines L↵ can
be obtained from the symmetry properties of Hint under
time-reversal, charge-conjugation, and chiral operations.
Following the tenfold classification of Ref. [35], we con-
clude that the nodal lines belong to class C of gapless
topological phases, as they correspond to “Fermi sur-
faces” of codimension p = 2 that lie along high-symmetry
directions. Thus, the nodal lines are topologically trivial
with respect to non-crystalline symmetries. Nevertheless,
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the BZ, and not in terms of an integral over the entire
BZ as in the case of TIs/TSCs.

We start by reviewing the classification of stable FSs
protected by non-spatial AZ symmetries, and then de-
scribe how this classification is modified and extended
in the presence of additional crystal symmetries, such as
reflection. The properties of theses topologically stable
FSs are illustrated by selected examples.

A. Ten-fold classification of gapless topological materials

The topological classification of gapless materials de-
pends on the symmetry class of the Hamiltonians and the
codimension p of the FS,

p = d� dFS, (5.1)

where d and dFS denote the dimension of the BZ and the
“minimal” dimension of the FS, respectively. Since the
dimension of the FS can be di↵erent for di↵erent Fermi
energies, we define here dFS as the the dimension of the
band crossing, which is independent of the Fermi energy.
In other words, dFS is the smallest possible dimension
(i.e., the “minimal dimension”) of the Fermi surface, as
the Fermi energy is varied.7 For example, for Weyl semi-
metals dFS = 0, since the Fermi surface is either 0d (when
the Fermi energy is at the Weyl node) or 2d (when the
Fermi energy is away from the band crossing). Further-
more, we note that p  d since dFS cannot be negative.

For the classification of topological FSs, we need to
distinguish whether or not the FSs are left invariant by
the non-spatial AZ symmetries (Matsuura et al., 2013).
I.e., two di↵erent cases have to be examined (Fig. 11):
(i) each individual FS is left invariant under anti-unitary
AZ symmetries (“FS1”) (Shiozaki and Sato, 2014; Zhao
and Wang, 2013, 2014), and (ii) di↵erent FSs are pairwise
related to each other by AZ symmetries (“FS2”) (Chiu
and Schnyder, 2014; Matsuura et al., 2013). Note that
in cease (i) the FSs must be located at high-symmetry
points of the BZ, which are invariant under k ! �k.

1. Fermi surfaces at high-symmetry points (FS1)

The complete ten-fold classification of stable FSs that
are located at high-symmetry points (i.e., of FSs which
are left invariant under AZ symmetries) is shown in Ta-
ble IX, where the firs row (“FS1”) indicates the codimen-
sion p of the FS (Chiu and Schnyder, 2014; Matsuura

7 If necessary, the energy bands should be adjusted without chang-
ing the topology to reach the minimal dimension of the FS. For
example, although a type II Weyl node does not possess a 0d
FS (Soluyanov et al., 2015), the node can be continuously de-
formed into a type I Weyl node. Hence, dFS = 0.

FIG. 11 (Color online) The classification of stable Fermi sur-
faces depends on how the Fermi surfaces transform under
non-spatial antiunitary symmetries, and hence their location
in the Brillouin zone. Here, d denotes the spatial dimension
(the dimension of the Brillouin zone) and p is the codimen-
sion of the Fermi surface. The blue circles/spheres repre-
sent the contour on which the topological invariant is defined.
(a) Each Fermi surface (red point/line) is left invariant un-
der non-spatial symmetries. (b) Di↵erent Fermi surfaces are
pairwise related by the non-spatial symmetries which map
k $ �k. Adapted from (Chiu and Schnyder, 2014).

et al., 2013; Shiozaki and Sato, 2014; Hořava, 2005; Zhao
and Wang, 2013, 2014). We observe that this classifica-
tion is related to the periodic table of gapped TIs and
TSCs (Table I) by a dimensional shift. It is important
to point out that for a given symmetry class and codi-
mension p, a Z-type topological invariant guarantees the
stability of the FS independent of dFS. A Z2-type topo-
logical number, on the other hand, only protects FSs with
dFS = 0, i.e., Fermi points. By the bulk-boundary cor-
respondence, gapless topological materials support pro-
tected boundary states, which, depending on the case,
are either Dirac or Majorana cones, dispersionless flat
bands, or Fermi arc surface states, etc. (See below for
examples.)

a. Example: 2d nodal SC with TRS (p = 2, class DIII) As
an example of stable point nodes in a SC, let us consider
the following 2d Hamiltonian on the square lattice,

H(k) = sin kx�1 + sin ky�2, (5.2)
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Symmetry-protected nodal lines
Considering only non-spatial symmetries (charge conjugation, time reversal and 
chiral symmetry), nodal lines are topologically trivial.
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FS1 p=8 p=1 p=2 p=3 p=4 p=5 p=6 p=7

FS2 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=1

TI/TSC d=1 d=2 d=3 d=4 d=5 d=6 d=7 d=8

A 0 Z 0 Z 0 Z 0 Z
AIII Z 0 Z 0 Z 0 Z 0

AI 0 0a 0 2Z 0 Za,b
2

Zb
2 Z

BDI Z 0 0a 0 2Z 0 Za,b
2

Zb
2

D Zb
2 Z 0 0a 0 2Z 0 Za,b

2

DIII Za,b
2

Zb
2 Z 0 0a 0 2Z 0

AII 0 Za,b
2

Zb
2 Z 0 0a 0 2Z

CII 2Z 0 Za,b
2

Zb
2 Z 0 0a 0

C 0 2Z 0 Za,b
2

Zb
2 Z 0 0a

CI 0a 0 2Z 0 Za,b
2

Zb
2 Z 0

TABLE IX Classification of stable Fermi surfaces in terms of
the ten AZ symmetry classes, which are listed in the first col-
umn. The first and second rows (“FS1” and “FS2”) give the
codimension p = d�dFS for Fermi surfaces at high-symmetry
points [Fig. 11(a)] and away from high-symmetry points of
the BZ [Fig. 11(b)], respectively. The classification of sta-
ble Fermi surfaces is related to the classification of gapped
topological insulators and superconductors (the third row)
by a simple dimensional shift. For entries labelled by the su-
perscript “a”, there can exist surface states and bulk Fermi
surfaces of type “FS2” that are protected by Z invariants in-
herited from class A or AIII, since in these cases TRS or PHS
does not trivialize the Z invariants. Also note that Z2 topolog-
ical invariants only protect Fermi surfaces of dimension zero at
high-symmetry points. That is, Z2 topological numbers can-
not protect Fermi surfaces located away from high-symmetry
points. This is indicated by the superscript “b” in the table.

which belongs to class DIII, since it preserves TRS
and PHS with T = �2K and C = �1K (T 2 = �11
and C2 = +11). This SC exhibits four point nodes
(dFS = 0, p = 2) at the four TR invariant momenta
(0, 0), (0,⇡), (⇡, 0), and (⇡,⇡). According to Table IX,
these point nodes are protected by an integer topo-
logical invariant, which takes the form of the winding
number (3.26), ⌫ = (i/2⇡)

R
C q

⇤dq, where the closed
contour C encircles one of the four nodal points and

q(k) = (sin kx � i sin ky)/
q

sin2 kx + sin2 ky. One finds

that ⌫ = +1 for the nodes at (0, 0) and (⇡,⇡), whereas
⌫ = �1 for the nodes at (0,⇡) and (⇡, 0). (The contour
integral is performed counterclockwise.) The topologi-
cal nature of these point nodes results in the appearance
of protected flat-band edge states at all surfaces, except
the (10) and (01) faces. These flat-band states connect
two nodal points with opposite winding numbers in the
boundary BZ.

2. Fermi surfaces o↵ high-symmetry points (FS2)

The classification of stable FSs that are located away
from high-symmetry points of the BZ is shown in Ta-
ble IX, where the second row (“FS2”) gives the codimen-
sion p of the FS. We remark that only Z invariants can
guarantee the stability of FSs away from high symme-
try points. Z2 indices, on the other hand, cannot pro-
tect these FSs, but they may lead to the appearance of
zero-energy surface states at high-symmetry points of the
boundary BZ (Chiu and Schnyder, 2014). It is impor-
tant to note that, in contrast to the classification of fully
gapped systems, the label “0” in Table IX does not al-
ways indicate trivial topology. That is, for entries with
the superscript “a” there can exist surface states and
stable bulk FSs that are protected by the Z invariants
inherited from class A and AIII. I.e., in these cases, the
Z invariants are not required to be zero in the presence
of TRS or PHS.
In experimental systems, the FSs are usually posi-

tioned away from the high-symmetry points of the BZ. In-
deed, there are numerous experimental examples of pro-
tected FSs o↵ high-symmetry points, such as Weyl point
nodes protected by a Chern number in superfluid 3He A
phase (class A) (Volovik, 2011) and in chiral (d±id)-wave
SCs (Fischer et al., 2014; Goswami and Balicas, 2013),
point nodes in dx2�y2 -wave SCs protected by a wind-
ing number (Ryu and Hatsugai, 2002), and line nodes
in nodal noncentrosymmetric SCs protected by a wind-
ing number (Béri, 2010; Brydon et al., 2011; Sato, 2006;
Schnyder and Ryu, 2011). In order to illustrate some of
the properties of these gapless topological materials let us
consider two examples in more detail, namely, protected
point nodes in Weyl semimetals and unprotected Dirac
nodes in a 3d TR symmetric semimetal.

a. Example: Weyl semimetal (p = 3, class A) The point
nodes of 3d Weyl semimetals are a canonical example
of gapless topological bulk modes located away from
high-symmetry points. These bulk modes are linearly-
dispersing Weyl fermions, which are robust without re-
quiring any symmetry protection (Burkov and Balents,
2011; Burkov et al., 2011; Murakami, 2007; Vafek and
Vishwanath, 2014; Wan et al., 2011). The generic low-
energy Hamiltonian for a Weyl node located at k0 =
(k0x, k

0
y, k

0
z) is given by

HWeyl(k) =
X

i,j=1,2,3

vij(ki � k0i )�j , (5.3)

where vij denotes the Fermi velocity. Weyl nodes can-
not be gapped out, since there exists no “fourth Pauli
matrix” that anticommutes with HWeyl. A Weyl node is
characterized by its chirality �k0 = sgn(det(vij)) = ±1,
which measures the relative handedness of the three mo-
menta k�k0i with respect to the Pauli matrices �j in (5.3).
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of the Hamiltonian.
These ten possible behaviors of the first quantized

Hamiltonian H under T , C, and S are listed in the first
column of Table I. These are the ten generic symme-
try classes (the “ten-fold way”) which are the framework
within which the classification scheme of TIs and TSCs
is formulated in Sec. III. We note that these ten sym-
metry classes were originally described by Altland and
Zirnbauer in the context of disordered systems (Altland
and Zirnbauer, 1997; Zirnbauer, 1996) and are there-
fore sometimes called “Altland-Zirnbauer” (AZ) symme-
try classes. The ten-fold way extends and completes
the well known “three-fold way” scheme of Wigner and
Dyson (Dyson, 1962).

III. FULLY GAPPED FREE FERMION SYSTEMS AND
TOPOLOGICAL DEFECTS

In this section we discuss the topological classification
of fully gapped non-interacting fermionic systems, such
as band insulators and fermionic quasiparticles in fully
gapped SCs described by BdG Hamiltonians, in terms of
the ten Altland-Zirnbauer (AZ) symmetry classes. When
considering superconductors, the superconducting pair-
ing potentials will be treated at the mean-field level, i.e.,
as a fixed background to fermionic quasiparticles. We
also discuss in this section the topological classification
of zero-energy modes localized at topological defects in
insulators and SCs. As shown below, gapped topologi-
cal phases and zero modes bound to topological defects
can be discussed in a fully parallel and unified fashion
(Teo and Kane, 2010b) by introducing the parameter
� := d�D, where d is the space dimension and D+1 de-
notes the codimension of defects (see Sec. III.A.2 for more
details). When necessary, by taking � = d and D = 0,
one can easily specialize to the case of gapped topological
systems, instead of defects of codimension greater than
one.

A. Ten-fold classification of gapped free fermion systems
and topological defects

1. Gapped free fermion systems

Gapped phases of quantum matter can be distin-
guished topologically by asking if they are connected in
a phase diagram. If two gapped quantum phases can be
transformed into each other through an adiabatic/a con-
tinuous path in the phase diagram without closing the
gap (i.e., without encountering a quantum phase transi-
tion), then they are said to be topologically equivalent.
In particular, states which are continuously deformable
to an atomic insulator, i.e., a collection of independent
atoms, are called topologically trivial or trivial, e.g., triv-
ial band insulators. On the other hand, those that cannot

class\� T C S 0 1 2 3 4 5 6 7

A 0 0 0 Z 0 Z 0 Z 0 Z 0

AIII 0 0 1 0 Z 0 Z 0 Z 0 Z
AI + 0 0 Z 0 0 0 2Z 0 Z2 Z2

BDI + + 1 Z2 Z 0 0 0 2Z 0 Z2

D 0 + 0 Z2 Z2 Z 0 0 0 2Z 0

DIII � + 1 0 Z2 Z2 Z 0 0 0 2Z
AII � 0 0 2Z 0 Z2 Z2 Z 0 0 0

CII � � 1 0 2Z 0 Z2 Z2 Z 0 0

C 0 � 0 0 0 2Z 0 Z2 Z2 Z 0

CI + � 1 0 0 0 2Z 0 Z2 Z2 Z

TABLE I Periodic table of topological insulators and su-
perconductors; � := d � D, where d is the space dimension
and D + 1 is the codimension of defects; the left-most col-
umn (A, AIII, . . ., CI) denotes the ten symmetry classes of
fermionic Hamiltonians, which are characterized by the pres-
ence/absence of time-reversal (T), particle-hole (C), and chi-
ral (S) symmetry of di↵erent types denoted by ±1. The en-
tries “Z”, “Z2”, “2Z”, and “0” represent the presence/absence
of non-trivial topological insulators/superconductors or topo-
logical defects, and when they exist, types of these states.
The case of D = 0 (i.e., � = d) corresponds to the tenfold
classification of gapped bulk topological insulators and su-
perconductors.

be connected to atomic insulators are called topologically

non-trivial or topological.
Since physical systems can be characterized by the

presence/absence of symmetries (Sec. II), it is meaningful
to discuss the topological distinction of quantum phases
in the presence of a certain set of symmetry conditions.
Let us then consider an ensemble of Hamiltonians within
a given symmetry class and for a fix spatial dimension d,
and ask if there is a topological distinction among ground
states of gapped insulators and SCs 1. In particular, we
will focus below on the classification of topological insu-
lators and superconductors in free fermion systems, de-
scribed by quadratic Bloch-BdG Hamiltonians. Namely,
we are interested in quadratic Hamiltonians of the form

Ĥ =
X

r,r0

 ̂†
i (r)H

ij(r, r0)  ̂j(r
0), (3.1)

where  ̂i(r) is a multi-component fermion annihilation
operator, and index r labels a site on a d-dimensional
lattice. Quadratic BdG Hamiltonians defined on a d-
dimensional lattice can be treated/discussed similarly.
The single-particle Hamiltonians Hij(r, r0) belong to one

1 More specifically, we are here not interested in systems with
genuine topological order, whose existence has nothing to do with
the presence/absence of symmetries, but in symmetry-protected
topological phases – see Sec. VI.

[Chiu & Schnyder, PRB 2014; Knoll & Timm, PRB 2022]

However…



Symmetry-protected nodal lines

[Chiu & Schnyder, PRB 2014]
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TABLE II. Classification of reflection symmetry protected topological insulators and fully gapped superconductors,12,13,26 as well as of Fermi
surfaces and nodal points/lines in reflection symmetry protected semimetals and nodal superconductors, respectively. The first row specifies
the spatial dimension d of reflection symmetry protected topological insulators and fully gapped superconductors, while the second and third
rows indicate the codimension p = d � dFS of the reflection symmetric Fermi surfaces (nodal lines) at high-symmetry points [Fig. 3(a)] and
away from high-symmetry points of the Brillouin zone [Fig. 3(b)], respectively.

top. insul. and top. SC d=1 d=2 d=3 d=4 d=5 d=6 d=7 d=8

Reflection
FS within mirror plane

at high-sym. point p=8 p=1 p=2 p=3 p=4 p=5 p=6 p=7

FS within mirror plane
off high-sym. point p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=1

R A MZ 0 MZ 0 MZ 0 MZ 0
R+ AIII 0 MZ 0 MZ 0 MZ 0 MZ
R� AIII MZ� Z 0 MZ� Z 0 MZ� Z 0 MZ� Z 0

R+,R++

AI MZ 0 0 0 2MZ 0 MZa,b
2 MZa,b

2

BDI MZa,b
2 MZ 0 0 0 2MZ 0 MZa,b

2

D MZa,b
2 MZa,b

2 MZ 0 0 0 2MZ 0
DIII 0 MZa,b

2 MZa,b
2 MZ 0 0 0 2MZ

AII 2MZ 0 MZa,b
2 MZa,b

2 MZ 0 0 0
CII 0 2MZ 0 MZa,b

2 MZa,b
2 MZ 0 0

C 0 0 2MZ 0 MZa,b
2 MZa,b

2 MZ 0
CI 0 0 0 2MZ 0 MZa,b

2 MZa,b
2 MZ

R�,R��

AI 0 0 2MZ 0 TZa,b,c
2 Za,b

2 MZ 0
BDI 0 0 0 2MZ 0 TZa,b,c

2 Za,b
2 MZ

D MZ 0 0 0 2MZ 0 TZa,b,c
2 Za,b

2

DIII Za,b
2 MZ 0 0 0 2MZ 0 TZa,b,c

2

AII TZa,b,c
2 Za,b

2 MZ 0 0 0 2MZ 0
CII 0 TZa,b,c

2 Za,b
2 MZ 0 0 0 2MZ

C 2MZ 0 TZa,b,c
2 Za,b

2 MZ 0 0 0
CI 0 2MZ 0 TZa,b,c

2 Za,b
2 MZ 0 0

R�+ BDI, CII 2Z 0 2MZ 0 2Z 0 2MZ 0
R+� DIII, CI 2MZ 0 2Z 0 2MZ 0 2Z 0
R+� BDI MZ� Z 0 0 0 2MZ� 2Z 0 MZ2 � Za,b

2 MZ2 � Za,b
2

R�+ DIII MZ2 � Za,b
2 MZ2 � Za,b

2 MZ� Z 0 0 0 2MZ� 2Z 0
R+� CII 2MZ� 2Z 0 MZ2 � Za,b

2 MZ2 � Za,b
2 MZ� Z 0 0 0

R�+ CI 0 0 2MZ� 2Z 0 MZ2 � Za,b
2 MZ2 � Za,b

2 MZ� Z 0
a
Z2 and MZ2 invariants only protect Fermi surfaces of dimension zero (dFS = 0) at high-symmetry points of the Brillouin zone.

b
Fermi surfaces located within the mirror plane but away from high symmetry points cannot be protected by a Z2 or MZ2 topological invariant.
Nevertheless, the system can exhibit gapless surface states that are protected by a Z2 or MZ2 topological invariant.

c
For gapless topological materials the presence of translation symmetry is always assumed. Hence, there is no distinction between TZ2 and Z2 for
gapless topological materials.

topological classification of these Fermi points (dFS = 0)
in d dimensions is related to the classification of reflection
symmetric fully gapped systems in d + 1 dimensions.12,13,26

(For a brief review of the classification of fully gapped re-
flection symmetric topological materials see Appendix B).
To demonstrate this relation, let us consider a d-dimensional
Dirac Hamiltonian of a reflection symmetric insulator (or fully
gapped superconductor) in a given symmetry class

HTI
Dirac =

dX

i=1

ki�i +m�̃0. (22)

Reflection symmetry R is implemented by
R�1HTI

Dirac(�k1, k̃)R = HTI
Dirac(k1, k̃). Here and in

the following, �i denote Dirac matrices which anticommute
(commute) with the time-reversal operator T (particle-hole
operator C) of the given symmetry class, whereas �̃i are
Dirac matrices that commute (anticommute) with T (C),
see Appendix A. By considering the reflection symmetric
surface states of HTI

Dirac, we can derive from Eq. (22) a Dirac
Hamiltonian describing a reflection symmetric Fermi point
in the same symmetry class as Eq. (22) but in one dimension
lower

HR
s =

d�1X

i=1

kiP�iP, (23)

Nodal lines belong to mirror planes. Stable against perturbations that respect 
mirror symmetry. 
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Symmetry-protected nodal lines
Nodal lines belong to mirror planes. Stable against perturbations that respect 
mirror symmetry. 
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TABLE II. Classification of reflection symmetry protected topological insulators and fully gapped superconductors,12,13,26 as well as of Fermi
surfaces and nodal points/lines in reflection symmetry protected semimetals and nodal superconductors, respectively. The first row specifies
the spatial dimension d of reflection symmetry protected topological insulators and fully gapped superconductors, while the second and third
rows indicate the codimension p = d � dFS of the reflection symmetric Fermi surfaces (nodal lines) at high-symmetry points [Fig. 3(a)] and
away from high-symmetry points of the Brillouin zone [Fig. 3(b)], respectively.

top. insul. and top. SC d=1 d=2 d=3 d=4 d=5 d=6 d=7 d=8

Reflection
FS within mirror plane

at high-sym. point p=8 p=1 p=2 p=3 p=4 p=5 p=6 p=7

FS within mirror plane
off high-sym. point p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=1

R A MZ 0 MZ 0 MZ 0 MZ 0
R+ AIII 0 MZ 0 MZ 0 MZ 0 MZ
R� AIII MZ� Z 0 MZ� Z 0 MZ� Z 0 MZ� Z 0

R+,R++

AI MZ 0 0 0 2MZ 0 MZa,b
2 MZa,b

2

BDI MZa,b
2 MZ 0 0 0 2MZ 0 MZa,b

2

D MZa,b
2 MZa,b

2 MZ 0 0 0 2MZ 0
DIII 0 MZa,b

2 MZa,b
2 MZ 0 0 0 2MZ

AII 2MZ 0 MZa,b
2 MZa,b

2 MZ 0 0 0
CII 0 2MZ 0 MZa,b

2 MZa,b
2 MZ 0 0

C 0 0 2MZ 0 MZa,b
2 MZa,b

2 MZ 0
CI 0 0 0 2MZ 0 MZa,b

2 MZa,b
2 MZ

R�,R��

AI 0 0 2MZ 0 TZa,b,c
2 Za,b

2 MZ 0
BDI 0 0 0 2MZ 0 TZa,b,c

2 Za,b
2 MZ

D MZ 0 0 0 2MZ 0 TZa,b,c
2 Za,b

2

DIII Za,b
2 MZ 0 0 0 2MZ 0 TZa,b,c

2

AII TZa,b,c
2 Za,b

2 MZ 0 0 0 2MZ 0
CII 0 TZa,b,c

2 Za,b
2 MZ 0 0 0 2MZ

C 2MZ 0 TZa,b,c
2 Za,b

2 MZ 0 0 0
CI 0 2MZ 0 TZa,b,c

2 Za,b
2 MZ 0 0

R�+ BDI, CII 2Z 0 2MZ 0 2Z 0 2MZ 0
R+� DIII, CI 2MZ 0 2Z 0 2MZ 0 2Z 0
R+� BDI MZ� Z 0 0 0 2MZ� 2Z 0 MZ2 � Za,b

2 MZ2 � Za,b
2

R�+ DIII MZ2 � Za,b
2 MZ2 � Za,b

2 MZ� Z 0 0 0 2MZ� 2Z 0
R+� CII 2MZ� 2Z 0 MZ2 � Za,b

2 MZ2 � Za,b
2 MZ� Z 0 0 0

R�+ CI 0 0 2MZ� 2Z 0 MZ2 � Za,b
2 MZ2 � Za,b

2 MZ� Z 0
a
Z2 and MZ2 invariants only protect Fermi surfaces of dimension zero (dFS = 0) at high-symmetry points of the Brillouin zone.

b
Fermi surfaces located within the mirror plane but away from high symmetry points cannot be protected by a Z2 or MZ2 topological invariant.
Nevertheless, the system can exhibit gapless surface states that are protected by a Z2 or MZ2 topological invariant.

c
For gapless topological materials the presence of translation symmetry is always assumed. Hence, there is no distinction between TZ2 and Z2 for
gapless topological materials.

topological classification of these Fermi points (dFS = 0)
in d dimensions is related to the classification of reflection
symmetric fully gapped systems in d + 1 dimensions.12,13,26

(For a brief review of the classification of fully gapped re-
flection symmetric topological materials see Appendix B).
To demonstrate this relation, let us consider a d-dimensional
Dirac Hamiltonian of a reflection symmetric insulator (or fully
gapped superconductor) in a given symmetry class

HTI
Dirac =

dX

i=1

ki�i +m�̃0. (22)

Reflection symmetry R is implemented by
R�1HTI

Dirac(�k1, k̃)R = HTI
Dirac(k1, k̃). Here and in

the following, �i denote Dirac matrices which anticommute
(commute) with the time-reversal operator T (particle-hole
operator C) of the given symmetry class, whereas �̃i are
Dirac matrices that commute (anticommute) with T (C),
see Appendix A. By considering the reflection symmetric
surface states of HTI

Dirac, we can derive from Eq. (22) a Dirac
Hamiltonian describing a reflection symmetric Fermi point
in the same symmetry class as Eq. (22) but in one dimension
lower

HR
s =

d�1X

i=1

kiP�iP, (23)
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TABLE II. Classification of reflection symmetry protected topological insulators and fully gapped superconductors,12,13,26 as well as of Fermi
surfaces and nodal points/lines in reflection symmetry protected semimetals and nodal superconductors, respectively. The first row specifies
the spatial dimension d of reflection symmetry protected topological insulators and fully gapped superconductors, while the second and third
rows indicate the codimension p = d � dFS of the reflection symmetric Fermi surfaces (nodal lines) at high-symmetry points [Fig. 3(a)] and
away from high-symmetry points of the Brillouin zone [Fig. 3(b)], respectively.

top. insul. and top. SC d=1 d=2 d=3 d=4 d=5 d=6 d=7 d=8

Reflection
FS within mirror plane

at high-sym. point p=8 p=1 p=2 p=3 p=4 p=5 p=6 p=7

FS within mirror plane
off high-sym. point p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=1

R A MZ 0 MZ 0 MZ 0 MZ 0
R+ AIII 0 MZ 0 MZ 0 MZ 0 MZ
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R+,R++

AI MZ 0 0 0 2MZ 0 MZa,b
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2 MZ 0 0 0 2MZ 0 MZa,b

2
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2 MZa,b
2 MZ 0 0 0 2MZ

AII 2MZ 0 MZa,b
2 MZa,b

2 MZ 0 0 0
CII 0 2MZ 0 MZa,b

2 MZa,b
2 MZ 0 0

C 0 0 2MZ 0 MZa,b
2 MZa,b

2 MZ 0
CI 0 0 0 2MZ 0 MZa,b

2 MZa,b
2 MZ

R�,R��

AI 0 0 2MZ 0 TZa,b,c
2 Za,b

2 MZ 0
BDI 0 0 0 2MZ 0 TZa,b,c

2 Za,b
2 MZ

D MZ 0 0 0 2MZ 0 TZa,b,c
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2

DIII Za,b
2 MZ 0 0 0 2MZ 0 TZa,b,c

2

AII TZa,b,c
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2 MZ 0 0 0 2MZ 0
CII 0 TZa,b,c

2 Za,b
2 MZ 0 0 0 2MZ

C 2MZ 0 TZa,b,c
2 Za,b

2 MZ 0 0 0
CI 0 2MZ 0 TZa,b,c

2 Za,b
2 MZ 0 0

R�+ BDI, CII 2Z 0 2MZ 0 2Z 0 2MZ 0
R+� DIII, CI 2MZ 0 2Z 0 2MZ 0 2Z 0
R+� BDI MZ� Z 0 0 0 2MZ� 2Z 0 MZ2 � Za,b

2 MZ2 � Za,b
2

R�+ DIII MZ2 � Za,b
2 MZ2 � Za,b

2 MZ� Z 0 0 0 2MZ� 2Z 0
R+� CII 2MZ� 2Z 0 MZ2 � Za,b

2 MZ2 � Za,b
2 MZ� Z 0 0 0

R�+ CI 0 0 2MZ� 2Z 0 MZ2 � Za,b
2 MZ2 � Za,b

2 MZ� Z 0
a
Z2 and MZ2 invariants only protect Fermi surfaces of dimension zero (dFS = 0) at high-symmetry points of the Brillouin zone.

b
Fermi surfaces located within the mirror plane but away from high symmetry points cannot be protected by a Z2 or MZ2 topological invariant.
Nevertheless, the system can exhibit gapless surface states that are protected by a Z2 or MZ2 topological invariant.

c
For gapless topological materials the presence of translation symmetry is always assumed. Hence, there is no distinction between TZ2 and Z2 for
gapless topological materials.

topological classification of these Fermi points (dFS = 0)
in d dimensions is related to the classification of reflection
symmetric fully gapped systems in d + 1 dimensions.12,13,26

(For a brief review of the classification of fully gapped re-
flection symmetric topological materials see Appendix B).
To demonstrate this relation, let us consider a d-dimensional
Dirac Hamiltonian of a reflection symmetric insulator (or fully
gapped superconductor) in a given symmetry class

HTI
Dirac =

dX

i=1

ki�i +m�̃0. (22)

Reflection symmetry R is implemented by
R�1HTI

Dirac(�k1, k̃)R = HTI
Dirac(k1, k̃). Here and in

the following, �i denote Dirac matrices which anticommute
(commute) with the time-reversal operator T (particle-hole
operator C) of the given symmetry class, whereas �̃i are
Dirac matrices that commute (anticommute) with T (C),
see Appendix A. By considering the reflection symmetric
surface states of HTI

Dirac, we can derive from Eq. (22) a Dirac
Hamiltonian describing a reflection symmetric Fermi point
in the same symmetry class as Eq. (22) but in one dimension
lower

HR
s =

d�1X

i=1

kiP�iP, (23)
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TABLE II. Classification of reflection symmetry protected topological insulators and fully gapped superconductors,12,13,26 as well as of Fermi
surfaces and nodal points/lines in reflection symmetry protected semimetals and nodal superconductors, respectively. The first row specifies
the spatial dimension d of reflection symmetry protected topological insulators and fully gapped superconductors, while the second and third
rows indicate the codimension p = d � dFS of the reflection symmetric Fermi surfaces (nodal lines) at high-symmetry points [Fig. 3(a)] and
away from high-symmetry points of the Brillouin zone [Fig. 3(b)], respectively.
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at high-sym. point p=8 p=1 p=2 p=3 p=4 p=5 p=6 p=7

FS within mirror plane
off high-sym. point p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=1
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2 MZa,b
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R�+ CI 0 0 2MZ� 2Z 0 MZ2 � Za,b
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2 MZ� Z 0
a
Z2 and MZ2 invariants only protect Fermi surfaces of dimension zero (dFS = 0) at high-symmetry points of the Brillouin zone.

b
Fermi surfaces located within the mirror plane but away from high symmetry points cannot be protected by a Z2 or MZ2 topological invariant.
Nevertheless, the system can exhibit gapless surface states that are protected by a Z2 or MZ2 topological invariant.

c
For gapless topological materials the presence of translation symmetry is always assumed. Hence, there is no distinction between TZ2 and Z2 for
gapless topological materials.

topological classification of these Fermi points (dFS = 0)
in d dimensions is related to the classification of reflection
symmetric fully gapped systems in d + 1 dimensions.12,13,26

(For a brief review of the classification of fully gapped re-
flection symmetric topological materials see Appendix B).
To demonstrate this relation, let us consider a d-dimensional
Dirac Hamiltonian of a reflection symmetric insulator (or fully
gapped superconductor) in a given symmetry class

HTI
Dirac =

dX

i=1

ki�i +m�̃0. (22)

Reflection symmetry R is implemented by
R�1HTI

Dirac(�k1, k̃)R = HTI
Dirac(k1, k̃). Here and in

the following, �i denote Dirac matrices which anticommute
(commute) with the time-reversal operator T (particle-hole
operator C) of the given symmetry class, whereas �̃i are
Dirac matrices that commute (anticommute) with T (C),
see Appendix A. By considering the reflection symmetric
surface states of HTI

Dirac, we can derive from Eq. (22) a Dirac
Hamiltonian describing a reflection symmetric Fermi point
in the same symmetry class as Eq. (22) but in one dimension
lower

HR
s =

d�1X

i=1

kiP�iP, (23)

Topological invariant from 
mirror eigenvalues. 
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Topological transition induced by magnetic field

Add Zeeman term as a perturbation: 

Equivalent to shifting d vector:

Special case: h perpendicular to mirror plane that contains the nodal line.  
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d(k) = (kykz, kxkz, ⌘kxky)
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h = hẑplane field

nodal lines:
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FIG. 5. Impact of a magnetic field on the nodal lines and Weyl-like Fermi-surface pinch points. In this figure,
a magnetic field h is applied along the z-axis of a tetragonal system with B

�
1g AM order. Panels (a)-(c) show the evolution

of the nodal lines (red) on the kz = 0 plane of the first Brillouin zone for h = 0, h = hc/2, and h = hc ⌘ ��⌘
gsµB

, respectively.

As the field increases, the nodal lines form loops that collapse onto points at a critical value of the field. Panels (d)-(f) show
the evolution of the split sheets of the Fermi surface for the same values of h; the insets show the Fermi surfaces projected
onto the kz = 0 plane. Note that the pinch points, which behave as Weyl nodes, annihilate for a critical field h

⇤
c < hc, such

that for h = hc [panel (f)], the Fermi surfaces are disconnected. A simple nearest-neighbors tight-binding model was used to
parametrize the band dispersion.

solve once again
���d̃(k)

��� = 0. The new nodal lines L0
1 and

L0
2 are now described by the equations sin (kzc) = 0 and

sin (kxa) sin (kya) =
gsµB

��⌘ h. As shown in Figs. 5(a)-(c),
they describe nodal loops that collapse onto the points

kc = ±
⇣

sgn(h)⇡
2a , ⇡

2a , 0
⌘
at a topological transition taking

place at the critical value of the field

hc ⌘
��⌘

gsµB
. (9)

Note that the location of the nodal loops on the kz = 0
plane – first and third quadrants for h > 0 or second
and fourth quadrants for h < 0 – breaks the tetragonal
symmetry of the lattice down to orthorhombic by making
the two in-plane diagonals inequivalent. This is a direct
consequence of the fact that there is a trilinear term in
the free energy coupling the B�

1g AM order parameter �,
the out-of-plane magnetic field h (which transforms as

A�
2g), and the shear strain "xy (which transforms as B+

2g;
see also Refs. [14, 21, 54]).

Not surprisingly, the evolution of the Weyl-like pinch
points as a function of an applied magnetic field mir-
rors that of the nodal lines. Figs. 5(d)-(f) show the
Zeeman-split Fermi surface in the tetragonal B�

1g AM
ordered phase for di↵erent values of a field parallel to
the ẑ axis; the insets show the Fermi surfaces projected
onto kz = 0. For h < h⇤

c , the Fermi surface displays two
pairs of Weyl nodes with opposite Berry phases located at
k0
1± = ±kF (+,�, 0) and k0

2± = ±kF (�,+, 0), with

± ⌘ sgn(h)
1±1
2

p
1±

p
1� ↵2/

p
2 and ↵ ⌘ 2gsµBh

��⌘k2
F
. At

h = h⇤
c , set by the condition ↵ = 1, the pairs of Weyl

points k0
1+ and k0

2+, as well as k0
1� and k0

2�, annihi-
late, resulting in fully split Fermi surfaces. Note that
h⇤
c  hc, since the nodal lines will generally cease to

cross the Fermi surface before they collapse. This be-
havior is analogous to the annihilation of nodes in su-

Pinch points move with increasing magnetic field until they meet. Above critical 
field, Fermi surfaces are fully split (FM-like). 



Nodal to nodeless transition 
Lattice: nodal lines form closed loops that collapse at a critical magnetic field.
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FIG. 6. Field-driven altermagnetic (AM) to ferromag-
netic (F) transition. The “phase diagram” describes the
transition between the tetragonal B→

1g AM state, character-
ized by a nodal Zeeman splitting, and the F state, character-
ized by a nodeless Zeeman splitting. Here, Aloop (dashed blue
line) refers to the area of the closed nodal lines on the kz = 0
plane (see Fig. 5(b)), whereas [!E(k)]min denotes the mini-
mum value of the Zeeman splitting between the bands. When
h is along the z-axis, the AM-F transition is topological and
occurs at the critical field hc = ω!ε

gsµB
(dashed red line). For

h along the main diagonal of the kz = 0 plane, the AM-F
transition is trivial and takes place for an infinitesimal field
(dash-dotted red line).

perconductors undergoing a nodal-to-nodeless transition
[55–59]. The important di!erence is that, while in the
superconducting case the gap function has a single an-
gular dependence, in Eq. (6) the e!ective Zeeman-gap
|d (k)| has three independent components that must si-
multaneously vanish to produce nodes.

In the case of a field applied along either the x̂ or ŷ
axes, the analysis above remains almost unchanged, since
these directions are also perpendicular to mirror planes
on which two nodal lines reside, resulting in a topological
nodal-to-nodeless transition. The main di!erences are:
the value of the critical field, h(x)

c = h(y)
c = h(z)

c /ω, which
reflects the magnetic anisotropy of the tetragonal lattice
encoded by the parameter ω; and the lower monoclinic
symmetry of the lattice, which reflects the triggering of
an out-of-plane shear distortion εxz/εyz by the magnetic
field. This analysis illustrates that the critical field hc

can be anisotropic and depends on parameters that vary
among di!erent materials.

The situation changes substantially, however, when the
field is not applied along one of the three Cartesian axes.
Consider, for example, a field applied along the in-plane

diagonal h = 1→
2
(h, h, 0). The condition

∣∣∣d̃(k)
∣∣∣ = 0

now yields the system of equations kykz = gsµB

ω!ε
→
2
h,

kxkz = gsµB

ω!ε
→
2
h, and kxky = 0, which does not admit

a solution. Consequently, an infinitesimal field along this
direction immediately gaps out all nodal lines, render-
ing the AM-F transition trivial. Fig. 6 illustrates the
field-driven AM-F “phase diagram”, where the AM (F)
phase is identified as that with nodal (nodeless) Zeeman
splitting. The minimum Zeeman splitting, [”E(k)]min, is

only non-zero above the threshold z-axis field hc, whereas
the area of the nodal loops in Fig. 5(a)-(c) remains
non-zero below hc. For a field applied away from the
high-symmetry directions, an infinitesimal field immedi-
ately triggers a [”E(k)]min →= 0 (dot-dashed line). Im-
portantly, while the results for the AM-F transition pre-
sented in Figs. 5 and 6 refer explicitly to the case of a B↑

1g
AM order parameter in a tetragonal lattice, they apply
to all ordered states of Table I whose order parameters
transform as 1D irreps.
We note that in certain AM states, besides a magnetic

field, strain can also be used to drive the topological AM-
F transition even when there is no change in the magnetic
ordering. This is because many AM states are piezomag-
netic [10, 14], i.e. strain εij induces a magnetic field
component hk according to εij = #ijkhk, with the rel-
evant piezomagnetic tensor elements #ijk being propor-
tional to the AM order parameter $. Therefore, in these
cases, it is possible to use the appropriate strain com-
ponents to generate a magnetic field and, consequently,
induce the topological AM-F transition. In the specific
case of a B↑

1g AM order parameter in the tetragonal lat-
tice, in-plane shear strain εxy generates the out-of-plane
magnetic field hz = ϑ$εxy, where ϑ is a coupling con-
stant. The topological transition then takes place when

hz = h(z)
c , which corresponds to a critical strain value

εxy,c =
ωε

ϑgsµB
that is independent on $.

VI. CONCLUSIONS

In this paper we demonstrated the fundamental role
that the crystalline environment plays on the magnetic
and electronic properties of altermagnets. While in
an isotropic altermagnet the magnitude of the mag-
netization develops an angular dependence, M =
d (r̂) (M0,x, M0,y, M0,z), in a crystalline environment
each component of the magnetization acquires a di!er-
ent angular dependence, M = M0 (dx (r̂) , dy (r̂) , dz (r̂)).
The resulting group theory classification of the AM or-
der parameters also suggests new routes to search for
altermagnetic states, such as the Pnma perovskites that
realize the GaCbAc magnetic state. The angular mod-
ulation of multiple components of the magnetization in
altermagnets leaves clear fingerprints on their electronic
structures, in the form of symmetry-protected nodal lines
along crystallographic mirror planes and Fermi-surface
pinch points that behave as type-II Weyl nodes. As a
result, for magnetic fields applied along certain high-
symmetry directions of the crystal, the transition from
a nodal to a nodeless Zeeman splitting of the band
structure, which we identify as an AM-F transition,
not only requires a critical magnetic field but is also
topological. Beyond the non-interacting band structure,
these symmetry-protected nodal lines should also im-
pact other electronic properties of altermagnets. This
includes interaction-driven instabilities towards new elec-
tronic states, such as superconductivity, whose interplay

9

(a) (b) (c)

(d) (e) (f)

FIG. 5. Impact of a magnetic field on the nodal lines and Weyl-like Fermi-surface pinch points. In this figure,
a magnetic field h is applied along the z-axis of a tetragonal system with B

→
1g AM order. Panels (a)-(c) show the evolution

of the nodal lines (red) on the kz = 0 plane of the first Brillouin zone for h = 0, h = hc/2, and h = hc → ω!ε
gsµB

, respectively.

As the field increases, the nodal lines form loops that collapse onto points at a critical value of the field. Panels (d)-(f) show
the evolution of the split sheets of the Fermi surface for the same values of h; the insets show the Fermi surfaces projected
onto the kz = 0 plane. Note that the pinch points, which behave as Weyl nodes, annihilate for a critical field h

↑
c < hc, such

that for h = hc [panel (f)], the Fermi surfaces are disconnected. A simple nearest-neighbors tight-binding model was used to
parametrize the band dispersion.

solve once again
���d̃(k)

��� = 0. The new nodal lines L→
1 and

L→
2 are now described by the equations sin (kzc) = 0 and

sin (kxa) sin (kya) =
gsµB

ω!ε h. As shown in Figs. 5(a)-(c),
they describe nodal loops that collapse onto the points

kc = ±
⇣

sgn(h)ϑ
2a , ϑ

2a , 0
⌘
at a topological transition taking

place at the critical value of the field

hc →
ω!ε

gsµB
. (9)

Note that the location of the nodal loops on the kz = 0
plane – first and third quadrants for h > 0 or second
and fourth quadrants for h < 0 – breaks the tetragonal
symmetry of the lattice down to orthorhombic by making
the two in-plane diagonals inequivalent. This is a direct
consequence of the fact that there is a trilinear term in
the free energy coupling the B↑

1g AM order parameter !,
the out-of-plane magnetic field h (which transforms as

A↑
2g), and the shear strain ϑxy (which transforms as B+

2g;
see also Refs. [14, 21, 54]).

Not surprisingly, the evolution of the Weyl-like pinch
points as a function of an applied magnetic field mir-
rors that of the nodal lines. Figs. 5(d)-(f) show the
Zeeman-split Fermi surface in the tetragonal B↑

1g AM
ordered phase for di”erent values of a field parallel to
the ẑ axis; the insets show the Fermi surfaces projected
onto kz = 0. For h < h↓

c , the Fermi surface displays two
pairs of Weyl nodes with opposite Berry phases located at
k→
1± = ±kF (ϖ+,ϖ↑, 0) and k→

2± = ±kF (ϖ↑,ϖ+, 0), with

ϖ± → sgn(h)
1±1
2

p
1±

↑
1↓ ϱ2/

↑
2 and ϱ → 2gsµBh

ω!εk2
F
. At

h = h↓
c , set by the condition ϱ = 1, the pairs of Weyl

points k→
1+ and k→

2+, as well as k→
1↑ and k→

2↑, annihi-
late, resulting in fully split Fermi surfaces. Note that
h↓
c ↔ hc, since the nodal lines will generally cease to

cross the Fermi surface before they collapse. This be-
havior is analogous to the annihilation of nodes in su-

Note: transition can also be driven by strain. 

increasing h
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Another example
 : D6h, B−

1g

nodal line: kx = ky = 0
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FIG. 9. AM state whose order parameter transforms as the
A

→
1g irrep of the D4h group. (a) Fermi surfaces showing 9 out

of 10 pinch points (red dots); to aid visualization, we omit
the domain where kx > 0 and ky < 0. (b) Nodal lines in
the kz = 0 plane for h = 0 (dashed lines) and h = hẑ with
h > 0 (solid magenta lines). The blue circle represents the
projection of the noninteracting Fermi surface |k| = kF . The
intersection of the nodal lines with the circle determine the
location of the pinch points in the AM phase.

The nodal lines for h → 0 are depicted in Fig. 9(b).
Within the kz = 0 plane, the Hamiltonian reduces to

H(kx, ky, kz = 0) +HZ = ωkε
0 ↑ [ϑ!ϖkxky(k

2
x ↑ k2y)

↑ gµsh]ε
z. (F31)

In the AM phase, the spin polarization changes sign 8
times as k is varied around one of the Fermi surfaces in
the mirror plane, corresponding to a g-wave pattern. The
critical magnetic field along the ẑ direction is

h→
c =

ϑ!ϖk4F
4gsµB

(h ↓ ẑ). (F32)

On the other hand, if we apply the magnetic field along
the x̂ axis, the AM state has two stable nodal lines in the
kx = 0 plane, given by

kx = 0, kykz =
gsµBh

ϑ!
. (F33)

In this case, the critical magnetic field is

h→
c =

ϑ!k2F
2gsµB

(h ↓ x̂). (F34)

3. AM model with D6h point-group symmetry: B
→
1g

irrep

According to Table IV, the B↑
1g and B↑

2g irreps in the
D6h group are peculiar because in these cases there is
only one nodal line with Berry phase ±2ϱ. Let us con-
sider the B↑

1g irrep. Similar results hold for B↑
2g upon

exchanging the roles of x̂ and ŷ directions. The e”ective
Hamiltonian is

H(k) = ωkε
0 ↑ ϑ!(k2x ↑ k2y)ε

x + 2ϑ!kxkyε
y

↑ ϑ!ϖkxkz(k
2
x ↑ 3k2y)ε

z. (F35)

Let us consider the vicinity of the Lz line. Expanding
the Hamiltonian for k = (qx, qy, kF +qz) to leading order
in q, we obtain

H(k) ↔ ωFε
0 ↑ ϑ!(q2x ↑ q2y)ε

x + 2ϑ!qxqyε
y, (F36)

where we drop the O(|q|3) terms multiplying εz. This
Hamiltonian describes a double-Weyl node with C6 sym-
metry [37], hence the Berry phase ±2ϱ. Unlike the Dirac
Hamiltonian for nodal lines with Berry phase ±ϱ, cf. Eq.
(F27), in this case the band splitting scales quadratically
with momentum in the direction perpendicular to the
nodal line.
The Lz line belongs to the mirror plane kx = 0. Adding

a Zeeman term with h = hx̂, we obtain the Hamiltonian
in the mirror plane

H(kx = 0, ky, kz) = ωkε
0 + (ϑ!k2y + gsµBh)ε

x. (F37)

Note that for h = 0 the eigenvalue of εx does not change
sign in the mirror plane. As a consequence, the nodal line
is not protected by the mirror symmetry. Furthermore,
the magnetic field breaks the C6 symmetry of the nodal
line, destabilizing the double-Weyl node. The outcome
depends on the sign of h. For h > 0, the nodal line is
gapped out, but there appear two Weyl points o” the
mirror plane, located at

kx = ±
√

gsµBh

ϑ!
, ky = kz = 0. (F38)

In this case, finding the band touching at the Fermi level
requires fine tuning. In contrast, for h < 0 the nodal line
splits into two lines given by

kx = 0, ky = ±
√

gsµB |h|
ϑ!

. (F39)

Note that the two lines remain in the mirror plane, but
move o” the high-symmetry kz axis. One can check that,
after they split, each line carries a Berry phase±ϱ. More-
over, for h < 0 the eigenvalue of εx changes sign across
the nodal lines. As a result, we find that for h < 0 the
AM state with four pinch points at the Fermi surface
remains stable up to a critical value of the field

|h→
c | =

ϑ!k2F
gsµB

. (F40)

4. AM model with D6h point-group symmetry: E
→
2g

irrep

We now turn to multi-dimensional irreps, starting with
the E↑

2g irrep in the D6h point group. The e”ective
Hamiltonian for the two-component AM order parameter
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in q, we obtain
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metry [37], hence the Berry phase ±2ϱ. Unlike the Dirac
Hamiltonian for nodal lines with Berry phase ±ϱ, cf. Eq.
(F27), in this case the band splitting scales quadratically
with momentum in the direction perpendicular to the
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a Zeeman term with h = hx̂, we obtain the Hamiltonian
in the mirror plane

H(kx = 0, ky, kz) = ωkε
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is not protected by the mirror symmetry. Furthermore,
the magnetic field breaks the C6 symmetry of the nodal
line, destabilizing the double-Weyl node. The outcome
depends on the sign of h. For h > 0, the nodal line is
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In this case, finding the band touching at the Fermi level
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Note that the two lines remain in the mirror plane, but
move o” the high-symmetry kz axis. One can check that,
after they split, each line carries a Berry phase±ϱ. More-
over, for h < 0 the eigenvalue of εx changes sign across
the nodal lines. As a result, we find that for h < 0 the
AM state with four pinch points at the Fermi surface
remains stable up to a critical value of the field
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4. AM model with D6h point-group symmetry: E
→
2g

irrep

We now turn to multi-dimensional irreps, starting with
the E↑

2g irrep in the D6h point group. The e”ective
Hamiltonian for the two-component AM order parameter

(  Berry phase)2π
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Conclusions
• Altermagnets + SOC in 3D: bands are degenerate along high-symmetry 

directions in momentum space (nodal lines). 


• Nodal lines of altermagnets can be protected by mirror symmetries. 
Magnetic fields that preserve the mirror symmetry drive a topological 
transition from nodal to nodeless Zeeman splitting. 

Thank you!

7

We end this section by noting an analogy between AM
in the presence of SOC and unconventional supercon-
ductors. It has been pointed out the similarity between
the d-wave Zeeman-splitting of an altermagnet with the
gap function of a singlet d-wave superconductor [2]. On
the other hand, Eq. (3) resembles the Hamiltonian of a
triplet superconductor:

HSC = �
X

k

� [dSC (k) · �]ss0 c
†
ks

⇣
i�yc

†
�k

⌘

s0
+h.c. (4)

The main di↵erence is in the structures of the particle-
hole and particle-particle condensates in spin space,
which enforce the superconducting d-vector to be odd
in momentum, dSC (�k) = �dSC (k), whereas the alter-
magnetic d-vector must be even, d (�k) = +d (k). An-
other consequence of this property is that the electronic
spectrum of the superconductor consists of the sum in
quadrature of the non-interacting and interacting coe�-
cients:

ESC
± (k) = ±

q
"2k + |�|2 |dSC (k)|2 , (5)

whereas the electronic spectrum of the altermagnets con-
sists of the sum of the two terms, as we will show in Eq.
(6).

IV. SYMMETRY-PROTECTED NODAL LINES
OF THE ZEEMAN-SPLIT BANDS

We are now in position to investigate the properties
of the electronic spectrum of an altermagnet in the pres-
ence of SOC. For simplicity, we first consider the case
of an Ising-like AM order. Using Eq. (3), diagonaliza-
tion of H = H0 +Hint is straightforward and yields two
dispersions:

E± (k) = "k ± �� |d (k)| . (6)

In agreement with previous works [3, 15, 17, 19, 24],
we find a momentum-dependent Zeeman splitting of the
bands, �E (k) ⌘ E+ (k) � E� (k), which in our case is
given by �E (k) / |d (k)|. Therefore, the Zeeman split-
ting only vanishes when the three components of d (k)
are simultaneously zero. Because of the symmetry prop-
erties of d (k), this condition is not as restrictive as it may
seem. Indeed, for all cases shown in Table I, the vector
d (k) vanishes along either lines (for 1D irreps) or planes
(for some multi-dimensional irreps) in momentum space,
giving rise to nodal lines/planes in the band structure.
In contrast, in the case where rotations in spin-space are
decoupled from real space operations (i.e. in the absence
of SOC), d has e↵ectively only one component. As a re-
sult, it vanishes along planes and the Zeeman splitting is
characterized by nodal planes, as discussed in Ref. [5].

To shed further light on the nature of the Zeeman split-
ting nodes, we consider the specific case of an AM order

(a)

FIG. 4. Nodal lines and Weyl-like Fermi-surface pinch
points. (a) Spin-splitting of the Fermi surface of an altermag-
netic metal whose AM order parameter � transforms as the
tetragonal B�

1g irrep. Cyan and purple denote di↵erent Fermi
surface sheets. Six pinch points where the Zeeman splitting
vanishes emerge at the intersection with the nodal lines Lx

(red), Ly (green), and Lz (blue). For better visualization, the
Fermi-surface sheets for kx > 0 and ky < 0 are not shown.
(b) The electronic dispersion in the vicinity of the pinch point
has the shape of a tilted cone, characteristic of a type-II Weyl
node. (c) Zeeman splitting of a simple nearest-neighbor tight-
binding dispersion E(k) (in units of the electronic hopping t)
in the AM state along the high-symmetry directions of the
Brillouin zone shown in panel (d). The Weyl-like pinch point
is located in this case at kW .

parameter � that transforms as B�
1g in a tetragonal sys-

tem. It follows from Table I that d (k) = 0 defines three
nodal lines (Lx, Ly, Lz) determined by the intersection
between the three high-symmetry planes kx = 0, ky = 0,
and kz = 0, such that Lx corresponds to ky = kz = 0, Ly

to kx = kz = 0 and Lz to kx = ky = 0 (see also Ref. [5]).
Along these lines, displayed respectively as red, green,
and blue lines in Fig. 4(a), the Zeeman splitting of the
band structure vanishes, as shown in Fig. 4(c) for the
case of a simple nearest-neighbors tight-binding model
(in this and the remainder figures, we set ⌘ = 1/2 for
concreteness).

The topological properties of the nodal lines L↵ can
be obtained from the symmetry properties of Hint under
time-reversal, charge-conjugation, and chiral operations.
Following the tenfold classification of Ref. [35], we con-
clude that the nodal lines belong to class C of gapless
topological phases, as they correspond to “Fermi sur-
faces” of codimension p = 2 that lie along high-symmetry
directions. Thus, the nodal lines are topologically trivial
with respect to non-crystalline symmetries. Nevertheless,


