THEOREMS ON THE REDUCTION OF
INTEGRAL FORMULAS TO THE
QUADRATURE OF THE CIRLCE"

Leonhard Euler

LEMMA 1

§1 In the circle whose radius is = 1 and the half of whose circumference is = t let
the sine of a certain angle s be = x; the same quantity x will be the sine of all arcs
contained in this infinite series

s, m—s, 2m+s, 3m—s, 4m+s, bm—s etc

Furthermore, x will be the sine of all negative arcs contained in this series

—m—s, —2m+s, —-3m—s, —4m+s, —-5m—s etc

COROLLARY 1

§2 Therefore, if i denotes an arbitrary positive number, so all arcs contained
in this expression +2i7r + s as the arcs contained in this expression +(2i +
1)7t — s will have the same sine x.

*Original title: ,Theoremata circa reductionem formularum integralium ad quadraturam
circuli”, first published in ,Miscellanea Berolinensia 7, 1743, pp. 91-129”, reprinted in ,,Opera
Omnia: Series 1, Volume 17, pp. 1 - 34", Enestrom-Number E59, translated by: Alexander
Aycock for the project ,Euler-Kreis Mainz”



COROLLARY 2

§3 Since the sines of negative angles are also negative, the sine of all angles
contained in this form +2iw —s are = —x and also the sines of all angles
contained in this form £(2i 4+ 1) 4 s are = —x, if the sine of the angle s was
= +x, of course.

LEMMA 2

§4 In the circle whose radius is = 1 and the half of whose circumference is = 7t let
the cosine of a certain angle s be = y; the same quantity y will be the cosine of all arcs
contained in this infinite series

s, 2m—s, 2m+s, 4m—s, 4m+s, 6m—s etc

and likewise the same quantity y will be the cosine of all negative angles contained in
this series

—-s, —2m+s, —2m—s, —4m+s, —4m—s, —6m+s etc

COROLLARY 1
§5 Therefore, if i denotes an arbitrary integer number, all arcs contained in
this general expression +2i7r &+ s will be same and = y.

COROLLARY 2

§6 Since the cosine of the angle, if it augmented or diminished by two right
ones or 77, becomes negative, all angles contained in this form +(2i + 1) £ s
will have the same cosine = y, if the cosine of the angle s was = +y.

LEMMA 3

§7 If the tangent of the angle s is t, t will also be the tangent of all so positive as
negative angles contained in these two series

s, mw+s, 2m+s, 3m+s, 4m+s, bm+s etc,
—m+s, —2m+s, —-3m+s, —4m+s, —5m+s etc



COROLLARY

§8 Therefore, while i denotes an arbitrary number, all angles contained in
this expression +i7r 4 s will have the same tangent = ¢; but the tangent of the
angles it — s will be = —t, if the tangent of the angle s is = +¢, of course.

PROBLEM 1

§9 To find the roots of this infinite equation

3 5 7

z 4 z

123712345 1.23...7 ¢

X =Z—

SOLUTION

If z denotes the arc of the circle whose radius is = 1, x will be the sine of that
arc. Therefore, let us put the arc, whose sine = x, to be s; the infinitely many
values of z will be contained in these two series
s, m—s, 2m—+s, 3m—s, 4m+s, bm—s etc,
—m—s, —2m+s, —-3m—s, —4m+s, —5m—s etc

Q.E. L

COROLLARY 1
§10 Therefore, if the propounded equation is transformed into this form

3 5 7

i+ - - = + z —etc
1x 1-2-3x 1-2-3-4-5x 1-2---7x 7

one will have the following infinitely many factors of it

D0 ) (i) (o) () (s

the structure of the progression in the factors is immediately seen.

0=1-

)0



COROLLARY 2

§11 Therefore, since the coefficients of the second term in the product become
equal to the sum of the coefficients of z in all factors, it will be

1 1 1 1 1 1 1
=4 —

- — — etc.
X S mT—s TT+Ss 27‘C—S+27'(+S+37T—S e

COROLLARY 3
§12 Let s = "7t such that it is x = sin 7} 7r; having multiplied the series by 7

it will be

T 1 1 _ 1 _ 1 + 1 n
nx m n—m n+m 2n—m 2n+m 3n—m

COROLLARY 4

§13 Since the coefficient of z?, which is = 0, in the product becomes equal to
the sum the products consisting of two coefficients of z in the factors, but on
the other hand this sum taken twice is equal to the square of the sum of these
coefficients less the sum of the same squares, it will be

1 1 1 1 1 1

= = tc.
XX ss+ (7r—s)2+ (7r—|—s)2+ (27T —5)? + (271—1—5)2+€C

COROLLARY 5

§14 Therefore, having again put s = 77t thatitis x = sin 7} 77, this summation
will result

LS R S, S S
nnxx  m?2  (n—m)2  (n+m)2  (2n—m)2  (2n+m)? '

SCHOLIUM

§15 I could proceed further this way and determine the sum of the higher
powers; but since I already did this in another paper' and these series suffice

'Euler refers to his paper “De summis serierum reciprocarum ex potestatibus numerorum
naturalium ortarum dissertatio altera, in qua eaedem summationes ex fonte maxime diverso
derivantur”. This is E61 in the Enestrom-Index.



for our undertaking, I will omit the further investigation of these series here.

PROBLEM 2

§16 To find the roots of this infinite equation

2 4 6 8

__E .z L Z et
Y= "13271234 126 1-2---8 ‘

SOLUTION

If z denotes the arc on the circle whose radius is = 1, y will be the cosine of
this arc. Therefore, if one takes the arc s, whose cosine is = y, innumerable
values of z will be contained in the following two series

s, 2m—s, 2m+s, 4m—s, 4m+s etc
—s, —2m+s, —-2m—s, —4m+s, —4m—s etc

Q.E. L

COROLLARY 1

§17 Therefore, if the propounded equation is transformed into this form

z2 z* z0

T 1-2(1—y) +1-2-3-4(1—y) T 1-2---6(1—y)

one will have the following infinite product for it

(-3 () (- o) () (- )

COROLLARY 2

0=1

+ etc.,

§18 Therefore, since in the product the coefficient zz is equal to the sum
of the coefficients of zz in the factors, one will have the summation of the
following series

1 1 1 1 1 1
= _ tc.
2(1—y) ss+ (27r—s)2+ (27‘(—}—5)sz (47r—s)2+ (47‘(—1—5)2—“3C




COROLLARY 3

§19 Puts= Zmthatitisy =cosZmand 1 —y =2 (sin %7‘[)2; it will be

7/ S T
2nn(1—y)  4n (sin %7‘[)2
- L + ! + L + ! + + etc
Cmm o (2n—m)2  (2n+m)?2  (4n—m)? = (4n+m)? 7

which is identical to the series in § 14, if here one just writes n instead of 2n.

PROBLEM 3

§20 To find the roots of z of these infinite equation

Z3 Z5 Z7
_ 2~ 123t 12345 127 T etC

z2 z4 z0
1—15+ 1531 — 156 T et

SOLUTION

If z denotes the arc of the circle whose radius is = 1, t will be the tangent of
this arc; therefore, if one takes an arc s, whose tangent is ¢, on this circle, the
infinitely many values of z will be the following
s, mw+s, 2m+s, 3m+s, 4m+s, bm+s etc,
—m+s, —2m+s, —-3m+s, —4m+s, —bm+s etc

Q.E. L

COROLLARY 1
§21 Reduce the propounded equation to this form

z  Z? z3

0—1_%_ L L2 B z B
N t 1-2 1.2-3t 1-2-3-4 1-2-3-4-5¢

and its simple factors will be the following

(12 (- 555) () (ar) () (- 5)

4 5

etc.




COROLLARY 2

§22 Therefore, since the coefficient of z in the equation is equal to the sum
of the coefficient of z in the single factors, it will be

1 1 1 L 1 1 L 1 1 et
- _ — — etc.
t s m—s Tmw+s 2m—s 2m+s 3m—s

COROLLARY 3
§23 Puts = "7 thatitist = tani7r = f, if it is x = sin 7} 7t and y = cos 7 71,

and the summation of the following series will result

_ 1 1 n 1 1 n 1 1
nt nx m n—m n+m 2n—m 2n+m 3n—m

+ etc.

COROLLARY 4

§24 The sum of the squares of the single terms of the series in § 22 is equal
to the square of the sum of % diminished by the doubled sum of the products
of two terms each, this means —1; therefore, the sum of the squares will be
= % +1 = % +1 = % Therefore, as before in § 13, this summation will
result

1 1 1 1 1 1

= = tc.
xx s | (7r—s)2+ (7T—|—s)2+ (27‘[—5)2+ (27T—|—s)z+eC

THEOREM 1

§25 While 7t denotes the half of the circumference of the circle whose radius = 1, if
it was x = sin 77, it will be

mlptay) _p+tq . p-q _p-q9_ptq  ptq  p-q _ p—q

— etc.
nx m n—-m mn+m 2n—m 2n+m 3n—m 3n+m ete

PROOF

If the series found in § 12 is multiplied by p, it will be

w_P, P P P p

nx m n—m n+m_2n—m 2n+m

+ etc.,



and if the series in § 23 is multiplied by g, it will be

My _q9_ .9 . 49 q q

— — etc.
nx m mn—m n+m 2n—m 2n+m

Add these two series and the propounded series will result, whose sum
therefore is = W. Q.E.D.

COROLLARY 1

§26 Take p = g; this summation will result

nl+y) 1 1 1 1 1

2nx m  2n—m 2n—|—m_4n—m+4n+m

—etc,;

but itis ﬁ = tan 5, 7t, which therefore, having put n instead of 27, is identical
to the series found in § 23.

COROLLARY 2

§27 Ifitis g = —p, this summation will result
n(l—y) 1 1 1 1
= — — tc.;
2nx n—m n+m+3n—m 3n+m+ec
but it is 1% = tan %7‘( and hence
X = tan _mn—l—lrt —tan(n_m)n
1—y 2n 27 ) 2n

which series having written m instead of n — m again is reduced to the
preceding one.

PROBLEM 4

8§28 To find the sum of this series
1 1 1 1 1

— — — etc.
m m—-—-n n-+m 2n—m+2n—|—m+3n—m ete

by means of an integral formula.



SOLUTION

Attribute numerators, which are certain powers of z, whose exponents are
equal to the denominators, to the single fractions, and one will have this series

M =1 Zn+m Zanm ZZn+m

. - - tc.,
m +n—m n-+m 2n—m~|—2n+m+eC

which having put z = 1 becomes the propounded one. Put the sum of this
series = s and after a differentiation it will be

zds

dz
which series is composed of two geometric series, and therefore its sum will
be

m + = _ Zn+m _ Z2nfm + ZZn+m + ZSnfm — etc,,

B Zm + anm
14zt 14z
Therefore, we have
zds M +Zn—m Zm—l +Zn—m—1
P T S W R

as a logical consequence it is

M= 1+Zn m—1
—/ - dz
14 z"

therefore, the value of this integral in the case z = 1 will give the sum of the
propounded series. Q. E. L.

COROLLARY 1
it will

§29 Therefore, since the sum of the propounded series is == =

Y/ S
x © msin B/
be
M= 1_|_Zn m—1
= [T
nsin 2 1+2z"

if one puts z = 1 after the integration. Therefore, in this case the integral of
mfl_’_znfmfl

the formula [ =—t2——dz can be expressed by means of the circle.



COROLLARY 2

§30 Therefore, by substituting definite numbers for m and n one will have
the integrations in the case z = 1:

Ifitism=1,n =2, it will be

7T 2dz

2 - 1—i—zz;

ifitism =1, n = 3, it will be

2 1—|—zdz_/ dz )
3v3 J1+287 ) 1—z+zz
ifitism =1, n = 4, it will be

m [ 1l4zz
22 J 142z
ifitism=1,n = 6, it will be

dz;

s 1+z*
— = | ——dz
3 J 1426
all these, having actually done the integration, are detected to be true.

PROBLEM

§31 To find the sum of this series

1 1 1 1 1 1

m n—m n+m_2n—m+2n—|—m_3n—m+3n+m

— etc.

by means of an integral formula.

SOLUTION

Combine these fractions with appropriate numerators, as we did it before,
and put

M =1 Zn+m Zznfm ZZn+m

m n—m n+m_2n—m+2n—|—m

10



and having put z = 1 the value of s will be the sum of the propounded series.
Now take the differentials and this equation will result

zds
dz
since the sum of this series can be exhibited, one will have

ZM — gh—m Zn+m o ZZn—m + Z211—5—111 — etc.;

zds  zM — "

dz —  1—zt

nml
s—/ T _—dz.

Therefore, the value of this integral formula in the case z = 1 will give the
sum of the propounded series. Q. E. I

whence it is

COROLLARY 1

§32 mBy means of § 23 the sum of the propounded series is = & = = =

7TCOS - 7T

nsin i . Therefore, it will be

7T cos M Zh—m=1
= = —_—dz
nsin 7t 1—z"

in the case, in which one puts z = 1 after the integration.

COROLLARY 2
§33 Therefore, the simpler cases will be as follows:
Ifitism=1,n =3, it will be

1—z dz

3\@: 1—23 /1—|—z—|—zz

ifitism =1, n = 4, it will be

n_/(l—zz)dz_ dz
4 1-z4 ) 1+z2¥
ifitism =1, n = 6, it will be

11



/ (1—2z%) (1+zz)dz
2\[ 1—26 ) 14zz 424

this formula is easily seen to be true by actual integration.

SCHOLIUM

§34 If in these series we treated up to this point each two terms are combined
into one, the following summations will result:

7T _ l n 2m _ 2m n 2m B 2m g
nsinx  m o n?2—m?  4n?2—m?  9n?—m? 16n? —m? '
7T COS 7T 1 2m 2m 2m 2m
= = — — - - - - etC.

nsintr m n?—m2  4n2 —m? 9m?2—m? 16n? — m?

Therefore, after some simplifications we will have the following two most
remarkable series

T 1 1 1 1 1

2mn sin 27t T 2mm n2—m2 A2 —m2 + 92 — 2 1612 —m2 + etc.
1 7mcos o _ 1 N 1 . 1 . 1 -+ e
2mm  2mnsin P n2—m? " An2—m? " 9n2 —m? ' 16n2 — m? y

if they are added to each other, they will give

m(l—cos®m)  msingim
dmn sin 7T 4mn cos 5, 7T
1 1 1
T2 m? + In? — m2 + 25n? — m? +49712— 7 T ete

And I obtained these series using very different principles several years ago?.

*Euler refers to his paper “De seriebus quibusdam considerationes”. This is paper E130 in the
Enestrom-Index.

12



THEOREM 2

§35 The sum of this series of squares

LIRS SRR SR SR SUNR B
m?>  (n—m)> (n+m)>2 (2n—m)?2  (2n+m)> (3n—m)? '

is

2

7T° cos 7T

nn (sin %7‘[)2.

PROOF

In paragraph § 12 we saw that it is

T 1 1 1 1 1 1

nsin  m n—m nim 2ni—m 2ntm 3m—m 3nim
since this equality must always hold, whatever m is, the differentials must
also be identical. Therefore, let us differentiate so the series as the sum with
respect to m and also the resulting differentials will be equal. Having divided
by dm on both sides one will have

—7TCOs 57T 1 n 1 . 1 1 1 et
- — = etc.
nn (sin 2 17) m2  (n—m)2  (n+m)2 (2n-—m)2 (2n+m)?

Change the sings and one will have the sum of the propounded series of
squares. Q. E. D.
COROLLARY 1

§36 Let us expand some simpler cases and let m = 1, n = 2; it will be

.. m m
sin—mw =1 and cos—m =0,
n n
whence it is

1 1 1 1 1
0—1—1—§+§+g—£—@+et0

13



Letm =1, n = 3; it will be

. m V3 m 1
sin—m=— and cos—mw = -,
n 2 n 2
whence
2o 111 111
27 4 16 25 49 64 100 ’
Letm =1, n = 4; it will be
.om m 1
sin —7T =cos —m = —,
n n 2
whence it is
Ao, 11011 11
8v/2 - 9 25 49 81 121 169 '
COROLLARY 2
§37 Let us multiply the series
2or_ 111,01 1 1
27 T4 16 25749 64 100
in which the squares divisible by three are missing, by
SO BT S NI I
8 9 81 729 v
that all squares occur, and it will be
A _ 1,111 11
12 4 9 16 25 36 49 v

which I proved already some time ago3.

3Euler refers to E61 again.

14



COROLLARY 3
§38 Because from § 14 it is
7Tt T 1 1 1 1

1
_ _ 1 tc.,
nnxx  up (sinmn)z w2t (n—m)? + (n+m)? + (2n —m)? * (2n + m)? Fete
n

having added these series it will be

7T7'c(1+cos%7'c)_l+ S S SN S
onn (sinr)? om0 2n—mP T 2ntm)? " (dn—m? " (dn+m)? T
n

which series by writing n instead of 2n is reduced to the first one; for, it is

1+cos B 1
(sin %7{)2 2 (sin %n)z'
SCHOLIUM

§39 Therefore, the summation proved in this proposition could have been
deduced directly from the summation of the series given in § 14. For, since it
is

L. S S S S S S——
pn(sin 2?2 w2 (nomP (nrm)? @nompP  @nymp

by writing 2n instead n it will be

T 7 (14 cos 1)
4nn (sin %n)z  2mn (sin %7()2
1 1 1 1 1
= T o T e mE T @2 T @y T

if the first series is subtracted from the double of this series, the propounded
series will remain

7Tt Cos BT 1 1 1 1
— 5 = 5 — 5 — 2+ 2+ 2—etc.;
pi(sinzm? w2 (nomP  (ntm? | (2n—m? " (@ntm)

15



but in like manner it is possible to deduce the series exhibited in § 12 from
the series in § 23, which because of the alternating signs seems to be highly
regular. For, since it is

meos ym 1 1 . 1 1 . 1 1 + etc
nsin%n_m n—-m n+m 2n—m 2n+m 3n—m v
if one writes n instead of 2n, it will be
meos st mw(l4+cosm) 1 1 1 1 N .
_ - - _ — — etc.
2nsin%7r 2nsin%7‘f m 2n—m 2n+m 4dn—m 4dn-+m

Subtract that series from the double of this last series and it will be

roo_1, 1 1 N N
nsinmt - m  n—m n4+m 2n—m 2n+m i

which is the series found in § 12.
But in like manner the integral formulas, which were found for these sums,

are reduced to each other. For, because it is (§ 32)

7T cos 27t zm—1_ gn—m-1
.7”1 - —dZ/
nsin 7t 1—z"

it will also be

7T COS %7‘( 7T (] + cos %7‘[) / Lm=1_ ZZn—m—ld
N == " = 7+
2n sin % 2n sin %71 1 — z2n ’

subtract the first from the double of this integral; it will be

T 2Zm71 _ 22211711171 mel _ Znfmfl
= 5 dz— | ————dz
nsin 7t 1— 2z 1—2z"
Zm—l o Zn+m—1 + Zn—m—l o ZZn—m—l Zm—l + Zn—m—l
11—z 1+ 2"
which is the integration found in § 29. From these considerations it is per-

spicuous that everything, what was found up to this point, could have been
found from this summation

dz,

16



7t cos 2 zm—1 _ gn—m—1
— = = /—n dz
nsin 7 1—2z

1 1 1 1 1 1

= - - - — etc.
m n—m+n—|—m 2n—m+2n—|—m 3n—m+3n—|—m ete

By differentiating this series this one results

S, S U S S S —
T Rk A i A R R A R

which was already found in § 14.

PROBLEM 5

§40 To find the differentials of first, second and all following higher orders of this
quantity

7T COS T 7T
nsin %t

having considered m as a variable.

SOLUTION

For the sake of brevity let us put

. m m
sin—T=x and cos—m=y;
n n
at first it will be y = 1/1 — xx; but then it will be

g =" W and dy = —Fdm.
n n n

Additionally, call the propounded quantity, whose differential is in question,

7T cos Mt

n’o_ .
. m Va
nsin %7

itwillbe V = %’ Therefore, it will hence be

17



IV — n(xdy —ydx) _ —mmdm
nxx nnxx

because of xx + yy = 1 and hence

v _ w1
dm  nn  xx’

further, differentiate this expression and it will be

ddv. _  mn 2dx 2 ydm
dm2 nn x3  n3 A8
and hence
2V 7 2y

dm?2 ~ w3 X
If the following differentials are computed in the same way, they will be as
follows:

7T
\%4 — +a yr
v
dm n2x2
aav. i
dm? = T W
v t
dn = i WY+ 2)
d*v o
dmd ~ T Y +160),
v ®
T = —W(m;/* + 88y* + 16),
d°v 7
= +%(32y5 + 4163 +272y),
da’v 8
= —%(6@6 +1824y* + 2880y + 272)
+ etc.

The law of progression is, that, if it was

18



avv 7TV+1 v—1 v—3 v—>5 v—7 v—9
dmv inv+1xv+1 = (" Py Ty T Oy ey fete),

the following order of differentiation will be

dmv+1 o :an+2xv+2

V2 f2ay @B+ (v =)y 2 (67 + (v - 3)B)y
+(86 + (v —5)7)y' 0 + (10e + (v — 7)d)y" 8 + etc.

Therefore, the differentials of each order will be determined from the prece-
ding ones. Q. E. L.

PROBLEM 6

§41 To find the sum of this series

1 1 1 1 1 1
— tc.
— (m—n)V+ (m+n)”+ (m—Zn)V+ (m+2n)”+ (m—?m)v—'—eC

having raised the single terms of the series found in § 23 to an arbitrary power.

SOLUTION

7T
nx

If we put sin "7t = x, cos %7t = y and -~ = V, from § 23 it will be

V—l+1+1+1+1+1+etc
m m—-n m4n m—2n m+2n m—3n '

If one now differentiates with respect to m, the following summations will
result:

19



av 1 1 1 1 1
a 1dm :W—’—(m—n)2+(m+n)2+(m—2n)2+(m—i—2n)2+etc"
ddv 1 1 1 1 1
toTam T (m—mn)3 + (m+mn)3 * (m—2n)3+ (m+2n)3 + ety
>V 1 1 1 1 1
1230 —mA (m—n)4+ (m+mn)* + (m—2n)4+ (m—|—2n)4+etc"
d*v 1 1 1 1
Y123 admE (m—n)> * (m+n)? * (m—2n)5+ (m+2n)° Tete
etc.

Therefore, the sum of the propounded series of indefinite degree

1 1 1 1 1 1
— tc.
i (m—n)”+ (m—l—n)”+ (m—Zn)V+ (m—|—2n)"+ (m—3n)’/+eC

will be

_ +dv-1v
123 (v—1)dmv1

But in the preceding problem we exhibited the value of gvm;ﬁ{; therefore, it will

also be possible to define the sum of these series of powers. Q. E. L.

PROBLEM 7

§42  To exhibit the sine of the arbitrary angle ” 7t by means of an infinite product.

SOLUTION

Because it is

ncos%ﬁ_ 1 1 1 1

+ etc,,

nsinmr - m n—m  n4+m  2n—m

treat m as the variable and multiply both sides by dm; it will be

tdm m .om
cos —7t =d.sin — 7t
n n

n

20



and therefore it will be

rtdm cos %7t _sin o _dm dm dm dm dm dm

N —_— N —_— —_— J— _|_
nsm%n sm%n m mn—m wn4+m n+m 2n—m 2n+m

—etc.,

whence having integrated both sides it will be

log sin %n = logm +log(n —m) +log(n+m) +log(2n —m) +log(2n + m) + etc. 4 C.

The constant C must be of such a nature, that for m = %n the logarithm of the
sine becomes = 0, in which case we have a sinus totus*. Therefore, having
determined the constant this way it will be

lo sinﬂn—lo 2ﬂ+10 M—Ho M-I—lo 4n—2m+lo 4n+2m+e’cc
EIN T 08 87 & 3n & 3 & 5, ’

Hence, if we go back to numbers, we will have

.om 2m 2n—2m 2n+2m 4n—2m 4n+2m
smn—7y7i;5 = — - . . . -etc.
n n n 3n 3n 5n

Or if we multiply each two factors by each other, it will be

in TTC _ 2£ dnn — dmm 16nn — 4dmm 36nn — dmm ot
S n. om 3nn 15nn 35nn <
Q.E. L

COROLLARY 1

8§43 If we write m instead of 2m, we will have

.om
SIN — 7T = etc.

2n

m 4nn —mm 16nn —mm 26nn — mm
n 4nn—nn lénn —nn  36nn — nn

4By this Euler means sin 7
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COROLLARY 2

(n—m)
2n

§44 Since it is sin %7‘[ = cos 7T, if we write n — m instead of m, from

the found series it will be

m n—m n+m 3n—m 3n+m
COS — 7T = . . . - etc.
2n n n 3n 3n
or
m nm—mm 9un —mm 25nn — mm ;
COS — 7T = . . - etc.
2n nn 9nn 25nn

COROLLARY 3

§45 Since it is sin It7r = 2sin 5.7 - cos 5. 7T, if we divide sin 7 7 by 2sin 5. 7T,
we will have

cosﬁn—zn_zn 2n+2m 4n—2m 4n—+2m

2n° 2n—m 2n4+m 4dn—m 4dn+m

and having divided sin 7’ 7t by 2 cos 5 7t we will have

etc.

.om m 2n—2m 2n+2m 4n—2m 4n+2m
sSin — 7T = . . .

2n n—-m n—+m 3n—n 3n+m bn—m e

COROLLARY 4

§46 These two expressions of sines and cosines, having set them equal to
each other, will give

nn Adnn — 4dmm 9nn 16nn — 4mm 25nn
1= . . . . - etc.
nmm—mm 4nn—mm 9nn—mm lénn —mm 25nn — mm

COROLLARY 5

§47 If n is assumed to be infinitely large or m infinitely small, it will be

sin %n = %7‘[ and in this case from each of the two series the same value of

7t, which was given by Wallis, will result

2:2 4.4 6-6 8-8 10-10

T=2133557 79 911

etc.
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LEMMA 4

§48 The value of this infinite product

a(c+b)(a+k)(c+b+k)(a+2k)(c+ b+ 2k) etc.
b(c+a)(b+k)(c+a+k)(b+2k)(c+ a+2k) etc.

is
_Jzz(1 - 2K
[ z¢71dz(1 - k)T

if after each of the integrations one puts z = 1.

PROBLEM 8

§49 To express the sine of the angle 5.7t by means of integral formulas.

SOLUTION
Since it is

.om m 2n—m 2n+m 4n—m
s —7m = —- . . - etc.
2n n n 3n 3n

using the results of § 43 compare this infinite product to the preceding lemma
anditwillbea=m,b=n,k=2nand c+m =n or c +n = 2n — m; both of
these conditions give ¢ = n — m. Therefore, it will hence be

m 2" m1dz (1 — 221) 1
sin — 7T = f ( LHW, ,
2n [zn=m=1dz(1 —z2n) 5"
if after both integrations done in such a way that they vanish having putz = 0
one sets z = 1.

But because by § 45 it also is

.om 2m 2n—2m 2n-+2m 4n—2m
2sin —7T = .

. . - etc.
2n n—-m mn4+m 3n—m 3n+m et

after the comparison to the lemma it willbe a =2m, b=n—-—m,c =n—m
and k = 2n, whence one will obtain
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—n—m

== 1dZ 1— ZZn T
26in " | Sk
2n fZ” m=1dz(1 — z2n)"%"

if one puts z = 1 after the integration. Q. E. L.

7

COROLLARY 1

§50 Therefore, we obtain the following comparisons of different integral
formulas:

o om / LN —m— 1dZ / LN=m 1dZ
s —7T - =
2n (1 —z2n) 21 m V1 = z2n

and

oom Zn=m=14y Zn—m=14y
ZSm—n-/inmz/iwm-
2n (1 — z2n) (1—2z21)"

COROLLARY 2

§51 But then not using the sine one has this relation

2/ anmfldz / L= — 1dZ _/ L= 1— 1dZ ‘ anmfldz
. (1_2211)”; (1_2211 2 1_2211 nhm ,/1_22;1'

COROLLARY 3

§52 Let us put that itis m = 1 and n = 1; it will be sin 5.7t = 1 and the
relations will be as follows

dz dz dz dz
/zm - / VT 2/? - / 2(0—22)
in the second equation two infinite areas under a hyperbola are compared to
each other.
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COROLLARY 4

§53 Let us put that it is m = 2 and n = 3; it will be sin 7 \/5

the following comparisons result

V3 Z z >
f/ujﬂ%:/wiﬁ”d”ffl_ﬁ;:/uf@?

from these this proportion results

Y et Al el e
2) (1-26)5 1—z6% 1—z6s' (1—26)%

COROLLARY 5

T = X2, whence

2n

-

§54 Letm =1,n=2thatitissing. m = \[, it will be

\2/(1—(124)2 :/(1—51224)% nd VE[ 1—z4 ; :/(1—0124)2’

which two equations are identical.

COROLLARY 6

§55 Letm =1,n =3 thatitissin.m = % it will be

1 zdz zdz
Y s il Erse B Br il et
2) (1-20)s J (1—2)2 (1—2°) 1—26 3

the second equation is just the identical equation, but the first gives

/(1—26 /\/1—26
having put z = 1 after the integration, which conditions is to be understood
to be always added.

PROBLEM 9

§56 To express the infinite expressions we found for the cosine of the angle 5.7t to
integral formulas.
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SOLUTION
First, in § 44 we found that it is

cos Mp_n—m, n+m 3n—m 3nt+m
2n n n 3n 3n
which expression having compared it to the lemma in § 48 givesa =n —m,
b =n, c = m and k = 2n, having substituted which values it then results

etc,,

zm=1dz(1 — z2") "2
cos L = J ( )7,17", )
2n [z 1dz(1 — z2) "z

Further, in § 45 we saw that it is

Cosﬁn_Zn—Zm 2n+2m 4n—2m 4n+2m
2n°  2n—m 2n+4+m 4dn—m 4dn+m

etc,;

having compared this expression to the lemma one will find a = 2n — 2m,
b=2n—m,c=23m and k = 2n, whence it will be

[ 28 dz(1 - 22") "
COS — 7T = m s
2n fZ3m_1dZ(1 _ 22”)77

if one puts z = 1 after the integration. Q. E. L.

COROLLARY 1

§57 Hence one can express the sine of the angle ;-7 again by putting n — m
instead of m; the first expression certainly gives the one we already found, but
from the second this one results

S3n=3m—174(1 _ ,2n —itm
sin ﬂn = f ( ) =

2n f 23”73"171612(1 _ 22”) s

COROLLARY 2

§58 As we had three expressions for the sine, so we will also have a third
expression for the cosine from the second expression of the sine [§ 49], which
will give

ZM=1dz(1 — 22n) 5™
2cos it = / ( )

2n [zm=1dz(1 — z2m) 5"
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COROLLARY 3

§59 Therefore, one will hence be able to compare innumerable pairs of
integrals in the case, in which z = 1, and these comparisons will depend on
the multisection of the angle.

PROBLEM 10

§60 To find integral expressions which exhibit the tangent of the angle 5.7t in the
case z = 1.

SOLUTION

Since the tangent is the quotient resulting from the division of the sine by the
cosine, from § 43 and 44 it will be
m - 2n—m 2n+m 4n—

m
tan —7m = - etc.;
2n n—m n—+m 3n—m 3n—|—m

compare this expression to the lemma given in § 48 and it will be a = m,
b=mn—m,c=nand k = 2n, whence this equation will result

f = 1dZ Zn) 5
tan — T =
2n f Zzn— 1dZ( Zzn) 2n
having put z = 1 after each of both integrations. Further, from § 45 one finds
this expression for the tangent
mo 2n—m 2n+m 4n—

m
tan —7m = - etc.,
2n n—m n—+m B3n—m 3n+m

from which one finds the same integral expression as before. Q. E. L

COROLLARY 1

§61 Letus put m =2 and n = 3; it will be tan 5. 77 = v/3 and hence

V3 / zzdz / zzdz
- =

(1—26)3 1—26

if we put z3 = v, it will be zzdz = %dv and therefore
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/ dvy/3 do
G- ) 1)

COROLLARY 2

§62 If we in general put z" = v, one will have

[dv(1—vov) 75
tanin - m—2n
2n J dv(1 —ov)

or

tan ﬁrr / 76&] = / 76&)
21’1 (1 . Z)’()) 2n2—nm (1 o ’U’()) ﬂ;;ﬂ *

COROLLARY 3

§63 Letm =1, n = 2; it will be tan .71 = 1 and hence

dv dov
Jatorn =it

which identical equation reveals that the calculation was correct.

SCHOLIUM

§64 It is possible to find many relations of this kind, if one recalls the
theorems on the comparisons of integrals formulas I proved in another paper>,
from which I will present some of them as lemmas here.

LEMMA 5

§65 If one puts z = 1 after the integration everywhere, it will be
Z0=14~ a+be—1 4, Z1=14~ LA+by=14,
/(1—zb)1—c'/(1—zbw (1—20)1= /(1—zb)1—c'

SEuler refers to his paper “De productis ex infinitis factoribus ortis”. This is E122 in the
Enestrom-Index.
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LEMMA 6

§66 If one puts z = 1 after the integrations, it will be

b+1 fzék “ldz(1 - zb)° fz

+c k) 1dz(1 _Zb)f
c+1

+k
[ 2GR 1471 — z0)b . [ 26 H0HR)~1g45(1 — z¢)~

Kk

N|—= Nl=

LEMMA 7

§67 If one puts z = 1 after the integrations, it will be

1_Zb)f k

c [ 29 1dz(1— )f%+k [z l+k)bfldz( :
o 1k fZC+ )b—ldz(l_zb)—%—b—k'

a [ 267 1dz(1 — zb)~

LEMMA 8

§68 If one puts z = 1 after the integration, it will be

(a+D)(@a—k+1)  [200 1dz(1 —

fZ (1-k) 1dZ( )c+k
(c+1)(c+k+1)  [20-RH-1gz(1 —

@ [Tz (1 — Zb)ak’

THEOREM 3

§69 If one puts z = 1 after the integrations, it will be

f = 1dZ f 2= 1dZ
m

1 22” ZZn)lfc
COS%T[ - f Zm=14 . gm+2nc—14, *°
(1,22;1)1—5 (1 Zzn)%ﬂ
PROOF
For, if we puta =m, b =2n and v = "5 %, it is
/ 2" ldz B / 2" ldz
(1_Zb)1—’)/ - (1_2211);7;1,11-

But by § 56 it is
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/ 2" dz 1 / z" 1z

(1—z2)%5"  coshm ) (1—z2m)3

which value, having substituted it in the lemma, will give the equality which
is to be demonstrated.

COROLLARY 1

§70 This equality contains the indefinite index ¢ which can be chosen arbitra-
rily; therefore, let c = %, and since the numerator and the denominator have a
common factor, it will be

m / n+m 1dZ M= 1dZ
COS — 7T - R ————
2” (1 — Zzn n+m A/ 1 _ Z2I’l

COROLLARY 2

§71 If we put [ \Z/Hidjn in the formula, it goes over into 1 [ \/dLU, whose
integral having put z = 1 or v = 1 will be 7. Therefore, it w111 be
Z"mlgy T
/ (1—z21)"%" ~ 2ncos L

having put z = 1.

COROLLARY 3

§72 If we put z = ﬁ that we introduce u instead of the variable z,
1+usm)2n

itwillbez =0, if u = 0, butitis z = 1, if it is u = co. Therefore, after the
substitution it will be

un+m71du T

14+u2r 21 cos 7 7T

having put u = co after the integration.
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COROLLARY 4

§73 If we put 2n instead of n in § 29, it will be

T Zm—l +22n—m—1
‘4f477’:i/ 2 dz,
2nsin 5,70 14z
if it is z = 1 after the integration. Therefore, if one writes n — m for m, it will
be

T anmfl _|_Zn+m71
— = dz
21 .cos 3 7T / 1+ z2n

having put z = 1 after the integration, which integral is hence equal to this

n+m—1 .
one [ Y7 if one puts u = co.

THEOREM 4

§74 If one puts z = 1 after the integrations, it will be
m z2m=17 Z2n—m—=14-
2cos—7t-/7m = /—M
2n (1 _ 22")7 (1 _ ZZn) o

PROOF

In § 58 we obtained this expression for the cosine

—2n+m

[z Yz (1 — 22)

2cos — 7T = —
2n [z 1dz(1—z22) "
If we now puta = m, b = 2n, ¢ = 5. and v = "™ in Lemma 5, the two

integral formulas of the lemma are transformed into these, which express
2 cos 5, 71; if one writes 2 cos 5.7 instead of them, this equation will result

m ZZm—le ZZn—m—le
2coS —7T - / T s m / L o 2n—m
2n (1 — ZZn) " (1 — 22”) 2n

Q.E.D.
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COROLLARY 1

n=2m in Lemma 6, the

2m—1 . .
(f 2nt§Zm ; if we write
o)

§75 Hence, if one puts b = 2n, ¢ = =" and k =

formula [ z8(2-%)~1dz(1 — 27)¢ goes over into this one [
1 Z2n—m—17,
2¢0s 51 7T / (1-— ZZn)z"z%’"

instead of this formula and put b = 0, we will obtain this reduction

f ZZn—mfldz

2 m (17227”)“2:1"’ / szfldz / Zanszle
COS — M = ————— Or — = | ————=
2n [ (1—z2)% (1—z2n)""
(1—z2) 2n

COROLLARY 2

§76 1f we put m = 2 and n = 3, it will be cos 7. 7T = %, whence the equation
of the theorem will give us

/ 2dz / Z3dz
(=267 J (1-20)3
but the corollary of the preceding corollary will give us
/ zdz / Z3dz
(1-28)5  J (1-20)3
or having put z instead of zz this one
/ dz / zdz
(1-28)  J (1-2)F
if one puts z = 1 after the integration.

COROLLARY 3

§77 Letm =1and n = 2; it will be cos 7,7 = % and hence

1—24)2 (1-z9)1 2V2
because [ \/% = 7. From Corollary 1 on the other hand it will be

/ zdz /2 B zzdz 7T
(
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7

/ zdz\/2 _ zzdz
(1-z42 J (1-zi
which is the same equality.

THEOREM 5

§78 If one puts z = 1 after the integrations, it will be

m n—ldz 211 m— 1dZ i 1dZ Zn+2n'y—1dz
taniﬂ:'/ 2n—m / / n+m *
2n (1— ZZn) (1 —z2n)1- v (1 —z2n)l= (1—z21)"%"
PROOF

In § 60 we found that it is

1= 1d = 1dZ
/ n+m tanin— // S S\ 2n—m
(1 —2z2) 2 (1—z20) "%

Now leta =n,b =2n and ¢ = "5.*
will be

. m . / nfldz / Zanmfle / Z”fldz / n+2n'yfldz
ni - . pu— . .
a m (1 _ ZZn)zn n (1 _ ZZn)l—'y (1 — ZZVl)l—'y (1 Zzn)n+nz

Q. E. D.

COROLLARY 1

§79 If one puts v = 1, because of the two integrable terms it will be

n o M / Z"ldz / %14z / z"ldz
an —7T- = ;
27’1 —m 27’1 (1 i Zzn 2”2nm 1 - ZZ” nzrnm 27’1 —m 1 N 22” +m ’

therefore, it will be

tanﬂn /-n dz _/n dz
2],1 (1 _ZZI’I)Zn m (1 —Zzn)n;nm’

which is the equation found in § 6o.
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COROLLARY 2

§80 Lety = 2%; it will be

m ZZn m— 1dz Zhtm— 1dz
tan —mw- | ——m——— =
2 (1 N 22” 2n m 1 - 221’! n+m 4

and if one puts ¢ = % the quadrature of the circle will enter and it will be

Zn—m—ldz n—ldz T / 211—1dZ B T
V1 — z2n (1_22;1)2” - Zntan%rc (1—z2n)"" © 2n(n—m)tan Jir
mtan Jtom / 2" ldz 2" =ldz
2mn ) (1 22 V121

COROLLARY 3

§81 Therefore, because it is

T can m o / 2" 14z Zntm=14,
zmn 2” - (1 _ 22") n+m /71 — 22”

and from § 60 it is

/ 2" 1dz o ™ / 2" dz
(1_2271)’1;,1"1 21’1 (1_Zzn)2n m’

it will be
T / nfldz Zn+m71dz
2mn ) (1 — z2n) 2" N

Therefore, it is possible to express the product of these integral formulas in
terms of the quadrature of the circle in the case z = 1.

COROLLARY 4

§82 Letm =1and n = 1; from the preceding corollary it will be

T dz zdz T
Zz/m./mzz(l—\/l—zz),
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in which case, if it is z = 1, the equality is immediately seen.

COROLLARY 5

§83 Let m = 1 and n = 2; it will be tan 5,71 = 1, hence it will be from
corollary 2

_/ zdz ' zzdz
(1-2z4)i J V12

but from the third this equation results

z
4

E_/ zdz ' zzdz
4 (1—2z4)3 V124

which two equations are identical.

COROLLARY 6

§84 Letm = 2and n = 3; it will be tan 5. 77 = v/3, hence from Corollary 2
this equation results

T / zzdz / Z4dz
12 (1-26)3% J V126
SCHOLIUM

§85 On can deduce so many theorems of this kind from the integral formulas
found for the sine, cosine and tangent by means of the Lemmas 5, 6, 7 and
8, that a whole volume would not suffice to contain them all. But one can
take arbitrarily many from the source we opened here. Certainly many cases
occur, as we saw, in which one gets either to identical equations or equations
of such a kind, which are easily reduced to it, and these cases confirm the
truth of the remaining theorems, in which the reason for the equality is not
immediately seen, even more. So, if one puts m = 0 and n = 1 in § 8o, it will
be tan 7.7t = 777, since the tangent of a vanishing arc becomes equal to the
arc itself; therefore, it will hence be

E_/ dz / dz
4 ) V1—zz V1—zz
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dz _ n
2z 2
Furthermore, comparisons of integral formulas of this kind, which can neither

be integrated nor reduced to each other, are the more remarkable, the less
there seems to be a way to prove them directly. So the first theorem, which
I already found some time ago®, was remarkable for its simplicity; in this
theorem I found that the product of these two integral formulas

whose validity, since it is f in the case z = 1, is clear immediately.

/ dz / z%dz

——— and _—,

V1—z4 V1—z*

the first of which expresses the arc, the other the ordinate on a curva elastica,
in the case z = 1 is equal to the area of the circle whose diameter is = 1.

®Euler refers to E122 again.
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